1

Since its introduction by |[Efron| (1979)) the bootstrap has been widely used as
a method for approximating the distribution of statistics. Many papers have
extended the original idea in terms, both, of the applicability (see [Horowitz
(2001) and Hall (1986) for excellent reviews) and of its methodology; of
particular interest for us are the bootstrap procedures: ”wild bootstrap”

(see Mammen, (1993)) and more generally the ”weighted bootstrap” (see
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In this paper we attempt to expand the applicability of the weighted
bootstrap procedure to quadratic forms with increasing dimensions. Namely,

we study quadratic forms of the form

n T n
1 1

where (Z1., -, Zn.n) are independent (among each other) R%-valued random
variables with mean zero and general covariance matrix ¥,. We show that
its distribution is well-approximated (under the Kolmogorov distance) by
the distribution of

n T n
1 1
(o) (Frgome) .

where (w1, ...,wn,n) are independent bootstrap weights. The novelty in this
paper is that we allow for d = d(n) to increase with the sample size.

Studying the asymptotic behavior of quadratic forms, in particular es-
tablishing bootstrap consistency, is relevant since many statistics of interest
can asymptotically be represented as quadratic forms of (scaled) sample
averages. For instance, the likelihood ratio and Wald test statistics are
asymptotically represented as quadratic forms of the scores; see [Van der
Vaart| (2000) Ch. 16, and references therein. Portnoy (1988) establishes
such representations for the likelihood ratio test statistics; there d(n) is the
dimension of the parameter of interest and is allowed to grow with n. [Hjort
et al.[(2009) uses Portnoy’s results to show a quadratic approximation result
for Owen’s (Owen| (1990))) empirical likelihood, allowing for d(n)3/n — 0;
see also [Peng and Schick| (2012). Therefore, by establishing the validity of
the bootstrap for general quadratic forms, we propose an alternative method
for inference for these statistics.

By letting d to increase with sample size we allow for different asymp-
totics, a "large-d and large-n” asymptotics, rather than the standard ”fixed-
d and large-n”. The former type of asymptotics are more explicit about how

the dimension, d, can affect the quality of the approximations. That is, even



if the dimension of the parameters does not literally grow with n, if the model
has a large number of parameters, doing ”fixed-d large-n” asymptotics could
be misleading, whereas doing "large-d large-n” asymptotics could depict a
more accurate picture of the behavior for fixed samples; see Mammen (1989)
for discussion. Our results can also be applied in cases where there is liter-
ally a growing number of parameters. For instance, Chen and Pouzo| (2014)
study the asymptotic behavior of the quasi-likelihood ratio and Wald test
statistics in a semi-parametric conditional moment setup; in particular they
show that the statistics are asymptotically equivalent to quadratic forms (/1)
under a null hypothesis of increasing dimensions (see Appendix A.4 in their
paper); our results, in conjunction with theirs, could be applied to estab-
lish bootstrap-based inference for the quasi-likelihood ratio and Wald test
statistics.

In order to establish our main result of bootstrap consistency, we use
Lindeberg interpolation techniques (see Chatterjee| (2006)), Rollin (2013) and
references therein) to approximate the quadratic forms of n=1/2 2?21 WinZin
and n~1/2 Z?zl Z;n by the ones for Gaussian random variables with zero
mean and variance n~' Y1 Z; o Z], and E[Z),Z] ], respectively.

By proceeding in this manner, we are able to reduce the original problem
to a Gaussian approximation problem wherein we need to establish conver-
gence of a Gaussian distribution with zero mean and variance n—! Py Zi’nZi:’Fn
to one with zero mean and variance E [ZLan »]. We use Slepian inter-
polation (Slepian| (1962), Rollin (2013)), |Chernozhukov et al.| (2013a) and
references therein) to accomplish this.

Due to the interpolation techniques used here, we need certain restric-
tions on the higher moments of the random variables. In particular, we
impose growth restrictions on the higher moments of the bootstrap weights
and the Euclidean norm of Z,. These conditions essentially restrict the
growth rate of d(n). Although the precise growth rate depends on such
conditions, the dimensions cannot grow faster n'/4.

A number of papers develop large sample results allowing for increas-
ing dimension. To name a few, Portnoy| (1988) establishes the validity of

the Wilks phenomenon for the likelihood ratio for exponential families when



d(n)®?/n — 0. He and Shao| (2000) derive the asymptotic distribution for
M-estimators when the number of parameters is allowed to grow with the
sample size. Recently, a few papers develop this type of results for quadratic
forms of the form allowing for increasing dimensions. In particular, |Peng
and Schick (2012)) and [Xu et al.|(2014) develop a central limit theorems for
quadratic forms of sample averages of vectors, allowing for the dimension to
grow with n; both papers discuss several applications and examples. The
results on our paper offer an alternative, bootstrap-based, method for infer-
ence for these cases.

