
C Supplemental Web Appendix: Details of Calculations

(Not for Publication)

Calculation details for proof of Lemma 4

To derive (24), as given in the proof of Lemma 4, observe that tedious calculation gives

∇ϕA (A) =



∑
j 6=1

exp(W ′1jβ) exp(W ′1jβ+A1(β))
[exp(−Aj(β))+exp(W ′1jβ+A1(β))]

2

∑
j 6=1

exp(W ′1jβ)
exp(−Aj(β))+exp(W ′1jβ+A1(β))

− exp(W ′12β) exp(−A2(β))

[exp(−A2(β))+exp(W ′12β+A1(β))]
2

∑
j 6=1

exp(W ′1jβ)
exp(−Aj(β))+exp(W ′1jβ+A1(β))

−

exp(W ′12β) exp(−A1(β))

[exp(−A1(β))+exp(W ′12β+A2(β))]
2

∑
j 6=2

exp(W ′2jβ)
exp(−Aj(β))+exp(W ′2jβ+A2(β))

∑
j 6=2

exp(W ′2jβ) exp(W ′2jβ+A2(β))
[exp(Aj(β))+exp(W ′2jβ+A2(β))]

2

∑
j 6=2

exp(W ′2jβ)
exp(−Aj(β))+exp(W ′2jβ+A2(β))

...

−

exp(W ′1Nβ) exp(−A1(β))

[exp(−A1(β))+exp(W ′1Nβ+AN (β))]
2

∑
j 6=N

exp(W ′Njβ)
exp(−Aj(β))+exp(W ′Njβ+AN (β))

· · ·

· · · −

exp(W ′1Nβ) exp(−AN (β))

[exp(−AN (β))+exp(W ′1Nβ+A1(β))]
2

∑
j 6=1

exp(W ′1jβ)
exp(−Aj(β))+exp(Z′1jβ+A1(β))

· · · −

exp(W ′2Nβ) exp(−AN (β))

[exp(−AN (β))+exp(W ′2Nβ+A2(β))]
2

∑
j 6=2

exp(W ′2jβ)
exp(−Aj(β))+exp(W ′2jβ+A2(β))

. . . ...

· · ·

∑
j 6=N

exp(W ′Njβ) exp(W ′Njβ+AN (β))
[exp(Aj(β))+exp(W ′Njβ+AN (β))]

2

∑
j 6=N

exp(Z′Njβ)
exp(−Aj(β))+exp(Z′Njβ+AN (β))



=



∑
j 6=1 r1jp1j∑
j 6=1 r1j

− r12(1−p12)∑
j 6=1 r1j

· · · − r1N (1−p1N )∑
j 6=1 r1j

− r21(1−p12)∑
j 6=2 r2j

∑
j 6=2 r2jp2j∑
j 6=2 r2j

· · · − r2N (1−p2N )∑
j 6=2 r2j

... . . . ...
− rN1(1−p1N )∑

j 6=N rNj
− r2N (1−p2N )∑

j 6=N rNj
· · ·

∑
j 6=N rNjpNj∑
j 6=N rNj

 ,

where the second equality follows from the definition

rij (β,A,Wij) =
exp

(
W ′
ijβ
)

exp (−Aj) + exp
(
W ′
ijβ + Ai

) = exp (Ai) pij,

56



and the relationships

exp(W ′ijβ) exp(−Aj(β))

[exp(−Aj(β))+exp(W ′ijβ+Ai(β))]
2∑

j 6=i
exp(W ′ijβ)

exp(−Aj(β))+exp(W ′ijβ+Ai(β))

=
rij (1− pij)∑

j 6=i rij
=
pij (1− pij)∑

j 6=i pij
,

and ∑
j 6=i

exp(W ′ijβ) exp(W ′ijβ+Ai(β))
[exp(−Aj(β))+exp(W ′ijβ+Ai(β))]

2∑
j 6=i

exp(W ′ijβ)
exp(−Aj(β))+exp(W ′ijβ+Ai(β))

=

∑
j 6=i rijpij∑
j 6=i rij

=

∑
j 6=i p

2
ij∑

j 6=i pij
.

