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Calculation details for proof of Lemma 4

To derive (24), as given in the proof of Lemma 4, observe that tedious calculation gives
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where the second equality follows from the definition
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and the relationships
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Calculation details for proof of Lemma 6

To derive the bound for R, appearing in the proof of Lemma 6 observe that
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Calculation details for proof of Theorem 1

To derive (32) use iterated expectations to show that
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Evaluating the innermost expectation then yields
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Fixing ¢+ and j and averaging with respect to independent random draws k£ and [, from the

population of agents, yields
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An implication of (55) is that C'(5a,j, 52| X, A) = 0 unless ij and kl correspond to the

same dyad. This is an implication of independent edge formation conditional on X and A.
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To derive (35) observe that
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To derive the form of C (Uy,Uy) given in the proof note that
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Calculation details for proof of Theorem 4

Probability limit of concentrated Hessian: The expression for Hy gs+Hp 34 Va " Hy ga,

the approximate Hessian of the concentrated log-likelihood given in (48), may be calculated
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as follows
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Analysis of remainder term in (50): Let f (v) = 1f;ip(v be the logit function. To bound

the third term in (50) I begin by calculating the derivative of f (v) (1 — f (v)) (1 —2f (v)) =
f (v) =3f (v)*> +2f (v)® with respect to v. Using the fact that f' (v) = f (v) (1 — f (v)) I get
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Using condition (16) then gives
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Expanding the fourth term in (50) I get

>y (Ar (B0) = Ax (8)) (Ar (Bo) — Ai (50))

N
Il
—_

N
lzzmmwwmmm

(flk - Ak) (Az - Al) Pr (1 .—sz) (1 = 6pr (1 — pr)) Wi,

(flk - Ak) (flz - Al) i (1 .—sz) (1 = 6pr (1 — pr)) Wi,

0
<A1 - A1> DA (121 Aj) p1j (1 = p1g) (1 = 6py; (1 = puj)) Wi

(AN — AN> P (A — A )pN;‘( —pn;j) (1= 6pn; (1 — pwy)) Wi

Multiplying this by the N x 1 vector A-A yields the K x 1 vector
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which gives (51) of the main text.

Derivation of asymptotic bias: To derive (52) it is convenient to proceed regressor
by regressor. Observe that the k™ element of the third term appearing in (50) is, for
E=1,...,K,
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The probability limit of (56) equals (52). To simplify (56) and, derive this limit, start by
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observing that, for [ =1,..., N,
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Next, using (31) from the proof of Lemma 6 and recalling that e; is a conformable selection

vector with a 1 in its {** element and zeros elsewhere, gives
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which allows the k' element of the third term in (50) to be replaced with its asymptotic

equivalent
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Applying the trace operator to (57) and cycling elements yields
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which, after taking expectations conditional on X and A, gives
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The difference between (57) and its expectation (58) is 0, (1). To see this observe that the

diagonal elements of the N x N matrix

/

N N / Diy — iy Dy —pry
I wo,Awo»] lzzsm (o A >>] N :
i=1 j5<1i i=1 j5<1i DN+ — Py DN+ — Py
(59)
consist of the terms (D;; — pi+)2 for i = 1,...,N. Fix 4, order the balance of units ar-
bitrarily, and define lj|l = (Dz] —ng) (DZJF —ler) — Dij (1 —p”), note that {ljlz};)il is a
martingale difference sequence (with E [ljﬁ‘ Ly - - ,lj,l‘i] = 0 and bounded moments). A

law of large numbers for martingale difference sequences therefore gives (recalling that a +

denotes summation over the omitted subscript)
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A similar argument can be used to characterize the probability limits of the off-diagonal
elements of (59)
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—In + 0, (1) and hence (58).
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To evaluate (58) it is convenient to be able to replace Hy'y o with —Viy:

1 N
NN ({ZZaA a7 (o, A <ﬁo>>} )

=1 j<1i
- »
- mlzl:Tr ( ;; 8A OA’ Bzg 507 (ﬁo)) VN €l>
1 & ]
e S (|5 2 A )| (Hihn - @) )
=1 Li=1 j<u i
1 ]
+m ZTr Z Z DA, aA/Smg (Bo, A (6o)) (QN,AA - Vﬁl) el> . (60)
=1 Li=1 j<i ]

The first term in (60) coincides with the k™ element of the bias expression given in the
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statement of the theorem. Evaluating this term yields
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The second and third terms are asymptotically negligible. Equation (52) follows directly.
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