Our paper also contributes to the growing literature of bootstrap results
allowing for increasing dimensions. Mammen| (1989)) derives asymptotic ex-
pansion for M-estimators in linear models allowing for increasing dimension
and use them to show consistency of a weighted bootstrap. In a different
context, Radulovic| (1998) uses Lindeberg interpolation methods allowing
for increasing dimension to show that the functional bootstrap CLT holds
under weaker conditions than equicontinuity; in his paper the restriction
over the growth rate is d(n)®/n — 0. In |Chernozhukov et al| (2013b), the
authors derive a Gaussian weighted bootstrap approximation result for the
mazimum of the sum of high dimensional random vectors; in this specific
setup the dimension is allowed to grow very fast, even at an exponential
rate. [Zhang and Cheng| (2014) provide an extension of (Chernozhukov et al.
(2013b)) to time series. In our paper the object of interest is the #2-norm of
the sum of high dimensional random vectors (as opposed to the £*°-norm),
so the results in these papers are not directly applicable. Finally, in a re-
cent independent work, |[Spokoiny and Zhilova| (2014) study the validity of
the weighted bootstrap procedure for the likelihood ratio test statistics in
finite samples and model misspecification; their results require d(n)3/n to

be "small”.

Organization of the Paper. In section [2| we define the problem and
impose the required assumptions. Section [3| presents the main result and
a discussion of its implications. Section [4] presents the proof of the main

theorem. In order to keep the paper short, the proofs of intermediate results



are gathered in the appendix.

Notation. For any vector z € R?, we use ||z||5 to denote Zle |;|P and
) to denote the I-th coordinate of the vector; for p = 2 we use ||.|[e. tr{A}
denotes the trace of matrix A. We use Ep to denote the expectation with
respect to the probability measure P; for conditional distributions P(-|X)
we use Ep(.|x)[] or sometimes directly Ep[-|X]. We use X,, 3 Y, to denote
that X,, < Y, for some C' > 0. We use 0" f to denote the r-th derivative
of f; for the cases of r = 1 and r = 2 we use the more standard f’ and f”

notation.

2 Preliminaries

Let {Zin, € RY™ i =1,....,n and n € N} with (d(n))nen a non-decreasing
real-valued sequence; d(n) could diverge to infinity. For all n € N, let
Z" = (Zin, ..., Znn) be independent among themselves with Z; , ~ P, and
Ep,[(Ziyn)] =0 and ¥, = Ep, [(Zin)(Zin)T] € RUAMXAM) positive definite
and finite.

Let Zp =n"tY" | Zin, and

Ep, [(VnZy)(V1Za)] =07y Ep, [(Zin)(Zin)"] = Zn.
i=1

For a given matrix A € R¥*? we denote its Eigenvalues as {\1(4), ..., \q(4)}.

Assumption 2.1. (i) There exists constants 0 < ¢ < C < 0o such that ¢ <
N(Z,) < C foranyl=1,...,d(n) andn €N, and max{d(n)(Ep, [[| Z1.n|2)* Bry, | Z1,n]1],(d(n))*} _

o(1); (ii) there exists ay > 0 such that %Epn[|\Z1,n||g+2’7] = o(1); (iii)

there exists a K > 0 such that (log(d("gzrﬂ/;d(n)%n EPH[HZLanf:H)] =o(1).

2.1 Discussion of the assumption 2.1

The assumption that ¢ < \;(X,) < C can be somewhat relaxed; for instance,

it could be replaced by limsup,,_, . % =0 and Zg;% < C < oo

The rest of assumption [2.1] essentially imposed restrictions on the rate of




growth of d(n) relative to n. In order to shed more light on the implications

of this part, and to provide sufficient conditions for it, is convenient to bound
4—‘,—27]

the quantities Ep,, | etc in the assumption, in terms of d(n).
Clearly, if [Zj 1 5| § C < © asP, foralll =1,..,d(n) and all n €
N, then Ep,[||Z1]I29] = O(d(n)?) for any ¢ > 0 For example, such
condition is imposed by [Vershynin (2012a) in the context of estimation and
approximation of covariance matrices of high dimensional distributions.
The next lemma shows that the result still holds if we impose the fol-

2
)‘Z[l]’lvn} < C < oo for some A > 0. For

lowing (milder) restriction: Ep, [e
instance, if (Z,)? is a sub-Gamma random variable (Boucheron et al.
(2013) p. 27), then the condition holds since Ep, [eAZﬁJvlv"} < exp{%}
for any A € (0,1/¢) and some ¢ > 0. If Z)j; ; ,, is sub-Gaussian, then (Z[”’Ln)Q
is sub-exponential (see Vershynin| (2012b)) Lemma 5.14) and the condition
holds by a similar argument.

An appealing feature of this result is that it only imposes restrictions on
the marginal behavior of the components of the vector Z; ;, and not its joint

behavior.

Lemma 2.1. Suppose that there exists a C > 0 and A > 0 such Ep,, [eAZﬁ],l,n] <
C foralll=1,...,d(n) and alln € N. Then EPn[HZLnHZq] 2d(n)? for any
q > 0.