Calculation details for proof of Lemma 6

To derive the bound for Rp appearing in the proof of Lemma 6 observe that

∂

∂A∂A′
s

(p)
Aij (β0,A (β0)) = −pij (1− pij) (1− 2pij)TijT

′
ijTp,ij

and hence that
∑N

i=1

∑
j<i

∂
∂A∂A′

s
(p)
Aij (β0,A (β0)) equals

−


∑

j 6=1 p1j (1− p1j) (1− 2p1j)Tp,1j · · · p1N (1− p1N) (1− 2p1N)Tp,1N
... . . . ...

p1N (1− p1N) (1− 2p1N)Tp,1N · · ·
∑

j 6=N pNj (1− pNj) (1− 2pNj)Tp,Nj

 .

So that

ι′N

[
N∑
i=1

∑
j<i

∂

∂A∂A′
s

(p)
Aij (β0,A (β0))

]
ιN = 2

N∑
i=1

∑
j 6=i

pij (1− pij) (1− 2pij)Tp,ij.

Finally observe that
∑N

i=1

∑
j 6=i Tp,ij = 2 (N − 1) .
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Calculation details for proof of Theorem 1

To derive (32) use iterated expectations to show that

L (β) = E
[
|Sij,kl|

{
Sij,klW

′
ij,klβ − ln

[
1 + exp

(
Sij,klW

′
ij,klβ

)]}]
= Pr (Sij,kl ∈ {−1, 1})E

[
Sij,klW

′
ij,klβ − ln

[
1 + exp

(
Sij,klW

′
ij,klβ

)]∣∣Sij,kl ∈ {−1, 1}
]

= Pr (Sij,kl ∈ {−1, 1})

×E
[
E
[
Sij,klW

′
ij,klβ − ln

[
1 + exp

(
Sij,klW

′
ij,klβ

)]∣∣Xi, Xj, Xk, Xl, Sij,kl ∈ {−1, 1}
]

|Sij,kl ∈ {−1, 1}] .

Evaluating the innermost expectation then yields

E
[
Sij,klW

′
ij,klβ − ln

[
1 + exp

(
Sij,klW

′
ij,klβ

)]∣∣Xi, Xj, Xk, Xl, Sij,kl ∈ {−1, 1}
]

=
{
W ′
ij,klβ − ln

[
1 + exp

(
W ′
ij,klβ

)]}
qij,kl

+
{
−W ′

ij,klβ − ln
[
1 + exp

(
−W ′

ij,klβ
)]}

[1− qij,kl]

= ln {qij,kl (β)} qij,kl + ln {1− qij,kl (β)} [1− qij,kl]

= −
{
qij,kl ln

(
qij,kl

qij,kl (β)

)
+ [1− qij,kl] ln

(
1− qij,kl

1− qij,kl (β)

)}
+qij,kl ln (qij,kl) + [1− qij,kl] ln (1− qij,kl)

= −DKL (qij,kl‖ qij,kl (β))− S (qij,kl) .

Fixing i and j and averaging with respect to independent random draws k and l, from the
population of agents, yields

E [Sij,kl| i, j,X,A] = Dij Pr (Dkl = 1, Dik = 0, Djl = 0| i, j,X,A)

− (1−Dij) Pr (Dkl = 0, Dik = 1, Djl = 1| i, j,X,A)

= DijE [pkl (1− pik) (1− pjl)| i, j,X,A]

− (1−Dij)E [ (1− pkl) pikpjl| i, j,X,A] . (55)

An implication of (55) is that C ( s̄2,ij, s̄2,kl|X,A) = 0 unless ij and kl correspond to the
same dyad. This is an implication of independent edge formation conditional on X and A.
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To derive (35) observe that

N∑
i<j

(
N
4

)−1 ∑
k<l<m<n

φklmn,ij =
N∑
i<j

(
N
4

)−1(N−2
2

)
s̄2,ij

=
N∑
i<j

{
4! (N − 4)!

N !

}{
(N − 2)!

2! (N − 4)!

}
s̄2,ij

=
N∑
i<j

{
12

N (N − 1)

}
s̄2,ij.

To derive the form of C (U∗N , UN) given in the proof note that

6
(
N
4

)−1(N−2
2

)
∆2,N = 6

4! (N − 4)!

N !

(N − 2)!

2! (N − 4)!
∆2,N

=
72

N (N − 1)
∆2,N .

