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(FRQRPLVWV IUHTXHQWO\ HQFRXQWHU D UHVHDUFK SUREOHP ZKHUH WKH GHSHQGHQW YDULDEOH RI WKH VWUXFWXUDO PRGHO LV QRW GLUHFWO\

REVHUYHG� )RU H[DPSOH� WKH DFWXDO YDOXH RI WKH YDULDEOH PD\ EH REVHUYHG RQO\ SDUW RI WKH WLPH� ZKHWKHU RU QRW LW LV

REVHUYHG PD\ GHSHQG RQ LWV YDOXH RU RQ WKH YDOXHV RI RWKHU YDULDEOHV� $OWHUQDWLYHO\� \RX PD\ REVHUYH D YDULDEOH WKDW

WDNHV RQ VHYHUDO GLVFUHWH YDOXHV UHODWHG WR DQ XQGHUO\LQJ XQREVHUYHG GHSHQGHQW YDULDEOH� 7KLV LV WKH FDVH� IRU H[DPSOH�

ZKHQ PRGHOLQJ WKH FKRLFH DPRQJ DOWHUQDWLYHV VXFK DV GLIIHUHQW W\SHV RI SURGXFWV RU GLIIHUHQW PRGHV RI WUDQVSRUWDWLRQ�

)RU WKHVH PRGHOV� RUGLQDU\ OHDVW VTXDUHV RU RWKHU VWDQGDUG HFRQRPHWULF HVWLPDWRUV DUH QRW DSSURSULDWH� EHFDXVH RI WKH

OLPLWHG RU TXDOLWDWLYH QDWXUH RI WKH REVHUYHG GHSHQGHQW YDULDEOH�

7KH HVWLPDWRUV GHVFULEHG LQ WKLV FKDSWHU DUH XVHIXO IRU WKH IROORZLQJ VLWXDWLRQV�

72%,7 �� 7KH GHSHQGHQW YDULDEOH LV REVHUYHG RQO\ ZKHQ LW OLHV DERYH VRPH WKUHVKROG YDOXH�

352%,7 �� 2QO\ WKH VLJQ ���� RU ���� RI WKH GHSHQGHQW YDULDEOH LV REVHUYHG� RU WKH GHSHQGHQW YDULDEOH RQO\ WDNHV

RQ WZR YDOXHV �ELQDU\ SURELW��

6$036(/ �� 7KH GHSHQGHQW YDULDEOH LV QRW REVHUYHG ZKHQ DQRWKHU XQREVHUYHG YDULDEOH LQ WKH PRGHO OLHV EHORZ

D WKUHVKROG YDOXH �WKLV LV D JHQHUDOL]DWLRQ RI 7RELW��

/2*,7 �� 7KH GHSHQGHQW YDULDEOH LV WKH LQGH[ RI D FKRLFH DPRQJ VHYHUDO GLVFUHWH DOWHUQDWLYHV �H�J�� �� �� RU ���

7KHUH LV D �YDOXH HTXDWLRQ� IRU HDFK DOWHUQDWLYH� DQG WKH RQH FKRVHQ KDV WKH KLJKHVW YDOXH� DOWKRXJK DFWXDO YDOXHV

DUH QRW REVHUYHG� 763 ZLOO HVWLPDWH PRGHOV LQYROYLQJ FKDUDFWHULVWLFV RI WKH FKRLFH �FRQGLWLRQDO ORJLW�� WKH FKRRVHU

�PXOWLQRPLDO ORJLW� RU ERWK �PL[HG ORJLW��

0/ �� 0/ SHUIRUPV PD[LPXP OLNHOLKRRG HVWLPDWLRQ RI DQ\ PRGHO IRU ZKLFK WKH OLNHOLKRRG IXQFWLRQ FDQ EH ZULWWHQ

LQ D )50/� RU HYDOXDWHG LQ D 352&� ,W LQFOXGHV DOO RI WKH DERYH HVWLPDWRUV DV VSHFLDO FDVHV�

7KH ILUVW IRXU SURFHGXUHV DUH GHVLJQHG IRU VWUXFWXUDO HTXDWLRQV ZKHUH WKH XQGHUO\LQJ GHSHQGHQW YDULDEOH LV OLQHDU LQ WKH

SDUDPHWHUV� 1RQOLQHDU VWUXFWXUDO HTXDWLRQV FDQ EH VSHFLILHG IRU WKH PRGHOV HVWLPDWHG E\ WKHVH SURFHGXUHV E\ ZULWLQJ

WKH OLNHOLKRRG H[SOLFLWO\ DQG XVLQJ 0/� $OO RI WKH PRGHOV DUH HVWLPDWHG E\ PD[LPXP OLNHOLKRRG� XVLQJ FRPPRQ

QRQOLQHDU PD[LPL]DWLRQ DOJRULWKPV �VHH &KDSWHU �� IRU D GLVFXVVLRQ RI QRQOLQHDU PHWKRGV��

72%,7� 352%,7� DQG 6$036(/ PRGHOV KDYH QRUPDOO\ GLVWULEXWHG VWUXFWXUDO GLVWXUEDQFHV� /RJLW GLVWXUEDQFHV KDYH

WKH *HQHUDOL]HG ([WUHPH 9DOXH GLVWULEXWLRQ �VHH 0DQVNL DQG 0F)DGGHQ ������� 0DGGDOD ������� RU 7UDLQ ������ IRU

IXUWKHU LQIRUPDWLRQ DERXW WKLV GLVWULEXWLRQ�� (VWLPDWHV REWDLQHG IURP WKH ELQDU\ ORJLW PRGHO DUH H[WUHPHO\ FORVH WR WKRVH

REWDLQHG E\ SURELW� XS WR WKH LPSOLHG VWDQGDUG GHYLDWLRQ RI WKH GLVWXUEDQFHV �DSSUR[LPDWHO\ ��� YHUVXV �����

6WDQGDUG HUURUV UREXVW WR PLVVSHFLILFDWLRQ RI WKH HUURU WHUP DUH FDOFXODWHG IURP ILUVW DQG VHFRQG GHULYDWLYHV RI WKH

OLNHOLKRRG IXQFWLRQ� 7KH\ FDQ EH REWDLQHG IRU DOO PRGHOV E\ LQFOXGLQJ WKH +&29 : RU +&29 1%: RSWLRQ�

+RZHYHU� EH DZDUH WKDW UHFHQW 0RQWH�&DUOR ZRUN �&DO]RODUL DQG )LRUHQWLQL ������� *ULIILWKV� +LOO� DQG 3RSH �������

&DO]RODUL DQG 3DQHWWRQL ������� KDV VKRZQ WKDW QHLWKHU WKH RXWHU SURGXFW �+&29 %� QRU WKH UREXVW HVWLPDWH

�+&29 :� DUH DV JRRG HVWLPDWHV DV WKH PDWUL[ RI VHFRQG GHULYDWLYHV �+&29 1� LQ ILQLWH VDPSOH �DSSUR[LPDWHO\ ���

REVHUYDWLRQV� ZKHQ WKH GLVWXUEDQFHV DUH WUXO\ QRUPDO� 7KH RXWHU SURGXFW RI WKH DQDO\WLF JUDGLHQWV WHQGV WR RYHUHVWLPDWH

WKH YDULDQFH� DQG WKH UREXVW HVWLPDWH WR XQGHUHVWLPDWH LW� )RU GHWDLOV� FRQVXOW WKH DUWLFOHV FLWHG�

���� 72%,7

7KH 7RELW HVWLPDWRU ZDV SURSRVHG E\ -DPHV 7RELQ ������ ZKHQ KH ZDV DQDO\]LQJ KRXVHKROG H[SHQGLWXUH RQ

DXWRPRELOHV� 7KH REVHUYHG H[SHQGLWXUH IRU PDQ\ KRXVHKROGV ZDV ]HUR� LPSO\LQJ WKDW WKH GHVLUHG TXDQWLW\ RI DXWRPRELOH

VHUYLFHV ZDV EHORZ WKH PLQLPXP SULFH RI D FDU� (VWLPDWLRQ RI WKLV PRGHO ZLWK RUGLQDU\ OHDVW VTXDUHV ZLOO UHVXOW LQ

FRHIILFLHQWV ELDVHG WRZDUG ]HUR�
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72%,7 LV VSHFLILHG OLNH 2/64� ZLWK WKH GHSHQGHQW YDULDEOH DQG D OLVW RI LQGHSHQGHQW YDULDEOHV� )RU H[DPSOH�

72%,7 &$5(;3 &�,1&20(�0$567$7�

7KH RXWSXW LQFOXGHV DQ HVWLPDWH RI 6,*0$� WKH VWDQGDUG GHYLDWLRQ RI WKH UHVLGXDOV� VLQFH WKLV SDUDPHWHU LV HVWLPDWHG

MRLQWO\ ZLWK WKH UHJUHVVLRQ FRHIILFLHQWV�

72%,7 DVVXPHV WKDW DQ\ REVHUYDWLRQV IRU ZKLFK WKH GHSHQGHQW YDULDEOH WDNHV RQ D ]HUR RU QHJDWLYH YDOXH DUH

REVHUYDWLRQV QRW REVHUYHG� <RX FDQ HDVLO\ HVWLPDWH D PRGHO ZKHUH WKH FXWRII YDOXH LV GLIIHUHQW IURP ]HUR� RU ZKHUH

REVHUYDWLRQV ZLWK ODUJH YDOXHV DUH WKRVH QRW REVHUYHG� E\ WUDQVIRUPLQJ WKH GHSHQGHQW YDULDEOH EHIRUH HVWLPDWLRQ� )RU

H[DPSOH� LI \RXU GHSHQGHQW YDULDEOH LV <� WR XVH D FXWRII YDOXH RI 7+5(6+ UDWKHU WKDQ ]HUR� HQWHU

<  <�7+5(6+ �

EHIRUH WKH 7RELW HVWLPDWLRQ� DQG DOO YDOXHV RI < WKDW DUH OHVV WKDQ 7+5(6+ ZLOO EH WUHDWHG DV PLVVLQJ� 7KH YDOXH RI WKH

LQWHUFHSW ZLOO EH PHDVXUHG UHODWLYH WR 7+5(6+ UDWKHU WKDQ ]HUR� EXW WKLV FDQ EH HDVLO\ FRUUHFWHG ZKHQ \RX UHSRUW WKH

HVWLPDWHV�

,I \RX ZDQW D FHLOLQJ IRU < UDWKHU WKDQ D IORRU� WKHQ XVH WKH WUDQVIRUPDWLRQ

<  7+5(6+�< �

EHIRUH WKH 7RELW VWDWHPHQW� 7+5(6+ FDQ EH ]HUR� LQ ZKLFK FDVH WKH SRVLWLYH YDOXHV RI < ZLOO EH WUHDWHG DV WKRXJK WKH\

DUH PLVVLQJ� ,Q WKLV FDVH� DOO WKH VORSH HVWLPDWHV ZLOO KDYH VLJQV RSSRVLWH WR WKRVH LPSOLHG E\ WKH RULJLQDO PRGHO� DQG \RX

ZLOO QHHG WR NHHS WKDW LQ PLQG�

72%,7 SURGXFHV DQG VWRUHV WKH VDPH RXWSXW DV 2/64� H[FHSW IRU VRPH RI WKH VXPPDU\ VWDWLVWLFV �5�VTXDUHG�

'XUELQ�:DWVRQ� DQG )�VWDWLVWLF�� 7KH UHVLGXDOV IRU WKH QRQPLVVLQJ GHSHQGHQW YDULDEOH REVHUYDWLRQV DUH VWRUHG DV #5(6

DQG PD\ EH SULQWHG RU SORWWHG�

6HH 0DGGDOD ������� &KDSWHU �� DQG $PHPL\D ������� &KDSWHU ��� IRU IXUWKHU LQIRUPDWLRQ RQ WKH 7RELW PRGHO� 7KH

PRGHO HVWLPDWHG E\ WKH 72%,7 SURFHGXUH LV $PHPL\D
V 7\SH , 7RELW� $OVR VHH WKH 5HIHUHQFH 0DQXDO IRU LQIRUPDWLRQ

RQ GRLQJ 7RELW HVWLPDWLRQ ZLWK JURXSHG GDWD XVLQJ WKH :(,*+7 RSWLRQ�

���� 352%,7

3URELW LV XVHG IRU DQDO\]LQJ WKH GHWHUPLQDQWV RI D FKRLFH EHWZHHQ WZR GLVFUHWH DOWHUQDWLYHV� VXFK DV ZRUNLQJ�QRW ZRUNLQJ�

6LQFH WKH GHSHQGHQW YDULDEOH LV QRW FRQWLQXRXV� RUGLQDU\ OHDVW VTXDUHV LV QRW DSSURSULDWH� ,QVWHDG� WKH GHSHQGHQW YDULDEOH

PD\ EH WUHDWHG DV DQ LQGLFDWRU RI WKH VLJQ RI D ODWHQW FRQWLQXRXV GHSHQGHQW YDULDEOH� 7KDW LV�

/DWHQW  ;E � H

<  � LI /DWHQW ! �

<  � LI /DWHQW � �

2IWHQ WKLV ODWHQW YDULDEOH KDV D PHDQLQJIXO LQWHUSUHWDWLRQ� VXFK DV WKH QHW YDOXH RI EHLQJ LQ FKRLFH � YHUVXV FKRLFH ��

6LQFH WKH QXPHULFDO VFDOH RI WKH ODWHQW YDULDEOH LV XQREVHUYDEOH� WKH PRGHO LV LGHQWLILHG E\ QRUPDOL]LQJ WKH VWDQGDUG

GHYLDWLRQ �6,*0$� RI WKH GLVWXUEDQFH �H� WR RQH� %HFDXVH WKH FRHIILFLHQWV GR QRW GLUHFWO\ WUDQVIRUP WKH LQGHSHQGHQW

YDULDEOHV LQWR WKH REVHUYHG ����� GHSHQGHQW YDULDEOH� 352%,7 DOVR VWRUHV D PDWUL[� #'3';� WKDW FRQWDLQV WKH VDPSOH

PHDQ RI WKH GHULYDWLYH RI WKH SUREDELOLWLHV < � DQG < � ZLWK UHVSHFW WR HDFK LQGHSHQGHQW YDULDEOH� )RU H[DPSOH�

352%,7 :25.,1* & 6&+22/ (;3(5 585$/ ,1'�

2XWSXW IURP 352%,7 LV VLPLODU WR WKDW IRU PRVW RI WKH UHJUHVVLRQ SURFHGXUHV H[FHSW WKDW D TXDQWLW\ FDOOHG ¦GHYLDQFH 5�

VTXDUHG§ LV DOVR SULQWHG� 7KLV TXDQWLW\� NQRZQ DV WKH .XOOERFN�/HLEOHU 5�VTXDUHG� LV D JHQHUDOL]HG PHDVXUH RI

H[SODQDWRU\ SRZHU IRU D ZLGH FODVV RI QRQOLQHDU PRGHOV� ,W LV FRPSXWHG DV ��ORJ/ �ILWWHG PRGHO� � ORJ / �PRGHO ZLWK

LQWHUFHSW RQO\��
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352%,7 FDQ DOVR HVWLPDWH WKH VHOHFWLYLW\ ELDV LQ DQ\ NLQG RI VHOHFWLRQ PRGHO� VR WKDW D FRUUHFWLRQ FDQ EH FRPSXWHG IRU

D WZR�VWDJH HVWLPDWRU RI VXFK D PRGHO� 6HH WKH H[DPSOH LQ WKH 6$036(/ VHFWLRQ EHORZ�

���� 6DPSOH 6HOHFWLRQ� 6$036(/

7KH VDPSOH VHOHFWLRQ PRGHO LV D JHQHUDOL]DWLRQ RI WKH 7RELW PRGHO ZKHQ REVHUYDELOLW\ RI WKH GHSHQGHQW YDULDEOH �DQG

SRVVLEO\ WKH LQGHSHQGHQW YDULDEOHV� LQ WKH UHJUHVVLRQ HTXDWLRQ LV DIIHFWHG E\ IDFWRUV RWKHU WKDQ WKH YDOXH RI WKH GHSHQGHQW

YDULDEOH� ,Q WKH W\SRORJ\ RI $PHPL\D� WKLV LV D 7\SH � 7RELW PRGHO� ,Q WKH RULJLQDO H[DPSOHV GHYHORSHG E\ +HFNPDQ

������� *ULOLFKHV� +DOO� DQG +DXVPDQ ������� +DQRFK ������� DQG RWKHUV� WKH UHJUHVVLRQ HTXDWLRQ LV WKH ORJ RI ZDJHV

RQ VFKRROLQJ DQG H[SHULHQFH� 2EYLRXVO\ ZDJHV DUH RQO\ REVHUYHG IRU SHRSOH LQ WKH ODERU IRUFH� DQG ODERU IRUFH

SDUWLFLSDWLRQ LV JRYHUQHG E\ D VHSDUDWH SURELW HTXDWLRQ GHVFULELQJ WKH UHVHUYDWLRQ ZDJH� 7KLV HTXDWLRQ LV DOVR FDOOHG WKH