Proof. Observe that
Ep, (1|71l 2/d(n)7] = /0 TP, (12012 ) > #9) d
=0 [ (1210l ) 2 ) d

since ||Z1nl[2/d(n) = d(n) "t 0 | Zyy10]2, by the Markov inequality it
follows that for any A > 0

EP,L[(HZLan/d(n))q] < (q/ uqle/\“du> Ep, {eAd(n)—l Zfi? \Z[z],1,n|2] ‘
0

'Recall that for a vector z, xy;) denotes the I-th component.




d(n)

By Jensen inequality Ep,, [e’\d(”)_l 2z ‘ZULL"P} <d(n)! Z;ji"l) Ep, [e’\|Z[lL1m|2}

C'. Thus, the desired result follows from the fact that (q fooo uq_le_k“du) =

(gA™7 [JZw? e " dw) = gA™9T(q) < oo for any ¢ > 0. O
Therefore, assumption (1) boils down to d(Tn)4 = o(1). For assumption
2.1(ii) is sufficient to impose ("7)14:27 = o(1); for v = 2 it boils down to

' _ o(1) but for large v it (roughly) becomes d(nﬁ = o(1). Finally, for,

n
say = 0, assumption (iii) is reduced to @EPR[HZL,ZH‘C}] 3 d(nﬁ — 0.
That is, under conditions that bound all (polynomial) moments of the
individual components of Z; ,,, the dimension is allowed to grow slower than

the 4th-root of the sample size.

2.2 The Bootstrap Weights

The bootstrap weights are given by {w;, € R : i = 1,...,n and n € N}
where, for any n € N and conditional on Z™ = 2", (win, ..., Wnn) ~ PX(-|2")

for some P} (+|2").

Assumption 2.2. For alln € N and i = 1,2,...,n, (i) (Wip, ..., wnn) are
independent and Epx (| zn) [win] = 0 and Epx | zn) [(wm - 1)2] = 1; (ii) there
exists a ¢ > max{y + 2,4}, such that Ep: | zn) [Jwin|?] < Cy < 00 for some
constant Cy, > 0.

Part (i) is standard. Part (ii) is mild considering that the weights are

chosen by the researcher. The technique of proof can easily be adapted to the

case where the following (stronger) restriction is imposed: Eps (.|zn) [exp{win}] <

Cp < 0.

3 The Main Result

We now present the main result of the paper. In what follows, for any

measurable function 2" — f(2") we use |f(Z™)| = op,, (1) to denote: For any

e > 0, there exists a N(g) such that for all n > N(e), P, (|f(Z")] > ¢) < e.
Let Z} = n-t 2?21 winZin be the bootstrap analog of Zj,.

<



Theorem 3.1. Suppose assumption and[2.9 hold. Then

sup Py, ([[VnZy||2 > t| Z") — Py, (IVnZa||2 > t)| = op, (1).
S

3.1 Comments and discussion

We now present some remarks and discuss some implications of the preceding

theorem.

Heuristics. We postpone the somewhat long proof of the theorem to
section [4} here we present an heuristic argument. The first step in the proof
is to approximate the indicator function x ~ 1{||z||? > ¢} by ”smooth”
functions = + Pysn(]|z|?); the exact expression for Py sy is presented in
lemma and follows from the suggestion by [Pollard| (2001)) p. 247. The
functions are indexed by (h,d) where h is "small” compared to § and as
0 — 0 the function P 55, converges to the indicator function

The second step uses the fact that P; 5 belongs to a class of ”smooth”
functions, and applies Lindeberg interpolation techniques (Chatterjee (2006)
and Rollin| (2013) among others) to approximate /nZ% by v/aU, =n~ /23" Ui,
and /nZ, by y/nV = n~V/23" 'V, where (U;,)l, are independent
Gaussian with zero mean and variance ZimZz'j:n and (V; )i~ are independent
Gaussian with zero mean and variance E[Zl,nZEn]. We use @ (-]Z2") and
®,, respectively, to denote their probability distributions. The following the-
orems formalize this, and can be viewed of independent interest since they
show that a ”generalized invariance principle” holds in our setup (formal

proofs of these theorems are relegated to Appendix [A]).

Theorem 3.2. Suppose assumption and[2.4 hold. For any h > 0,

sup |Ep: [f (IIVnZ3||2) |2"] — Ee: [f (IVnUnl||2) |27]] = op, (h?)

fGCh,l

where Cp; be the class of functions f : R — R that are three times
continuously differentiable and sup,, |0" f(x)| < (M)" and sup,, |f(z)| < 1.



Theorem 3.3. Suppose assumption [2.1] and [2.3 hold. For any h > 0,

sup ‘EP [ (H\/ﬁZan)] - Ls, [f (H\/ﬁVan)” = O(h_Q)-
fec,—1

By using theorems [3.2] and [3.3] we have reduced the original problem to
a Gaussian approximation problem. That is, we need to establish conver-
gence (under the distance induced by C) of a Gaussian distribution with zero
mean and variance n~! Z?:l ZmZgn to one with zero mean and variance
E[Zlyann]. Lemma in Section [4f — which is based in the Slepian in-
terpolation (Chernozhukov et al.| (2013b), Chernozhukov et al. (2013a)) and
and references therein)— establishes that is enough to show
that

n

—1
d(n) L max ; Zi1inZnim — Ep 211102 ma0)| = 0P, (1), (3)

A similar result is obtained by |(Chernozhukov et al. (2013b)) without the scal-
ing factor of d(n); their setup, however, is different since the object of interest
1 (as opposed to [|[n~ V23" | Z; n||2). Be-

low we show that, employing standard arguments, the expression [3] holds

is max;<j<q(n) 7~ 1/2

under our assumptions.

