MIXED MNL MODELS FOR DISCRETE RESPONSE

Daniel McFadden and Kenneth Train

December 12, 1996 ( Revised May 15, 2000)

A bstract: This paper considers mixed, or random coefficients, multinomial logit (MMNL) model s for

d iscrete response, and establishes the following results: Under mild regularity c onditions, any discrete

choi ce  m odel derived from random utility maximization has choice probabilities that can b e

approximated ascloselyasonepleasesbyaMMNLmodel.Practicalestimation ofaparametricmixin g

fami l y  c an be carried out by Maximum Simulated Likelihood Estimation or Method of Simulate d

Moments,  andeasilycomputedinstruments are provided that make the latter procedure fairly efficient .

The  ad equacy of a mixing specification can be tested simply as an omitted variable test wit h

appropriately definedartificialvariables.Anapplicationto aproblemofdemandforalternativevehicle s

shows  t hat  MMNL provides a flexible and computationally practical approach to discrete respons e

analysis.

Ack now ledgments :  Both authors are at the Department of Economics, University of California ,

B erkeley CA 94720-3880.  Correspondence should b e directed to mcfadden@econ.berkeley.edu.  We

ar e  i nde bted to the E. Morris Cox fund for research support, and to Moshe Ben-Akiva, Davi d

Brownstone, DenisBolduc,AndredePalma,andPaulRuudfor useful comments.This paper was firs t

presented at the University of Paris X in June 1997.

Keywords: Logit, Random Utility, RUM, Simulation

Forthcoming,  Journal of Applied Econometrics
e
x

i

�

/

M

j � C
e
x

j

�

MIXED MNL MODELS FOR DISCRETE RESPONSE

Daniel McFadden and Kenneth Train

I.  INTRODUCTION

                                        Define a mixedmultinomiallogit(MMNL) modelasa MNLmodelwith randomcoefficients

�
draw n

from a cumulative distribution function G (

�
;

�
):

(1) P (i  x ,

�
) = ,  L (i; x ,

�
) � G (d

�
;

�
)   with    L (i; x ,

�
) = .

C C C

In  this setup, C  = {1,...,J} is the choice set; the x  are 1×K vectors of functions of observed attributes o f

i

lternative i and observed characteristics of the decision-maker, with x  = ( x ,..., x );

�
 is a K×1 vector of

1 J

random parameters; L (i; x ,

�
)isaMNL modelforthechoiceset C ;and

�
 isavectorofdeepparameter s

C

of  the mixing distribution G .  The random parameters

�
 may be interpreted as arising from tast e

heterogeneity  in a population of MNL decision-makers.  If the x  contain alternative-specific variables ,

i

t hen  the corresponding components of

�
 can be treated as alternative-specific random effects .

Alternately,  the model may simply be interpreted as a flexible approximation to choice probabilitie s

gener at ed  by  a random utility model.  The mixing distribution G may come from a continuou s

parametric  family, such as multivariate normal or log normal, or it may have a finite support.  When G

h as finite support, MMNL models are also cal led latent class models.  Equation (1) describes a single

deci si on,  but extension to dynamic choice models with multiple decisions is straightforward, wit h

mixing over the parameters of a product of MNL models for each component decision.

                                        Th e  MMNL model was introduced by Boyd & Mellman (1980) and Cardell & Dunbar (1980) ,

al though  an earlier literature had considered the mathematically similar problem of aggregating th e

MNL modeloveradistributionofexplanatoryvariables;seeTalvitie(1974),Westin(1974),McFadde n

&  Reid (1975), and Westin & Gillen (1978).  There is a lengthy literature investigating various aspect s

of  the MMNL model; see Beggs (1988), Brownstone & Train (1998), Dubin & Zeng (1991), Enberg,

Gottschalk,  & Wolf (1990), Follmann & Lambert (1989), Formann (1992), Gonul & Srinivasan (1993) ,

Jain, Vilcassim,&Chintagunta(1994),Montgomery,Richards,&Braun(1986),Revelt&Train(1998) ,

Steckel  &Vanhonacker(1988),Warren&Strauss (1979),Train ,  McFadden,& Goett (1987),andTrai n

(1998,1999). Chesher&Santos(1995)havedeveloped specificationtestsforMMNLthatarerelative s

of ones proposed here.  This paper establishes the following results:

                                                              1

                                                                                U nder mild regularity conditions, MMNL models are random utility maximization (RUM )

                                                              model s,  and any discrete choice model derived from a RUM model has choice probabilities tha t

                                                              can be approximated as closely as one pleases by a MMNL model.  (Section II)

                                                              1

                                                                                Numer i ca l integration or approximation by simulation is usually required to evaluate MMN L

                                                              p robabilities.  Maximum Simulated Likelihood (MSLE) or Method of Simulated Moments (MSM)

                                                              can be used to estimate the MMNL model.  (Section III)

                                                              1

                                                                                The adeq uacy of a mixing specification can be tested simply as an omitted variable test wit h

                                                              appropriately defined artificial variables.  (Section IV)

                                                              1

                                                                                An application to a problem of demand for alternative vehicles shows that MMNL provides a

                                                              flexible and computationally practical approach to discrete response analysis.  (Section V)

                                                                             A random field

J
 is uniformly distributed  if

J
( t ) has a uniform distribution on [0,1]  for each t  �  T ; see Appendix Lemma 3.

                                                                   1

n

II.  A GENERAL APPROXIMATION PROPERTY OF MMNL

                                        Economic  theory often suggests that discrete responses are the result of optimization of payoffs to

decision-makers:   utility for consumers, profit for firms.  The following discussion will be phrased in

terms ofutility-maximizing consumers.Whenunobservedheterogeneityinthepopulationofconsumer s

i s  acc ounted for, this will lead to a class of response models based on  random utility maximizatio n

( RU M).  A resource allocation to a consumer will specify quantities of goods and leisure, and for our

particular interesttheattributesof adiscretealternative,suchasanautomobilemodel.Wewillconside r

t wo sources of unobserv ed heterogeneity, features of alternatives that are not recorded by the analyst,

and unmeasured consumer characteristics that determine preferences.

                                        L et q  = ( g , l , z ,

�
) denote a co nsumer´s resource allocation, where z  is a vector of observed attributes

and

                                                          �
                                                                           is a vector of unobserved attributes of a discrete alternative, g  is a vector of quantities of othe r

goods,  a nd l  is leisure.  Assume that the domain of q  is a compact rectangle in a finite-dimensiona l

Eucl i dean  spac e.  Consumers have a vector of observed characteristics s and a vector of unobserve d

characteristics

+
;with( s ,

+
)determiningpreferencesoverresourceallocations.Assumethatthedomai n

of  ( s ,

                                                                  +
                                                                                 )isacompactsubsetof a finite-dimensional Euclideanspace.This is not a substantive restrictio n

for discretechoiceanalysiswhenthenumberofchoicealternativesisbounded. Assumethatconsume r

preferences over resourceallocations, | ,arecompleteandtransitive,withthecontinuitypropertytha t

s,

+

i f  a sequen ce of allocations and consumer characteristics converges, ( q 1 , q 1 , s 1 ,

+
1 )

Y

 ( q , q , s ,

+
), an d

1 2 1 2

sat i s fies  q 1|  q 1 , then q |  q .  For fixed ( s ,

+
), this is the standard continuity condition o n

1 2 1 2

s 1 ,

+ 1
s ,

+

preferences.   Our condition extends this to require that consumers with similar characteristics will als o

h a ve similar preferences  Together, these assumptions imply that preferences can be represented by a

utility function U ( g , l , z ,

�
, s ,

+
) that is continuous in its arguments; see Appendix Lemma 1.

                                        We  next consider the stochastic properties of unobserved elements in this formulation of th e

consum er´s  problem.  Let (

6
, : ,

%
) denote a fundamental probability space, where :   is the

)
-field o f

measu rable  subsets and

%
 is a probability measure.  Let T  denote a subset of Ü , and X :

6
× T

Y

 Ü
m n

denote  a continuous randomfield ; i.e., for each t  �  T , X ( # , t ) is a randomvector, measurable with respec t

t o  : , and for a set of

7
 occuring with probability one, X (

7
, # ) is a continuous function on T .  We wil l

often suppressthedependenceoftherandomfieldon

7
,andwriteitas X ( t ).A continuousrandomfiel d

has  lim  X ( t 1 ) = X ( t ) with probability one, implying that X ( t 1 ) converges in distribution to X ( t ) as t 1

Y

                                                                                                t 1

                                                                                                           Y

t

t .   The CDF of X ( t ) is F ( x , t ) =

%
({

7
 �

6
| X (

7
, t ) �  x }).  We say that X  has a regular canonica l

representation  if there exists a continuous function h :[0,1] × T

Y

 Ü  and a uniformly distribute d
n n

continuous  randomfield

J
:

6
× T

Y

 [0,1]  suchthat X ( t )= h (

J
( t ), t )withprobability one.   We showinth e
n 1

Appendix  thatacontinuousrandomfieldwhoseCDFadmitsa positive continuous densityhas a regula r

c anonic al representation.  For example, if X ( t ) is a mean-zero Gaussian continuous random field with

a  definite covariance matrix

6
( t ), and

0
 denotes the standard  normal CDF, then

6
( t ) has a continuous

Cholesky factor

�
( t ) andthemapping

J
( t )=

0
(

�
( t ) X ( t ))isauniformlydistributedcontinuousrando m

-1

field that inverts to the  regular canonical representation  X ( t ) =

�
( t )

0
(

J
( t )).

-1

                                        A  primitive postulate of preference theory is that tastes are established prior to assignment o f

resource  allocations.Then,the distributionof

+
 cannot depend on q , although in general it will depen d

on s . Weassumethat

+
=

+
( s )isacontinuousrandomfieldwitharegularcanonicalrepresentation,an d

wr i t e  i t  as

+
( s ) = h (

/
( s ), s ), where

/
( s ) is a uniformly distributed continuous random field.  The n

0

                                                                             The conditional indirect utility  function (3) is modified in obvious way s if the consumer cannot choose work hours e , the

                                                                   2

                         time requirement t  for the discrete alternative is absent, or time required for consumption of other goods enters the time budget.

cons umers  with similar observed characteristics will have similar distributions of unobserve d

ch aracteristics.   Another primitive postulate of consumer theory is that the description of a resourc e

allocation doesnotdependonconsumercharacteristics. Thus,consumers´tastesandperceptionsdono t

en ter  the ^objective~ description of a resource allocation, although they will obviously enter th e

consumerś  evaluationofthe allocation.  This postulate implies that the distribution of

!
 cannot depen d

on  ( s ,

                                                                         �
                                                                                          ), although it may depend on z .  We will assume that

�
 is specified as a continuous random fiel d

wi t h  a regular canonical representation, and write it as

�
( z ) = h (

J
( z ), z ), where

J
( s ) is a uniforml y

di st r ibuted  continuous random field.   Then discrete alternatives that are similar in their observe d

a ttributes wi ll have similar distributions of unobserved attributes.  Substituting the transformations h

0

and  h  intothe definitionof U, we canconsider a canonical random utility model  U ( g , l , z , s ,

J
( z ),

/
( s )) tha t

j

i s  co ntinuous in its arguments, with

J
( z ) and

/
( s ) independently uniformly distributed continuou s

random fields.