VHOHFWLRQ HTXDWLRQ� ZKHQ LWV GHSHQGHQW YDULDEOH LV HTXDO WR RQH� WKH UHJUHVVLRQ HTXDWLRQ LV REVHUYHG�

7KH VDPSOH VHOHFWLRQ PRGHO FRQQHFWV WKH WZR HTXDWLRQV E\ HVWLPDWLQJ D FRUUHODWLRQ ' EHWZHHQ WKHLU GLVWXUEDQFHV� 7KLV

FRUUHODWLRQ LV LPSOLHG� IRU H[DPSOH� ZKHQ DQ XQREVHUYHG FKDUDFWHULVWLF RI WKH LQGLYLGXDO HQWHUV ERWK WKH ZDJH DQG

VHOHFWLRQ HTXDWLRQV� :KHQ ' LV QRQ]HUR� HVWLPDWLRQ RI WKH UHJUHVVLRQ HTXDWLRQ LQ WKH VHOHFWHG VDPSOH ZKHUH LW LV

REVHUYHG ZRXOG UHVXOW LQ ELDVHG FRHIILFLHQWV� 7R EH SUHFLVH� WKH PRGHO HVWLPDWHG E\ 6$036(/ LV

\  ; E � H �\ QRW REVHUYHG�
� � � � �

G  � LI \ !�
� �

� LI \ ��
�

\  ; E � H LI G  �
� � � � �

QRW REVHUYHG LI G  �
�

9DU �H �  � 9DU �H �  ) &RUU�H �H �  '
� � � �

�

7KH VHOHFWLRQ �SURELW� HTXDWLRQ DQG WKH UHJUHVVLRQ HTXDWLRQ DUH ERWK VSHFLILHG RQ WKH 6$036(/ FRPPDQG� VHSDUDWHG

E\ D YHUWLFDO EDU �_�� ZLWK WKH SURELW HTXDWLRQ ILUVW� 7KH ZDJH DQG ODERU IRUFH SDUWLFLSDWLRQ H[DPSOH PHQWLRQHG DERYH

ZRXOG EH VSHFLILHG DV�

6$036(/ ,1/$%) & 6&+22/ (;3 0$567$7 _ /:$*( & 6&+22/ (;3 �

7KH ) �6,*0$� DQG ' �5+2� SDUDPHWHUV DUH HVWLPDWHG MRLQWO\ ZLWK WKH FRHIILFLHQWV RI ERWK HTXDWLRQV� 6$036(/ VWRUHV

WKH ILWWHG SUREDELOLWLHV DQG LPSOLHG LQYHUVH 0LOOV UDWLR IRU WKH SURELW HTXDWLRQ� DV ZHOO DV WKH UHVLGXDOV IRU WKH REVHUYHG

VXEVHW RI REVHUYDWLRQV� 6HH WKH 5HIHUHQFH 0DQXDO IRU IXUWKHU LQIRUPDWLRQ DERXW 6$036(/
V RXWSXW�

&RQVLVWHQW HVWLPDWHV RI WKH VDPSOH VHOHFWLRQ PRGHO FDQ DOVR EH REWDLQHG ZLWK +HFNPDQ
V WZR�VWDJH PHWKRG� 7KLV

PHWKRG LQYROYHV HVWLPDWLQJ WKH VHOHFWLRQ HTXDWLRQ ZLWK 352%,7� DQG XVLQJ WKH LQYHUVH 0LOOV UDWLR IXQFWLRQ RI WKH SURELW

UHVLGXDOV �VWRUHG E\ 352%,7 LQ #0,//6� DV DQ H[WUD YDULDEOH LQ D UHJUHVVLRQ RYHU WKH VHOHFWHG VDPSOH� )RU H[DPSOH�

WKH PRGHO PHQWLRQHG DERYH FRXOG EH HVWLPDWHG E\ WKH IROORZLQJ FRPPDQGV�

352%,7 ,1/$%) & 6&+22/ (;3 0$567$7�

603/,) ,1/$%)�

2/64�52%867� /:$*( & 6&+22/ (;3 #0,//6�

8QIRUWXQDWHO\� WKH FRQYHQWLRQDOO\ HVWLPDWHG VWDQGDUG HUURUV IRU WKH FRHIILFLHQWV REWDLQHG E\ 2/64 DUH QRW FRQVLVWHQW

HVWLPDWHV� 7KLV SUREOHP FDQ EH DYRLGHG� KRZHYHU� E\ XVLQJ WKH 52%867 RSWLRQ LQ 2/64 WR FRPSXWH

KHWHURVNHGDVWLF�FRQVLVWHQW VWDQGDUG HUURUV� .HHS LQ PLQG WKDW WKH PD[LPXP OLNHOLKRRG SURFHGXUH 6$036(/ ZLOO

SURGXFH PRUH HIILFLHQW HVWLPDWHV �XQGHU WKH DVVXPSWLRQ RI QRUPDO GLVWXUEDQFHV�� 6HH 6HFWLRQ ��� IRU DQ H[DPSOH RI

WHVWLQJ IRU KHWHURVNHGDVWLFLW\ ZLWK 6$036(/�

,Q SUDFWLFH� H[WUD LGHQWLI\LQJ YDULDEOHV LQ WKH VHOHFWLRQ HTXDWLRQ DUH XVHIXO� :LWKRXW WKHP� WKH #0,//6 WHUP LQ WKH

UHJUHVVLRQ HTXDWLRQ FDQ EH D SUR[\ IRU OHIW�RXW QRQOLQHDU IXQFWLRQV RI WKH ULJKW�KDQG�VLGH YDULDEOHV� $FFRUGLQJO\� D

FRUUHFW IXQFWLRQDO IRUP VSHFLILFDWLRQ RI WKH UHJUHVVLRQ HTXDWLRQ LV TXLWH LPSRUWDQW�

,W LV DOVR SRVVLEOH WR XVH 6$036(/ WR HVWLPDWH PRGHOV ZKHUH RQO\ WKH VHOHFWHG VDPSOH LV REVHUYHG �WKH GHSHQGHQW

YDULDEOH LQ WKH VHOHFWLRQ PRGHO LV DOZD\V RQH�� 6HH %ORRP DQG .LOOLQJVZRUWK ������� +RZHYHU� LGHQWLILFDWLRQ RI WKH
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SDUDPHWHUV RI WKH VHOHFWLRQ HTXDWLRQ FRPHV HQWLUHO\ IURP WKH LPSOLHG ZHLJKWLQJ RI WKH REVHUYHG GDWD� VLQFH WKHUH LV QR

ORQJHU D VHSDUDWH SURELW HTXDWLRQ� ,Q SUDFWLFH� WKLV PDNHV LW GLIILFXOW WR REWDLQ FRQYHUJHQFH�

���� 0XOWLQRPLDO DQG FRQGLWLRQDO ORJLW� /2*,7

:KHQ WKH GHSHQGHQW YDULDEOH LQYROYHV WZR RU PRUH GLVFUHWH FKRLFHV� WKH ORJLW PRGHO FDQ EH D JRRG ZD\ RI H[DPLQLQJ

WKH GHWHUPLQDQWV RI WKHVH FKRLFHV� ,Q WKH FDVH RI RQO\ WZR FKRLFHV� LW SURYLGHV DQ DOWHUQDWLYH WR WKH SURELW PRGHO�

HVWLPDWHV IURP WKH WZR PRGHOV ZLOO EH YHU\ VLPLODU �VHH EHORZ�� /RJLW PRGHOV KDYH GLIIHUHQW QDPHV� GHSHQGLQJ RQ

ZKHWKHU WKH GDWD RU FRHIILFLHQWV DUH FKRLFH�VSHFLILF RU FKRRVHU�VSHFLILF� 0XOWLQRPLDO ORJLW KDV FKRRVHU�VSHFLILF GDWD

DQG FRHIILFLHQWV YDU\ RYHU WKH FKRLFHV� &RQGLWLRQDO ORJLW KDV FKRLFH�VSHFLILF GDWD DQG FRHIILFLHQWV HTXDO RYHU DOO FKRLFHV�

0L[HG ORJLW LQYROYHV ERWK W\SHV RI GDWD DQG FRHIILFLHQWV�

0F)DGGHQ ������ ����� ����� SLRQHHUHG WKH XVH RI WKH ORJLW PRGHO LQ HFRQRPHWULFV� 7KH XQGHUO\LQJ PRGHO IRU PRVW

HFRQRPHWULF DSSOLFDWLRQV LQYROYHV ODWHQW YDOXH �XWLOLW\� HTXDWLRQV IRU HDFK FKRLFH� )RU H[DPSOH� WKH IROORZLQJ ODWHQW

YDOXH HTXDWLRQV DSSO\ WR D PRGHO ZLWK WKUHH FKRLFHV� ZLWK PXOWLQRPLDO YDULDEOH ; WKDW KDV FRHIILFLHQWV �E �E �E � DQG� � �

FRQGLWLRQDO YDULDEOHV �= �= �= � ZKLFK KDYH FRHIILFLHQWV J�� � �

9  D � ;E � = J � H� � � � �

9  D � ;E � = J � H� � � � �

9  D � ;E � = J � H� � � � �

7KH ODWHQW YDOXHV 9 �9 �9 DUH QRW REVHUYHG� EXW WKH FKRVHQ DOWHUQDWLYH LV WKH RQH ZLWK WKH KLJKHVW YDOXH� ,I DOWHUQDWH� � �

� LV FKRVHQ� IRU H[DPSOH� ZH NQRZ WKDW 9 ! 9 DQG 9 ! 9 � ,I WKH GLVWXUEDQFHV H �H �H KDYH WKH *HQHUDOL]HG ([WUHPH� � � � � � �

9DOXH GLVWULEXWLRQ� WKH REVHUYHG FKRLFH SUREDELOLWLHV KDYH WKH IRUP

3URE�L�  H[S�D�;E�=J� � �H[S�D�;E�=J��L L L M M M

,Q WKLV FDVH� WKH OLNHOLKRRG IXQFWLRQ LV FRPSXWDWLRQDOO\ VLPSOH� DQG WKH HVWLPDWLRQ PHWKRG FRQYHUJHV UDSLGO\�

7KH /2*,7 FRPPDQG UHVHPEOHV D UHJUHVVLRQ FRPPDQG ZLWK WKH GHSHQGHQW YDULDEOH IROORZHG E\ D OLVW RI WKH

FKRLFH�VSHFLILF YDULDEOHV� DQG WKHQ D OLVW RI FKRRVHU�VSHFLILF YDULDEOHV� 7KH WZR OLVWV DUH VHSDUDWHG E\ D _� )RU H[DPSOH�

WKH PRGHO RXWOLQHG DERYH LV HVWLPDWHG ZLWK WKH FRPPDQG�

/2*,7�1&+2,&( ��&21'� < = _ & ; �

:KHQ PXOWLQRPLDO YDULDEOHV DUH XVHG� WKH PRGHO LV LGHQWLILHG E\ QRUPDOL]LQJ WKH PXOWLQRPLDO FRHIILFLHQWV RI WKH ILUVW

FKRLFH WR ]HUR� ,Q WKH FDVH RI WZR DOWHUQDWLYHV� WKLV SURYLGHV FRPSDWLELOLW\ WR WKH 352%,7 FRPPDQG� ZKLFK HIIHFWLYHO\

XVHV WKH VDPH QRUPDOL]DWLRQ� DOWKRXJK WKH FRHIILFLHQWV DUH ODUJHU LQ /2*,7 E\ D IDFWRU RI DSSUR[LPDWHO\ ���� GXH WR WKH

ODUJHU VWDQGDUG GHYLDWLRQ RI WKH *� (� 9� GLVWXUEDQFHV�

&RQGLWLRQDO ORJLW PRGHOV PD\ KDYH D YDULDEOH QXPEHU RI FKRLFHV SHU FKRRVHU� VLQFH WKH GDWD YDULHV IRU HDFK FKRLFH� DQG

WKH FRHIILFLHQWV DUH IL[HG DFURVV FKRLFHV� :KHQ VHWWLQJ XS GDWD IRU WKLV PRGHO� XVH RQH REVHUYDWLRQ IRU HDFK FKRLFH�

LQVWHDG RI RQH REVHUYDWLRQ SHU FKRRVHU� $Q DGGLWLRQDO YDULDEOH� HLWKHU FDVH QXPEHU� RU QXPEHU RI FKRLFHV� LV XVHG WR

NHHS WKH REVHUYDWLRQV IRU HDFK FKRRVHU WRJHWKHU� 6HH WKH 5HIHUHQFH 0DQXDO IRU GHWDLOV� ,QFLGHQWDOO\� WKH FRQVWDQW & LV

QRW D OHJDO FRQGLWLRQDO YDULDEOH VLQFH LW GRHVQ
W YDU\ DFURVV FKRLFHV�

/LNH WKH ELQDU\ SURELW PRGHO� ORJLW SHUWDLQV WR D VHW RI PXWXDOO\ H[FOXVLYH FKRLFHV �H[DFWO\ RQH PXVW EH FKRVHQ�� ,W LV

WKHRUHWLFDOO\ SRVVLEOH WR VHW XS OLNHOLKRRG IXQFWLRQV ZKHUH VHYHUDO DOWHUQDWLYHV DUH FKRVHQ� ,W LV DOVR SRVVLEOH WR H[WHQG

WKH SURELW PRGHO WR PRUH WKDQ WZR DOWHUQDWLYHV� ZLWK FRUUHODWLRQV EHWZHHQ WKH GLVWXUEDQFHV RI HDFK YDOXH IXQFWLRQ�

+RZHYHU� WKH PXOWLYDULDWH QRUPDO LQWHJUDOV UHTXLUHG EHFRPH GLIILFXOW WR FRPSXWH ZKHQ WKH QXPEHU RI FKRLFHV LV JUHDWHU

WKDQ IRXU�

7KH PXOWLQRPLDO SURELW PRGHO ZRXOG EH D XVHIXO DOWHUQDWLYH WR ORJLW� VLQFH WKH EDVLF ORJLW PRGHO GRHV QRW LPSO\

FRUUHODWLRQV DPRQJ FKRLFHV� 7KLV VKRUWFRPLQJ LV WKH ZHOO�NQRZQ �,QGHSHQGHQFH RI ,UUHOHYDQW $OWHUQDWLYHV� SURSHUW\

RI WKH PXOWLQRPLDO ORJLW PRGHO� VRPHWLPHV FDOOHG WKH �%OXH %XV�5HG %XV� SUREOHP� WKH UDWLR RI SUREDELOLWLHV EHWZHHQ

DQ\ WZR FKRLFHV LV XQDIIHFWHG E\ WKH DYDLODELOLW\ RI D WKLUG FKRLFH� 6HH +DXVPDQ DQG 0F)DGGHQ ������ IRU D WHVW IRU
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��

WKLV SURSHUW\� 7KHUH DUH WZR SRVVLEOH VROXWLRQV WR WKLV SUREOHP ZLWKLQ WKH ORJLW IUDPHZRUN�

7KH QHVWHG ORJLW PRGHO LV RQH ZD\ WR VWUXFWXUH WKH DOWHUQDWLYHV VR WKDW VRPH DUH �FORVHU� WR HDFK RWKHU WKDQ RWKHUV�

$OWKRXJK WKLV PRGHO LV QRW FXUUHQWO\ LPSOHPHQWHG LQ 763� LW FDQ EH FRQVLVWHQWO\ HVWLPDWHG E\ XVLQJ WKH FRQYHQWLRQDO

/2*,7 SURFHGXUH LQ VWDJHV� 7KH ILUVW VWDJH ZRXOG HVWLPDWH WKH ERWWRP EUDQFK RI D VHW RI FKRLFHV� DQG WKH VXFFHHGLQJ

VWDJHV ZRXOG LQFOXGH D SUHGLFWHG �LQFOXVLYH YDOXH� EDVHG RQ WKH HVWLPDWHV RI ORZHU VWDJHV LQ WKH VHW RI LQGHSHQGHQW

YDULDEOHV� 6HH 7UDLQ ������ RU 0DQVNL DQG 0F)DGGHQ ������ IRU GHWDLOV� $OVR VHH 6HFWLRQ ������ IRU DQ H[DPSOH RI

KRZ WR HVWLPDWH WKLV PRGHO XVLQJ 0/ DQG WKH 763 H[DPSOHV �RQ WKH ZHE VLWH� IRU D PRUH FRPSOH[ QHVWHG ORJLW H[DPSOH�

$QRWKHU PHWKRG WR DYRLG WKH ,,$ SUREOHP XVHV WKH IDFW WKDW ORJLW PRGHOV FDQ EH XVHG WR GHVFULEH DQ\ VHW RI FKRLFH

SUREDELOLWLHV� QRW MXVW WKRVH LPSOLHG E\ WKH XWLOLW\ PRGHO DQG WKH *(9 GLVWULEXWLRQ �0F)DGGHQ ������ ,Q SDUWLFXODU� WR

DOORZ FRUUHODWLRQ DPRQJ FKRLFHV� LQFOXGH YDULDEOHV GHVFULELQJ RWKHU DOWHUQDWLYHV LQ WKH ODWHQW YDOXH IXQFWLRQ IRU RQH

DOWHUQDWLYH� 7KH GHIHFW RI WKLV DSSURDFK LV WKDW LW GRHV QRW VSHFLI\ KRZ PDQ\ RU ZKLFK YDULDEOHV VKRXOG EH DGGHG� DQG

PD\ HVWLPDWH D ODUJH QXPEHU RI SDUDPHWHUV� +DYLQJ D PRGHO RI WKH SRVVLEOH UHODWLRQVKLSV DPRQJ FKRLFHV ZLOO KHOS KHUH�

���� *HQHUDO 0D[LPXP /LNHOLKRRG (VWLPDWLRQ� 0/� (468%

7KH 0/ SURFHGXUH SURYLGHV D YHU\ JHQHUDO HVWLPDWLRQ PHWKRG� <RX ZULWH WKH OLNHOLKRRG IXQFWLRQ IRU DQ REVHUYDWLRQ

LQ D )50/ VWDWHPHQW� DQG 763 PD[LPL]HV LW ZLWK UHVSHFW WR WKH SDUDPHWHUV LW FRQWDLQV� XVLQJ WKH GDWD LQ WKH FXUUHQW

VDPSOH� 0/ LV TXLWH SRZHUIXO� ,W FDQ FRPSXWH DQDO\WLF ILUVW DQG VHFRQG GHULYDWLYHV IRU XVH LQ LWHUDWLRQ DQG LQ FRPSXWLQJ

VWDQGDUG HUURU HVWLPDWHV� )RU H[DPSOH� WKH IROORZLQJ FRPPDQGV ZLOO HVWLPDWH D ELQDU\ SURELW PRGHO �DQ LPSURYHG

YHUVLRQ RI WKLV H[DPSOH LV GLVFXVVHG ODWHU LQ WKLV VHFWLRQ��

)50/ (4/ /2*/  /2*� ���:25.,1*�&1250��$�%;� � :25.,1*���&1250��$�%;�� ��

3$5$0 $�%�

0/ (4/�

7KH DXWRPDWLF GLIIHUHQWLDWLRQ LQ 0/ LV D JUHDW DGYDQWDJH RYHU FRGLQJ WKH GHULYDWLYHV E\ KDQG LQ )RUWUDQ� *XDVV� RU

0DWODE �DQG HVSHFLDOO\ LQ GHEXJJLQJ WKHP�� 7KH GLVDGYDQWDJH LV WKDW H[HFXWLRQ WLPH LV VORZHU DQG QXPHULFDO HUURU

KDQGOLQJ PRUH GLIILFXOW� VR WDNH FDUH ZKHQ ZULWLQJ WKH OLNHOLKRRG IXQFWLRQ WR PLQLPL]H WKHVH SUREOHPV�

([HFXWLRQ WLPH FDQ EH UHGXFHG E\ VLPSOLI\LQJ WKH )50/ DV PXFK DV SRVVLEOH� DQG HOLPLQDWLQJ UHSHDWHG WHUPV� 5HSHDWHG

WHUPV DUH EHVW KDQGOHG ZLWK WKH (468% �HTXDWLRQ VXEVWLWXWLRQ� FRPPDQG� ZKLFK JXDUDQWHHV WKDW WKH UHSHDWHG WHUP ZLOO

EH HYDOXDWHG RQO\ RQFH� (468% LV DOVR XVHIXO IRU FKDQJLQJ WKH OLVW RI H[SODQDWRU\ YDULDEOHV LQ GLIIHUHQW SDUWV RI WKH

OLNHOLKRRG IXQFWLRQ� VR WKDW LW LV QRW QHFHVVDU\ WR UHZULWH WKH JHQHUDO HTXDWLRQ� 6HH WKH 5HIHUHQFH 0DQXDO IRU D IXOOHU

GLVFXVVLRQ RI WKH SRZHU RI (468%� 1XPHULFDO HUURUV DUH RIWHQ UHGXFHG E\ VLPSOLI\LQJ WKH IXQFWLRQ� EXW EH FDUHIXO WR

DYRLG RSHUDWLRQV OLNH WDNLQJ WKH ORJ RI ]HUR�

)RU H[DPSOH� WKH DERYH SURELW FRXOG EH UHZULWWHQ LQ WZR ZD\V� 7KH ILUVW LQYROYHV PLQLPXP H[HFXWLRQ WLPH� EXW PD\ IDLO

EHFDXVH RI DQ DWWHPSW WR WDNH WKH ORJ RI ]HUR� ,W LV WKH PRGHO DERYH� ZLWK WKH &1250��$�%;� WHUP GHILQHG LQ DQRWKHU

HTXDWLRQ� DQG LWV FRHIILFLHQW �FDOOHG :25.<1� HYDOXDWHG RXWVLGH WKH )50/ VLQFH LW GHSHQGV RQO\ RQ WKH GDWD DQG QRW

RQ WKH SDUDPHWHUV� 7KH (468% FRPPDQG LV QRW VWULFWO\ QHFHVVDU\ KHUH� EXW LW LV XVHIXO IRU FKDQJLQJ WKH YDULDEOHV LQ

WKH PRGHO DQG DYRLGLQJ UHSHDWHG HYDOXDWLRQ�

:25.<1  ���:25.,1*� � :25.,1* �

)50/ &1;% &1250��$�%;��

)50/ (4/ /2*/  /2*� :25.,1* � &1;%:25.<1 ��

(468% (4/ &1;%� " 6XEVWLWXWH WKH H[SUHVVLRQ IRU &1;% LQWR WKH PRGHO�

3$5$0 $�%�

0/�+&29 1� (4/�

2Q D ��� ��0K] FRPSXWHU� XVLQJ D GDWDVHW ZLWK ��� REVHUYDWLRQV DQG � YDULDEOHV� WKLV H[DPSOH WRRN ���� &38 VHFRQGV�

FRPSDUHG ZLWK ��� VHFRQGV IRU WKH 352%,7 FRPPDQG�

7KH VHFRQG ZD\ RI ZULWLQJ WKH /2*/ HTXDWLRQ DYRLGV WKH ORJ RI ]HUR� EXW PD\ WDNH VOLJKWO\ PRUH H[HFXWLRQ WLPH�

*HQHUDOO\� WKLV DSSURDFK LV SUHIHUUHG IRU ODUJHU PRGHOV ZKHUH H[WUHPH YDOXHV FDQ UHVXOW LQ QHJDWLYH DUJXPHQWV WR WKH



���(VWLPDWLRQ�RI�4XDOLWDWLYH�'HSHQGHQW�9DULDEOH�0RGHOV�DQG�*HQHUDO�0/�(VWLPDWLRQ

��

/2* IXQFWLRQ� ,Q WKLV H[DPSOH� WKH IXQFWLRQ /&1250��  /2*�&1250��� DQG WKH UHODWLRQVKLS &1250�H�  

��&1250��H� DUH XVHG�

12:25.  :25.,1*  ��

)50/ ;% $�%;�

)50/ (4/ /2*/  12:25./&1250��;%� � :25.,1*/&1250�;%��

(468% (4/ ;%�

3$5$0 $�%�

0/�+&29 1� (4/�

6HYHUDO RWKHU FRQVLGHUDWLRQV IRU ZULWLQJ /2*/ HTXDWLRQV IRU 0/ DUH GLVFXVVHG LQ WKH 5HIHUHQFH 0DQXDO�

$V LQ /64� WKH OLNHOLKRRG IXQFWLRQ HTXDWLRQ IRU WKH 0/ SURFHGXUH PD\ FRQWDLQ ORJLFDO H[SUHVVLRQV �VXFK DV :$*(!�

RU *$00$��� %(7$�� ��� +RZHYHU� EH DZDUH WKDW LI WKHVH ORJLFDO H[SUHVVLRQV FRQWDLQ SDUDPHWHUV WR EH HVWLPDWHG�

WKH OLNHOLKRRG IXQFWLRQ ZLOO QRW EH GLIIHUHQWLDEOH RYHU WKH ZKROH SDUDPHWHU VSDFH� DQG ZLOO QRW VDWLVI\ WKH XVXDO UHJXODULW\

FRQGLWLRQV WKDW JXDUDQWHH WKH FRQVLVWHQF\ DQG DV\PSWRWLF QRUPDOLW\ RI PD[LPXP OLNHOLKRRG HVWLPDWHV� 7KHUHIRUH� WDNH

H[WUD FDUH LQ FRPSXWLQJ HVWLPDWHV ZLWK WKLV W\SH RI OLNHOLKRRG IXQFWLRQ �WU\ VHYHUDO VHWV RI VWDUWLQJ YDOXHV� HWF���

����� 0/ 352&

6RPH OLNHOLKRRG IXQFWLRQV DUH GLIILFXOW WR ZULWH LQ WHUPV RI D VLQJOH )50/� HVSHFLDOO\ WLPH VHULHV PRGHOV ZLWK UHFXUVLYH

VWDWH YDULDEOHV� OLNH *$5&+ DQG PRGHOV ZLWK 0$�T� UHVLGXDOV� 2WKHU PRGHOV LQ WKLV FODVV DUH WKH .DOPDQ )LOWHU ZLWK

K\SHUSDUDPHWHU HVWLPDWLRQ� VLPXODWLRQ HVWLPDWRUV OLNH 0XOWLYDULDWH 3URELW� DQG PRGHOV ZLWK FRQFHQWUDWHG OLNHOLKRRG

IXQFWLRQV �DOWKRXJK WKHVH FDQ RIWHQ EH GRQH LQ XQFRQFHQWUDWHG IRUP�� )RU WKHVH PRGHOV� \RX ZULWH D 352& ZKLFK

HYDOXDWHV WKH ORJ OLNHOLKRRG� WDNLQJ DV PDQ\ FRPPDQGV DV DUH QHFHVVDU\� <RX WKHQ WHOO 0/ WKH QDPH RI WKH 352& DQG

JLYH LW D OLVW RI WKH SDUDPHWHUV WR EH HVWLPDWHG� ,W XVHV QXPHULF GHULYDWLYHV� VR LW ZLOO QRW EH DV IDVW DV WKH )50/ PHWKRG

