Detailed derivations for omitted proof steps

This appendix includes tedious algebraic details of the various proofs outlined in
the Appendix to the main paper and the Supplemental Web Appendix. In what
follows ‘main appendix’ refers to both of these appendices. Equation numbering
continues in sequence with that established in the main text, its appendix, and the

supplement.

Details of derivation of limiting variance of IPW estimator (Proposition 2.1) To derive (55) we first
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Equation (56) may be derived by noting that
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where the last line follows from the fact that
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with the second equality making using of the fact that E[Ss| X] = 0.

Details of derivation of limiting variance of IPT estimator (Theorems 2.2 and 2.1) To derive (30) we

first compute the inverse of M as
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which gives an upper-left-hand block equal to
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We can rearrange the off-diagonal blocks as follows
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Proof of Lemma A.1 Define the partition
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with M (8) partitioned similarly. Note that V32 (8) = —Ma22 (8) and V33 (8) = —Ms32 (8), equalities that will be

exploited below. Using the partitioned inverse formula we get
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Details of derivation of asymptotic variance of three-step AIPW estimator

using the partitioned inverse formula and tedious manipulation to compute V~1 :
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To derive (64) we begin by




Equation (93) then follows after exploiting the additional equality (cf., Henderson and Searle, 1981, Eq. 17).
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Note that this corresponds to equation (70) in the main appendix after noting that Iy = I(6) 'E [%Ltw’] and
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(M'VIM) T Myt
T (E [%] — E,F;'E, ) I~V 4+ T-1A,T (6) ' E [%mp'] I~V T-1A,T (d)
= (50) [Gltw/]r 17 1(50)71
r (B [%ﬂ]waFleﬁ))ﬂ I (B[] -F 1E’)71EWF,;1 0
| o] Gl -mrmn)” sge] (] -mrn) Bt
{F—l(]E [ﬂ’—éﬂ] —E, F*lE')F L 1sz(5o)—1E[% w]r 1'}F’ (E ﬂ’—] EijlEsz1
- I AT (60)- [le]( [_ép_] 1E,>,
0

f{r—l (E [%] EJFS 1E’)F U4 PoIALT (80) L E [ 1t1//]1“ 1/} '(E [%/)_] 7EWF51EL)71EMFJI
1T 1ALT (80) ' E [%mp] (E[ w] 1E’)71EWF51

“TLALT (50) 7"
~Z(60)~"

! I E,F;Y T 1A, Z(8) !
_ , (95)

- 0 0 —Z(60)7 !

which gives (71) of the main appendix after noting that E,F;! =TIy and A, = 0 under Assumption 2.1.



Using this result we compute the limiting variance of the three-step AIPW estimator as
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The upper-left-hand block of this matrix may be manipulated further as follows:
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Detailed calculations for proof of Theorem 3.1
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Details of 77 pr stochastic expansion Equation (39) in the main appendix follows from the fact that
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Equation (41) in the main appendix follows from the fact that
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Rearranging the two off-diagonal blocks in the expression above yields
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which is mean zero if IT4 = IIp. The upper-right-hand block can be rearranged as follows:
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The this equality follows from the fact that I'~1F [%wt’] m.r-v =r-1g [%qt’] II.T—Y. The second term to
the right of the last equality is identically equal to zero if ¢ = II.t = Ilpt. Putting all these results together yields
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Using these results we can show that (44) in the main appendix follows from the fact that
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The first K rows of which equal (44) after making additional simplifications due to the equality ¢ = II+t = Ilgt.

Details of ¥arpw stochastic expansion Equation (72) in the main appendix can be derived as follows.
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Multiplying out we get
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where we recall that [Ig = E [%L'L/Jt'] T (6)" L.
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Now using the expression for V~1 given in (93) above we have
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We can simplify this expression further. Note that
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and also note
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Substituting into the expression for L given above yields
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Under Assumption 2.1 we have Ay, = 0, II,, = I, Ilg, = Ilg and Z (yo)~} = I'! (E [wg] - EijlE’w> r-v,
After imposing these equalities we get (72) of the main appendix.