                                        Econom ic  consumers make choices subject to dollar and time budgets.  For discrete choice, i f

assi gne d  a discrete alternative z , the consumer will choose goods g  and leisure l  to maximize utilit y

subject  to these budgets.  If the alternative requires time t  =

-
( z ), the consumer´s 24 hour/day tim e

budget  is 24 = l * + e  + t , where e  is hours worked and l * is hours of pure leisure.  If only a portion

�
 o f

t he  t i me t  devoted to the alternative is equivalent to work, then l  = l * + (1-

�
) t  is the effective leisur e

entering the utility function.  Suppose the consumer faces a dollar budget

(2) a  + w � e  = p � g  + c ,

w here a  is non-wage income, c  is the cost of the discrete alternative, w  is t he wage, and p  is the vector

of goods prices.  For the assigned alternative, maximum utility then satisfies

(3) U 1 ( a - c , p , w , t

�
, z , s ,

J
( z ),

/
( s ))) = max U ( g ,24- e - t

�
, z , s ,

J
( z ),

/
( s ))) subject to a + w � e  = p � g  + c  .

e,g

This functionisa conditionalindirectutilityfunction ,giventhediscretealternative. Withamonoton e

2

t ransformation, we can assume that the range of utility is contained in the unit interval.  For economic

applications,  it will be important to distinguish the market variables a , p , and w , which can be altered

b y economic policy, from the  observed consumer characteristics included in  s .  Similarly, the market

co st  c  of the discrete alternative which can be altered by policy is distinguished from z , while t  is a

c ompone nt of z .  An important implication of these distinctions is that for each realization of

J
( z ) and

/
                 ( s ), the conditional indire ct utility function is characterized by the standard economic properties that

i t is increasing in a  - c , non-increasing in ( p , w ), an d homogeneous of degree zero and quasi-convex in

( a - c , p , w ).   Itwillbe convenient as a shorthandinthe followinganalysis toredefine z  and s  toabsorbth e

m arket variables, and write the conditional indirect utility function as U ( z , s ,

J
( z ),

/
( s )), keeping in mind

that

                                                         J
                                                                       ( z )and

/
( s )willnotdependon themarketvariablecomponentsof z and s .Let Z and S denoteth e

domai ns  of z  an d s , respectively, and note that they are assumed to be compact subsets of finite -

dimensional spaces.

                                        Consider choiceoverfinitesetsofdiscretealternatives C ={ z ,..., z }, distinguishedbytheconsume r

1 J

(and  the observer) in terms of their observed attributes z  which may include ^brand names~ or othe r

j

alternative-specific  identifiers that influence the consumer´s evaluation.  We will interpret C  as a n

0 U ( z

1

, s ,

J

1

,

/
) / 0

/
0 U ( z

1

, s ,

J

1

,

/
) / 0

J

1

. . . 0

. . . . . . . . . . . .

0 U ( z

J

, s ,

J

J

,

/
) / 0

J

0

0 . . . 0 U ( z

J

, s ,

J

J

,

/
) / 0

J

J
ordered  sequence,anddenote the familyofpossible J-element choice sets by &  G  Z .  By construction ,

J

J

al l  t he el e ments of C  �  &  must be distinct.  We assume that &  is compact; this excludes cases wher e

J J

a lternatives are observationally indistinguishable in the limit.  We assume that there is an upper bo und

J*  on the number of elements in a choice set.  Then & * = & F ... F &  is the universe of possible choice

2 J*

set s.   We assume that proper subsets of possible choice sets are also possible; in particular, if C  �  &

J

contains  elements z 1  and z 2 , then { z 1 , z 2 } �  & .  For brevity, C  = { z ,..., z } will somet imes be written as

2 1 J

C  = {1,...,J}.

                                        I n a well-s pecified RUM model, there will be zero probability of ties in a choice set C  = { z ,..., z },

1 J

so  t hat  a realization

/
 =

/
(s) and

J
 =

J
( z ) for j = 1,...,J of the random elements in the model almos t

j j

surely determinesauniquechoice.When U iscontinuouslydifferentiable,asufficient conditionforthi s

is that the Jacobian

,

hav e  rank at least J-1, and that the support of (

/
,

J
,...,

J
) contain the space spanned by the Jacobian .

1 J

Ways  toguarantee noties include taste factors (determinedby

/
) ofthe required dimension that interac t

with afull-rankarrayofalternativeattributes,ora fullsetofalternative-specificeffects(determinedb y

t h e

                                                         J
                                                                              ) , or some combination.  The following result establishes that MNL mixtures can closel y

                                                                        j

approximate a very broad class of RUM models that have zero probability of ties:

                                        Theor em  1.  Let z �  Z , with Z  compact, denote the vector of observed attributes of a discret e

a lternative, and s �  S , with S  compa ct, denote the vector of observed characteristics of the consumer.

Suppose  di scre te choices are made from choice sets C = { z ,..., z } , with at most  J* alternatives ,

1 J

cont ai ne d  in a compact universe & *  in which all alternatives are distinct.  Let z  = ( z ,..., z ) , and as a

1 J

sho rthand  let C  = {1,...,J}.    Suppose discrete responses maximize a canonical conditional indirec t

utility  function U ( z , s ,

J
,

/
) that is a bounded continuous function of its arguments , where

J
 =

J
( z ) and

*

j j j j

/
                  =

                                                    /
                                                                     ( s ) are uniformly distributed continuous random fields.  Assume there is zero probability of ties.

Let  P (i  z ,s ) denote the choice probabilities generated by maximization of U  over C .  If

�
 is a small

                                                                      C

                                                                                     * *

p ositive scalar, then there exists a continuous function x = x ( z , s ) of dimension 1×k for some integer k,

with  x  = (x( z , s ),...,x( z , s )), andarandomutility model withchoice probabilities P (i  x ,

�
) of the MMN L

1 J C

form (1) , such that P (i  z ,s ) and P (i  x ,

�
) differ by at most

�
  for all s  �  S  and  z  �  & *.

C C

*

                                        The proofisgivenintheAppendix.Theconstructionin theproofshowsthattherandomcoefficient s

�
                     in (1) can be taken to be continuous polynomial transformations of the uniformly distribute d

continuous  randomfields

J
( z ) and

/
( s ), and fromthe earlier discussion the indexing of these fields wil l

e xclude economic market variables.  Then, the distribution of

�
 will not depend on obse rved variables

exce pt  through the correlations across similar alternatives.  One implication of the theorem is tha t

MMNL  canbe usedto approximate computationally difficult parametric randomutility models simpl y

by takingthedistributionsunderlying these models,suitablyscaled,as the mixingdistributions.Thes e

c an be interpreted as simulation approximations using a MNL kernel.  For multinomial probit models,

Br ownst on e  & Train (1998) and Ben-Akiva & Bolduc (1996) find in Monte Carlo experiments tha t

MMNL  givesapproximationsthatareasaccurateandquickasdirect simulationalternatives suchas th e

Geweke- Hajivassiliou-Keane (GHK) simulator; see Hajivassiliou & Ruud (1994).

                                        The  theorem is stated for a single choice, but applies by reinterpretation to multiple or dynami c

c hoice applications by treating each possible portfolio of choices as a distinct alternative.  Alternately,

the theoremextendseasilytoatime-seriesofseriallycorrelatedRUMmodelsapproximatedbyseriall y

correlated mixturesofaproductofMNLmodelsfortheindividualdecisions: MMNLprobabilities fo r

a  sequence of choices i  from sets C  for t = 1,...,T will have the form P (i ,...,i  x ,

�
) = ,  -

t t C 1 T t � T

L ( i ; x ,

                                                                                                          �
) � G (d

�
;

�
),  where L (i ; x ,

�
) is a MNL probability for period t choice, with x  a vector o f

                   C t t t c t t t t

funct i ons  of alternative attributes and consumer characteristics that may include state dependence o n

hi st or i cal  choices, and G   is a distribution that can in general include the effects of unobserve d

heterogeneity  and serial correlation.  When both state dependence and unobserved heterogeneity ar e

present, thismodelsuffersfromHeckman´sinitialvaluesproblem,andalatentclassformofthemode l

w ith G  dependi ng on initial state can be interpreted as the Heckman-Singer semiparametric treatment

f or this problem; see Heckman (1981), H eckman and Singer (1984, 1986), and Heckman, Lochner, &

Taber  ( 1998) .  In particular, a MMNL model in this form can approximate a dynamic choice mode l

generated by a RUM model with a multivariate normal distribution of unobserved factors.

                                        I n  the proof of the theorem, a polynomial approximation to the true random utility function i s

perturbed byadding scaledi.i.d.ExtremeValueTypeIdisturbances

�
,yieldingMNLasthebasemode l

to whichmixingisapplied.Atthis step,onecouldhaveusedotherdistributionsforthe

�
,althoughmos t

al t er nat i v es  are not as computationally tractable as MNL.  For example, one might take the

�
 to b e

scal ed  i . i.d. standard normal.  When the mixing distribution is multivariate normal, this can b e

i nterpreted as the method for simulation of the MNP model pro posed by Stern (1994).  Adopting i.i.d.

st an dard  normals for the base model adds one dimension of numerical integration, and require s

co mputation  of a product of univariate normal CDF’s for each integration point and each decision -

maker .   This requires more computation than a MNL base model; see Train (1995).  One can us e

cl assi cal  or t hogonal polynomials, Fourier series, neural nets, or wavelets as a basis  x ( z , s ), k = 1,2,.. .

k

for theapproximation.Judiciouschoice ofabasiscanmaketheapproximationmoreparsimoniousan d

easier  to identify econometrically than simple polynomials, and may make it easier to impose or chec k

monotonicity andquasi-convexitypropertiesofaconditionalindirectRUM.In applications,it is ofte n

desirable tomaketheleadingtermsinthebasisexpressionsthatoccurinstandardparametriceconomi c

consum er  models such as a Stone-Geary specification.  Then, a satisfactory approximation may b e

achieved without a large number of additional terms.

                                        Ther e  a re two approximation results available in the literature that are somewhat different tha n

Theorem 1.Discretechoicemodelscontinuous intheirargumentscanbeapproximatedbyMNLmodel s

i n  whi ch t he sc ale value of each alternative is a general function of all variables for all choices; se e

McFadden  ( 1 984).  This approximation, sometimes called "mother logit", does not require that th e

discrete choicemodelcomefromarandomutilitymodel,andtheMNLapproximationisnotguarantee d

t o  be c onsistent with RUM.  Thus, this approximation can be useful for testing a RUM/MN L

speci fi cat ion  against alternative models that are not necessarily RUM, but is not useful fo r

a pproximations within t he RUM family.  Dagsvik (1994) establishes, for a general class of RUM that

h ave a representati on in which the random effect is additive and independent of ( z , s ), that the random

utility  process can be approximated by a generalized extreme value process.  Specialized to the curren t

problem, thisshowsthatthisclassofrandomutilitymodelscan beapproximatedbygeneralizedextrem e

val u e  RUM.  This is a powerful theoretical result, but its practical econometric application is limite d

(

1 )
n

1

�

. . .
�
n

J

# 0
n

1

�

. . .
�
n

J

F (
log ( t

1

) , . . . ,
log ( t

J

) ) / 0
n

1
t

1

. . . 0
n

J
t

J

� 0
by thedifficultyofspecifying, estimating,andtestingthe consistencyofrelativelyabstract generalize d

extreme value RUM.

                                        One limitationofTheorem1 isthatitprovidesnopracticalindicationofhowtochooseparsimoniou s

mi xi ng  families, or how many terms are needed to obtain acceptable approximations to P (i  z ,s) .