Calculation details for proof of Theorem 4

Probability limit of concentrated Hessian: The expression forHN,ββ+HN,βAV
−1
N HN,βA,

the approximate Hessian of the concentrated log-likelihood given in (48), may be calculated
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as follows

HN,ββ +HN,βAV
−1
N HN,βA

= −
N∑
i=1

∑
j<i

pij (1− pij)WijW
′
ij

+
(
−
∑

j 6=1 p1j (1− p1j)W1j · · · −
∑

j 6=N pNj (1− pNj)WNj

)
×diag

{
1∑

j 6=1 p1j (1− p1j)
, . . . ,

1∑
j 6=N pNj (1− pNj)

}′

×


−
∑

j 6=1 p1j (1− p1j)W
′
1j

...
−
∑

j 6=N pNj (1− pNj)W ′
Nj


= −

N∑
i=1

∑
j<i

pij (1− pij)WijW
′
ij

(
−

∑
j 6=1 p1j(1−p1j)W1j∑
j 6=1 p1j(1−p1j)

· · · −
∑
j 6=N pNj(1−pNj)WNj∑
j 6=N pNj(1−pNj)

)
−
∑

j 6=1 p1j (1− p1j)W
′
1j

...
−
∑

j 6=N pNj (1− pNj)W ′
Nj


= −


N∑
i=1

∑
j<i

pij (1− pij)WijW
′
ij −

N∑
i=1

(∑
j 6=i pij (1− pij)Wij

)(∑
j 6=i pij (1− pij)Wij

)′∑
j 6=i pij (1− pij)

 .

Analysis of remainder term in (50): Let f (v) = exp(v)
1+exp(v)

be the logit function. To bound
the third term in (50) I begin by calculating the derivative of f (v) (1− f (v)) (1− 2f (v)) =

f (v)− 3f (v)2 + 2f (v)3 with respect to v. Using the fact that f ′ (v) = f (v) (1− f (v)) I get

∂

∂v
{f (v) (1− f (v)) (1− 2f (v))} = f (v) (1− f (v))− 6f (v)2 (1− f (v)) + 6f (v)3 (1− f (v))

= f (v) (1− f (v))
(
1− 6f (v) + 6f (v)2)

= f (v) (1− f (v)) (1− 6f (v) (1− f (v))) .

Using condition (16) then gives

sup
1≤i,j≤N

|pij (1− pij) (1− 6pij (1− pij))Wij| ≤
1

4
(1− 6κ (1− κ))× sup

w∈W
|w| .
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Expanding the fourth term in (50) I get

=
N∑
k=1

N∑
l=1

(
Âk (β0)− Ak (β0)

)(
Âl (β0)− Al (β0)

)
×

[
N∑
i=1

∑
j<i

∂3

∂Ak∂Al∂A′
sβij

(
β0, Ā (β0)

)]

= −
N∑
k=1

∑
l 6=k



0
...(

Âk − Ak
)(

Âl − Al
)
pkl (1− pkl) (1− 6pkl (1− pkl))W ′

kl

...(
Âk − Ak

)(
Âl − Al

)
pkl (1− pkl) (1− 6pkl (1− pkl))W ′

kl

...
0



′

= −2


(
Â1 − A1

)∑
j 6=1

(
Âj − Aj

)
p1j (1− p1j) (1− 6p1j (1− p1j))W

′
1j

...(
ÂN − AN

)∑
j 6=N

(
Âj − Aj

)
pNj (1− pNj) (1− 6pNj (1− pNj))W ′

1j


′

.

Multiplying this by the N × 1 vector Â−A yields the K × 1 vector

-

2
N∑
i=1

∑
j 6=i

(
Âi − Ai

)2 (
Âj − Aj

)
(1− pij) (1− 6pij (1− pij))Wij

which gives (51) of the main text.

Derivation of asymptotic bias: To derive (52) it is convenient to proceed regressor
by regressor. Observe that the kth element of the third term appearing in (50) is, for
k = 1, . . . , K,

1

2

1√
n

[
N∑
l=1

(
Âl (β0)− Al (β0)

) N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

](
Â (β0)−A (β0)

)
(56)

The probability limit of (56) equals (52). To simplify (56) and, derive this limit, start by
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observing that, for l = 1, . . . , N ,

N∑
i=1

∑
j<i

∂2

∂Al∂A′
sβij (β0,A (β0)) = −

N∑
i=1

∑
j<i

pij (1− pij) (1− 2pij)WijT
′
ijTl,ij

= −1

2

N∑
i=1

∑
j 6=i

pij (1− pij) (1− 2pij)WijT
′
ijTl,ij

−
(
p1l (1− p1l) (1− 2p1l)W1l

· · · pl−1l (1− pl−1l) (1− 2pl−1l)Wl−1l∑
j 6=l

plj (1− plj) (1− 2plj)Wlj

pl+1l (1− pl+1l) (1− 2pl+1l)Wl+1l

· · · pNl (1− pNl) (1− 2pNl)WNl

)
.