Equation (73) follows from the fact that

R P PP [ I
—BlE[Ai¢] = — E m;
H L (M; — M) & -L
-( H(M; = M) =Y (M; —M) + HE ) ( —H> ]
=—-K mg
L\ L(M;—M) H (M- M) +L& -L
7_E_ —H(M; — MYH + Y (M; — M)’ L — H& L |
; ~L(M; —M)H — H' (M; — M) L — L& L '

[ —HM;H +YM/L - HEL
= —E m;
~LM;H — H'M!L — L& L

where we use the fact that m; is mean zero.
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Equation (74)

of the main appendix follows from the fact that, using (57) and (71),

D oy(B DG
8% &G
0 -LCw
0 J
D
rekld
T, Rt “1ALT (80)~ (DG )
D 1)t
0 —T(50)"" D‘iG
ca-o Gt
%ag’\(ﬁ)rfl Daw(ﬁ)l—* 11, _%511’(5)1—\ 1A I (80)~ 1+gG1,¢t/I(5O) 1 %w
1 D
0 0 DGLT (50)” (5 - 1) ¢
0 0 —JT (80) " gy Gt
15} _ 9 15
S LAy - 2 (L -1) BTt - B2II AT (60) 7 Py Gut + B G VT (50) 7
G
%Fltt’I(éo) 0(1 G)Glt
—JI((50)71 ca= G)Glt

recalling that II, = E,, F;l.

Using (71) in the main appendix we then get

Ffl
0

A

HE [M;Hm;] = (

F_l

-1, Fr;!

D 99(B) p—1
T LA

T 1ALZ (80) 7t

0 ~T(d0)"
(5

)

9 —
FoHPT -8

LT (50)7*

—JI (80)" 1 2

G(l G)Glt

G(lfG) Gt

S PAr-ty 112 (8 -1) AL
fr—lgag—s,@r—mwz(ao)*l %5 Gt
AT G E T (50) ! G G)Glt
T B F; BT (60) a(1 &y Gt
+T1ALT (60) "L JT (80) 7t G(l G)Glt
I (80) I (80) ' GGy Gt
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Manipulating the first K rows of this expression we get

B[ Oy D (D) 2,
Y

G2 oy a \a
(1D (B) 4 1 D-G ]
—E|lr ==X ALT (6 ——— Gt
G oy (%0) ca-a) "
[ D G4 _ G
E|T'™ 1—— t'T 7Gt
+B [P 2 BT o) G sG]

-E r ‘B F 12G—ttz(50)

+E (DAL (60) "L JT (80) 71

GG G(l—

G- )

LI
o'

S 1) P

=B 5 ! (¢ — ut) +
(-1 D 9% (B) 1

fE_l" G 5y AT (80)~ 55}

+E|T- 12G1¢t2(5) 155}

D
-k r*lnwa%tt’zwo)*l 55}

+E r—lAwI(ao)*l JT (56)~ ! 55]

_ 110 B) 1,
= {r = 87 (¢ — TIt) +
L DWB)

E[ E a' AT (80)~ sg}
+E{r 1DG1 (¢ — TI,t) '1(50)*155]
+E[ “1ALT (80) 1 JT (60)~ 155]

o [10v8)
) [ETF 1(¢7nwthwz(50)

109 (8)
T o

| R 1

—1 “1p [OV(B) 1
35)}+r E{—a’y/ r Hwt}

+IE HDGl (i — Tt )t'+sz(50)*u}z(5o)*1sg} )

G G

Observe that if Assumption 2.1 additionally holds we have Il t = ¢ and A,, = 0 so that the above equation simplifies

to

1 (B

I 'E
{Ga'

(g — Hwt)} +T7IE [
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Equation (75) of the main appendix follows from the fact that, using (57) and (72),

—
=
=
N
=
J
| o o
&
&
EDj
N—
|
N
>
N
|
-
=
Qe
<
/;J\
SR I
| =
&
=
Q|§
&
~_
|

w

- (E [%L] 7EMFJIE[,J)71HSW Dy

1T, (E [%/’—] 7EWF51EL)71HSW ) ( (g - l)t ﬂ
L=C gt
Ga-ag) 1

0 0
=P [( JIT (E [M] - EWFJIE[‘,>71 —DSGy pt — JT(50) B [%tt’] (Fw —E.E [

5 () (o[- .