C

H owever,  Monte Carlo studies indicate that fairly simple mixing structures, with random coefficients

following afactoranalyticstructureofrelativelylowdimension,andrelativelysimple mixingfamilies ,

such  as latent class models withrelativelyfewclasses, are sufficiently flexible to capture quite comple x

p atterns of heterogeneity; see Bolduc, Fortin, & Gordon (1996) an d Brownstone & Train (1998).  The

specification  tests describedinSectionIVare one practical adaptive approachto obtaining satisfactor y

a pproximations.  In principle, one can combine a m ethod of sieves for specification of the x  variables

i

w ith a latent class structure for the mixing distribution G to develop a fully nonparametric approac h to

estimation of random utility models for discrete choice.

                                        A  second limitation of the theoremis that while it guarantees the existence of a satisfactory MMN L

appr oxi m ation,  it leaves open the possibility that identification conditions for regular maximu m

likelihood estimatesoftheMMNLmodelmay fail,orthatestimatesmayblowup.Thefirstpossibilit y

i s the usual local and global ide ntification problem, reduced but not eliminated by judicious choice of

the basisand carefulglobalsearchinestimation.Thesecondpossibilityofestimatesblowinguparise s

if  the linear approximation and mixing distribution happen to be exact , so that the true random utility

model  satisfies U ( z , s ,

J
,

/
) �  x �

�
 with x  a vector of polynomials in z  and s and

�
 distributed G (

�
;

�
) .

*

i i i i

T hen by scaling down the i.i.d. Extreme Value perturbations to U ( z , s ,

J
,

/
), one can make the MMNL

*

i

appr o ximation  converge to P (i  z , s ).  This corresponds to approaching the maximum likelihood b y

C

*

scal i ng  t he MNL coefficients by a factor

5

Y

 �  in P (i  x ,

�
,

5
) = , L (i  x ,

�
�

5
) � G (d

�
;

�
); a finit e

C C

maximand does notexist.Thisisrarelyapracticalproblem,sinceanyspecificationof x and G adopte d

i n  an ap plication will almost certainly miss features of the true random utility model, and

5
 will b e

det er mi ned  b y a search to achieve a best approximation to the influence of these omitted factors .

Al t er na tively,  if the exact model contains additive i.i.d. Extreme Value I components, the proble m

cannot  arise.  Suppose a random utility model U (z,s,

J
,

/
) and C = { z ,..., z }.  Let F (u  z ,s ) be the CDF

*

1 J

o f  ( U ( z , s , � ),..., U ( z , s , � )).  A necessary and sufficient condition for additive i.i.d. Extreme Value I

                                                                            * *

                                                                                                              1 J

component s  is that F (-log(t ),...,-log(t )) have the properties of a multivariate Laplace Transform :

1 J

derivatives  ofallorders with � ;seeAppendi x

Lemma  4.  I n practice, it is difficult to find CDFs satisfying this condition, and difficult to test th e

condition, sothat the likelypossibilitythat the model is not exact is the best guarantee for convergenc e

of estimators..

III.  SIMULATION OF THE MMNL MODEL

                                        A  tractable empirical form for the MMNL model P (i  x ,

�
) = , L (i; x ,

�
) � G (d

�
;

�
) is obtained b y

C C

t aki n g

                                                                                                �
                                                                                                                    =

�
 +

�
, where

�
 is a K×1 vector of "mean" coefficients,

�
 is a K×M matrix of facto r

l oadi n gs,  with exclusion restrictions for identification, and

�
 is a M×1 vector of factor levels that ar e

i n dependently  distributed with a "standard" density f (

�
).  (This specification includes models wit h

alternative-specific randomeffects:takex toincludealternative-specificdummiesandintroducefactor s

j

that  loadonthese dummies.)  Let vec(B) denote the operationthat stacks the columns ofanarrayBint o

a  vect or, define

�
 = vec(

�
1 ), let

�
1  = (

�
1 ,

�
1 ) denote the vector of parameters of this model, and let

�

o

M

j � C

M

r

p

1
d enote  the true value of

�
.  Define x (

�
) = x � L (j; x ,

�
+

�
) and let x (

�
) = x  - x (

�
).  Let E

C j C i C i C

�
i

denote  an expectation with respect to the density of

�
 conditioned on the event that i is chosen; i.e., th e

density  L (i; x ,

�
+

�
) � f (

�
)/ , L (i; x ,

�
+

�
) � f (

�
)d

�
.  Then P (i  x ,

�
) =  E L (i; x ,

�
+

�
), / log P (i  x ,

�
) =

C C C

�
C

�
C

E x (

                                                                                            �
                                                                                                            ) 1  and / log P (i  x ,

�
) = vec( E

�
x (

�
)) .

                      �
                                        i i C

�
C

�
i i C

Simulation of the MMNL Probabilities and their Derivatives

                                        I f  the integral P (i  x ,

�
) = E L (i; x ,

�
+

�
) can be obtained analytically, or by computationall y

C

�
 C

feasible  numerical integration of low dimension, then conventional maximum likelihood can be use d

to estimate

�
.Otherwise,itispossibletosimulate P (i  x ,

�
)anditsderivatives,and usethesesimulatio n

C

appr oxi m ations  for statistical inference.  Make Monte Carlo draws

�
, p = 1,...,r, from f (

�
).  Let E

p r

denote an empirical expectation with respect to a simulation sample of size r.  Then,

(4) P (i  x ,

�
) = L (i; x ,

�
+

�
) �  E  L (i; x ,

�
+

�
)

C C p r C
r

i s  a pos itive, unbiased estimator of P (i  x ,

�
) that is continuous and continuously differentiable to al l

C

or der s  i n

�
.  The derivatives of log P (i  x ,

�
) involve conditional expectations E  b (

�
) �

C

�
i

{ E b

                                                                 �
                                                                                 ) � L (i; x ,

�
+

�
)}/ P (i  x ,

�
) for various functions b (

�
).  These expectations are simulated by

                                      �
                                                                                                                       C C

(5) E  b (

�
) �  { E b (

�
) � L (i; x ,

�
+

�
)}/ P (i  x ,

�
) ,

r  i r C C
r

whi ch  i s agai n  continuously differentiable to all orders in

�
.  This can be interpreted as importanc e

sampl i ng  wi t h  draws from f (

�
) as the comparison density.  The simulator E b (

�
) is not unbiased i n

r  i

gene ral  because of the appearance of the simulator P (i  x ,

�
) in the denominator.  Similarly, th e

C
r

si m ulator  log P (i  x ,

�
) of log P (i  x ,

�
) is not unbiased because of the nonlinear transformation .

C C
r

Howev er,  all the simulators above are consistent when r

Y

 � .  It is possible to get unbiased, but n o

longer continuous, estimates of E  b (

�
) using an acceptance/rejection procedure that accepts draws tha t

r  i

would produceiasthechoice.Somecomputationsrequirethesecondderivativesoflog P (i  x ,

�
);thes e

C

a re given in Appendix Lemma 5.  In applications, these second derivatives can alte rnately be obtained

by numerical differentiation of the formulas for the first derivatives.

                                        I n  the statistical procedures to be discussed next, it will be critical that the simulators satisfy a

condition of stochasticequicontinuity ,whichrequiresthattheynot"chatter"as

�
changes.Thisiseasil y

accomplished  by keeping the draws

�
 fixed during iterative procedures that adjust

�
; this can be done

p

by storing the

�
 or by regenerating them from fixed seeds.

p

Maximum Simulated Likelihood Estimation (MSLE)

                                        Maxi mum  Si mulated Likelihood Estimation (MSLE) finds an estimator

�
 that maximizes th e

N

simulated loglikelihood, E logP (i  x ,

�
), with E denotingempiricalexpectationforarandomsampl e

N C N
r

of sizeN.Hajivassiliou &McFadden(1997)showthatundermildregularityconditionsandastochasti c

equicontinuity  property, and r # N

Y

 �  as N

Y

 � , the MSLE estimator

�
 is asymptotically equivalen t

-1/2

N

t o  t he c lassical maximum likelihood estimator.  However, estimators that are relatively free o f

s imulation bias in moderate samples are likely to require r considerably larger than N .  Monte Carlo

1/2

draws  neednotbeindependent across observations,or across the simulators ofdifferent derivatives tha t

may  be used in iterative search for

�
.  It is also possible to allow dependence across the differen t

N

si mul a tion  draws, provided there is sufficient mixing for them to satisfy an central limit property.  I n

M

i � C

M

i � C

M

i � C
x

i C

(

�
) 1

vec (

�
x

i C

(

�
) )

M

i � C

M

i � C

M

i � C
particular, Train(2000)hasfoundthatpatterned pseudo-randomnumberssuchasHaltonsequencesgiv e

e stimators that in Monte Carlo studies give lower mean square errors than independent random  draws.

We  give an estimator for the asymptotic covariance matrix of

�
 only for the case of independen t

N

simulators across observations.  Define the arrays

(6)

(

�
) = - E / log P (i  x ,

�
)      and

�
(

�
) = E { / log P (i  x ,

�
)}{ / log P (i  x ,

�
)} 1

                                                                                                                        N N

� 1
C  N N

�
C

�
C
r r r

As r

                                                                 Y

                                                                                             � , both

(

�
) and

�
(

�
) converge to

6
(

�
) = E { / log P (i  x ,

�
)}{ / log P (i  x ,

�
)} 1 ,

N N N N N o N

�
C o

�
C o

so that

(

�
) and

�
(

�
) areconsistentestimatorsoftheasymptoticcovariance estimator.However ,

                                                                                                                N N N N

-1 -1

for  fi ni t e r ,

�
(

�
) is larger than

(

�
) due to simulation noise, and

�
(

�
) decreases as r increases .

N N N N N N

Consequently,

�
(

�
)  maysubstantiallyunderestimate the covariance ofthe estimator when r is finite ,

N N

-1

and maysuggesterroneouslythatincreasingrdecreasestheprecisionoftheestimator. For this reason ,

we  r eco mmend the robust asymptotic covariance matrix estimator

(

�
)

�
(

�
)

(

�
)  that i s

N N N N N N

-1 -1

associated with quasi-maximum likelihood estimation; see Newey & McFadden (1994, p. 2160).

Method of Simulated Moments

                                        L e t  d  denot e an  indicator that is one when i is chosen, zero otherwise, and let d  = (d ,...,d ).  A

                                                                                                                 i 1 J

classical  methodofmomentsestimatorfor

�
 canbebasedonthecondition that the generalizedresidua l

d  - E L (i; x ,

�
+

�
), evaluated at the true parameters, is orthogonal in the population to any ins trument

                i

                                                                       �
                                                                                                  C

vector W ( x ,

�
) that has the dimension of

�
.  Write this moment as

i

(7) m(

�
; d , x ) = {d  - E L (i; x ,

�
+

�
)} � W ( x ,

�
) .

i

�
C i

Defi ne  s (

�
; x ) �  / log P (i  x ,

�
).  When W ( x ,

�
) = s (

�
; x ), m (

�
; d , x ) reduces to the score of a n

                                                                                                                       i

� C
i i

observation  and the classical method of moments estimator coincides with the maximum likelihoo d

est i mat or .   However, any instrument vector W ( x ,

�
) whose covariance matrix with s (

�
; x ) is o f

i i

maximum  rank can be used to obtain estimators that are consistent and N  asymptotically normal, bu t

1/2

i n general less than f ully efficient.  A Method of Simulated Moments (MSM) estimator for MMNL is

obt ai ne d  by replacing P (i| x ,

�
) in the generalized residual by the unbiased simulator P (i  x ,

�
) an d

C C
r

u sing  statistically independent simulators (as necessary) to obtain the instrument vector W ( x ,

�
) for a

i

simulator  m (

�
; d , x ) of m (

�
; d , x ).  The MSM estimator

�
 is a root of E m (

�
; d , x ).  McFadden (1989 )
r r

N N

shows  that under mild regularity conditions, including stochastic equicontinuity, the MSM estimato r

�
                                  is consistent and asymptotically normal.  It is not necessary for this result that r increase with N, so

                   N

long  as the simulators of the generalized residuals are independent or satisfy a weaker condition that i s

sufficient foracentrallimittheoremtooperateacrossobservations. Thearray

4
(

�
)

(
(

�
)

4
(

�
)

N N N N N N

-1 -1

consistently estimates the asymptotic covariance matrix of

�
, where

N

                                        4
                                                                                 (

                                                                                            �
                                                                                                                ) = - E { / P (i  x ,

�
)}W 1  = - E { E L (i; x ,

�
+

�
)}W 1 ,

                                                                   N N

� C
i N r C i
r

                                        (
                                                                             (

                                                                                        �
                                                                                                           ) = E { W P (i  x ,

�
)W 1  - [ W P (i  x ,

�
)][ W P (i  x ,

�
)] 1 } .