Asymptotic Distribution of ||\/nZ,||?>. An implication of the proof
of Theorem [B.J] and Theorem [3.3] is that

(Hfz w2 — d(n) >t> s, (anuz—d(n) >t>‘ _ o)
d(n) N d(n) N

That is, if ¥, = I4(,,) then this expression and a direct application of the

CLT (when d(n) — oo) imply that W = N(0,1) or, informally,

|[\/nZy||? is approximately chi-square distributed with d(n) degrees of free-
dom. When %, # Iy, the last claim is no longer true but it holds that

[V/nZn|[g—tr{En} is approximately distributed as d(n AEA0GZD ith
Nezey pproximatey 2l ity

XJQ- drawn from a chi-square with degree one; see |Xu et al.| (]2014[) and [Peng

sup |P
teR




and Schick (2012) for a discussion regarding these results.

We note that in Theorem no scaling (by —d(n) and 1/,/2d(n) or
—tr{%,} and 1/,/2tr{¥2}) is needed. That is, although the mean and
variance of ||\/nZy||? are ”drifting” to infinity, the bootstrap still provides
a good approximation since the moments of ||\/nZ}||?> are mimicking this

behavior.

On the Lindeberg Interpolation. Theorems and are based
on the following Lindeberg interpolation for quadratic forms (formal proofs
of this theorem are relegated to Appendix E|

Theorem 3.4. Let (A, ..., A,) € R™" and (By, ..., By) € R™ be random
matrices independent from each other. Suppose for each 1 < i <n, A; has
finite second moments with E[A;] = 0, Ay,..., A, are independent, and B;
has finite second moments, with E[B;] = 0 and By, ..., By, are independent.
Suppose E[A;AT] = E[B;Bl] = C;. Let f : R — R be three times differen-
tiable and for r =1,2,3, |0"f(-)| < L.(f). Then for any € > 0 and for any
q>0

L CRR L3(f)\*?
’E[f(";AZHB)] E[f(|;BZHe)H < Sy, + La(f) (LQ(f)> R,

where S, = S1,, + Sa.,, with
S1n =Y _IE[" (IISenl2)] ElIBillE] — Bl A4lI]]
i=1
SQ,n :42 |E [f” (HSanz) SzTn] (E[BZHBZHg] - E[AZHAZHzD |
i=1

n
R, =Y B (ST, + B2 + (SL,As + 114:12) "
=1

and S, = 23;11 Aj+0+3>70 4 By

A few remarks regarding this theorem are in order. First, in lemma

2This Lindeberg interpolation builds on the approach in [Xu et al.| (2014).

10



in the Appendix we provide bounds for S,, (and R,,). These bounds only
use restrictions imposed on the higher moments of the original data and the
bootstrap weights (see assumptions [2.1](i)(ii) and [2.2). However, it is easy
to see that if one would have additional information on the higher moments,
one could obtain sharper bounds for S,,. For instance, to show Theorem [3.2]
we apply theorem with 4; = n_l/meZi,n and B; = n‘l/QuiZm with
u; ~ N(0,1). If we would have that (w;,)", were such that E[|w;,|*] =
E[(2)*] with 2 ~ N(0,1), then S;, = 0 (a similar observation applies to
S2r). These bounds in S, in turn, will translate to faster rates of the
bootstrap approximation.

Second, the interpolation compares the quantities > ;" | A; with > | B;
by comparing ”one component at a time”. This comparison is essentially
divided into two parts. First, we compare ||S;., + A4;||? and ||S;., + Bi|?,
which are real-valued quantities. Second, we exploit the smoothness of the
univariate function f to bound its variation using Taylor’s approximation.
Loosely speaking, the first step reduces the problem to an univariate one.
An alternative approach would be to consider interpolations for multivariate
functions (e.g. (Chatterjee and Meckes| (2008)) of the form g : R4™ — R
with g(x) = f(||z||?). As can be seen from the derivations in (Chatterjee

and Meckes (2008)), the reminder term will also require bounds on higher
| Hess(g)(x)—Hess(g) ()llop

[lz—ylle '
E| Which approach is better depends largely on what type of restrictions

derivatives of g (and thus f), but of the form sup,,

over the class of test functions are natural in the problem at hand. For us,
[|0" f||Lee < oo is a natural assumption, but in other applications it could
be too strong.

More generally, this discussion illustrates the relationship between re-
strictions in the class of test functions (C) and the bounds on higher order

moments and ultimately the rate of growth of d(n).

Bootstrap P-Value. For any o € (0,1) and Z" € R4™ et t,, (o, Z") =
inf{¢t : P} (|[VnZ;||2 <t|Z") > a}. Due to the distribution consistency

3Hess(g) is the Hessian of the function and ||.||op is the operator norm. Other type of
bounds could be found in [Raic| (2004)) based on Hilbert-Schmidt norm.

11



result proven in Theorem [3.1] we can approximate the a-th quantile of the
distribution of ||/nZy||? by tn(a, Z™), in the sense that

Py (IVnZnl2 > tu(a, Z") = 1) < a+o(1)

for any n > 0. If t, (v, Z™) is a continuity point of P, (-|Z™), then P}, (|[\/nZ5||? > tn(o, Z™) | Z™) =
a, and the previous display becomes Py, (|[v/nZy||2 > tn(a, Z™)) = a+o(1).