Y (E [M] B Ewa_lEi))_l Mg, — 2 SLa, (E [E/’Gi] - EwFJlE[u)_l s,

B () (e[] - moren) sy
s I, (B[] - morte) ™ B
T | B (B 1) smen e[S (rome[] )

’ —1
DGy (yp — T,t) (E [%—] - EijlE’w> M. 225Gt
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Using the definition of T given in (70) we then get the first K rows of TE [M{Lml] equal to

/
- (r*l (E {%} E F;'E! ) r-v +F*1AWH’SF*1’

JIT (E[
~ LG uwrst (B -1)t—JT (o)

L&ty -ty (E [

1 Dy
] — E,FS E') Dy
+T7 AL (80)  E

1 - D—G
] EoFs E') M 2S5 Gt

If Assumption 2.1 also holds the above simplifies to

71—(70)_115 [g (g—jﬁ) A71H535:| .

Our derivation of (76) begins with the observation that

HE[¢;Lm;] = HE [(v V4 ZMHM {8\/;;50): e;dn) Lm,}
E[(Vi — V) Lm;] + HE { ;leM E av@—ﬁ(’f‘))] egdanz}
e
BViLmi] -3 HE [WTB(SO) E [¢!, Hm; Lm;)]

First consider the second term in the last line above. Note that

E [¢} Hm;Lm;] = B [m}H'eqLm;]
= LE [mim;] H'e,
= LVHe,
= (v —vaiM (v TiM) T v vyt (v ) T
= (M'VTIM) T MV v (M M) T MV M (MY ) Y
= (M'VIM) T MV vt (M VM) T
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Now consider the second term, HE [V;Lm;|. We start with the calculation, using (57), (58) and (72),

E [V;Lm;]
Sy Zwpt’ 0
=E wtap’ vwit' 0
D G
0 D&y g
0 0
x 0 it
’ ’ 1 -1
W, (B[%] - BFS'EL) —T(60) ' B[Gtt] (F - BB [4¢] Ew)
) _
- (B[%¥] - BuFs'EL) Taw Dy
I, (B (%] - BuFG'EL) Ts. (B-1)¢
D
0 G G)Glt
0 Lyt Fyt
) 0 vwtt! ;1
- 1 —1
—Ji, (B [ﬂ’—éﬂ] 7EWFJIE[,J> DGt F Y+ JT (80) B [%Ltt'] (Fw —E.E [%] Ew>
—1 -1
~ vy (B[44] - B BL) s + Buyt'TL, (B [44°] - BLFG'EL) s, Dy
—1 -1
Dt (]E[”’ ] EoF; 1E') s, + vwtt'IL, (E [%] E.F5 1E') M., (g— )t
DG ’ 1 -1 D-G
D Gy, (E [%] EoFs E') I, P=CsGat
[ Loyt 1 (2 - l)t
’ —1 ’ —
~ Dy (E [ﬂ’—éﬂ] 7EWFJIEL> Mo 52=%5 Gat + Bwyt'TL, ( [%]7EWF51E;) s, 52=%5 Gt
vott' F;' (B - 1)t
_ —1
_E ~Buty' (B[LY] - BuFS 1E') s P=SrGat + vt T, (B |44 | - BuFS'BL) Tsw Py Gt
1 —1 py
I, (B[] - BR EL) R .
71 -
DGwrst (B -1)t+JT(0) " E[Ge] (Fw - BB [4¢] Ew) (5-1)t
DG 1 - D-G
I SSGuwm, (B[4 - BFs E') 1y, 2=%Gat
Using the expression for H given in (71) we get the first K rows of HE [V;Lm;] equal to
i QWt'F;l (2 —1)t
! - ’ -
o (B[] - ) iy B, (5[] - ) s iy
vwtt' Fy L (2 — 1) t
—T'E,F;! N “ <G .
gt/ (E[ ] Bt 1El> s =gy Gt + vwtt'IT, (E[wG ] EuFo 1E,> Use 506y
-1
-1 D
(5[] - ) " 22
_ 1 -1
—T71ALZ (d0) Lo wr;! (% t+ JI (80) " [Gl tt] (Fw —E.E [wg’] Ew) (g - 1>t
, _
2Guwm, (B[4¥] - BuFs YBL) T M, B Gat
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Under Assumption 2.1 the final term is identically equal to zero and the remaining two terms simplify as follows:

_ D 1 (D
I l]Ef |:w{5¢—uﬂot}t'F0 ! (5 —1) t:|
. [D 4 D 1
-T'E [aww’A IIgSs — Eo.m/} (Toto)’ A~ TI5S;s

D
+ T MIE {Ewtw'/\_ll_[ss,; — vwt (Tlptg)’ A‘lﬂsS(;}

=T 'E |:w {gzp - VHot} t' ! (g - 1) t}

(D (D !
—-TI7E Ezp <5¢—w1'[0t0) A~ IgS;s

D
+ I 'B EwnotlﬁIA71H555 — vw (Igt) (Hoto)l A71HSS(5:|

_ D . (D
=T7E [w{awfuﬂot}t'Fo ! (5 71> t}
[D D !
—T7E | =9 | =9 — wllpty | A IgS,
_G¢(G¢ w 00) s 5}
—1 [ D / —1
+T7E|w (6 711) ptt' TIp A HsSgi|

D D
=T IE |:w (5 - u) (5 - 1) tt’Fglt}

D D !
5¢ <5¢ - wHoto) Aflﬂssa}

.

+ I''E |w (g — I/) HottlH0A71H555:| s

as given in (76) of the main appendix.
We now turn to the derivation of (81) in the main appendix. We begin by establishing some preliminary results.
For ¢ =1,..., K we have, using (57) and (58),

82_w] _ [ﬁﬂ /]
E |:B’yq8’y B G a’yqt

OM;
E = 0 0 )
5]

0 0

while forg= K +1,..., K +1+4+ M we have

E[*%gff/tq_x] E (2 (%>27%) Wty
| 0 e ).

0 E [0J; (6) /064—K|
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Using these results we can derive equation (81) as follows. Using (68), (80), (78) and (79) we get

B~1 T
- B[S 0B
B*l

T

=TTy 2y ByE [$i¢7] eq

B! KH1EM ( HQH' ) B! K+2(1+M)
_B e 2

> 5 HOQL
_ _ K+14+M+q eq
2 el 2 el L+F(@Q-V)F

2 q=1

/
_ EZK+1+M 0 E[%—X;] ( HOQH' )eq

B[S 0 LoH
q
Pmy_g_1-m(Zi,
_~_B*1 K+2(1+M) E{ i Ifgﬂ;,ﬁ/M( B)} 0 HQL'
2 a=1 0 0 L+L(Q-V)L
oM
2 o (B[ s
= eq
2 =1 E —’L%%‘[']HQH’
q
Pmg k1 m(Zi,B)
LB sasacn (B SRS el )
2 q=1 a
0
! ’
i ~TE |55 | LoH’ + HE | 55x| mon’
= = e
2 g=1 e [OM] / oM / a
H'E |55 | LOH' + LB [ G5t | HOH
%mq(Z,8) /
1 ZK+2(1+M) ~TE agaﬁl HQL
-5 — 2 R €q,
2 g=1 H'E [} 'fgﬁgég?ﬁ) HOQL'

which gives (81).

