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Consider a single matching market composed of two large populations of, for concreteness,
women and men. For each woman and man we respectively observe the discretely-valued
characteristics Wi ∈ W = {w1,, . . . , wK} and Xj ∈ X = {x1, . . . , xL} .1 The K types of
women and L types of men may encode, for example, different unique combinations of years-
of-schooling and age. While K and L are assumed finite, they may be very large in practice.

Observationally identical women have heterogeneous preferences over different types of men,
but are indifferent between men of the same type. Specifically female i’s utility from matching
with male j is given by

U
(
Wi, X

j, εi
)

= α
(
Wi, X

j
)
+ τ

(
Wi, X

j
)
+ εi

(
Xj
)
,

where α (wk, xl) is the systematic utility a type Wi = wk women derives from matching with
a type Xj = xl man, εi (Xj) =

∑L
l=1 1 (X

j = xl) εil captures unobserved heterogeneity in
women’s preferences over alternative types of men, and τ (wk, xl) is the equilibrium transfer
that a type Xj = xl man must pay a type Wi = wk women in order to match. Transfers
may be negative and their determination is discussed below. Here 1 (•) denotes the indi-
cator function. Since the stochastic component of female match utility, εi (Xj), varies with
male type alone (i.e., his specific identify does not matter), women are indifferent amongst
observationally identical men. A similar restriction on male preferences ensures that the
equilibrium transfer, τ (wk, xl), depends on agent types alone.

A women may also choose to remained unmatched, or ‘single’, in which case her utility is
given by

U (Wi, εi) = α (Wi) + εi0.

1The subscript ‘i′ denotes a generic random draw from the population of women, while the superscript
‘j′ one from men. See Shapley and Shubik (1971) for the theory of one-to-one matching with transfers.
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Table 1: Feasible matchings
W\M Single(x0) x1 · · · xL

Single(w0) - q1 −
∑K

k=1 rk1 · · · qL −
∑K

k=1 rkL -
w1 p1 −

∑L
l=1 r1l r11 · · · r1L p1

...
... . . . ...

...
wK pK −

∑L
l=1 rKl rK1 · · · rKL pK

- q1 · · · qL

Notes: Let rkl ≥ 0 denote the number of k-to-l matches. Feasibility of a matching imposes
the K + L adding up constraints

∑L
l=1 rkl ≤ pk for k = 1, . . . , K and

∑K
k=1 rkl ≤ ql for

l = 1, . . . , L.

Men also have heterogenous preferences. Man j’s utility from matching with woman i is
given by

V
(
Wi, X

j, υj
)

= β
(
Wi, X

j
)
− τ

(
Wi, X

j
)
+ υj (Wi) ,

where β (wk, xl) is the systematic utility a type Xj = xl men derives from matching with a
type Wi = wk woman and υj (Wi) =

∑K
k=1 1 (Wi = wk) υ

j
k is a heterogenous component of

match utility. Here τ (w, x) enters with a negative sign as we conceptually imagine men ‘pay-
ing’ women (recall that transfers may be negative). The utility from remaining unmatched
is

V
(
Xj, υj

)
= β

(
Xj
)
+ υj0.

Preference heterogeneity ensures that, for any given transfer function τ (w, x) , observation-
ally identical women will match with different types of men. If the support of the hetero-
geneity distribution is rich enough all types of matches will be observed in equilibrium.

Let ε = (εi0, εi1, . . . , εiL)
′ and υ =

(
υj0, υ

j
1, . . . , υ

j
K

)′
. I assume that the components of these

vectors are independently and identically distributed Type I extreme value random variables

F ε|W (e|W = wk) =
L∏
l=0

exp

(
− exp

(
− el
σε

))
(1)

Fυ|X (v|X = xl) =
K∏
k=0

exp

(
− exp

(
− vk
συ

))
.

Assumption (1) is slightly more general than that maintained by Choo and Siow (2006a,b)
who additionally impose the restriction σε = συ. 2

2Graham (2011) considers the case where F ε|W and Fυ|X are left nonparametric.
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Equilibrium

Let αkl = α (wk, xl) , αk0 = α (wk) , βkl = β (wk, xl) , β0l
= β (xl) and τkl = τ (wk, xl). Let θ

be a vector of model parameters – to be more precisely specified below – and τ a KL × 1

vector of transfers. The total number of type k women is given by pk, that of type l men by
ql. Let p = (p1, . . . , pK)

′ and q = (q1, . . . , qL)
′.

Denote the probability, given a hypothetical transfer vector τ , that a type k woman matches
with a type l man by eDkl (θ; τ). The probability of remaining unmatched is eDk0 (θ, τ) =

1 −
∑L

l=1 e
D
kl (θ, τ) . Under the Type I extreme value assumption we have for k = 1, . . . , K

(McFadden, 1974):

eDk0 (θ, τ) =
1

1 +
∑L

n=1 exp (σ
−1
ε [αkn − αk0 + τkn])

eDkl (θ, τ) =
exp (σ−1ε [αkl − αk0 + τkl])

1 +
∑L

n=1 exp (σ
−1
ε [αkn − αk0 + τkn])

, l = 1, . . . , L.

