
E¢ ciency bounds for missing data models
with semiparametric restrictions, supplemental material: details of

calculations
This supplemental Appendix provides details of some of the more tedious calculations used to prove Theorem 3.1

of the paper �E¢ ciency bounds for missing data models with semiparametric restrictions,�by Bryan S. Graham.

G Details of calculations used in proof of Theorem 3.1
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is required (e.g., the penultimate

equation in Appendix B). This inverse evaluates to0BBBBBB@
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This, and similar calculations, give the penultimate expression for Ifm (�0) given in the proof.
The task is now to use the expression forM and V given in the proof to evaluate Ifm (�0) :We begin by evaluating
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We also have
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Putting these three expressions together gives (�L 
 IK)

0M2�

�
M 0
2�V

�1
22 M2�

�
M 0
2� (�L 
 IK)

K�K
equal to

MX
m=1

&mE
�
@q

@h0

����X2 = x2;m

�
E

"�
@q

@h0

�0 �
�

p

��1 �
@q

@h0

������X2 = x2;m

#�1
E
�
@q

@h0

����X2 = x2;m

�0

= E

24E � @q
@h0

����X2�E
"�

@q

@h0

�0 �
�

p

��1 �
@q

@h0

������X2
#�1

E
�
@q

@h0

����X2�0
35

= E
h
H0 (X2)�

h
0 (X2)

�1H0 (X2)
0
i
:

4



Next evaluate M 0
2�V

�1
22 M2�

M�J
as

0B@ �11rhq011 � � � 0 � � � �I1rhq0I1 � � � 0
...

. . .
...

...
. . .

...
0 � � � �1Mrhq01M � � � 0 � � � �IMrhq0IM

1CA

�

0BBBBBBBBBBBBBBBBB@

1
�11

n
�11
�11

o�1
� � � 0 � � � 0 � � � 0

...
. . .

...

0 1
�1M

n
�1M
�1M

o�1
0

...
. . .

...

0 1
�I1

n
�I1
�I1

o�1
0

...
. . .

...

0 � � � 0 � � � 0 � � � 1
�IM

n
�IM
�IM

o�1

1CCCCCCCCCCCCCCCCCA

�

0B@ �1r�q1
...

�Lr�qL

1CA

=

0BBBB@
PI
i=1 � i1rhq

0
i1

n
�i1
�i1

o�1
r�qi1

...PI
i=1 � iMrhq

0
iM

n
�iM
�iM

o�1
r�qiM

1CCCCA

=

0BBBBB@
&1E

��
@q
@h0

�0 n
�
p

o�1 �
@q
@�0

�����X2 = x2;1

�
...

&ME
��

@q
@h0

�0 n
�
p

o�1 �
@q
@�0

�����X2 = x2;M

�
1CCCCCA

5



and hence we evaluate (�L 
 IK)
0
�
M2� �M2�

�
M 0
2�V

�1
22 M2�

��1
M 0
2�V

�1
22 M2�

�
K�J

equal to

�
�
E
�
E
�
@q

@�0

����X2��
�
�
&1E

h
@q
@h0

���X2 = x2;1

i
� � � &ME

h
@q
@h0

���X2 = x2;M

i �
�diag

�
&1E

��
@q
@h0

�0 h
�
p

i�1 �
@q
@h0

�����X2 = x2;1

�
� � � &ME

��
@q
@h0

�0 h
�
p

i�1 �
@q
@h0

�����X2 = x2;M

� ��1

�

0BBBBB@
&1E

��
@q
@h0

�0 n
�
p

o�1 �
@q
@�0

�����X2 = x2;1

�
...

&ME
��

@q
@h0

�0 n
�
p

o�1 �
@q
@�0

�����X2 = x2;M

�
1CCCCCA

= �E
�
E
�
@q

@�0

����X2�

�E
�
@q

@h0

����X2�E
"�

@q

@h0

�0 �
�

p

��1 �
@q

@h0

������X2
#�1

E

"�
@q

@h0

�0�
�

p

��1 �
@q

@�0

������X2
#35

= �E
�
@q0 (X)

@�0
�
�
@q0 (X)

@h0

�
�h0 (X2)

�1�h�0 (X2)

�
= �E [G0 (X)] :

Similarly we have

M 0
2�V

�1
22 M

�1
2�

J�J
= E

"
E

"�
@q

@�0

�0�
�

p

��1 �
@q

@�0

������X2
##
= E

h
��0 (X2)

i

and hence M 0
2�V

�1
22 M2�

�
M 0
2�V

�1
22 M2�

��1
M 0
2�V

�1
22 M

�1
2�

J�J
equal to

�
&1E

��
@q
@h0

�0 n
�
p

o�1 �
@q
@�0

�����X2 = x2;1

�0
� � � &ME

��
@q
@h0

�0 n
�
p

o�1 �
@q
@�0

�����X2 = x2;M

�0 �

�

0BBBBB@
&1E

��
@q
@h0

�0 h
�
p

i�1 �
@q
@h0

�����X2 = x2;1

�
� � � 0

...
. . .

...

0 � � � &ME
��

@q
@h0

�0 h
�
p

i�1 �
@q
@h0

�����X2 = x2;M

�
1CCCCCA

�1

�

0BBBBB@
&1E

��
@q
@h0

�0 n
�
p

o�1 �
@q
@�0

�����X2 = x2;1

�
...

&ME
��

@q
@h0

�0 n
�
p

o�1 �
@q
@�0

�����X2 = x2;M

�
1CCCCCA

= E

24E"� @q

@h0

�0�
�

p

��1 �
@q

@�0

������X2
#0
E

"�
@q

@h0

�0 �
�

p

��1 �
@q

@h0

������X2
#�1

E

"�
@q

@h0

�0�
�

p

��1 �
@q

@�0

������X2
#35

= E
h
�h�0 (X2)

0�h0 (X2)
�1�h�0 (X2)

i
;

6



which then gives M 0
2�V

�1
22 M

�1
2� �M 0

2�V
�1
22 M2�

�
M 0
2�V

�1
22 M2�

��1
M 0
2�V

�1
22 M

�1
2� equal to

E

"
E

"�
@q

@�0

�0�
�

p

��1 �
@q

@�0

������X2
#

� E
"�

@q

@h0

�0�
�

p

��1 �
@q

@�0

������X2
#0
E

"�
@q

@h0

�0 �
�

p

��1 �
@q

@h0

������X2
#�1

E

"�
@q

@h0

�0�
�

p

��1 �
@q

@�0

������X2
#35

= E
h
��0 (X2)��h�0 (X2)

0�h0 (X2)
�1�h�0 (X2)

i
= Ifm (�0) :

The result then follows directly.
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