To calculate (82) we first compute, using (63), (71) and (72) and taking advantage of simplifications due to
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Assumption 2.1 ,

G Fo— E.E ﬂ’Gi]*le)il
_A-Ig E [%] Eo E [%¢t’] r-v 0
myA—1TTg | x By R B[Gw] | x| —mrov 0
0 E [%tw'] E [%tt’] 7 (8) 0 ~T(80)"
A IGE [%Ltzp’] A IGE [%ltt’]
F By + A~ TIsE [ Gt P\ Fo + THA~ TIsE [ et |
- A~ B [ 4] A1 Eo
7o) 8 [Ger] (Fw BB [%']*1&)*1]% 7 (50) 7 B [Srer] (Fw — BLE [%”]AEW)AFO
—A71HSI((50)
F;E [%Ltt'] + I A~ IS (o)
A~ E [ Gt
(d0)

PN
B[ G| (waE’wE (4] Ew) B[Gu] )

r-v 0
x| —mr-v 0 )
0 —T (8p) !
“AIgE [%J-w'] r-v
+A-TIE [Qltt'] P

FZ'BgDY 4 A B [ Gy | T

—F3 ' FpITy D=1 — T A~ 1H5E[G1tt]H r-v )
( —1ip [#'] p- -

A E[—g—]r 1/72(50)*11@[—(}1&#] (waELE[

1 -1
27 E) B
—1 -1
CIGA B Y 4T (60) B [ G (Fw - ELE % Ew) FoIl, T~V
A_ll_[s

_F;'E [—ltt] (60) " — I, A~ 1TIg
~I,AIE [%Lw] T (50)
+I(50) 'E [ﬂtt'

2] (FW—ELE [%]71Ew)71E[%tt/]I(6o)*l )

0 A-1Ig
0 —F;'E [—tht'] T(d0)" " — THA~ g
/ —II A I
(A8 [ 7Y - oA~ BoTlpr—) ( VI (30 B[] (Fw - BB %] Ew)fl B [Ser] 7 (50)~ )
0 A~ Ig
0

_FS 1E[G1tt]I(60 ~1_mA-lg
T AL
- )
+7 (80) E[

=g (Fw— B %/’—] Ew>1E[%ltt’]I(5o)1)



We can get a further simplification by observing that, by Henderson and Searle (1981, Eq. 17),

r7—1 / -1
(Fw —EE {wg } Ew> =F;'-FJ1E) ( [W } +EF; 1E’) E,F;1

= F;1 + AT,

This gives

-1
_ _ G1 v G1 _
—A Mg +Z(80) *E|—=tt'| | F, —ELE | Z==—| E., E|=tt| T (0)""
5 s +Z(do) {G } ( " { a e (d0)
= T4 A Mg +Z(60) ' E Gy (F7t + oA o) B [Cz; } (o)

= A Mg +Z(80) ' B %tt’ F'B {%tt}I(éo)’l

() 1B [Cg it H’} AT'E {%Hott’} T (60)~ !

=Z(8) 'E {%tt’} F;'B %

tt'| T (80) "1

Similar arguments give

—F;'E {%tt'} T (80) "t —IIHA™ I

- F;'E {&tt’} T (60) ! —TIHA'E [ﬁwt’} T (60)~ !
G G
— (F7t + IpA™ o) E [%tt} (60) 1

In the end we have

0 A_lns
LOH' = 0 - (F;l T H6A*1H0> E [% ] T (50)
M,r=Y  T(5) ‘B [%tt'] F;'E [% ] (80)~"

Using this result, (70), and the expression for E [ ] (for g =1,..., K) given above we can then derive equation
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(82) by multiplying out (maintaining Assumption 2.1 throughout)

TE } LOQH'

0 B [2%]
W,T—Y I (5)"" B[S 2]

X

G
MDY T (o)™ B[ G| F5'B [ Gu

a2

!
—17 _ 71 G Bw
E ’Y] Z(%) [ G 9vq

Ovq 0y

E
[
( (e e
[
¥

Ovq0v

0 I VE [2L] At - 7 (50) B [ 22v]

0
0
] Z (60)~"
'] 760
0
o] oo

I(vw) 'E [8—1&—] Ao

The negative of the first K rows of this matrix give (82).