DERYH� EXW DW OHDVW LW LV IHDVLEOH� )RU H[DPSOH� WKH 352%,7 PRGHO DERYH FDQ EH HVWLPDWHG �UDWKHU VORZO\� ZLWK�

3$5$0 $�%�

0/ 0<352% $�%�

352& 0<352%�

/2*/  /2*� :25.,1* � &1250��$�%;��:25.<1 ��

0$7 #/2*/  680�/2*/��

(1'352&�

3OHDVH VHH WKH 763 ZHE SDJH IRU PRUH DGYDQFHG H[DPSOHV RI 0/ 352&� 7KHUH LV DOVR D VLPSOH 0/ 352& H[DPSOH

LQ WKH 763 5HIHUHQFH 0DQXDO XQGHU .$/0$1� ZKLFK VKRZV RQH ZD\ WR LPSRVH LQHTXDOLW\ FRQVWUDLQWV LQ WKH .DOPDQ

)LOWHU PRGHO�

���� 0/ H[DPSOHV

7KLV VHFWLRQ SUHVHQWV VRPH H[DPSOHV RI XVLQJ 0/� 6RPH RI WKHVH H[DPSOHV DUH DOUHDG\ EXLOW LQWR 763� OLNH 2/64 DQG

72%,7� 7KH H[DPSOHV DUH LQWHQGHG WR JLYH DQ LGHD RI WKH SRZHU RI 0/� DQG WR SURYLGH KLQWV DERXW KRZ WR ZULWH WKH

OLNHOLKRRG IXQFWLRQ� 6HH WKH SUHYLRXV VHFWLRQ IRU DQ H[WHQVLYH SURELW H[DPSOH�

������ 2/6

" 2/6 PRGHO �QRW D UHFRPPHQGHG ZD\ WR GR 2/64��

)50/ (4� /2*/  /2*�6,*,� � /1250��<�;%�6,*,��

)50/ (4;%� ;%  %� � %�;�

(468%�1$0( 2/6� (4� (4;%��

3$5$0 %� %� 6,*,� 6(7 6,*,  ��

0/�+,7(5 1�+&29 1%:� 2/6�
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��

������ %R[�&R[ 7UDQVIRUPDWLRQ

)50/ 5(6,' �</$0 � ���/$0 � �$ � %;�� " 8QQRUPDOL]HG HTXDWLRQ IRU %R[�&R[

" 1RWH� LW LV HDVLHVW WR GR %R[�&R[ YLD ),0/ �ZKLFK LQFOXGHV WKH VDPH -DFRELDQ WHUP DV DERYH��

),0/�(1'2* <� 5(6,'�

" 7R XVH WKH 0/ FRPPDQG LQVWHDG� \RX QHHG WR ZULWH WKH ORJ OLNHOLKRRG� LQFOXGLQJ WKH -DFRELDQ�

/<  /2*�<��

)50/ (4% /2*/  /2*�6,*,� � /1250�5(6,'6,*,� � �/$0���/<�

(468% (4% 5(6,'�

3$5$0 $�� %�� /$0��� 6,*,���

0/�+,7(5 1�+&29 1%:� (4%�

������ $5&+��� PRGHO

" $5&+ �$XWR5HJUHVVLYH &RQGLWLRQDO +HWHURVNHGDVWLFLW\� PRGHO UHIHUHQFH� (QJOH ������ SS� ���������

" 6HH $5&+ LQ &KDSWHU ��� ZKLFK HVWLPDWHV WKLV PRGHO DXWRPDWLFDOO\ XVLQJ� $5&+ �1$5 �� < & ; �

" 7R HVWLPDWH *$5&+ PRGHOV� XVH WKH $5&+ FRPPDQG� RU 0/ 352& �VHH ZHE SDJH ZZZ�WVSLQWO�FRP ��

"

" ����� 6LPXODWHG GDWD �����

6(7 1 ����

603/ ��1�

5$1'20 (� 8  (�

603/ ��1�

8  (6457�� � ��8����� � ��8����� � ��8�������

603/ ��1�

3$5$0 $ � % ��

5$1'20 ;�

<  $ � %; � 8�

" ����� (QG RI VLPXODWHG GDWD �����

"

" (VWLPDWLRQ PRGHO �FRHIILFLHQWV LQ WKH YRODWLOLW\ HTXDWLRQ DUH JXDUDQWHHG QRQQHJDWLYH E\ WKH PHWKRG RI VTXDULQJ�

" 1RWH� H[DPSOH RI WKH XVH RI D ODJJHG HTXDWLRQ �5(6 LQ (4+��

)50/ 5(6 < � �$�%;� � " UHVLGXDO

)50/ (4+ +  $�� � $��5(6����� � $��5(6����� � $��5(6����� � "$5&+���PRGHO�

)50/ $5&+ /2*/  �/2*�+��� � /1250�5(6�6457�+��� "YRODWLOLW\ HTQ�

" GHFODUH 3$5$0V EHIRUH XVLQJ (468%� VR WKDW LW NQRZV WKH\ GR QRW KDYH WR EH ODJJHG

" �DV RSSRVHG WR WKH < DQG ; YDULDEOHV� ZKLFK GR JHW ODJJHG ZKHQ WKH HTQ� 5(6 LV ODJJG�

3$5$0 $ % $��$��

(468% $5&+ (4+ 5(6� "VXEVWLWXWH LQ IRU + DQG UHVLGXDOV

"

" 6WDUWLQJ YDOXHV IURP 2/6� VPDOO ODJ FRHIILFLHQWV LQ YRODWLOLW\ HTXDWLRQ�

603/ ��1�

2/64 < &�;�

810$.( #&2() $ %�

6(7 $�  #6� 3$5$0 $���� $���� $�����

"

" (VWLPDWLRQ E\ 0/

0/ $5&+�

"

" *HQHUDWH WKH HVWLPDWHG UHVLGXDOV 5(6 DQG ILWWHG YDULDQFH VHULHV +

*(15 5(6 8+$7�

(468% (4+ 5(6� *(15 (4+�



���(VWLPDWLRQ�RI�4XDOLWDWLYH�'HSHQGHQW�9DULDEOH�0RGHOV�DQG�*HQHUDO�0/�(VWLPDWLRQ

��

������ )URQWLHU SURGXFWLRQ PRGHO

" \  I�[�E� � H� H  �X � Y� Y 1���) �� X LV QRQ�QHJDWLYH
a

�

" )RU D IURQWLHU FRVW PRGHO� H  X � Y�

" 6HH 0DGGDOD ������ SS� ��������

" 1RWH WKDW WKH UHJXODULW\ FRQGLWLRQV IRU DV\PSWRWLF QRUPDOLW\ DUH QRW VDWLVILHG E\ WKLV PRGHO�

"

)50/ 5(6,' (  < � $ � %;�

3$5$0 $�%�

)50/ )52173 /2*/  /2*��� � /2*�6,*,� � /1250�(6,*,� � /&1250��(/$0%'$6,*,��

" IRU FRVW PRGHO� WKHUH LV QR � VLJQ KHUH�

3$5$0 /$0%'$�6,*,�

(468% )52173 5(6,'�

" FUXGH VWDUWLQJ YDOXHV IURP 2/6 �� WKHUH DUH EHWWHU IRUPXODV DYDLODEOH

2/64�6,/(17� < & ;� 810$.( #&2() $�%�

6(7 6,*,  ��#6� 6(7 /$0%'$  ���

"

0/ )52173�

������ %DVLF 7RELW 0RGHO

" 7RELW PRGHO� VWDUWLQJ YDOXHV IURP 2/6

<�  < � �� <�  < ! �� " FUHDWH GXPPLHV IRU REV� $QG XQREV� <�

)50/ (4� /2*/  <�/&1250��;%�6,*� � <�>�/2*�6,*� � /1250��<�;%��6,*�@�

)50/ (4;%� ;%  %� � %�;� " GHILQH UHJUHVVLRQ PRGHO

(468%�1$0( 72%,7� (4� (4;%��

3$5$0 %� %� 6,*�

2/64 < & ;� 810$.( #&2() %� %�� 6(7 6,*  #6�

0/�+,7(5 1�+&29 1%:� 72%,7�

������ 7RELW UHSDUDPHWUL]HG IRU JOREDO FRQFDYLW\

)50/ (4� /2*/  <�/&1250��;%� � <�>/2*�6,*,� � /1250��<�;%�6,*,�@�

)50/ (4;%� ;%  5� � 5�;�

(468%�1$0( 72%,7*&� (4� (4;%��

3$5$0 5� 5� 6,*,�

2/64 < & ;� 810$.( #&2() %� %�� 6(7 6,*,  ��#6�

6(7 5�  %�6,*,�

6(7 5�  %�6,*,�

0/�+,7(5 1�+&29 1� 72%,7*&�

)50/ )� %�  5��6,*,�

)50/ )� %�  5��6,*,�

)50/ )� 6,*  ��6,*,�

$1$/<= )��)�� " $1$/<= REWDLQV YDOXHV DQG VWDQGDUG HUURUV RI RULJLQDO SDUDPHWHUV

������ 0XOWLQRPLDO /RJLW

" 0XOWLQRPLDO /RJLW �; FKDUDFWHULVWLFV RI WKH FKRRVHU�

"

" 6LPXODWH GDWD ZLWK � FKRLFHV DQG � ;
V�

&2167 1 ���� � " 6DPSOH VL]H�

603/ � 1 �

"
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'27 � � � " ;
V DUH XQLIRUP UDQGRP YDULDEOHV RQ ������

5$1'20 �81,)250� ;� �

(1''27 �

'27 � � � � " � FKRLFHV�

5$1'20 �81,)250� )� " LQYHUVH GLVWULEXWLRQ IXQFLRQ

8�  �/2*��/2*�)�� � " IRU 7\SH , H[WUHPH YDOXH GLVWQ�

(1''27 �

"

