Econ 204 — Problem Set 1'

Solutions

1. Use induction to prove the following:

(a) For every r € N and z € [-1,00), (1 4+2)" > 1+ ra.
(b) Zzzl k2 — w for all n € IN.

Solution: (a) The case x = —1 is trivial, so we can focus on x > —1.

Base step: Let r = 1. Note that

(I+z) =14+z=1+rx

and so the formula is valid. Assume now that this is true for r. We then have that

(1+2)"™' =0 +2)"(1+2z) by definition
> (14rz)(14+x) by the induction step and =z > —1
=1+rz+a+raz® by the distributive property
=1+ (r+ 1)z +ra?
>1+(r+1z (rz®>0)

(b) For n = 1, we have
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Assume now that this is true for n. We then have

'In case of any problems with the solution to the exercises please email brunosmaniotto@berkeley.edu
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2. Prove the following statements:

(a) Let X an infinite set. Prove that there exists A C X such that A is countable.

(b) Show that if X is an infinite set, then there is an injection r : N — X. (Recall from lecture
2 this implies |IN| < | X/, thus the cardinality of the natural numbers N is less than or equal
to the cardinality of any infinite set.)

Solution:

(a) We will proceed by induction showing that for all n € IN there exists a subset of X with n
distinct elements.

Case n = 1: Since X is infinite, there exists z € X, denote this by x;.

Suppose now that we have found z1,...,, such that z; # z; for ¢ # j. Since X is infinite,
there exists y € X \ {z1,...,2,}, let 2,41 = y. We then have that {z;,..., 2,41} is a subset of
X with n 4+ 1 distinct elements.

Let Ay, = {z1,...,2,} and A = J;2 | Ap. Since A, C X for alln, A C X. Let f : IN — A be
defined as f(n) = x,. By construction, f is bijective, and thus A is countable.

(b) Let X be an arbitrary infinite set. By (a), we know that there exists A C X such that A is
countable. Define f : A — X as f(a) = a, which is well defined and injective by construction. Let
g : IN — A be a bijection, which exists because A is countable. The composition fog: N — X
is an injective function, which proves the result.

3. Let A, B be sets. Show that

(a) ACB «<— ANB° =9
(b) A=B < (ANBY)U(A°NB)=o
(c) A function f: A — B is injective iff VX C A f(A\ X) = f(A4) \ f(X)

Solution:



(a) We will first show =. Suppose that A C B. Then

r€A=x2€eB
:>ac¢BC

Thus, for any € A we have that z ¢ B¢, and AN B¢ = o

We now show <.

Suppose AN BY = @. Suppose, by contradiction, that Ja € A such that a ¢ B. Then
a€ Aand ae B and thus a € AN BY, a contradiction

(b) We will do both implications for this one at once

A=B < ACBABCA
— (ANB’=2)A(A°NB=9) (byla)
— (ANBYUA°NB) =0

(c) Let’s assume that f is injective and let X C A be arbitrary. Notice that

ye fA\X) < v e A\X f(z)=y
< dr e A f(r)=yAVze X f(z)#y (fis injective)
= yef(Any ¢ f(X)
— ye f(A\FX)

Now let’s assume that VX C A f(A\ X) = f(A)\ f(X) and let’s suppose, by contradiction,
that f is not injective.

Since f is not injective, there exist =,z € A such that z # z and f(z) = f(z) = y. Let
X = {z}. Since z # z, we have that z € A\ X, and thus

y e f(A\X)

But since y = f(x), we have that y € f(X), and thus y € f(A) \ f(X). Thus f(A\ X) #
f(A)\ f(X), which contradicts our initial assumption.

4. In this exercise we will practice working with sets whose elements are sets as well. For this, we
will need the following definition:

Sigma-Algebra: Let Q be a set and F C 2 be a collection of subsets of Q. We say that F is
a sigma-algebra if the following properties hold:

e Qe F



(h)

If A e F, then AC € F.
If {A, }nen is a countable collection of sets such that ¥Yn € N 4,, € F, then U,en A4, € F.

Prove that if F is a sigma-algebra and A, B € F, then AN B € F.
Prove that if F is a sigma-algebra, then @ € F

Prove that {@, Q} is a sigma-algebra. Argue that this is the smallest sigma-algebra over
the set €.

Prove that 2% is a sigma-algebra. Argue that this is the largest sigma-algebra over the set

Q.
Prove that if Fp, F» are sigma-algebras, then F1 N F3 is a sigma-algebra.

Prove that if {F,}sea is a collection of sigma-algebras, then N,c4F, is a sigma-algebra.
(Note that we have made no restriction on the set A.)