Hence, Theorem can be used to construct valid p-values based on the

bootstrap.

4 Proof of Theorem [3.1]

Recall that 2 € R¥"™ — ||z]|2 = 2Tz and that Cy; is the class of functions f :
R — R that are three times continuously differentiable and sup, |0" f(z)| <
(M),

All the proofs of the lemmas in this section are relegated to Appendix

Bl
For any two probability measures ) and P, let

An(P,Q) = sup |Ep[f(I|XI[2)] — Elf([YI[2)]] (4)

feCm

We want to establish the following: For any & > 0, there exists a N (')
such that

P, (sup P (IWAZ I 2 1] 27) = P (WAZ 2 )| 2 £ ) <
teR
for all n > N(g). Observe that
P, (sup\P:; (INVAZZE > t] 27) — Py (VA2 > 1)) > )
teR

<P, ({sup PL (IWAZEIP = | 27) - Py (IWVAZalP 2 8)] 2 &'} msn>
teR

+P, (59)

12



where S, = {Z" : n Y0 | Zinl? < (0.5¢)71r{Z,}}. By the Markov
inequality P, (Sg ) < 0.5¢. Thus, it suffices to show that
P, ({sup P ([[VnZpl|2 >t | Z27) = Py (|WnZ|2 > t)| > 5'} N Sn> < 0.5¢
teR
(5)
By the triangle inequality, for all ¢ € R and Z"
|Bpy, [WI[VZy|2 > t} | 2"] — Ep,, [{[[VnZnl2 > t}]|

<|Ep; [HIIVnZ;|12 > t} | 2"] - Ea,, [H{IIVnVal2 > t}] |
+1Bp, [HI[VnZa|l2 > t}] = Es,, [{llVnVa]Z > }] |

where V,, = n7 130 | V;, with Vi, ~ ii.d. — N(0,%,). We use @, to
denote the probability of (V).
Therefore, in order to obtain display [B], it suffices to bound
P, ({Sup |Eps [L{|IVnZ||2 > t} | Z"] — Ee, [1{||V/nVa||2 > t}]| > 0.5¢'} N Sn> < 0.25¢'
teR
(6)

and
Jim sup |Ep, [LIWAZAl[2 > 8] = Bo, [UIVAVE = 0]] =0 (@)
€

The next two lemmas allow us to ”"replace” the indicator functions by

”smooth” functions.

Lemma 4.1. Suppose assumption (z) holds. For any € > 0, there exists
a y(e) and N () such that for all n > N(e) and all h < h(e, /tr{X2}v(e))

sup |Ep,, [H{|IVnZa||Z 2 t}] — Es, [L{|[VnVal|Z > t}]] (8)

3
Sli—e +3€+Ah—1(Pn,q}n). (9)

where, recall that, Ay -1 (P, ®,) = SuPjec, ‘Epn [f (IVnZn||?)] = Ea, [f (||V/nVa]|?)] ‘

13



And

Lemma 4.2. Suppose assumption (Z) holds. For any € > 0, there exists
a v(e) and N(e) such that for alln > N(e) and all h < h(e,\/tr{¥2}v(¢))

sup |Ep;, [WIVRZG|[E 2 1}12"] = Bre [HIIVVa |2 2 1}]]
(S

<o 3 A (P12, @), (10)

for any Z™ € RUM)

where, recall that,

Ap-1 (P (-]27%), @n) = [ Sup |Ep;, [f (IVAZ;)2) 12"] = Ba,, [f (IVaVal2)]]
(11)

Remark 4.1. The previous lemma holds for any h provided that is below
h < h(e, \/tr{X2}y(e)). The intuition from this restriction is as follows: h
and 6, = \/tr{X2}v(e) index the "smooth” function we use to approximate
x = 1{||z]|? > t}; see lemma in the Appendix for a precise expression.
It turns out that h has to be "small” relative to 0,. Therefore, we need the
bound h(e, by,).

It is worth to note that, for the ”"smooth” function to be a good approx-
imation of 1{|| - ||> > t}, we need 6, to be “small” (see the proof of lemma
in the Appendiz). What we mean by 6, to be “small” depends on how
[[\/nV,||? concentrates mass. Lemma establishes an anti-concentration
result, wherein we obtain that this random variable puts very little mass in

any given interval. Therefore 6, could actually be quite large, of the order
of \/tr{¥2}.

Therefore, by letting ¢ in the lemmas be such that —= + 3¢ = 0.25¢’ we

1—¢
obtain

teR

(12)

14



and

P, ({sup Be; [LIVAZSIE 2 1] 27] - B, [HIVAV.E > )| 2 052} 05,
te

<P, ({An-1(P5(-|2"), ®,) > 0.25¢'} N Sy,) (13)

for all n > N(e) and all h < h(e, dy).
By the triangle inequality and straightforward algebra, it follows that

P, ({An-1(P(-|27), ®,) > 0.25¢'1 N Sy)
<Py ({84 (P1012), ®i(427) = 105,

+P, ({Ah_l@;;(u"), ®,) > éa’} N Sn)

where @7 (-|Z™) denotes the conditional probability (given the original data
Z" ) associated to U, =n~! Sy Uiy with Us p, ~ i.i.d. — N(O, ZleTn)