<�  8� � " DOO FRHIV� DUH ]HUR IRU �VW DOW�

<�  �� � ;� � ;� � 8� � " FRHIV� DUH ���������

<�  �� � ;� � ;� � 8� � " FRHIV� DUH ���������

<B�  <�!<� 	 <�!<� �

<B�  <�!<� 	 <�!<� �

<B�  <�!<� 	 <�!<� �

<  �<B� ��<B� ��<B� � " \ LV GHS YDU �FKRLFH��

"

" 'HILQH WKH ORJLW PRGHO IRU 0/ SURFHGXUH DQG HVWLPDWH LW�

I50/ /2*,7 <B�;%� �<B�;%� � /2*�� � (;3�;%�� � (;3�;%��� �

)50/ ;%� %���%��;��%��;� �

)50/ ;%� %���%��;��%��;� �

(468% /2*,7 ;%� ;%� �

3$5$0 %���%�� %���%�� �

0/ �+,7(5 1�+&29 1%:� /2*,7 � " 8VH 1HZWRQ�5DSKVRQ LWHUDWLRQ�

������ 6DPSOH 6HOHFWLRQ

" 6DPSOH 6HOHFWLRQ PRGHO XVLQJ VWDUWLQJ YDOXHV IURP 2/6 DQG 352%,7

" 1RWH� _UKR_ ! � FDQ FDXVH SUREOHPV �� RQH ZD\ WR DYRLG WKLV LV WR UHSDUDPHWHUL]H UKR  WDQ�WKHWD� LQVWHDG�

" 7KH 6$036(/ FRPPDQG XVHV D VLPLODU UHSDUDPHWHUL]DWLRQ GXULQJ LWHUDWLRQV�

"

" 6$036(/ ,< & = _ < & ;�

"

,<�  ,<  �� " 'XPP\ IRU < QRW REVHUYHG�

)50/ (4� /2*O  ,<�/&1250��='� � ,<>�/2*�6,*0$� � /1250�<;%�6,*0$� �

/&1250� >=' � 5+2<;%�6,*0$@>��5+25+2@����� � @�

)50/ ='� ='  'B& � 'B==�

)50/ <;%� <;%  < � %B& � %B;;�

(468%�1$0( 6$036(/� (4� <;%� ='��

3$5$0 'B& 'B= %B& %B; 6,*0$ 5+2�

352%,7 ,< & =� 810$.( #&2() 'B& 'B=� " 3URELW IRU SDUDPHWHU VWDUWLQJ YDOXHV�

&23< #603/ )8//� 603/,) ,<� " 2/64 RYHU REVHUYHG GDWD IRU VWDUWLQJ YDOXHV�

2/64 < & ;� 810$.( #&2() %B& %B;� 6(7 6,*0$ #6�

603/ )8//�

0/�+&29 1%:� 6$036(/� " 0/ RQ VDPSOH VHOHFWLRQ PRGHO RYHU IXOO VDPSOH�

������ 2UGHUHG 3URELW

" 2UGHUHG 3URELW PRGHO �� VWDWHV�

" 4  ;% � 8 �4 XQREVHUYHG�

" <  � IRU 4 � � � 8 � �;% �

" � IRU � � 4 � $� � �;% � 8 � $��;% �

" � IRU $� � 4 � $� � $��;% � 8 � $��;% �

" � IRU $� � 4 � $��;% � 8 �

"
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" 7R LQVXUH WKDW WKH RUGHULQJ VDWLVILHV � � $� � $� � SDUDPHWUL]H DV $�  '��� $�  $� � '���

" +RZHYHU� LI '� RU '� WHQGV WR ]HUR� QXPHULFDO SUREOHPV ZLOO DULVH GXH WR WDNLQJ WKH ORJ RI ]HUR�

"

<�  < �� <�  < �� <�  < �� <�  < ��

"

")50/ (4� /2*/  /2*^

" <�&1250��;%� �

" <�>&1250�$��;%� � &1250��;%�@ �

" <�>&1250�$��;%� � &1250�$��;%�@ �

" <�>� � &1250�$��;%�@
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" 7KH PRGHO DERYH LV PRUH HIILFLHQW IRU HVWLPDWLRQ�

)50/ (;% ;%  %� � %�;� � %�;��

)50/ ($� $�  '�'��

)50/ ($� $�  $� � '�'��

3$5$0 %� %� %� '� �� '� �� �

"

" 8VH 3URELW RQ < � YV� <!� WR REWDLQ VWDUWLQJ YDOXHV IRU % FRHIILFLHQWV�

"

<<  < ! ��

352%,7 << & ;� ;��

810$.( #&2() %� %� %��

(468%�1$0( 25'352%� (4� ($� ($� (;%� " QRWH VXEVWLWXWLRQ RUGHU

0/�+,7(5 1�+&29 1%:� 25'352%�

������� 1HVWHG /RJLW

" 1HVWHG /RJLW XVLQJ 0/� LQFOXGLQJ H[DPSOH RI ,,$ 7HVWLQJ�

" 7KLV H[DPSOH LV IRU WKH VLPSOHVW QHVWHG ORJLW PRGHO� ZKHUH WKH WRS EUDQFK LV D FKRLFH EHWZHHQ DOWHUQDWLYH � �ZLWK

" FKDUDFWHULVWLFV ;�� DQG WKH ORZHU EUDQFK� 7KH ORZHU EUDQFK LV D FKRLFH EHWZHHQ DOWHUQDWLYH � �ZLWK FKDU� ;�� DQG

" DOWHUQDWLYH � �ZLWK FKDU� ;��� $OWHUQDWLYHV � DQG � DUH FRUUHODWHG� WKH LQFOXVLYH YDOXH SDUDPHWHU LV GHQRWHG ODPEGD�

" 1RWH WKDW WKH FRHIILFLHQWV RI WKH ORZHU EUDQFK PXVW EH PXOWLSOLHG E\ ODPEGD WR REWDLQ HVWLPDWHV WKDW FDQ EH

" FRPSDUHG WR RUGLQDU\ 01 ORJLW�

"

" 7KH OLNHOLKRRG IRU DQ LQGLYLGXDO REVHUYDWLRQ LV

" /2*/  '�� FKRVHQ�/��_;� � '�� FKRVHQ�/��_;� � '�� FKRVHQ�/��_;�

" ZKHUH '��� LV D ]HUR�RQH YDULDEOH GHQRWLQJ ZKLFK FKRLFH ZDV PDGH� DQG /�L_;� LV WKH OLNHOLKRRG RI WKDW FKRLFH

" FRQGLWLRQDO RQ WKH ;V�

"

" 5HIHUHQFHV�

" 0DGGDOD ������� S� �� �ZLWK ODPEGD ��VLJPD�� 0F)DGGHQ ������� SS� ������

"

" 6LPXODWH GDWD ZLWK � FKRLFHV DQG � ;
V� GDWD VDWLVI\ ,,$�

" &2167 1 ���� � " 6DPSOH VL]H�

603/ � 1 �

"

'27 � � � � " � FKRLFHV�

'27 � � � " ;
V DUH XQLIRUP UDQGRP YDULDEOHV RQ ������

5$1'20 �81,)250� ;�� �
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5$1'20 �81,)250� )� " LQYHUVH GLVWULEXWLRQ IXQFWLRQ

8�  �/2*��/2*�)�� � " IRU 7\SH , H[WUHPH YDOXH GLVWQ�

(1''27 �

<�  8� � " QRUPDOL]H FRHIV� WR ]HUR IRU �VW FKRLFH�

<�  �� � ;�� � ;�� � 8� � " FRHIV� DUH ��������

<�  �� � ;�� � ;�� � 8� � " FRHIV� DUH ��������

<B�  <�!<� 	 <�!<� � " \B�� \B�� \B� DUH D VHW RI GXPPLHV

<B�  <�!<� 	 <�!<� � " HTXDO WR RQH LI WKLV REV PDGH WKLV

<B�  <�!<� 	 <�!<� � " FKRLFH� ]HUR RWKHUZLVH�

"

" 'HILQH 1HVWHG /RJLW 0RGHO�
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"

7,7/( �0XOWLQRPLDO /RJLW XVLQJ 1HVWHG /RJLW /LNHOLKRRG
 �

3$5$0 %(7$�� �� %(7$�� �� %(7$� � %(7$� � �

&2167 %(7$�� � � " 2QH RI WKH LQWHUFHSWV PXVW EH VHW WR ]HUR�

&2167 /$0%'$ � � " &ROODSVHV WR 01 /RJLW PRGHO ZKHQ ODPEGD ��

0/ 1/2*,7 � " 7KHVH HVWLPDWHV DUH IRU WKH QXOO K\SRWKHVLV�

&23< #/2*/ /2*/� � " 7KH\ DUH HIILFLHQW LI ,,$ KROGV �ODPEGD ���

&23< #&2() %(7$( � &23< #9&29 9&29( � " 6DYH IRU WKH +DXVPDQ�0F)DGGHQ WHVW EHORZ�

"