Prove or provide a counterexample to the following statement: If F;, Fo are sigma-algebras,
then F; U F3 is a sigma-algebra.

Let Q = {1,2,3}. List all the possible sigma-algebras over Q. (There are surprisingly few).

Solution:

(a)

Since A, B € F, we have that A®, B¢ € F. Since A®, B¢ € F, we have that A“UB® € F,
and thus (A U BY)¢ € F. By DeMorgan’s Law, AN B = (A U BY)¢ € F.

Since F is a sigma-algebra, we know that Q € F. Since Q € F, we have that @ = Q¢ € F.

We automatically have that Q € {@, Q}, so the first property holds.

Let now A be an element of {@,Q}. If A = @, then A = Q € {3,Q}. If A = Q, then
A® = @ € {@,Q}, and thus the second property holds.

Let {Ap, }nen be a countable collection of sets such that Vn € N 4,, € F.

Case 1: Vne N A, = @. Then UpenA, = @ € F.
Case 2: dn € N A, = Q. Then U,enA, =Q € F.

This is the smallest sigma-algebra over €2 since we have already shown that if F is any
other sigma-algebra, {&, Q} C F



(d) Q € 29 trivially. If A C Q, then AY = Q\ A C Q, and thus A® € 2. Lastly, if {4, }nen is
a countable collection of sets such that Vn € IN A,, € F, then
VneN A, CQ= UpenAn € Q = Upendy € 29

Since F C 2% for any sigma-algebra F, 2% is the largest possible sigma-algebra.

(e) Let Fi,Fa be sigma-algebras.
Since Fi, Fo are sigma-algebras, 2 € F; and €2 € Fo, and thus Q € F; N Fo.

Let A € Fi N Fy. Since,A € Fi, AC € Fi. Since,A € Fo, A¢ € Fy. Thus, A € F, N Fo.
Let { Ay }nen be a countable collection of sets such that Vn € N A,, € F1 N Fa.
Since Vn € IN A,, € F1, we have that U,enA, € Fi. Since Vn € IN A,, € F», we have that

U?’LE]NAn S ]:2. ThUS UnelNAn S ]:1 N ]:2.

(f) Let {F4}aca be a collection of sigma-algebras.
Since {F,}aca are sigma-algebras, Va € A Q € F,, and thus Q € NgeaFy.

Let A € NyeaF,. SinceVa € A A€ F,, A® € F,Va € A. Thus, A® € NyeaF,.
Let { Ay }nen be a countable collection of sets such that Vn € IN A4,, € NgeaFa.

Let a € A be arbitrary. Since Vn € IN A,, € F,, we have that Up,ewA, € Fq. Thus
UnE]NAn € ]:aVa S ./4, and Une]NAn S maeA.Fa.

(g) Let @ =1{1,2,3}, 71 = {2,{1},{2,3},{1,2,3}} and F» = {2, {2},{1,3},{1,2,3}}. Check-
ing that these are sigma-algebras is part of the next question.
Note that F1 UF2 = {@, {1},{2},{2,3},{1,3},{1,2,3}}. Note that {2,3}N{1,3} = {3} ¢
F1UFs. By the first exercise of this problem, this implies that F;UJF> is not a sigma-algebra.

(h) The possible sigma algebras are:

i. {2,{1,2,3}},
i. {@,{1},{2,3},{1,2,3}}
iii. {@,{2},{1,3},{1,2,3}}



iv. {@,{3},{1,2},{1,2,3}}

v. {2, {1}, {2}, {3},{1,2},{2,3},{1,3},{1,2,3}}

The reasoning is as follows. If a sigma-algebra does not contain a singleton, then it must not
contain any set with two elements, since sigma-algebras are closed by taking complements.
In this case, the only sigma-algebra possible is 1).

If a sigma-algebra contains one singleton, there are two cases. If it contains only one
singleton, it must also contain its complement, and these are cases ii-iv. If it contains two
singletons, it must contain their union, and since the complement of their union is the
remaining singleton, we must be on the last case.