                                                              N N i C i i C i C
r r r

                                        The MSLEmethodisasymptoticallyefficient,butthecomputationaladvantages oftheMSMmetho d

may  offset the loss of statistical efficiency.  The more highly correlated W ( x ,

�
) with s (

�
; x ), the mor e

i i o

e fficient the MSM estimator.   An obvious candidate for W ( x ,

�
) is the simulated score s (

�
; x ).  Large

i i
r

r  will be needed to simulate s (

�
; x ) accurately and achieve high efficiency.  However, it is possible to

i o

M

j � C

M

j � C

e
x

i

�

/

M

j � C
e
x

j

�

M

j � C

                                                                             These instruments are similar to instruments for the multinomial probit model proposed independently  by  Ruud (1996).

                                                                   3
o btain a computationally convenient instrument vector that is fairly high ly correlated with s (

�
; x ), and

i

will  as a consequence yield moderately efficient MSM estimates at low computational cost.  Using th e

approach  of Talvitie (1974), make a second-order Taylor’s expansion of the multinomial logit functio n

L (i; x ,

                                                                                        �
                                                                                                          +

�
) in

�
 around

�
 = 0, and take the expectation of this approximation with respect to

�
,

                  C

(8) E L (i; x ,,

�
+

�
) �  L (i; x ,

�
) # {1 + ½ tr(

�
1 Q

�
)},

�
C C i C

w h e r e  Q  = x 1 x  - L (j; x ,

�
) x 1 x  and x  = x  - x L (j; x ,

�
).  Because the Taylor’ s

                                                                                                                    i C i C i C C j C j C i C i j C

expansion isnotuniformlyconvergent,thisisapoor approximationtotheMMNLresponseprobabilit y

itself. However,itprovides aneasilycomputedapproximationto s (

�
; x ):Makealinearapproximatio n

i o

l og  {1 + ½ t r (

�
1 Q

�
)} �  ½ tr{

�
1 Q

�
}, and take the gradient of the log of (8) with respect to

�
,

i C i C

ignoring thedependenceofQ on

�
,toobtainW ( x ,

�
) 1 =[ x vec(Q

�
) 1 ].Forpreliminaryestimation ,

i C i i C i C

�
                    can be set  t o s imple MNL coefficient estimates and

�
 can be any matrix of full column rank tha t

r espect s  t he exclusion restrictions present in the model.  Limited Monte Carlo evidence suggests tha t

use oftheseeasily computedinstrumentswilloftenyieldMSMestimatorswithasymptoticefficiencie s

over 90 percent.

3

IV.  SPECIFICATION TESTING

                                        Because  t he MM NL model requires use of simulation methods, it is useful to have a specificatio n

test based solelyonMNLmodelestimatesthatdetermineifmixingisneeded.Thenextresultdescribe s

a  L agrange Multiplier test for this purpose.  This test has the pivotal property that its asymptoti c

di st r i but ion  under the null hypothesis that the correct specification is MNL does not depend on th e

parameterization of the mixing distribution under the alternative.

                                        Theorem  2.  Consider choice from a set C  = {1,...,J}.  Let x  be a 1×K vector of attributes o f

i

al t ernat i ve  i.  From a random sample n = 1,...,N,  estimate the parameter

�
 in the simple MNL mode l

L (i; x ,

                                                                                        �
                                                                                                           ) = , using maximum likelihood; construct artificial variables

                  C

(9) z  = ½( x  - x )    with   x  = x � L (j; x ,
r
)

 2

ti ti t C t C tj C

f or  sel e cted components t of x ,  and use a Wald or Likelihood Ratio test for the hypothesis that th e

i

artificial  variables z  should be omitted from the MNL model.  This test is asymptotically equivalent t o

ti

a  Lagrange multiplier test of the hypothesis of no mixing against the alternative of a MMNL mode l

P (i  x ,

                                                                                             �
                                                                                                                )  = , L (i; x ,

�
) � G (d

�
;

�
) with mixing in the selected components t of

�
.  The degrees  of freedom

                    C C

equals the number of artificial variables z  that are linearly independent of x .

ti

The proofisgiven intheAppendix.Toexaminetheoperatingcharacteristicsofthetest,wecarriedou t

two simpleMonteCarlo experimentsforchoiceamongthreealternatives,withrandomutilityfunction s
u =

                                                       �
                                                                                     x +

�
x +

J
.  The disturbances

J
 were i.i.d.Extreme Value Type I.Inthe first experiment,th e

                i 1 1i 2 2i i i

covariate were distributed as described below:

Variable Alternative 1 Alternative 2 Alternative 3

  x  ±½ w.p.  ½    0    0

1

  x  ±½ w.p.  ½  ±½ w.p.  ½    0

2

The  par amet er

�
 = 1 under both the null and the alternative.  The parameter

�
 = 0.5 under the nul l

2 1

hypothesis,  and under the alternative

�
 = 0.5 ± 1 w.p. 1/2.  We carr ied out 1000 repetitions of the test

1

procedure forasampleofsizeN=1000andchoices generatedalternatelyunderthenullhypothesisan d

under  the alternative just described, using likelihood ratio tests for the omitted variable z .  The result s

1i

are given below:

                                                                                               Nominal Significance Level Actual Significance Level Power Against the Alternative

  10%   8.2%  15.6%

  5%   5.0%   8.2%

T he nominal and actual significance levels of the tes t agree well.  The power of the test is low, and an

examination oftheestimatedcoefficientsrevealsthatthedegree ofheterogeneityintastespresentinthi s

experiment  gives estimatedcoefficients close totheir expectedvalues.Put another way,this pattern o f

heterogeneity is difficult to distinguish from added extreme value noise.

                                        In the second experiment, the covariates are distributed as shown below:

Variable Alternative 1 Alternative 2 Alternative 3

  x  ±½ w.p.  ½  ±½ w.p.  ½    0

1

  x  ±½ w.p.  ½  ±½ w.p.  ½    0

2

The  utility function is again u  =

�
x  +

�
x  +

J
.  Under the null hypothesis,

�
 =

�
 = 1, while under

i 1 1i 2 2i i 1 2

the alternative(

�
,

�
)=(2,0)w.p.½and(0,2)w.p.½.Again,1000repetitionsof thetestsaremadefo r

1 2

N = 1000 under the null and the alternative; the results are given below:

                                                                                Nominal Significance Level Actual Significance Level Power Against the Alternative

  10%   9.7%  52.4%

  5%   3.9%  39.8%

I n  t hi s cas e where mixing is across utility functions of different variables, the test is moderatel y

powerful. Itremainsthecasein thisexamplethattheestimatedcoefficientsintheMNLmodelwithou t

mixing are close to their expected values.

M

j � C

M

j � C

1

r � P

C
r

( i  x ,

�
)

M
r

k

1

1

r � P

C
r

( i  x ,

�
)

M r

k

1

1

r � P

C
r

( i  x ,

�
)

M
r

k

1

Testing the Adequacy of a Mixing Distribution .

                                        Suppose onehasestimated a MMNLmodel inwhichthe MNLparameters

�
 =

�
 +

�
 are mixedb y

a basedensity f (

�
),andtheobjectistotestwhether additional mixingisneededtodescribe the sample .

The choice probability under the alternative is

(10) P (i  x ,

�
,

�
) = , { , L (i; x ,

�
 +

�
 +

�
X

�
) � f (

�
)d

�
} � h (

�
)d

�
,

 1/2

C C

where

                                                                                         �
                                                                                                            is a K×1 vector,

�
 is a factor loading matrix,

�
 is K×1 with mean zero and unit variances,

�
 i s

a  k×1vector of variances, K-T of which are maintained at zero,

�
 denotes the component-wise squar e

1/2

r oot ,  and X  denotes the component by component direct product.  The null hypothesis is that the dat a

a re generated by this model with

�
 = 0; i.e., a mixed MNL model with latent factors

�
 determining the

choice  probabilities, versus the alternative that up to T additional factors, with density h ( � ), are needed .

The following theorem, proved in the Appendix, gives a Lagrange Multiplier test for this hypothesis:

                                        The orem  3.  Suppose the base model P (i  x ,

�
) = ,  L (i; x ,

�
 +

�
) � f (

�
)d

�
 has been estimated b y

C C

MSLE, using Monte Carlo draws

�
 from f ( � ) for k = 1,...,r.  Construct the quantities
k

                                                                                                         x  = x � L (j; x ,

�
+

�
) , z  = ½( x - x )  , z  = z � L (j; x ,

�
+

�
) ,

                                                                                                     k k  k k 2  k k k

                                                                                                                        C j C ti ti t C t C tj C

                                                                                                         v  = � ( x - x ) � L (i; x ,

�
+

�
) ,

                                                                                                     k k

                                                                                                                        i i C C

                                                                                                         w  =  vec(

�
( x - x )) 1 L (i; x ,

�
+

�
) ,

                                                                                                       k k k

i i C C

                                                                                                         y  =   ( z - z ) � L (i; x ,

�
+

�
) ,

                                                                                                      k k

                                                                                                                        ti ti t C C

where  al l parameters are set to the base model estimates.  A regression over alternatives an d

observat i on s  of the integer 1 on the variables v , w , and y  for t = 1,...,T and an F-test for th e

i i ti

significance ofthevariablesin thisregressionisasymptoticallyequivalenttoaLagrangeMultipliertes t

of the hypothesis of no additional mixing in the coefficients of x  for t = 1,...,T .

ti

                                        I n  l i ght of the Monte Carlo results in the base case of no mixing, one can expect this test to hav e

relatively  lowpower.Hence,for use as a diagnostic for model specification, one will want to err on th e

si de  of admi tting too much potential heterogeneity, and use a rejection region with a large nomina l

significance level.

M

j � C

V.  AN APPLICATION: DEMAND FOR ALTERNATIVE VEHICLES

                                        The  St a te of California suffers from air pollution generated by conventional gasoline-powere d

v ehicles, and the State is in the process of mandating quotas for alternative-fueled vehicles: methanol,

compr essed  natural gas (CNG), or electric.  An important policy question is consumer acceptance o f

t hese  al t er na tive vehicles, and the extent to which subsidies will be necessary to stimulate consume r

demand  to the levels required by the quotas.  Brownstone et al (1996) have carried out a conjoin t

analysis  study of preferences between alternative vehicles.  The study has  4654 respondents, each of

whom  wa s asked to choose among six alternatives.  The alternatives were described in terms of th e

variables definedinTable1. Wedonotalterthevariabletransformationsusedintheoriginalstudy,bu t

not e  that the dependence of their specification on the price of an alternative and on income fails th e

q uasi-convexity condition for conditional indirect utility that comes from economic consumer theory.