Hence, by the previous display and equations and [13] in order
to show the desired result it suffices to show that: For all €/, there exists a
N(e’) such that

P, ({Ap1(PL(1Z27), @5 (-127) 2 £} N Sy) <€, (14)
P, ({Ap-1(®5(127), ®,) > '} N S,) <& (15)
and Ap-1(Py, ®,) < & (16)

for all n > N(&') and some h < h(e, \/tr{22}v(g)). Theorems and
establish expressions [14] and

Remark 4.2. From lemma h(e, /tr{X2}vy(e)) = \/tr{Z2}y(c) /@~ 1(e)

and thus h can be taken to be proportional (up to a constant that depends

on g) to \/tr{X2}. Hence, under assumption (z), h can be taken to be
such that h=2 < d(n)~t. Therefore, Theorems and actually imply a
stronger result: Ap-1(Pp, ®,) = o(d(n)~Y) and A1 (PL(-|Z7), ®5(-|27)) =
op, (d(n)™1).

We have thus reduced the original problem to a Gaussian approximation

15



problem. That is, it remains to show that
P, ({Ap-1(®5(1Z2™), @) > '} N S,) <€ (17)

Since /nUy ~ N(0,%,) (with £, = n'30", Z;,ZL) and /nV, ~
N(0,3,), the previous display is equivalent to showing that

P, ({Ahﬂ(z\r(o, $2), N(0,5,)) > €1 N Sn) <¢.

Essentially, this expression follows by the fact that S, converges in prob-
ability to X,, in a suitable norm. The following lemma formalizes this.
Lemma 4.3. For any h >0 and any n € N

{n_l Z Z31in 2 in — E[l,j],n}‘

=1

Ap-1(25(|2"), ®n) Zmax
j7

% h~Ld(n) (h_ltr{En} F RS, + 2) .

Observe that for any Z" € S, = {Z" : n™ LY || Zi w2 < (0.5¢") " 1r{Z,}},
the RHS of the expression in the Lemma is bounded above by d(n)h = {h=1(e) " 1tr{S,} +
2}.

Thus by lemma in order to establish the desired result, it suffices to
show that

P, | max
Jsl

—1 . (5,)2 /
n ;Z[l],i,nz[j],i,n = Xln| = A2t (5 N Sn) <e

(18)

N2

for sufficiently large n. Henceforth, let ¢, = )

#{En} and let A; ,[j,1] =

Z[J’Li,nZ[l],i,m observe that
EPn [A'L,nba l]] = EPn [Z[J]J,TLZ[Z],Z,n] = EUJ]’”.

Lot Aualisl] = AL [0 + AV [0 = Al A < do) +
A7 U{A L] > dn} where (dy), with d, > 0 is defined below.

16



Clearly, AL [,1] < d,. So, by Hoeffding inequality (see Boucheron et al.

i,n[ ’

(2013)) p. 34)

n (max ‘77, ! Z{Az n j? EPn [AzL,n[jv l]]}’ 2 Cn)

7,5l

2
2Cexp {210g(d(n)) - ncclg}

n

Therefore, by setting d,, = ¢, ”0'25)), the previous display implies that

log(d(n

(IR_1 > AALDL 0 — B, [AL L]} = 8’) <,

for sufficiently large n.

Second, by the Markov inequality and the fact that

(19)

for all ¢ # k, it follows that

n <maX |Tl ! Z{AZ n jv EPn [Air{n[]a l]]}| 2 cn)

2
< Z(QL)iQEPn ( -1 Z{Az n j7 EPn [AzU,n[Jv ZH}>
7l
=)t Y P [(AV 1.1 - Be, (AT, 1 01)°]
<(en) 2 _1ZEP [ Aln],zﬂ

17



Therefore by the Markov inequality, for p > 0

P, (max ‘n_l Z{Agn[ L l] - EPn [Agjn[.]v l]]}’ 2 C")
Il =1 7 7

d(n) d(n)

1 2+
= Zn(d) ; 2 te. |(ZnZi000)""|

<

d(n) 2

— 1 24+p
_c%n(dn)pEPn ]:Zl(Z[JLLn)

nee d, — ¢, /1025 N CO
Since d,, = ¢, Tog(d(n)) and ¢, = IR ONE it follows that

Py <max =ty {ALL 1 — e, [ALLLL O} > cn>
7 =1 ’

2
d(n)
log(d(n))?/? 2
= E Zy tp
S ez P ]21( )1.0)

2

d(n)

(log(d(n)))P/d(n)* P (tr{£,})**7 2+

N hi+2pp1+p/2 Ep, Z(Z[j],l,n) P
j=1

Since we can set h =< \/tr{¥2}, the RHS becomes
og(d(n)))?/2d(n)** r{Zn 2+p n 2 .
(log(d(n)))P/2d(n)>*» <t 12 }) Ep, (Zd( )(Zm’l’n)ﬂp) } By choosing p =

nltp/2 tr{x2} j=1
r, by assumptions [2.1fi) and [2.1fiii), the term vanishes as n — cc.
Therefore, equation[18]is established and with that the proof of Theorem

B.1
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Appendix

A Proof of Theorems [3.4], and

The next lemma provides a bound for S,, and R,, in theorem

Lemma A.1. Suppose the same conditions of Theorem[3.4 Then,

S1n <La(f) ZE[HBMZ} + (14 [2]