Total ‘demand’ for type l men by type k women is therefore

rDk0 (θ, τ ,p,q)
def
= pke

D
k0 (θ, τ) (2)

rDkl (θ, τ ,p,q)
def
= pke

D
kl (θ, τ) ,

which, after some manipulation, gives

σε ln

(
rDkl (θ, τ ,p,q)

rDk0 (θ, τ ,p,q)

)
= αkl − αk0 + τkl. (3)

For l = 1, . . . , L we get a conditional ‘supply’ of type l men to each of the k = 1, . . . , K types
of women equal to

rS0l (θ, τ ,p,q)
def
= qlg

S
0l (θ, τ) (4)

rSkl (θ, τ ,p,q)
def
= qlg

S
kl (θ, τ) ,

where

gS0l (θ, τ) =
1

1 +
∑K

m=1 exp
(
σ−1υ

[
βml − β0l

− τml
])

gSkl (θ, τ) =
exp

(
σ−1υ

[
βkl − β0l

− τkl
])

1 +
∑K

m=1 exp
(
σ−1υ

[
βml − β0l

− τml
]) , k = 1, . . . , K,
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so that
συ ln

(
rSkl (θ, τ ,p,q)

rS0l (θ, τ ,p,q)

)
= βkl − β0l

− τkl. (5)

The transfer vector, τ , adjusts to equate the KL female ‘demands’ with the KL male ‘sup-
plies’ so that in equilibrium

reqkl (θ, τ
eq,p,q) = rDkl (θ, τ

eq,p,q) = rSkl (θ, τ
eq,p,q) , k = 1, . . . , K, l = 1, . . . , L, (6)

with the ‘eq’ superscript denoting an equilibrium quantity.

Let

γkl =
αkl + βkl − αk0 − β0l

σε + συ
, λ =

συ
σε + συ

.

Imposing (6), adding (3) and (5), exponentiating and rearranging yields

reqkl = (reqk0)
1−λ (req0l )

λ exp (γkl) (7)

where I let reqkl = reqkl (θ, τ
eq,p,q) to economize on notation. See Graham (2013) for a fixed

point representation of the matching market equilibrium. The set of feasible matchings is
depicted in Table 1.

Estimation

Let i and j index two independent random draws from the equilibrium distribution of
matches. Let

Aklmnij = 1 (Wi ∈ {wk, wm}) 1 (Wj ∈ {wk, wm}) 1 (Xi ∈ {xl, xn}) 1 (Xj ∈ {xl, xn})

be an indicator for the event that this pair of matches belongs to the klmn sub-allocation.
That is the two women in the matches are of type wk or wm and the two men are of type
xl or xn. We can assume that, without loss of generality, that the support points of female
and male types are ordered so that wk < wm and xl < xn. Now define

Sij = sgn {(Wi −Wj) (Xi −Xj)} .

We have that Sij = 1 if the “higher” type women matches with the “higher” type man and
Sij = −1 in the configuration is anti-assortative. If either Wi = Wj or Xi = Xj or both,
then Sij = 0 and the configuration is neither assortative or anti-assortative. Using (7) above
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we have

Pr
(
Sij = 1|Sij ∈ {−1, 1} , Aklmnij = 1

)
=

reqkl r
eq
mn

reqkl r
eq
mn + reqknr

eq
ml

=
exp (γkl) exp (γmn)

exp (γkl) exp (γmn) + exp (γkn) exp (γml)

=
exp (γmn − γml − (γkn − γkl))

1 + exp (γmn − γml − (γkn − γkl))
.

If we let Aij be the J =
(
K
2

)(
L
2

)
vector of sub-allocation indicators and define φ to be the

corresponding vector of complementarity parameters

φklmn = γmn − γml − (γkn − γkl) ,

we have

Pr (Sij = 1|Sij ∈ {−1, 1} ,Aij) =
exp

(
A′ijφ

)
1 + exp

(
A′ijφ

) .
In some settings it may be desirable to impose more structure on the complementarity
parameters. Let

γ (w, x) = a (w) + b (x) + e (w, x)′ η

with e (w, x) a low dimensional vector of basis functions and a (w) and b (x) arbitrary. If we
let M be a matrix composed of rows

mklmn = {e (wm, xn)− e (wm, xl)− [e (wk, xn)− e (wk, xl)]}′ ,

then we have φ = Mη and hence

Pr (Sij = 1|Sij ∈ {−1, 1} ,Aij) =
exp

(
A′ijMη

)
1 + exp

(
A′ijMη

) .
We can consistently estimate η but choosing η̂ to minimize the U-process:

LN (η) =
2

N (N − 1)

N∑
i=1

∑
j<i

|Sij|
{
S ′ijA

′
ijMη − ln

[
1 + exp

(
S ′ijA

′
ijMη

)]}
.
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