A n experimental design was used to select the offeri ngs of six alternatives from 120 possible profiles,

distinguished byfour fuels(gasoline,methanol,CNG,electric),fivesizes(mini,subcompact,compact ,

mi dsi ze ,  large), and six body types (regular car, sports car, truck, van, station wagon, sports utilit y

vehicle).

                                        Table  2 gives a MMNL model estimated by Brownstone & Train (1998).  This model includes fou r

r andom  ef fects, associated with the following variables: Dummy for non-EV, Dummy for non-CNG ,

Si ze,  and Luggage Space.  The segment of the table headed "Variables" gives estimates of the

�

p arameters, and the segm ent headed "Random Effects" gives the factor loading

�
 on standard normal

fac tors,  with an independent factor for each of the random effects above.  Then, the coefficients ar e

e stimates of the standard deviations of these random effects.  The estimation uses 250 replications per

o bservation, and MSLE.  The parameter estimates show strong  random effects, with magnitudes large

enough tosuggest that theyare capturingcorrelationstructure inunobservables inadditiontovariatio n

in  tastes.  The variables and randomeffects included in this model are the result of a classical selectio n

procedure  that estimatedalternative MMNLmodels anduseda likelihoodratiotest toselect fromthem .

A  l i k elihood ratio test at the five percent level shows that this model fits significantly better than a

simple  MNL model (given in Table 3).  The table gives estimates of the standard errors of th e

c oefficients for 250 replications, and also for 50 replications.  The columns head ed "Asymptotic" give

standard  errors using

�
(

�
) .  As noted in Section III, while this estimator is consistent, for moderat e

N N

-1

r it canunderestimatecovariancesandleadtotheperverseconclusionthatstandarderrorsincreasewhe n

t he  number  of simulation draws rises.  The columns headed "Robust" give standard errors using th e

r ecommended covarianc e matrix estimator

(

�
)

�
(

�
)

(

�
) .  The "Robust" standard errors fall

N N N N N N

-1 -1

with  number of repetitions, as expected.  In general, using the "Asymptotic" covariance formula with

250  r ep lications results in a ten to twenty percent underestimate of standard errors of coefficients ,

compared to the "Robust" formula.

                                        Table 3,Model1,isasimple MNLmodel L (i; x ,

�
) fittedtothe data; these estimates are takenfro m

C

Brownstone  & Train(1998).Model 2adds the artificial variables defined in Theorem2; i.e., given th e

base  MNLmodel L (i; x ,

�
) and x  = x � L (j; x ,

�
),with

�
 set equal toits MNLestimator,defin e

C C j C

the  artificial variables z  = ½( x - x )  for variables t where heterogeneity is  suspected, and estimate the

ti ti t C

2

MNL  model with the original x variables and the additional artificial variables.  The list of artificia l

var i abl es  may  include variables t which have the coefficient

�
 constrained to zero in the base MN L

t

model;  these are interpreted as pure random effects.  A likelihood ratio test at the five percen t

s ignificance level rejects the null hypothesis of no mixing.  The individual T-statistics fo r the artificial
var i abl es  ar e not necessarily a reliable guide to the location of significant mixing, due to lack o f

i ndep endence,  and due to the possibility of correlation across alternatives in unobserved attributes .

However, theresults(basedonT-statisticsexceedingoneinmagnitude)suggestthattheremaybetast e

variation  in the following variable coefficients: Non-EV, Non-CNG, Size, Luggage space, Operatin g

Cost,  and Station Availability.  The first four of these were included in the Brownstone-Train model i n

Tabl e  2;  t he last two are additional factors where mixing may be present.  Our specification testin g

procedure  is easier and quicker than the Brownstone-Train method.  All the factors identified in their

search were picked up by our procedure, as were some additional candidates.

                                        Table  4givesaMMNLmodelwhichincludesthesixrandomeffectsidentified aspossiblysignifican t

by theartificialvariabletestinTable3,usingT-statisticsgreaterthanoneinmagnitudeastheselectio n

cr i t er ion.   The MMNL estimates show that there is significant mixing in each of these factors .

Li kel i ho od  ratio tests show that this model is a significant improvement on the model in Table 2 .

Fur t her  ex ploration with additional factors in the MMNL model finds that there are several facto r

combinations that will fit as well or marginallybetter thanthe model inTable 4,andthat some ofthes e

combi nat ions  will place weight on factors that were excluded by the artificial variable selectio n

pr ocedur e,  and will lower the significance of some of the factors previously included.  These result s

reflect  theinherent difficultyofidentifyingthe factor structure ofunobservedutilityfromobserveddat a

on  discrete choices, but may also indicate more conventional specification issues such as omitte d

observed variables or interactions.

VI.  CONCLUSIONS

                                        T his paper has established that MMNL models, estimated using MSLE or MSM, provide  a flexible

and  comput a tionally practical econometric method for economic discrete choice that is postulated t o

come  fr om utility maximization.  First, a general approximation property is established.  Second ,

est i mat i on  of parametric MMNL models by MSLE or MSE is shown to provide estimates with goo d

st at i st i c al  properties, and easily computed fairly efficient instruments are provided for MSE.  Third ,

s imply computed specification tests are developed that allow one to test for the  presence of mixing, or

for thepresenceofomittedmixingfactors.Finally,anapplicationtothedemand foralternatively-fuele d

vehi cl es  shows that the method can detect and estimate significant mixing effects which can have a

strong effect on the pattern of substitutability across alternatives.

Table 1.  Variable Definitions

                                                                                Variable Definition

Price/log(income) Purchase price (in thousands of dollars) divided by

     log(household income in thousands)

Range Hundreds of miles vehicle can travel between refuelings/rechargings

Acceleration Tens of seconds required to reach 30 mph from stop

Top speed Highest attainable speed in hundreds of MPH

Pollution Tailpipe emissions as fraction of those for new gas vehicle

Size 0 = mini, 0.1 = subcompact, 0.2 = compact, 0.3 = mid-size or large

"Big enough" 1 if household size �  2 and vehicle is mid or large

Luggage space Fraction of luggage space in comparable  new gas vehicle

Operating cost Cost per mile of travel (tens of cents):  home recharging for

     electric vehicle,  station refueling otherwise

Station availability Fraction of stations that can refuel/recharge vehicle

Sports utility vehicle 1 if sports utility vehicle, 0 otherwise

Sports car 1 if sports car

Station wagon 1 if station wagon

Truck 1 if truck

Van 1 if van

EV 1 if electric vehicle (EV)

Commute < 5 & EV 1 if electric vehicle and commute < 5 miles/day

College & EV 1 if electric vehicle and some college education

CNG 1 if compressed natural gas (CNG) vehicle

Methanol 1 if methanol vehicle

College & Methanol 1 if methanol vehicle and some college education

                Table 2: Mixed Logit for Alternative-Fueled Vehicle Choice

Parameter Standard Error Standard Error

Estimates 250 replications 50 replications

Asymptotic Robust Asymptotic Robust

                                                                                   Variables

Price/log(income)  -0.264  0.0435  0.0452  0.0412  0.0525

Range  0.517  0.0581  0.0685  0.0511  0.1022

Acceleration  -1.062  0.1859  0.1990  0.1738  0.2519

Top speed  0.307  0.1150  0.1184  0.1131  0.1188

Pollution  -0.608  0.1392  0.1420  0.1357  0.1546

Size  1.435  0.5082  0.4991  0.4945  0.5156

"Big Enough"  0.224  0.1126  0.1166  0.1113  0.1220

Luggage Space  1.702  0.4822  0.5854  0.4314  0.8971

Operating Cost  -1.224  0.1593  0.2069  0.1393  0.2998

Station availability  0.615  0.1452  0.1536  0.1410  0.1757

Sports utility vehicle  0.901  0.1484  0.1486  0.1482  0.1493

Sports car  0.700  0.1625  0.1513  0.1626  0.1518

Station wagon  -1.500  0.0674  0.0645  0.0674  0.0659

Truck  -1.086  0.0556  0.0520  0.0555  0.0556

Van  -0.816  0.0558  0.0468  0.0557  0.0471

EV  -1.032  0.4249  0.5022  0.3777  0.6035

Commute < 5 & EV  0.372  0.1660  0.1763  0.1608  0.1927

College & EV  0.766  0.2182  0.2374  0.2073  0.2796

CNG  0.626  0.1482  0.1670  0.1391  0.2139

Methanol  0.415  0.1464  0.1474  0.1440  0.1534

College & Methanol  0.313  0.1243  0.1256  0.1223  0.1308

                                     Random Effects

Non-EV  2.464  0.5414  0.7184  0.4428  1.0252

Non-CNG  1.072  0.3773  0.4109  0.2781  0.5711

Size  7.455  1.8194  2.0408  1.5538  2.4734

Luggage Space  5.994  1.2483  1.6617  1.0483  2.7719

                                           Log  Likelihood -7375.34

                        Note:  Parameter estimates are from Brownstone & Train (1996); standard error estimates are from this study .

Table 3.  Multinomial Logit Model

Model 1 Model 2

                                                                       Variables Parameter Estimate SE Parameter Estimate SE

Price/log(income) -0.185  0.027 -0.4240  0.0298

Range  0.350  0.027  0.5036  0.0447

Acceleration -0.716  0.111 -0.9771  0.1263

Top speed  0.261  0.080  0.3592  0.0814

Pollution -0.444  0.100 -0.6567  0.1161

Size  0.935  0.311  1.4179  0.3430

"Big Enough"  0.143  0.076  0.2248  0.0845

Luggage Space  0.501  0.188  1.0161  0.2574

Operating Cost -0.768  0.073 -1.1447  0.0897

Station availability  0.413  0.097  0.6350  0.1074

Sports utility  vehicle  0.820  0.144  0.8806  0.1458

Sports car  0.637  0.156  0.6869  0.1580

Station wagon -1.437  0.065 -1.5229  0.0663

Truck -1.017  0.055 -1.0776  0.0551

Van -0.799  0.053 -0.8272  0.0542

EV -0.179  0.169 -0.6979  0.2384

Commute < 5 & EV  0.198  0.082  0.3102  0.0840

College & EV  0.443  0.108  0.6863  0.1145

CNG  0.345  0.091  0.4216  0.1056

Methanol  0.313  0.103  0.4886  0.1105

College & Methanol  0.228  0.089  0.3070  0.0903

        Artificial Variables

Price/log(income)  0.0019  0.0927

Range -0.0349  0.0551

Acceleration -1.3728  2.1388

Top speed -0.2071  0.6383

Pollution  0.0977  0.6764

Size 21.5773*  9.5000

"Big enough"  0.2837  0.3832

Luggage space  3.8731*  3.4638

Operating cost  4.2245*  0.8369

Station availability  0.6741*  0.3781

EV  2.3476*  0.5704

CNG  1.2364*  0.4798

                                  Log  Likelihood -7391.83 -7356.61

                                                              Notes: Model 1 is from Brownstone & Train (1998).

                                                                         * denotes the artificial variables with  T   > 1.