0
0
mr-v

Aflns

A_lns

_ (Ffl +IT A_ll'[()) E [ﬂtt’] I(éo)_1

Z(80)7"

Similar calculations give (84). Using the expression for E [BM ] (forg=K+1,.
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get

TE

} LOQH'

0
S0 T (50)7

i
Gy, K] 0 0

!/

B[-2
9 %L ,_z)wttq K}I E[<2(%l)27%2)tt’tq,[<} E[8J; (8) /064—K]

e
[
( poi
i |
|

X

— (Pt AT ) B[ Ghar'] 7 (50) !
MGTY T 60) 7 B[ G| FB[Ge] T 60

~T(10) B[S 2ty x|

!/ 2 !
"’ff, tq,K] +I(50) 'E {(2 (%) - %) wt’tq,K:|
0 0

I(60) 'E Kz (%1)2 - %2) tt’tq,K}/ T (80) "B [0J; (6) /06, x]

_H/ IIE

_G1
G

0 A_IHS
x 0 - (F;1 + H{JA*IH()) E [% ]1(50)
MDY T(s0) B[ G| F5'E [ G| T(00)~
_ 0 —I('yo)’lE[GGl 20ty K] A-Ig
(Not Needed) (Not Needed)
D _
_ 0 —T (7o)~ E[Ga—;ﬂsgq K] A-1IIg
(Not Needed) (Not Needed)

the negative of the first K rows of which give (84).

To calculate (83) of the main text we first need to evaluate, using (63) and (71) above, as well as simplifications
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due to Assumption 2.1,

HQH'
-1 -, 0
0 0 —Z (8p)7 !
E (4] Bo  E[Gut] r-v 0
x B, Fo E [%tt'] x | mer—v 0
B[Guw] B[Gw] T 0 —T(5)""
[ DB -rMeEy TUE0-TMIoRy OB [GRr] - DoioE (G|
~T(50)'E [%mp'] ~T(50)"'E [%tt'] Y
-1 0
x | —Mmer-v 0
0 —T (69)" 1
[ TE[Y] -rimeEy 0 0
1T ~T(80)"'E [%Ltt'] Y
r-v 0
x | —mer—v 0
0 -7 (50)71
rB [4] Pl - r Y 0
—I,D-Y 4 T(5) ' E [%tt’] oI~V T (8)"
[ Tt 0
0 T (60)~ L
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Using this result we can get (83), using the expression for E [ ] (for ¢ =1,..., K) given above,

OM;
0B84

e

£a] sle
_r- 1H0 0 E[O’yqa’y E G 0
}HQH' =

0 0
T (y0)™* 0
Z(60)""

("
(7
(sl e ), (rw o)
("
-

0 0

87 OW]I(’}’O) 1 r'E [%Lﬂ-t'}z(ao)*l )

= 1E aa, 87]1(70) 'TITE [%Tws] (60) " )
0

the first K rows of which equal (83).

Equation (85) follows similarly. Using the expression for E [E)M ] (forg=K+1,...,K+14 M) given above

we have
2
B~ 2% k] B|(2(2)"-%) v«
OM; , r-! —r-i 0 2
HE HQH' = 0 E (2 (ﬂ) —ﬂ>tt’tq,K
9B 0 0 —Z(%)"" ) @
0 E [0J; (8) /964—K]
T (o)~ 0
X
0 T (60) 1

sl s |(2(8)" ) vrien] roms | (2(8)" %) ]
0

-7 (50)71 E [&L (9) /85(1,[(}
0 T (60)” 1 )

X
/\/\/-\/\/-\/—\/—\/—\
N
)
S;

[ rE [—Gka—f—t 0 )

T (60) "' E [0J; () /964—K]

Z ()"
X
0 Z (%)t
(- 11[5[%18—;215 K] Z(20) 0 )
~Z (80) " E[0J; (6) /884—K ] T (60) "
(T B[54 SquiK]I(vo)fl 0
0 ~T (0) " E [0J; (8) /06,41 ] T(60) " |
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the first K rows of which equal (85).
Equation (87) follows from the fact that for ¢ =1,..., K