5. In this exercise we will practice working with unions and intersections of sets. Let §2 be a set
{A, }nen be a countable collection of subsets of Q. Define:

limsup(4,,) = ﬂ U Ay

Il
-
D|
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liminf(A4,)

(a) Show that:

limsup(Ay,) ={z € Q|Vm e NIk >me N x € Ay}
liminf(A,) ={x € Q|Im e INVE>m e Nz € A}

Argue that limsup(A4,,) is the set of points that appear infinitely often in the sequence of
sets { Ay, tnen, and liminf(A,,) is the set of points that are “eventually” in the sequence of
sets {Ap fnen. (You don’t have to argue this formally, I just want you to practice developing
an intuitive understanding for the definition of sets using symbols).

(b) Show that liminf(A,) C limsup(A4,)
(c¢) Find an example of {A,, },en such that limsup(4,) € liminf(A4,)
(d)

)

(e) Suppose that {Ap}nen is such that Yn € N A, C A,y;. Prove that liminf(A,) =
limsup(A4,,)

(f) Show that liminf(A,) = (limsup(A$))¢

(g) Let F be a sigma-algebra and {A4,},en be such that Vn € INA,, € F. Show that
liminf(Ay),limsup(A,) € F. (See Problem 4 for the definition of a sigma-algebra.)

Find an example of {A, }nen such that Vk € IN Ay C limsup(A4,) and liminf(4,) = @



Solution:

(a)

(d)

Note that

€ liminf(A,) e lJ ) A
n>1k>n
dnelNxe ﬂ Ay
k>n
dn e NVk > n x € A

iL‘GﬂUAk

n>1k>n
VneNx e LJA;€
k>n
YneINJk >nax e A

x € limsup(A,,)
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Given z € limsup(A4,) and any n € IN, we can find index k > n such that z € A;. By
repeating this argument for larger and larger indices, we see that it must be the case that
x € Ay, for infinitely many indices m. Conversely, if it is not true that x € A, for infinitely
many indices m, then there must exist N € IN such that Vn > N x ¢ A,,. This implies that
& Upsn Ak, and thus = ¢ limsup(A4,).

If x € liminf(A,), there exists N € IN such that x € ()~ Ak. This implies that Vk >
N z € A, and thus x is eventually in all sets A,,. Conversel;/, if x is not eventually in all sets
Ay, for any N € IN we can find £ > n such that « ¢ Aj. This implies that @ & ()~ Axk-
Since N was taken arbitrary, & (J,;~1 (i>, Ak = liminf(A4,). -

Let x € liminf(A,). By definition, there exists n, € IN such that Yk > n, = € Ay.

Let now n € IN be arbitrary. Notice that for & = max{n,n,}, we have that k£ > n,, and
thus € Ay. Since k > n, we also have that « € | J,~,, Ax. Since n was arbitrary, we have
that Vn € N z € J,~,, Ak, and thus = € (,~1 Up>,, Ax = limsup(A4y,).

Let

{0}, if n is odd

" {1}, if n is even

Then liminf(A,) = @ C {0,1} = limsup(4,).

See the example in c).



(e) By b), we just need to show that limsup(A4,,) C liminf(A,).

Let € limsup(A4,) and n € IN be arbitrary. Since z € (), -y Uk, Ak, we know that
z € Ups, Ak, and thus there is k, > n such that = € Ay, . We then have that Vk >
ke Ap, C Ag, and thus z € (Mi>k, Ak- This implies that z € (J,,51 N>, Arx = liminf(A,),
which concludes the proof. - - -

Note that

x € liminf(A,) dne INVk >nx € A

In € NVk >n —(z € AY)
HnelN/HanzveAkC
-Vn € NIk > n x € AY
-z € limsup(AS)

z € (limsup(A9)“

rrreey

Since Vn € IN A,, € F, we have that Vn € N (J,-,, Ar € F. Using an argument analogous
to the one in 4.a), we can show that sigma-algebras are closed by countable intersections.
This implies that limsup(4,) = (51 Ug>n 4k € F.

For the lim inf, this follows directly from sigma-algebras being closed by taking complements
and the result we just proved.

6. Let X C R. We say that a function f: X — R is bounded if its image f(X) C R is a bounded
set. We then write supy = sup f(X) and inf; = inf f(X). Show that

(a
(b

(c
(d
(e
(f

)
)

)
)
)
)

If f,g: X — R are bounded, f+ ¢g: X — R is bounded

Show that (f +¢)(X) C f(X)+g(X) and provide a counterexample in which the inclusion
is strict.