Son <La(f)

Ztr{C}Z [1Bil12] + E |1 4:l2]) -
And, for any ¢ >0

R, 3 Y (B[(85.8)"" + (6LA)™] + B [I1BII] + B [|l41521])

and
i |:(ST )2+(1:|
=1
n n 1405 n
3D BB max | Y E (18512 D E[]IS]12H]
i=1 Jj=1 Jj=1

and an analogous expression holds for > " | E [(SiTmAi)Hq]

Proof of Lemma[Adl S, is trivially bounded by Lo(f) > i, E[||Bil|* +
||A;]|2]. Regarding Sa,,, observe that

D B[ (I1Sinl2) SEa] (BBl BillZ]) | <Lo(f ZE [ISinlle]| Bil 2]
i=1

§L2 Z ||Sz n’ [HBzHg]
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by independence of S;.,, and B; and Cauchy-Swarchz. Also, F [Si;nSiTm] =
Z;L:1 E[S’jS;-r], s0 E [|ISim|?] = tr{E[SinSL,]} = Z?:l tr{C;}. A similar
results holds when B; is replaced by A;. Therefore

Son <La(f)

>_tr{Ci} Y (B [IBill] + B [I|Aill]).-
j=1 i=1
Regarding R,,. Note that

Zn:E [(SzTnBz + HBZ’H?)QHI} 3 (i:E [(SZnBifﬂ]} 4 zn:E [(HBi‘e)4+2q]> '

=1 =1 i=1

2+
Observe that E | (ST, 8)*"| = E [E [(Z}H STb:) 1B; = b” Since
(S;); does not contain B;, conditioning on B; = b;, (S]Tb,-) j is an independent
sequence.

Therefore, by Johnson et al.| (1985), for any ¢ > 0,

B | (sTb)""]

) 2 /. 1/(2+q)
3 maxq B[S0 sTo | || DB [(8Te)*]

Jj=1 J=1

(where the expectation is only with respect to (Sj);-‘zl, not b;). By indepen-
dence, and the fact that [S]-Tbi] =0,

2

E zn:sfbi 5 zn:(ks*iji)2 — ! E znjsjsf bib!
j=1 j=1 j=1
Also, note that
S_E[(76)"] < X B [USllelbille?*™) = (lball)** Y- B [(l1Si11)*]
j=1 j=1 j=1

Therefore, using these bounds and taken expectation with respect to B;
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and after straightforward algebra,

Z E [ 2+¢1}
14-0.5¢

3D BBl ) max | >0 E(IISil12] Y ElIS;112%]
j=1 j=1

i=1

An analogous steps can be taken to show the same result replacing B; by
A;; they will be omitted. O

Proof of Theorem[3.4 . Let S;.,, = ZZ ! L A0+ T8 B =300 Sj. Ob-
serve that (S;)™_, are independent and E[S;] = 0, also E[S;S!] = E[B;B]] =
Ci. Also, note that Sy., =Y | Bi—Bj and Sy, = )1 | A;— A,,. Moreover

ZA + Z B - Si-l—l:n + Bi-‘rl' (20)

(IIZBHQ) (Igﬁlill?)

Observe that |[Siy + Bil|? = ||Sin||? + || Bil|? + 2SE,, Bi. Therefore, by
this fact and three times differentiability of f, it follows that

Therefore,

S E[f (IISin + Bill2) = £ (|[Sim + Aill2)
=1

£ (ISin + Bill2) = £ ([1Sinl2) =F (IISinl?) (1| Bil|2 + 28, Bs)
+0.5F" (|1Sinl2) (I1Bi]2 + 25T, B:)°
+Ri,1,n
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where R; 1, is a reminder term which will be defined later. Similarly

£ ([1Sin + Aill2) = £ (I1Sinll2) =F (I1Sinl12) (1144]12 + 28, A))
+ 0.5 (IISiall?) (1412 + 28, 4:)
+Ri,2,n
Hence
) [f (||Szn + BZHE) - f (||Sln + Al”?)]
=E[f (HSmH?) (HAng — | Bi2 + 28T, (Ai — By))]
+ 058 [ (ISl ?) { (1B:l[2 + 28T, B)° — (412 + 28T, 4:)°}]
+ E [Ri,l,n - Ri,2,n]

=Fin+ Sin+E[Riin— Ri2nl

Therefore, it suffices to bound the first order terms F,, = i | F},,, sec-
ond order terms Sy, = > | Sin and the remainder terms E [R; 1, — R;2.p].

THE FIRST ORDER TERMS, Fj. Since S;., is independent with A; and
B; and E[A;] = E[B;] = 0 and E[A;AT] = E[B;BT] it readily follows that

Y E L (ISinll2) ST (Bi = 4)] = > E [f (1Sil[?) SEa] E (B — 4:)] = 0
i—1 i=1

and
fE L7 (ISinll2) (I1B:l2 = 1| Ail[2)] = ZE £ (IISenll®)] E [(I1Bil[2 = 1| 4:]12)] = 0.

THE TERM SECOND ORDER TERMS, S,. For this term it suffices to

25



study the following terms:
i EZE 7 (1Senl) (1B — L)
Son = zn:E [ ([1Senll2) 4 (8], Bi)? — (51, 4:)%)]
=1
S EZE 1 (18l ) 48T, (BAIBIE — AL R)].