2%y 0% 4/
[ FmaZ) de= alk-ad
W\ )] sl -#)e] )

so that, using other results derived previously, we can multiply out

2
1 | M Z”B)}HQL’
ERE)L
Gy v
i : s[f] el
- 2
,r—Y T (5)"" E{%lt } [(2 (%L) 7%2>tt’1/;q}
0 g
X
A~ —TT (Fjl—f—A*lHO) I, F5 Mg
_ 824y — o
Z60) B | 28 ~T(0) B[S 2]
- 8 _ 8 / _ a _ 2
1'15 ay;"g} ~I(%) 'E %t(aij” ~ILTVE [ G- 5] + 2 (%) E[(2 (%) —%)twqt’}
0 I 10
X
A~ —TT (F;1+A—1no) T, 5 Mg
[Gl qut]H’A 1
(Not Needed)
oY —1 —
T(h0) B[ G Gr ] s (F5! + A1)

(Not Needed)

_ a2 _ _ ) _
I(v) 'E {awgﬁz} I ls —Z () 'E [%al{lt’] Iy F; ' TIg

(Not Needed)
noting that

G1 8Tllq
G Oy

| At =~z (o)t | g

-T 'E SE| AT
(v0)™ { G oy 5} 5

we then get (87) as claimed.

We calculate (88) similarly. First note that, for g = K +1,..., K +1+ M, we have

5 {a2mq mm} _(° 0
8Bos’
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Multiplying out we then get, for g =K +1,..., K +1+ M,

82771(1 sz /3)
opos’

0 0 0
= 7 (5)"" ) “1 o E{(Z(%)zf%)tt’tq}

0 g
X
A~ —TT (F;1+A*1H0) I, 5 Mg

TE } HQL

Qe o

0 I *HEKQ( )2—%)&,}4

0 g
A~ —TT (F;1+A—1H0) T, 5 Mg

0 0
(Not Needed) (Not Needed) (Not Needed) ’

the first K rows of which equal (88).
We also calculate (89) similarly. First note that, forg= K+1+M+1,...,K+2(1+ M), we have

EaCAL 0
= . .
opop’ 0 E [%55#7}(717”{]
Multiplying out we then get, for g =K +1,..., K +1+ M,

*mg (Zi, B)
oBop’

T (y0)™* 0 0 0
X o2
LDV T ()7t 0 E[msts,quﬂfM]

TE } HQL'

X

0 r—1g
M A—L  —TI (FJI—I—A*lHo) I F5 Mg

i
¢
(i
( 0 T(60)! [assjséww] )
[
(o

0 r—1g
T, =0 (F T A 1H0) I F5 Mg

0 0
Not Needed) (Not Needed) (Not Needed)

the first K rows of which give (89).

To get the overall bias expression for the class of three step AIPW estimators given in the statement to Theorem
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3.1 we note that

1

— FTE |:g’(ﬁ (— - wnoto) 1H555:| + —E |: (g — l/) Hott/H0A71H555:|

.

:—F—E quA MgS +P— w= wt A A" IgS, +—E = — v ) Ot TIpA " I g S,
N 5 N ollo S5 G sSs
-1 7 -

=—-__FE qu A 'gSs| + — MotthTIHA~ 1585 | + —]E = v Hptt'TIgA ™ g Sy
N N G
r-1 7 _ D _

= 7TE —zww’A 1H555} [ 2G )HottOHO 11‘[555}
r-1 7 r— D D 1 _

= 7715 {mp MottpIlh } A~ 1H535} + TE Hw (5 - u> +3 (w — 5) } MotthIIHA 1n555}
r-t o 4 F*l D D 1 P
-1 7 D _1 r-t D 1 17 A —1

Using the last equality and the expression for Cr, Cnr1 and Cnr2 given in the main appendix then gives the result.
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