McFadden 1963
EXISTENCE CONDITIONS FOR THEIL-TYPE PFREFERENCES

Professor H. 'THET1%has suggestod a differential
specification of ar'system of demand equatiocns which he
adopts for empirical-analysis. This nobe establishes con-
ditions for thefé§iﬁtence of these demand functions. and
for their consistency with utility maximizabticn. The follow-

ing points are made.

(1) The only system of demand functiocns wihich is con-
slstent with the differential specification globalily (for all
positive prices and incomes) 1s a system of (obb-Douglas
demand functions, derived by maximizatlion ¢f log-additive
utilivy.

(2) In the case of three or more goods whose demands
are not ldentically zero in a neighborhoed of a specified price-
income point, the only system of demand functions which is
consistent with the differential specification locally {in
this neighbtorhocd) 1s a system of Cobb-Douglas demand fune-
tions, derived by maximization of log-additive ubility.

(3) In the case that exactly two goods have demands
which are not identlcally zero in a nelighborhood of a speci-~
fled price-income point, a system of demand equations slight-
1ly more general than Cobb-Douglas demand functions are
possible, and can be derived by utility maximization. The
Slutsky terms, Hicksian (income-compensated) demand functions,
and expenditure function are displayed for this class.
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(4) In all the shove cases, the existence of a sys-

ct

Theil's "specific substitution effect" parameters.

Consider n goods, indexed i=l,...,h.

em of demand functions requires strong restrictlions on

Iet m de-.

note lincome, Py denote the price of good i, and q, the

Professor Theil makes the

following diffevential specificatlon of The system of de-~
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quantity demanded of good i.
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The system (6.7) reduces, using (6.5), to the sysis
of partial differential equations
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Solutions of (1) must be of the functional form

qi=Bi m/pi+ big i=lyaoogn9

where bi 1s a function of prices.

Consider the requirement that the differential speci-

Tication hold for all positive prices and incomes. In

w

his case, since for given positive prices, demand will

apprcach zero when income approaches zero, the speciflcabtion

R

3} reguires bi = 0., Then, the resulting demand system
= L‘_/pl— ixugmeogny

reguires Bi =0 Zfor all goods, and is of the Cobb-Douglas

form,.  Sush demsnd functions derive from maximizatlon of s

ubility function
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demand functions locally. Substitution of (3) inbko (2

J=1 vields
n.Bm/ 1. bb/ =-Bi[Bim/pi+ bi}/pi
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Now, (6) is independent of income m in the neighborhood
of the specified price-income point. Hence, the last

term in (6) must be zero, or
' 2
(1) ¢y =By + (1+ Q)B,~.
Then, (6) becomes
(8) Z)bi! Dp, + By bi/pi = 0.

Solutions of (8) must have the functional lorm

?Bi
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where a; 18 a functioa of all prlces except .o
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Substituting (9} and (3) inte (2) for J % i wields
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Now, (10) i1s independent of income m in the neighborhood,

implying

{ll) Ci.j = (l +®) BiBJ ] (J & 1)




=
\m ]

=
ot

N>

fet

o

Further, from (9), equation (10) must also be independent
of Py -Hence, either aJ =0 or a'j contains p; as
a multiplicative term raised to the 1-B; power.

Iet X denote the set of indices J with a, = O,

J
Y denote the remaining lndices, and Ny the number of in-

dices in Y. Then, the demand functions can be wiritten

qisBim/p For 1 in X

-

’ 1-B
- ll J -
qi.,Bim/pi-%» Ay {1 /pi) L) Py Por 1 in ¥
cd

Imposing the requirement of homogeneity of degrees zero
in prices and income on (13),

N = 2 Bj - 1= 0,
[0 AP 1‘?5.th {693)3

From {12), By Z 0 for j in X. Hence, n, = 0, 1, or 2.
Ir Dy = 0, we have Cobb-Douglas demand functionzs. The
suppositlion Ny = 1 leads in (12) to Gemand functions with
constant income shares for all but one good, giving a con-
tradiction. The case ngy = 2 implies qJ =0 for J in X
and only two goods have demands which are not identically
zeyo. We conclude that the case of three or more goods with

demands locally not identically zero requires Cocbb-Douglas

demand functions.
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In the case where only two goods have demands which
are not identically zero in a neighborhocd of a specified

price-income point, the demand functions (13) peduce %o
By
9 =Bym[p+ A (palpl)

By

which satisfy the budget constralnt for an arvbitravry conshant -,

The Slutsky substitution terms corresponding to {15
are
S = - B. B, m/p 2
ii 172 1
S12 = 31 By m[p; 9,

From the Slutsky terms we have the partisl diffsrential

equations

Bem/t;pf + By By m/pia =0 43,2

52m12>pl Qp, - By B, m/plp2 = 0

where m 18 the expenditure function, giving the incoms
necessary to attain a given utility level with given
cormodity prices.

Solutions of (17) must be of the functlcnal form, using

the llnear homogeneity of m,



(18)

o

m = (plpa) 2 [El(l'l) plr + E2(U.)- par] Bl :‘k%
1

m = (p1P2)2 [El(u)-+ E, (u) log(pl/pe)] B, =‘%

where r =./1 - &Bl B, s and E, and E, are inereasing

funetions of the utllity level u.

A necessary condition for the demand :i‘unctions (15) %o
ne determined {lceally) by utility maximizabtion is that the
ovn Slutsky terms be nezative. In (16), this reguires
0« By 1, which implies r real and positive in (18) For
By ¥ 1/2. In this case, the expenditure function (18)
satisfies the conditions of the Shephard-lUzawa duality
theorem, and the demand functions (15) ave derived (lozally)
by max imizabtion of a classical ubtlility function. We ncﬂ"a
further that the expenditure functlon gives a complets dezcrip-
tion of the individual's preferences, and can be tsken as
the fundamental speciflication of preferences from whi
utility function can be derived.

Finally, the Hicksian (income-~-compensated) demand curves,
given by the price derlivatives of the expenditure funciion,
are from (18)

r 1- Lrr
E, (w) (1 ) (0, [py) =, E, (u)( <) (o [py) ©
q;. = ¢ For B, #

1

1 1 .

2 (pp[p1)? [By(u) + 2 By (w) + Ey(w) log (3y[py))
\ . i

For B-; =

O




{20)

(2%

¢ Fa D\ H+r ' - l-r
1-r == (lnf) ===
B (w2 (pyfpp) B+ By(u\2 ) (pyfmp)

#
]
vA_

s For B, #

©POb

1
\.%(pl/pz)? [E;(u) - 2E,(u) + Ey(u) log (py/p,)]

For Bl =

PO}t

We have found in the two-good case a class of expendi-
ture functions slightly more general than the Cobb-Douglas
expenditure functilon, which do not requlve constant incons
share. However, this class yilelds a Slubsky mabterix whlch is
identical to the Cobb-Douglas Slutsky mabrix, and regulres

the same restrictions on Theil's parameters.

Gy = = By B4y + (2+P)By By $55%Loa s

that the Cobb-Douglas demands impose.
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