Next, using (31) from the proof of Lemma 6 and recalling that el is a conformable selection
vector with a 1 in its lth element and zeros elsewhere, gives

Âl (β0)− Al (β0) = −e′lH−1
N,AA


D1+ − p1+

...
DN+ − pN+

+ op (1) .

which allows the kth element of the third term in (50) to be replaced with its asymptotic
equivalent

1

2

1√
n

 N∑
l=1


D1+ − p1+

...
DN+ − pN+


′

H−1
N,AAel

{
N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

}

H−1
N,AA


D1+ − p1+

...
DN+ − pN+


 . (57)
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Applying the trace operator to (57) and cycling elements yields

1

2

1√
n

N∑
l=1

Tr


{

N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

}
H−1
N,AA


D1+ − p1+

...
DN+ − pN+




D1+ − p1+

...
DN+ − pN+


′

H−1
N,AAel

 ,

which, after taking expectations conditional on X and A0, gives

−1

2

1√
n

N∑
l=1

Tr

({
N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

}
H−1
N,AAel

)
(58)

The difference between (57) and its expectation (58) is op (1). To see this observe that the
diagonal elements of the N ×N matrix

[
N∑
i=1

∑
j<i

sAij (β0,A (β0))

][
N∑
i=1

∑
j<i

sAij (β0,A (β0))

]′
=


D1+ − p1+

...
DN+ − pN+




D1+ − p1+

...
DN+ − pN+


′

.

(59)
consist of the terms (Di+ − pi+)2 for i = 1, . . . , N . Fix i, order the balance of units ar-
bitrarily, and define l j|i = (Dij − pij) (Di+ − pi+) − pij (1− pij); note that

{
l j|i
}∞
j=1

is a
martingale difference sequence (with E

[
l j|i
∣∣ l1|i, . . . , l j−1|i

]
= 0 and bounded moments). A

law of large numbers for martingale difference sequences therefore gives (recalling that a +

denotes summation over the omitted subscript)

1

N − 1
(Di+ − pi+)2 p→ lim

N→∞

{∑
j 6=i pij (1− pij)
N − 1

}
.

A similar argument can be used to characterize the probability limits of the off-diagonal
elements of (59)

1

N − 1
(Di+ − pi+) (Dk+ − pk+)

p→ lim
N→∞

{
pik (1− pik)
N − 1

}
.

Together these results imply thatH−1
N,AA

[∑N
i=1

∑
j<i sAij (β0,A (β0))

] [∑N
i=1

∑
j<i sAij (β0,A (β0))

]′
=

−IN + op (1) and hence (58).
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To evaluate (58) it is convenient to be able to replace H−1
N,AA with −VN :

− 1

2
√
n

N∑
l=1

Tr

({
N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

}
H−1
N,AAel

)

=
1

2
√
n

N∑
l=1

Tr

([
N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

]
V −1
N el

)

+
1

2
√
n

N∑
l=1

Tr

([
N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

] (
−H−1

N,AA −QN

)
el

)

+
1

2
√
n

N∑
l=1

Tr

([
N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

] (
QN,AA − V −1

N

)
el

)
. (60)

The first term in (60) coincides with the kth element of the bias expression given in the
statement of the theorem. Evaluating this term yields

1

2

1√
n

N∑
l=1

Tr

([
N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

]
V −1
N el

)
=

1

2

1√
n

N∑
l=1

[
N∑
i=1

∑
j<i

∂2

∂Al∂A′
s

(k)
βij (β0,A (β0))

]

×



0
...
0
1∑

j 6=l plj(1−plj)

0
...
0


=

=

−1

2

1√
n

N∑
l=1

∑
j 6=l plj (1− plj) (1− 2plj)Wk,lj∑

j 6=l plj (1− plj)
.

The second and third terms are asymptotically negligible. Equation (52) follows directly.
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