Show that supy,, < supy+sup, and infy;, > infy +inf,

Provide an example for which the inequalities in the previous item are strict.
Show that f-¢g: X — R is bounded

Show that (f - g)(X) C f(X)-g(X) *

2Given A, B C R non-empty and bounded, we define A+ B = {2z cRlz =z +y,x € A,y € B}
3Given A, B C R non-empty and bounded, we define A- B={z € Rl|z=z-y,z € A,y € B}.



g) Show that, if f and g are both positive, then sup;., < sup;-sup, and inf¢., > inf, - inf
Ig ! 9 I f 9

)
(h) Provide an example for which the inequalities in the previous item are strict.
(i) Provide a counterexample for item g) if the functions are not positive.

)

(j) Show that if f is positive, sup ;2> = (sup;)?

Solution:

a) Since f and g are bounded, there exist ar,br,a,,b, € R such that
I Yf %gs Vg

V:L‘EXCLfo(I‘)Sbf
Vo e Xag < g(z) < by

Note then that

Ve e X (f+g)(x) = f(z)+ g(x)
< bf—|—bg

and

Vo € X (f +g)(x) = f(x) + g(x)
> af+ag

and thus (f + ¢)(X) is bounded, and (f + g) is bounded.

(b) Let y € (f + g)(X). We know that 3z € Xy = (f + g)(x). Let y1 = f(z) € f(X),y2 =
g(x) € g(X). We then have that y = y1 + y2, and y € f(X) + g(X).
For the counterexample, let X = [—1,1], f(x) = =, g(x) = —x. Notice that,

Ve e X(f +9)(z) = f(z) + g(z) =z + (-2) =0

and thus (f + ¢)(X) = {0}. Now, note that f(1) = g(—1) = 1, and thus 2 € f(X) + g(X).
Thus the inclusion is strict.

(c) Note that

Ve e X (f+9)(x) = f(x) + g(x) < sup+sup = sup < sup +sup
f g f+g f 9



Similarly,

Ve e X (f+g)(z) = f(z) + g(x) > inf +inf = inf <inf+inf
f g f+g  f g

(d) Again let X = [-1,1], f(z) = z,g(x) = —z. Notice that

sup=0<1+1=sup+sup

f+g f 9
inf =0> —1—1=inf-+inf
f+g f g

(e) Since f and g are bounded, there exist af,bs, ay,by € R such that

Vo e Xap < f(x) < by
Ve e Xag < g(x) <bg

If f(z) > 0, then |f(x)| < [bsl, and if f(z) <0, |f(x)] < |ag|. Thus [f(z)] < Jag|+ [by], and
|f| is bounded. Similarly, |g| is bounded. Thus

(f-9)(x) = f(z) - g(x) < [f(2)] - |g(2)] < supsup
If1 gl

The lower bound can be obtained analogously.

(f) Note that

ye(f-9)(X)=TweXy=(f g)()
=dJreXy=f(z) g(x)
=y=y1y2, 1 = f(2) € f(X),y2 = g(x) € g(X)
=y € f(X) g(X)

(g) Let x € X be arbitrary. First note that, since f > 0, 0 is a lower bound to f, and by
definition

Oﬁir}fﬁf(x)gsup Ve e X
f
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And similarly for g:

0 <inf < g(x) <sup Vz € X
9 g

Remember now that, for a,b,c,d € R

O<a<bANO<c<d=0<ac<bd

Combining the statements above, we have that:

(f-9)(x) = f(x) g(z) < SI;p Sup

(f-9)(z) = f(2) - g(z) = infinf

(h) Let X =1[1/2,2], f(z) = x,g9(x) = 1/z. Notice that

sup=1<2-2=sup-sup
I9 ! g

inf=1>1/4=1/2-1/2 = inf-inf
fg f g

(i) Let X =1[0,1], f(z) = g(x) = —x. Note that

sup = sup =0
f g
But (f - g)(z) = 22, and thus
sup =1
I
Similarly,
inf = inf = —1
! 9

But (f - g)(x) = 22, and thus

11



inf =0
fg

(j) We already know that sup» < (supy)®. So we just need to prove the other inequality.

Since f is bounded, f? is bounded, and since f and f? are both positive, sup f and sup f?
are both nonnegative real numbers.

If sup f = 0, then f(x) = 0 for all z, which implies (sup f)? = sup f2 = 0. So suppose
sup f > 0. Then consider y € R such that

0 <y < (supf)*

This implies that 0 < ,/y < sup f. By the definition of sup, there exists x € X such that
f(z) > /y, which implies f?(z) > y. Then

sup f2 > f2(z) >y

Since this holds for every y < (sup f)2, sup f2 > (sup f)%.
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