             Table 4.  Mixed Multinomial Logit Model

Parameter Estimates SE

                                                                                   Variables

Price/log(income)  -0.3622  0.0669

Range  0.6753  0.0965

Acceleration  -1.2688  0.2591

Top speed  0.4027  0.1553

Pollution  -0.7929  0.1980

Size  1.7351  0.6694

"Big Enough"  0.2695  0.1468

Luggage Space  2.2631  0.6426

Operating Cost  -1.8056  0.2912

Station availability  0.7029  0.1896

Sports utility vehicle  0.9234  0.1498

Sports car  0.7270  0.1645

Station wagon  -1.5246  0.0681

Truck  -1.1195  0.0559

Van  -0.8191  0.0564

EV  -1.5733  0.5819

Commute < 5 & EV  0.4793  0.2242

College & EV  1.0534  0.3114

CNG  0.7709  0.2018

Methanol  0.5435  0.1922

College & Methanol  0.3849  0.1542

                                     Random Effects

Non-EV  3.3802  0.7647

Non-CNG  1.1042  0.4990

Size  8.0788  2.7021

Luggage space  7.6220  1.7153

Operating cost  4.4532  0.8014

Station availability  1.3987  0.5730

                                           Log  Likelihood -7358.93

REFERENCES

B arten, A.; Bohm, V. (1982) Ĉonsumer Theory,~ in K. Arrow and M. Intriligator (eds) Handboo k of Mathematical Economics , Vol. II,

                                        North Holland: Amsterdam.

Beggs, J. (1988) "A Simple Model for Heterogeneity  in Binary  Logit Models," Economics Letters ; 27 , 245-249.

Ben-Akiva;  M.; Bolduc, D. (1996) "Multinomial Probit with a Logit Kernel and a General Parametric Specification of the Covarianc e

                                        Structure," MIT Working Paper.

Billingsley , P. (1986) Probability and Measure , Wiley : New York.

B olduc, D.; Fortin, B.; Gordon, S. (1996) "Mul tinomial Probit Estimation of Spatially  Interdependent Choices," International Regional

                                        Science Review , forthcoming.

B oyd, J.;  Mellman, J. (1980) "The Effect of Fuel Economy  Standards on the U.S.  Automotive Market: A Hedonic Demand Analy sis,"

                                        Transportation Research , 14A, No. 5-6, 367-378.

B orsch Supan, A. (1990) "Recent Developments in Flexible Discrete Choice Models: Nested Logit An aly sis versus Simulated Moments

                                        P robit Ana ly sis," in Fischer, M.  et al, eds.  Spatial choices and processes.  Studies in Regional Science and Urban Economics , 21 ,

                                        Amsterdam: North Holland, 203-17.

Brownst on e,  D.; Bunch, D.; Golob, T.; Ren, W. (1996) "Transactions Choice Model for Forecasting Demand for Alternative-Fuele d

                                        Vehicles," in S.  McMullen, ed, Research in Transportation Economics , 4 , 87-129.

B rownstone, D .; Train, K. (1998) "Forecasting New Product Penetration with flexible Substitution Patterns," Journal of Econometrics ,

                                        28 , forthcoming.

Cardell,  N; Dunbar, F.  (1980) "Measuring the Societal Impacts of Automobile Downsizing," Transportation Research , 14A , No.  5-6,

                                        423-434.

Chavas, J.;Segerson,K.(1986)"Singularityand AutoregressiveDisturbancesinLinearLogitModels," JournalofBusinessandEconomi c

                                        Statistics ; 4 , 161-69.

Chesher, A.; Santos-Silva, J. (1995) "Taste Variation in Discrete Choice Models," University  of Bristol Working Paper.

C hintagunta, P. (1992) "Estimating a Multinomial Probit Model of Brand Choice Usin g the Method of Simulated Moments," Marketing

                                        Science ; 11 , 386-407.

Dagsvik, J.(1994) D̂iscreteandContinuousChoice,Max-StableProcesses,andIndependencefromIrrelevantAttributes,~ Econometrica ;

                                        62, p. 1179-1205..

Dubin, J.; Zeng, L. (1991) "The Heterogeneous Logit Model," Caltech Social Science Working Paper: 759.

Enberg,  J.; Gottschalk, P.; Wolf, D. (1990) "A Random Effects Logit Model of Work Welfare Transitions," Journal of Econometrics ; 43 ,

                                        63-75.

Feller, W. (1966) An Introduction to Probability Theory and its Applications , II, Wiley : New York.

Follman,  D.; Lambert, D.  (1989) "Generalized Logistic Regression by  Nonparametric Mixing," Journal of the American Statistica l

                                        Association , 84 , 295-300.

F ormann, A. ( 1992) "Linear Logistic Latent Class Analy sis for Poly tomous Data," Journal of the American Statistical Association , 87 ,

                                        476-486.

Gonul ,  F.; Srinivasan, K. (1993) "Modeling Multiple Sources of Heterogeneity  in Multinomial Logit Models," Marketing Science ; 12 ,

                                        213-29.

Hajivassiliou,  V.; Ruud, P. (1994) "Classical Estimation Methods for LDV Models using Simulation," in R.  Engle & D.  McFadden, ed s

                                        Handbook of Econometrics IV, 2384-2441.

Ha j i va ssi l i ou,  V.; McFadden, D. (1997) "The Method of Simulated Scores with Application to Models of External Debt Crises, "

                                        Econometrica , 66 , 273-286.

Heckman,  J. (1981) ^Statistical Models for Discrete Panel Data,~ in C. Manski and D. McFadden, eds., Structural analysis of Discrete

                                        Data with Econometric Applications , MIT Press: Cambridge, p. 114-178.

Heckman,  J. (1981) ^The Incidental Parameters Problem and the Problem of Initial Conditions in Estimating a Discrete Time-Discrete

                                        Data  Stochastic Process,~  in C. Manski and D. McFadden, eds.,  Structural analysis of Discrete Data with Econometric Applications ,

                                        MIT Press: Cambridge, p. 179-196.

He c kma n,  J . & Singer, B. (1984) ^A Method for Minimizing the Impact of Distributional Assumptions in Econometric Models fo r

                                        Duration Data,~ Econometrica , 52 , p. 271-320.

He c km an,  J. & Singer, B. (1986) ^Econometric Analy sis of Longitudinal Data,~ in Z. Griliches & M. Intriligator, eds.,  Handbook o f

                                        Econometrics . Vol. III, North-Holland: Amsterdam; p. 1689-1763.

Heckman,  J.;Lochner,L.,Taber, C.(1998)ÊxplainingRisingWageInequality:ExplorationswithaDynamicGeneralEquilibriumMode l

                                        of Labor Earnings with Heterogeneous Agents,~ Review of Economic Dy namics; 1, p. 1-58.

J ain, D.; Vilcassim, N.; Chintagunta , P. (1994) "A Random Coefficients Logit Brand Choice Model Applied to Panel Data," Journal of

                                        Business and Economic Statistics ; 12 , 317-28.

L e e ,  L . F. ; Cheshire, A.  (1986) "Specification Testing when Score Test Statistics are Identically  Zero," Journal of Econometrics , 31 ,

                                        121-49.

McFadden, D;Reid,F.(1975)"AggregateTravelDemandForecasting fromDisaggregatedBehavioralModels" TransportationResearc h

                                        Record: Travel Behavior and Values , 534 , 24-37.

Mc Fa dde n ,  D. (1984) "Econometric Analy sis of Qualitative Response Models," in Z.  Griliches & M.  Intriligator, eds., Handbook o f

                                        Econometrics , II, North Holland: Amsterdam.

McFadden, D. (1987) "Regression-Based Specification Tests for the Multinomial Logit Model," Journal of Econometrics , 34 , 63-82.

McFadden, D. (1996) "Lectures in Simulation-Assisted Statistical Inference," University  of California, Berkeley , Working Paper.

Mc Fa dd en,  D. (1989) "A Method of Simulated Moments for Estimation of Discrete Choice Models without Numerical Integration" ,

                                        Econometrica , 57 , 995-1026.

McFadden, D.; Ruud, P. (1994) "Estimation by  Simulation," Review of Economics and Statistics ; 76 , 591-608.

Mont gome ry ,  M .; Richards, T.; Braun, H. (1986) "Child Health, Breast Feeding, and Survival in Malay sia: A Random Effects Logi t

                                        Approach," Journal of the American Statistical Association ; 81 , 297-309.

Newey ,  W.; McFadden, D. (1994) "Large Sample Estimation and Hy pothesis Testing," in R.  Engle & D.  McFadden, eds., Handboo k

                                        of Econometrics , IV, North Holland: Amsterdam, 2111-2245.

Reader, S.  (1993) "Unobserved Heterogeneity  in Dy namic Discrete Choice Models," Environment and Planning A; 25 , 495-519.

Re v elt,  D.; Train, K. (1998) "Mixed Logit with Repeated Choices: Households’ Choices of Appliance Efficiency  Level," Review o f

                                        Economics and Statistics , 80 , 1-11.

Ruud,  P.  (1996) "Approximation and Simulation of the Multinomial Probit Model: An Analysis of Covariance Matrix Estimation," U.C .

                                        Berkeley  Working Paper.

Steckel, J.;Vanhonacker,W.(1988)"AHeterogeneousConditionalLogitModelofChoice," JournalofBusinessandEconomicStatistics ;

                                        6 , 391-398.

St e rn,  S.  ( 1994) "Two Dy namic Discrete Choice Estimation Problems and Simulation Method Solutions," Review of Economics an d

                                        Statistics ; 76 , 695-702.

Talvitie, A. (1972) "Comparison of Probabilistic Modal-Choice Models," Highway Research Record , 392 , 111-120.

T rain,  K. (1995) ^Simulation Methods for Probit and Related Models Based on Convenient Error Patitioning,~ Working Paper 95-237,

                                        Department of Economics, University  of California, Berkeley .

Train, K. (1998) "Recreation Demand Models with Taste Differences over People," Land Economics , 74 , 230-239.

Train, K. (1999) ^Halton Sequences for Mixed Logit,~ Dept. of Economics, Univ. of California, Berkeley .

T ra i n,  K. ;  Mc Fadden; D.; Goett, A. (1987) ^Consumer Attitudes and Voluntary  Rate Schedules for Public Utilities,~

                                        Review-of-Economics-and-Statistics ; 69 , 383-91.

Westin, R. (1974) "Predictions from binary  choice models," Journal of Econometrics 2 , 1-16.

We st i n,  R.; Gillen, D. (1978) "Parking Location and Transit Demand: A Case Study  of Endogenous Attributes in Disaggregate Mod e

                                        Choice Models," Journal of Econometrics ; 8 , 75-101.

z

1 k
|

s
k
z

2 k

P

y

1

�

P

y

2

�

. . .

P

y

n

�

F

1

( dx

1

| t ) # F

2

( dx

2

| x

1

, t ) # . . . # F

n

( dx

n

| x

1

, . . . , x

n

1

, t )

APPENDIX.  PROOFS OF THEOREMS

                                        Le mma  1.   Suppose consumers with tastes defined by  points s  in a compact topological space S  hav e

preferences  over objects z  in a compact topological space Z , with z 1  |  z 2  meaning z 1  is at least as good as z 2  fo r

s

a  consumerwithtastes s .Suppose |  iscompleteandtransitive, and hasthecontinuity property that if asequenc e

s

of  triples( z 1 , z 2 , s ) converges to a limit ( z 1 , z 2 , s ) and satisfies , then  z 1  |  z 2 .  Then there exist s
k k k 0 0 0 0 0

s

a utility  function U( z,s ), continuous in its arguments, that represents |  for s  �  S .

s

P ro o f:  A standard construction for fixed s  due to Rader and Debreu defines a utility  function U( z,s ) which i s

continuous  in z  for each s ; see Barten & Bohm(1982, p. 388- 390).  But the level sets {( z 1 , s 1 )   U( z 1 , s 1 ) �  U( z,s ) }

an d  {( z 1 , s 1 )   U( z 1 , s 1 ) �  U( z,s )} are then closed by  the hy pothesized continuity  property , imply ing that U i s

continuous on Z × S .
*

.