7,7/( 
1HVWHG /RJLW 0RGHO ZLWK XSSHU EUDQFK �� �����
 �

3$5$0 /$0%'$ �

0/ 1/2*,7 �

&23< #/2*/ /2*/� �

"

7,7/( 
:DOG�W\SH WHVW IRU ,,$
 �

)50/ :$/'�,,$ ��/$0%'$ �

$1$/<= :$/'�,,$ �

"

7,7/( 
/LNHOLKRRG UDWLR WHVW IRU ,,$
 �

6(7 /5�,,$  ���/2*/��/2*/�� �

&') �&+,64�') �� /5�,,$ �

"

" +DXVPDQ�0F)DGGHQ 7HVW IRU ,,$ �GURSSLQJ ILUVW DOWHUQDWLYH��

" 1RWH WKDW SURF KDXVWHVW DGMXVWV IRU FRHIILFLHQWV WKDW DUH QRW LGHQWLILHG LQ WKH UHGXFHG �FRQVLVWHQW� PRGHO� �EHWD���

" )LUVW ZH HVWLPDWH WKH ORZHU EUDQFK RI WKH PRGHO� HVWLPDWHV DUH FRQVLVWHQW HYHQ LI ,,$ SURSHUW\ GRHV QRW KROG�

)50/ 1/2*,7� �/2*�680��� � <B�;%�1 � <B�;%�1 �

(468% 1/2*,7� 680�� ;%�1 ;%�1 �

&2167 /$0%'$ � �

6(/(&7 <!� � " 6DPSOH� VXEVHW WKDW FKRRVHV � RU ��

0/ �6,/(17� 1/2*,7� �

"

7,7/( 
+DXVPDQ�0F)DGGHQ 7HVW IRU ,,$
 �

&23< #&2() %(7$& � &23< #9&29 9&29& �

+$867(67 %(7$( 9&29( %(7$& 9&29& � " 6HH VHFWLRQ ������ IRU WKLV SURFHGXUH�
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������� 6ZLWFKLQJ UHJUHVVLRQ

" $ 'LVHTXLOLEULXP PRGHO� WKH REVHUYHG TXDQWLW\� <� LV WKH PLQLPXP RI WKH TXDQWLW\ VXSSOLHG �HTXDWLRQ �� DQG WKH

" TXDQWLW\ GHPDQGHG �HTXDWLRQ ��� 7KH VDPSOH VHOHFWLRQ LV XQNQRZQ� L� H�� IRU DQ\ JLYHQ REVHUYDWLRQ RQ SULFH DQG

" TXDQWLW\� LW LV QRW NQRZQ ZKHWKHU LW LV VXSSO\ RU GHPDQG FRQVWUDLQHG� 6HH 0DGGDOD ������� S���� ��������

"
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"

" 8VH 2/6 WR REWDLQ VWDUWLQJ YDOXHV IRU 0/ HVWLPDWLRQ�

2/64 < & 3 ;� �

810$.( #&2() %�� %�� %�� �

6(7 6,*�  #6 �

2/64 < & 3 ;� �

810$.( #&2() %�� %�� %�� �

6(7 6,*�  #6 �

"

" 1RZ GR 0/( RQ VZLWFKLQJ UHJUHVVLRQ PRGHO�

3$5$0 6,*� 6,*� %�� %�� %�� %�� %�� %�� �

0/ /2*/(4 �

������� 3RLVVRQ DQG QHJDWLYH ELQRPLDO PRGHOV

" 1RWH� DQ H[WHQGHG YHUVLRQ RI WKHVH H[DPSOHV� LQFOXGLQJ XVH LQ D SDQHO GDWD VHWWLQJ LV JLYHQ LQ RXU ZHE VLWH�

" 7KH OLNHOLKRRG IXQFWLRQ IRU D 3RLVVRQ PRGHO LV /  H[S��ODPEGD�L�� ODPEGD�L�\�L� � \�L��

"

)50/ /$0%(4 /$0%, (;3�$/3+$�%(7$;� �

)50/ ),6+(4 /2*/  �/$0%,�</2*�/$0%,� � /)$&7�<� �

(468% ),6+(4 /$0%(4 �

3$5$0 $/3+$ �� %(7$ ��� �

0/ ),6+(4 �

"

" 7KH QHJDWLYH ELQRPLDO OLNHOLKRRG IXQFWLRQ LV D JHQHUDOL]DWLRQ RI WKH 3RLVVRQ ZKLFK DOORZV IRU D YDULDQFH

" GLIIHUHQW IURP WKH PHDQ� 1RWH WKDW WKLV IXQFWLRQ KDV EHHQ VHW XS VR WKDW WKH VDPH UHJUHVVLRQ IXQFWLRQ

" �ODPEL� ZLOO EH XVHG IRU ERWK WKH 3RLVVRQ DQG WKH QHJDWLYH ELQRPLDO� 6HH +DXVPDQ� +DOO 	 *ULOLFKHV �������

" 6HH DOVR WKH GLVFXVVLRQ RI 5$1'20�1(*%,1� LQ WKH 763 5HIHUHQFH 0DQXDO�

"
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(468% 1%(4 /$0%(4 �

3$5$0 '(/7$ �� �

0/ 1%(4 �

������� %LYDULDWH SURELW PRGHO

7KH IROORZLQJ DSSUR[LPDWLRQ IRU WKH ELYDULDWH QRUPDO FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ LV XVHIXO IRU FRPSXWLQJ

WZR�HTXDWLRQ VHOHFWLRQ�W\SH PRGHOV�
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DSSUR[LPDWHV WKH IROORZLQJ &')

&')�;%��;%��UKR�  3U �H� � ;%� DQG H� � ;%��

ZKHUH (>H�H�@  �� (>H�H�@  �� DQG (>H�H�@  UKR �

,W LV MXVW D 7D\ORU H[SDQVLRQ DURXQG UKR IRU VPDOO UKR� %H FDUHIXO ZLWK WKH VLJQ RI ;%� DQG ;%��

7KH ELYDULDWH QRUPDO GLVWULEXWLRQ FDQ EH XVHG WR HVWLPDWH D ELYDULDWH SURELW PRGHO� IRU H[DPSOH�

)50/ 35�� &1250�;%��&1250�;%�� � 1250�;%��1250�;%��
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" %LYDULDWH SURELW
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"
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" 6WDUWLQJ YDOXHV IURP ELQDU\ SURELW
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352%,7 ';� & ; =�
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"

" :DWFK RXW IRU SUREDELOLWLHV WKDW DUH H[DFWO\ HTXDO WR ]HUR DQG RQH�

*(15 %9352%� 6(/(&7 A0,66�/2*/��

0/ %9352%�

6(/(&7 ��

0/ %9352%�

7KH WDEOH EHORZ VKRZV WKH DYHUDJH DEVROXWH HUURU RI WKLV 7D\ORU H[SDQVLRQ DSSUR[LPDWLRQ �$EUDPRZLW] DQG 6WHJXQ�

IRUPXOD ��������� EDVHG RQ ��� WULDOV
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������� +D]DUG IXQFWLRQ

" 7KLV ORJ�OLQHDU KD]DUG UDWH H[DPSOH LV D YDULDWLRQ RI WKH :HLEXOO PRGHO� 6HH /DQFDVWHU �� IRU IXUWKHU LQIRUPDWLRQ�

"

" 3�;�W� LV WKH FRQGLWLRQDO SUREDELOLW\ WKDW DQ LQGLYLGXDO ZKR LV HPSOR\HG DW WLPH W LV VWLOO HPSOR\HG DW WLPH W���

" 3�;�W�  ��>��H[S�;E � DW�@

" )RU D SHUVRQ ZKR EHFRPH XQHPSOR\HG DW WLPH 7� WKH OLNHOLKRRG IXQFWLRQ LV

" 3�;���3�;������3�;�7���>��3�;�7�@

" 7RVV VRPH VDPSOH GDWD� 7KHUH LV D VLQJOH FRYDULDWH [� QRUPDOO\ GLVWULEXWHG ZLWK PHDQ ]HUR DQG YDULDQFH �� $VVXPH

" WKHUH DUH QR WLPH�YDU\LQJ FRYDULDWHV �QR W WHUP� IRU GDWD JHQHUDWLRQ� 7KHUHIRUH WUXH YDOXH RI WKH SDUDPHWHU $

" �EHORZ� ZLOO EH ]HUR�

"
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603/ � 12%6 �
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"
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" 7KH SURJUDP EHORZ VKRZV KRZ WR DXWRPDWH WKH OLNHOLKRRG IXQFWLRQ FRQVWUXFWLRQ LI \RX NQRZ WKH PD[LPXP

" QXPEHU RI SHULRGV RI REVHUYDWLRQ�

"
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(468% +$=$5' 7(506 75,&.� " WKH WULFN WXUQV PRUH EDFN LQWR WHUPV

(1''27�

35,17 +$=$5' �

)50/ ;% %� � %�; � " ;E IRUPXOD �� XVHU�GHILQHG

" W LV WKH �GHSHQGHQW YDULDEOH�

)50/ /$67 7(506  ��

(468% +$=$5' /$67 ;%�

"

" 0D[LPXP OLNHOLKRRG HVWLPDWLRQ�

"
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