                                        Lemma  2.   Consider arandomvariableXwith CDF F .  Define F (x * ) =lim F (x-

J
) and theright-continuou s

J C
0

inverse  F (p) =sup{x �Ü F (x) �  p} for p �  (0,1).  Definetherandomvariable Z = U � F (X) + (1-U) � F (X * ), wher e

                                                                                                                -1

U  is a uniformly  distributed random variable on [0,1] that is independent of X.  Define X  = F (Z).  Then Z i s

* -1

u n ifo rmly  distributed on (0,1), the function F  is almost surely  continuous, and X  = X almost surely .  If, i n

-1 *

addition, F  is strictly  increasing, then F  is continuous and X  �  X.

-1 *

Proof:  Define A  ={x �Ü F(x+

J
)=F(x)forsome

J
 >0},and B  =F( A ).  Theset A  isacountableunion of disjoin t

h alf-open intervals of the form [a,b) with F(a) = F(b * ), so that A  oc curs with probability  zero.  For c �  (0,1), let

x  = F (c).  Then, for all

J
 > 0, F(x-

J
) �  F(x * ) �  c �  F(x) < F(x+

J
).  Hence, the event {Z �  c} occurs if and only

                                                                -1

if  one of thedisjoint events{X<x} or {X=x &F(x * ) +U � [F(x) - F(x * )]<c} occurs.  But P(X<x) =F(x * ) an d

P (X = x & F(x * ) + U � [F(x) - F(x * )] < c) = c - F(x * ), implying P(Z �  c) = c.  Thus,  Z is uniformly  distributed on

(0,1).   Ifx Õ  A  andF(x * ) �  c �  F(x),thenF (c)=x.Then,intheevent X Õ  A ,whichoccurswithprobability one ,

-1

one hasX=X � F(Z).Finally,F (p)isamonotoneright-continuousfunctionthatisalsoleft-continuousexcep t

* -1

at jumps whenp � B ,acountablesetthatcontainsZwithprobabilityzero.Then,F isalmostsurelycontinuous .

-1

If F is strictly  increasing, then A  and B  are empty .
�

                                        Let  (

                                                                                                    6
, : ,

%
) denote a probability  space, T  denote a subset of Ü , and X :

6
× T

Y

 Ü  denote a random field ,
m n

measu rab le  wi th respect to :  for each t �  T , and almost surely  measurable on T .  We say  that X  admits a

co o rd in a t e  conditional probability structure  at t  if there exist conditional CDF functions F ( x | x ,..., x , t ) ,

i i 1 i-1

measurable in their arguments, such that for all y  �  Ü , the CDF of X ( t ) can be written
n

                                                                                                    F ( y , t ) = .

This  condition followsfromFubini´stheoremif F ( x , t ) hasadensity f ( x , t ), and will hold automatically if F  is buil t

up from conditional CDF functions.  It can fail in pathological cases; see Billingsley  (1986, p. 458).

                                        Lemma  3.   Suppose X  is a randomfield from T  I  Ü  into Ü  that admits a coordinate conditional probabilit y
m n

structure  for each t  �  T .  Then there exists a uniformly distributed random field Z :

6
× T

Y

 [0,1]   and measurabl e
n

functions  h :[0,1] × T  �  Ü  for i = 1,...,n  such that X ( t ) = h ( Z ( t ),..., Z ( t ),t) almost surely .  If in addition, there is a

i i i 1 i
i

rectangle  X  I  Ü  such that X ( t ) has a density f ( x , t ) that is continuous in its arguments and strictly po sitive on the
n

interior  of X , with F ( X , t ) = 1, then the h  are continuous in th eir arguments and Z  is a continuous random field..

i

P ro o f:  For n = 1, Lemma 2 gives the result for each t  �  T  that X ( t )  = h ( z ( t ), t ) almost surely .  Proceed b y

1 1 1

induction.   Supposetheresulthasbeenestablishedforn-1,with Z ( t )independently distributeduniformly on[0,1 ]

i

fo r  i = 1 , . . . ,n-1 and X ( t ) = h ( Z ( t ),..., Z ( t ), t ) almost surely .  Apply  Lemma 2 to the random variable X ( t ) wit h

i i 1 i n

(

1 )
n

1

�

. . .
�
n

J

# 0
n

1

�

. . .
�
n

J

F (
log ( t

1

) , . . . ,
log ( t

J

) ) / 0
n

1
t

1

. . . 0
n

J
t

J

� 0

P

�

�

�
exp (

( e
u

1

�
w

1 �

. . .
�
e
u

J

�
w

J

) ) # G ( dw )

P

�

�

0

M

j � C

M

j � C

M

j � C
measu rable  conditional distribution function F ( x  h ( Z ( t ), t ),...,h ( Z ( t ),..., Z ( t ), t ), t ).  This y ields a functio n

n n 1 1 n-1 1 n-1

satisfying X ( t )=h ( Z ( t ),..., Z ( t ), t )almostsurely.Thiscompletestheinductionstep.  Finally,since X  isarando m

n n 1 n

field, almost sure continuity  assures that the pointwise construction for each  t  �  T  is measurable in t.

                                        W h en  X  h as a positive continuous density  f ( x , t ) on the interior of the rectangle X , the conditional CD F

F ( x  x ,..., x , t ) isstrictlyincreasingin x andcontinuousinallitsarguments,sothatanimplicitfunctiontheore m

                  i i 1 i-1 i

implies  that the inverse function x  = F ( z  x ,..., x , t ) is continuous in all its arguments, giving the last result of

i i i 1 i-1

-1

the lemma.
�

                                        Lem ma  4.   A necessary  and sufficient condition for a random utility  function over J alternatives with a

multivariate  CDF F (u)tohavearepresentationU= W +

J
, wherethecomponentsof

J
 areindependent of W an d

in dependent  identically  distributed Extreme Value I, is that F (-log( t ),...,-log( t )) be a multivariate Laplac e

1 J

Transform; i.e., F  treated as a function of ( t ,..., t ) is analy tic and has derivatives satisfy ing the sign condition

1 J

 .

Proof: Suppose U has the representation.  Then, F  must satisfy  the convolution formula

F(u ,...,u ) = ,

1 J

where  G  istheCDF of W.  Makethetransformations t  =exp(- u ) and V  =exp(W ), and let H be the CDF of V .

k k k k

Then,

F (-log( t ),...,-log( t )) = exp(-( t v  + ...  + t v )) � H(d v ).

1 J 1 1 J J

Th is  is a mu ltivariate Laplace Transform.  Conversely , if F (-log( t ),...,-log( t )) is a multivariate Laplac e

1 J

Tran sfo rm,  th en  it satisfies F (- � ) = 0, F (+ � ) = 1, and from the derivative property  of Laplace Transforms ,

0 F/ 0 u ... 0 u  �  0, so that it is a multivariate CDF; see Feller (1966, p. 415).

�

               J

                                                                             1 J

                                        Lemma 5.   If P (i  x ,

�
) = E L (i; x ,

�
+

�
) is given by  (5), then

C

�
C

/ log P (i  x ,

�
) = E { x (

�
) 1 x (

�
) - x (

�
) 1 x (

�
)L (j; x ,

�
+

�
)} - { / log P (i  x ,

�
)}{ / log P (i  x ,

�
)} 1

                  � 1
                                                                                                             C

�
i iC iC jC jC C

�
C

�
C

/ log P (i  x ,

�
) = E {vec(

�
x (

�
)) x (

�
) - vec(

�
x (

�
)) x (

�
)L (j; x ,

�
+

�
)}

� 1
C

�
i iC iC jC jC C

 - { / log P (i  x ,

�
)}{ / log P (i  x ,

�
)} 1

�
C

�
C

                                                                         / log P (i  x ,

�
) = E {vec(

�
x (

�
))vec(

�
x (

�
)) 1  - vec(

�
x (

�
))vec(

�
x (

�
)) 1 L (j; x ,

�
+

�
)}

                                                                                            � 1
C

�
i iC iC jC jC C

- { / log P (i  x ,

�
)}{ / log P (i  x ,

�
)} 1

�
C

�
C

Proof: Direct computation.
�

                                        Pro o f  o f Th eo r em 1:   Consider the random utility  model U ( z , s ,

J
(

7
, z ),

/
(

7
, s )), where

J
(

7
, z ) �  [0,1]  an d

* p

/
                (

                          7
                                               , s )  �  [0,1]  are uniformly  distributed continuous random fields defined for

7
 in a fundamental probabilit y
r

space

                                                                           (

                                                                                      6
                                                                                                              , : ,

%
)

.   For ( z 1 , z 2 ) �  &  and s  �  S , define the set

2

                                                                                                    A ( z 1 , z 2 , s ) = {

7
� |  U ( z 1 , s ,

J
(

7
, z 1 ),

/
(

7
, s )) - U ( z 2 , s ,

J (

7
, z 2 ),

/
(

7
, s )

)   �  5/k}.

k

* *

T he continuity of U * and the measurability of the random fields implies tha t A ( z 1 , z 2 , s ) is measurable.  This set

k

is  monotoneincreasingask

Y

 �  tothesetof

7
 forwhichthealternatives( z 1 , z 2 ) �  &   arenottied.By hypothesis ,

2

this set has probability  one, imply ing that there exists k = k( z 1 , z 2 , s ) such that

%
( A ( z 1 , z 2 , s )) > 1-

�
/4J*.

k

                                        The uniformcontinuityof U * on Z × S ×[0,1] ×[0,1] impliesthatgivenk( z 1 , z 2 , s ),thereexists

( z 1 , z 2 , s )>0suc h
p r

that inaneighborhoodofthisradius U *variesby lessthan1/k( z 1 , z 2 , s ).Thealmostsurecontinuity of

J
(

7
,z)an d

/
               (

                          7
                                               , s ) imply  that the set

                                                                                                    B ( z 1 , s ) = {

7
� | sup  |

J
(

7
, z* ) -

J
(

7
, z 1 )|  + sup  |

/
(

7
, s* ) -

/
(

7
, s )| <

( z 1 , z 2 , s )},

                                                                                                                        m |z*- z 1 |<1/m | s *- s |<1/m

and thecorrespondingset B ( z 2 , s ),aremonotoneincreasingasm

Y

� to limitingsetsthatoccurwithprobabilit y

m

one.   Thenthereexistsm =m( z 1 , z 2 , s ) such that

%
( B ( z 1 , s )) >1-

�
/4J* and

%
( B ( z 2 , s )) >1-

�
/4J*.  Thereforewit h

m m

p ro bability  at least 1 - 3

�
/4J*,

7
 �  A ( z 1 , z 2 , s ) � B ( z 1 , s ) � B ( z 2 , s ), imply ing that for ( z* 1 , z* 2 , s *) in an ope n

k m m

neighborhood of ( z 1 , z 2 , s ) �  & × S  of radius

( z 1 , z 2 , s ), one has

2

| U ( z* 1 , s* ,

J
(

7
, z * 1 ),

/
(

7
, s* )) - U ( z * 2 , s *,

J (

7
, z* 2 ),

/
(

7
, s* )

)   �  1/k.

* *

Th ese  n eig h b o r hoods cover the compact set & × S .  Therefore, there exists a finite subcovering.  Let k* be th e

2

larger  of -log(

�
/4J*) and the maximum value of k( z 1 , z 2 , s ) for the centers of the finite subcover.  We have no w

established  that each point ( z* 1 , z* 2 , s *) �  & × S  falls in some neighborhood in a finite cover w ith center ( z 1 , z 2 , s ),

2

and  satisfies  U ( z* 1 , s *,

J
(

7
, z* 1 ),

/
(

7
, s* )) - U ( z* 2 , s* ,

J (

7
, z* 2 ),

/
(

7
, s* )

)   �  3/k( z 1 , z 2 , s ) �  3/k* on a set of

7
 tha t

* *

occurs with probability  at least 1 - 3

�
/4J*.,

                                        The  continuous function U  has a Bernstein-Weierstrauss pol y nomial approximation U
on
 Z × S ×[0,1]
that

* *k
p+r

satisfies
                                                                                                   U  - U   �  1 /k*.

  Consider a choice set C  = { z ,..., z } �  & * and let z  = ( z ,..., z ).  Form U ( z , s ,

J
( z )

, /

( s )
)

* *k

1 J 1 J i
k

i

=  U ( z , s ,

                                                                                                               J
( z
)

,

/
( s ))

 +

�
/k* , where the

�
 are i.i.d. Extreme Value Ty pe I random variables.  Consider the even t
                                            *k

                                                                                 i
i i i

2

of  apreferencereversalbetween U  and U  for apair ( z , z ) I  C  and s �  S ; i.e., theset of

7
�  and

�
�Ü  such tha t

* k 2

i j

U ( z , s ,

                                                                                      J
                                                                                                    (

                                                                                                              7
, z ),

/
(

7
, s ))  > U ( z , s ,

J
(

7
, z ),

/
(

7
, s )) and U ( z ,, s ,

J
(

7
, z ),

/
(

7
,s)) < U ( z , s ,

J
(

7
, z ),

/
(

7
, s )).  I f

                      * * k k

                                                      i i j j i i j j

|U ( z , s ,

                                                                                              J
                                                                                                           (

                                                                                                                      7
, z ),

/
(

7
, s )) - U ( z , s ,

J
(

7
, z ),

/
(

7
, s ))| > 3/k*, then

                              * *

                                                             i i j j

  0> U ( z , s ,

J
(

7
, z ),

/
(

7
,s))- U ( z , s ,

J
(

7
, z ),

/
(

7
, s ))= U ( z , s ,

J
(

7
, z ),

/
(

7
,s))- U ( z , s ,

J
(

7
, z ),

/
(

7
, s ))+ (

�
 -

�
)/k*

                                                                                 k k *k *k 2

                                                                                                                i i j j i i j j i j

                                                                                                       �  U ( z , s ,

J
(

7
, z ),

/
(

7
,s)) - U ( z , s ,

J
(

7
, z ),

/
(

7
, s )) - 2/k* + (

�
 -

�
)/k*    �  1/k* + (

�
 -

�
)/k* ,

* * 2 2

i i j j i j i j

and  hence

�
1  -

�
2  <-1/k*.  Theprobability of thislast event is(1 +e )  <

�
/4J*, and from the previous argumen t
k* -1

the  probability thattheconditioningeventdoesnotoccurisatmost 3

�
/4J*.  Then theprobability of apreferenc e

reversal  at( z , z , s ) isat most

�
/J*.  Therefore, theprobability of theevent that thealternativein C  that maximize s

i j

U  differs from the alternative that maximizes U  is at most

�
J/J* �

�
.

                      k *

                                        W rite the poly nomial approximation U  in the form U ( z , s ,

J
( z ),

/
( s )) = x ( z , s ) �

�
( z , s ) +

�
/k* , where x ( z , s ) is a
k k 2

v ecto r  of the z  and s  components of the terms in the poly nomial and

�
( z , s ) is the a vector of the correspondin g

J
              ( z )  an d

                                                                                                            /
( s ) c omponents.  Finally , for a choice set C  = { z ,..., z } �   & *, define

�
 = (

�
( z , s ),...,

�
( z , s )) and x  =

1 J 1 J i

(0,...,0, x ( z , s ),0,...,0),  so that U ( z , s ,

J
) = x �

�
 +

�
/k* .  This is a MMNL model of the form of (1), and th e

i i i i i
k 2

co n stru ctio n  g u a rantees that with probability  at least 1 -

�
, U  and U  are maximized at the same alternative i n

* k

C .  Therefore, P (i  z ,s ) from U  and P (i  x ,

�
) from U  differ by  at most

�
.
�

C C

* * k

                                        Proof  of Theorem2:  WritetheMMNL model as P (i  x ,

�
,

�
) = , L (i; x ,

�
+

�
X

�
) � G (d

�
;

�
) , where

�
 and

�
 ar e

C C

1/2

vectors  of parameters,

�
 is the vector of square roots of the components of

�
,

�
 is a vector of random variable s

1/2

that hasmeanzero,componentvariancesofone,andfullrank overthespecifiedcomponentsr,and

�
X

�
 denote s

1/2

the component-by-componentdirectproduct.Theparameterization

�
ischosento circumventtheproblemtha t

1/2

a  natural parameterization in terms of the standard deviations of the mixing density  leads to a score that i s

identically  zero under the null, as in Lee & Chesher (1986) and Newey  & McFadden (1995).  Then

M

j � C

/

�

t

/

�

t

/

�

t

M

j � C

/

�

t

                                                                                                                      /

�

t

                    M

                                                  j � C

/

�

t

                                                                     M

                                                                                                    j � C

                    M

                                                  j � C

/

�

t

/

�

t

                                                                                                    / P (i  x ,

�
,

�
) = ,  L (i; x ,

�
+

�
X

�
) � ( x - x ) � G (d

�
;

�
) with x  = x � L (j; x ,

�
+

�
X

�
),

 1/2 1/2

                                                                                                                      � C C
i C  C j C

P (i  x ,

�
,

�
) = ½ �

�
� ,  L (i; x ,

�
+

�
X

�
) � ( x - x ) �

�
� G (d

�
;

�
) .

C t C i C t

-1/2 1/2

Taking the limit as the

�
 � �  0, and using L’Hopital’s rule on P (i  x ,

�
,

�
), one obtains

t C

                                                                                                    / P (i  x ,

�
,

�
) = L (i; x ,

�
) � ( x  - x )    and log P (i  x ,

�
) = L (i; x ,

�
) � ( z  - z ).

                                                                                                                      � C C
e i C  C C e ti t C

w h e r e    z  = ½( x  - x )    and   z  = z � L (j; x ,
r
) .  The sample mean of / log P (i  x ,

�
) is zero at th e

                                                                                                                   t i t i t C t C tj C

�
C

2

maximum  likelihood estimator

�
 of the simple MNL model, and the Lagrange Mul tiplier statistic tests whether

e

t he vec tor of sample means of log P (i  x ,

�
) for the selected t are zero.  As in McFadden (1987), this test

C

is  equivalent to a Lagrange Multiplier test for the null hy pothesis that the variables z  have zero coefficients in

ri

the MNL model, and thus asy mptotically  equivalent to a Likelihood Ratio or Wald test for this hy pothesis.
�

                                        Pro o f  of Theorem 3:  Consider P (i  x ,

�
) = , { , L (i; x ,

�
+

�
+

�
X

�
) � f (

�
)d

�
} H (d

�
).   Differentiating ,

C C

1/2

/ P (i  x ,

                                                                                                              �
) = ,
{ , ( x - x ) L (i; x ,

�
+

�
+

�
X

�
) � f (

�
)d

�
} H (d

�
), / P (i  x ,

�
)= , { ,

�
( x - x ) L (i; x ,

�
+

�
+

�
X

�
) � f (

�
)d

�
} H (d

�
) ,

                  �
                                             C i C C � 1 C i C C

1/2 1/2

and   P (i  x ,

�
) = ½

�
 ,

{ , ( x - x ) L (i; x ,

�
+

�
+

�
X

�
) � f (

�
)d

�
} �

�
� H (d

�
), with
 x  �  x (

�
) =

C t C C

-1/2

ti tC C t

1/2

                                                                                                          x L (j; x ,

�
+

�
+

�
X

�
).

To evaluate the last derivative under the null, use L’Hopital’ s rule.  The derivative

                                                                                                                      j C

1/2

o f  2

                                                         �
P (i  x ,

�
) with respect to

�
 is ½

�
 ,
{ , ( x - x ) L (i; x ,

�
+

�
+

�
X

�
) � f (

�
)d

�
} �

�
� H (d

�
) - ½

�

                                                                           t C t t

                                                                                1/2 -1/2

ti tC C t t

2 1/2 2 -1/2

, { , x ( x - x ) L ( j ;

x , �
+

� �
+

�
X

�
) L ( i ; x ,

�
+

 �
+

�
X

�
) � f (

�
) d

�
} �

�
� H ( d

�
)  =  ½

�

t j t j t C C C t t

1 / 2 1 / 2 2 - 1 / 2

, { ,

                                          ( z - z ) L (i; x ,

�
+

�
+

�
X

�
) � f (

�
)d

�
} �

�
� H (d

�
) ,  with
 z  �  z (

�
) = ( x - x (

�
)) /2
and
 z  �  z (

�
) =

                                                                ti tC C t

2 1/2 2

ti ti ti tC tC tC

2

                                                                                                          z (

�
) � L (j  x ,

�
+

�
+

�
X

�
).

Hence, at
 = 0, P (i  x ,

�
) = , { , L (i; x ,

�
+

�
) � f (

�
)d

�
 , / P (i  x ,

�
) =

                                                                                                                      tj C C C

�
C

1/2

, ( x - x (

                                                                                   �
                                                                                                 )) L (i; x ,

�
+

�
) � f (

�
)d

�
,  / P (i  x ,

�
) = ,

�
( x - x (

�
)) L (i; x ,

�
+

�
) � f (

�
)d

�
,
and
P (i  x ,

�
) =

                                     i C C � 1 C i C C C

,

              ( z (

                                                       �
                                                                      )- z (

�
)) L (i; x ,

�
+

�
) � f (

�
)d

�
.  For comparison, suppose one had the base model in variables x  and wanted

                                   ti tC C

to  test wh eth er additional variables z  belong in the model.  The model under the alternative is P (i  x , z ,

�
,

�
) =

ti C

, L (i; x , z (

                                                                                                                      �
),

�
+

�
,

�
) � f (

�
)d

�
.   The derivatives under the null hy pothesis

�
 = 0 are the same as before fo r

                                 C

/ P (i  x , z ,

�
,

�
)  and for / P (i  x , z ,

�
,

�
).  Finally , / P (i  x , z ,

�
,

�
) = , ( z (

�
)- z (

�
)) L (i; x ,

�
+

�
) � f (

�
)d

�
, also a s

                   �
                                               C

� 1
C

�
C i C C

b efore.  Therefore, a LM test for the hypothesis

�
 = 0 is equivalen t to a LM test for the hy pothesis

�
 = 0 for the

au x ili ary  variables z (

�
).  This test is readily  computed by  first estimating the base model using a simulatio n

i

p rocedure with specified starting seeds, then regressing (over observations and alternati ves) the integer 1 on the

scores  / logP (i  x ,

�
),vec( / logP (i  x ,

�
)),and logP (i  x ,

�
)fort=1,...T,andtestingwhetherthesu m

                                                                                                    �
C

� 1
C C
r r r

of squared residuals is significant according to a chi-square distribution with T degrees of freedom.