By independence of S;.,, with A; and B;, S1.n = > iy E [f” (|[Siml|2)] E [||Bill2 — 1| Adl[2]-
Regarding S5 ,,, because S;., is independent to A; and B; and E[Al-AZ-T] =
E[B;B}], it follows that E [SI B;B!S;,] = E[SI,A;ATS;,] and thus
Som = 0.
Finally, regarding S3,,, observe that by independence of S;.,, and B; and
A

|S3.n] < 42 1B [f" (IISinl?) Sin] (E[Bil|Bil|Z] — E[A]| Al|Z]) |
i=1

THE REMAINDER TERMS, R, AND Rs,. By Taylor’s theorem it follows
that: For any ¢ >0

n

> B[Rl 3La() " Ls(1)* Y B [ (SL,B: + 11BI12)"]

i=1 i=1

A.1 Proof of Theorem [3.2]

Proof of Theorem[3.4 We first note that is enough to bound

P, ({ wup |Bey [f (IVAZEI)127] — Bas [ (IWADE) 127]] > } mKn>

fechfl

where K, = {Z" : n™ 30 | || Zinl|? < (0.5¢") " Hr{S,} = M, }.
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The strategy of proof consists of applying the results in Theorem
and Lemma with A; = n_l/QwLnZi,n and B; = n_l/QuiZi,n where
u; ~ N(0,1). Then use the Markov inequality and show that the expectation
(under P,,) of the terms in the RHS of the main expression in Theorem (3.4

S, and R,,, vanishes as n — oo.

THE LEADING TERMS, S,,. For this case >_1 | E[(||Bille)*] 2 n 230 | Zinl|2

and Y0 E[(||Aille)Y] 2 n 23" || Zinl|2, under assumption There-

fore, Sq , in Theoremis bounded above (up to a constant) by n=! (R Y0 | || Z; ,[|2).
Therefore, since La(f) = h™2, Ep,[S1n] S 720230 | Ep, (|| Zinlld] =

h=2n"1Ep, [||Z1,||2] which is of order o(h2) by assumption (1)
Observe that in this case E[S;S]] =n"'Z;,Z], and thus

n n
Son Zh72 | LD 11 Zial 2072 Y Ellwinl® + i *)l| Zinl 2

\ i=1 i=1

n n
zh*\ w3 N Zil 22 S | Zi .
=1 1=1

For any Z" € K., Sopn 3 h=2y/M,n=3/? Yoy [|Zin||2. Therefore,
Ep, [S2nl{Ku}] 3 b7V Mun™2 YL Bp (| Zial2] = h™*VMun™ 2 Ep, (|| Z1.n
which is of order o(h~2) by assumption [2.1fi).

HE

THE REMAINDER TERMS, R,. To bound the remainder term in the ex-

pression of Theorem we use lemma and the fact that Lo(f) = h=2.
+0.5¢q 1+40.5¢q

Observe that (tr {27:1 E [(S]TSJ'H }) = (tr {n_l > ijZjT;n}) =
(n S 12l 2) T Al

n n n
"B [(IBlle)* 7] = n= 04050 37 B [jug o 249] | 24|24 5 ™ (14050 37 ) 7240
=1 i=1 =1

because of the fact that E[|u;,|*™] < C' < oo with ¢ = . Similarly, under
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assumption [2.2]

> (U185 110)>*] 3 n= 0059 Slizi2.

j=1 i=1

Therefore,

et

" " 1+0.5q "
IO Y 1 Zill mae g | 07D NZgall2 )OO0 12
i=1 j=1 i=1
1+0.5q
n n n
Smax { n=0H00 N7 7,250 07N |25 2 DY [1Zie
i=1 j=1 i=1

where the last line follows from Jensen inequality. And, also note that
Sy E[(||Bille) 2] 3 n= G 35012l

It is straightforward to check that analogous expressions hold for > """ | E [(SZnAi)Hq}
and 71y B[(|]Aqlle)+27].

Recall that ¢ = 5. Thus, Ep, [n~Ct0 S0 (| Z; o]l 729 = n= D Ep [ Z1 ][]
ii). Similarly, Ep, [ZL E [(SZnBi)ZJF q} 1{7" € K}
(and Ep, [Z?:l E [(SZ’”A,-)QM} 1{Z" € K,}|) are bounded above (up to a
constant) by (M, ) +051n,=(0-50) Fp || 7, 2t 4 n_qun[HZl’anJrq]; both

terms vanish as n — oo under assumption ii) with ¢ = .

—~

which vanishes as n — oo under assumption

The desired result follows by the Markov inequality, since we proven that
FEp, [Sn1{K,}] and Ep, [R,1{K,}] are of order o(h~2). O

A.2 Proof of Theorem 3.3

For the proof of Theorem [3.3] we need the following simple lemma.

Lemma A.2. Let d > 1 and let X € R? such that X ~ N(0,A) for some
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A positive definite. Then for any ¢ > 0
B[||X|27 < Cla)(tr{A})®

for some C(q) € (0,00).

Proof of Lemma[A.3 Tt follows that we can cast X as A'Y/2¢ with & ~

N(0,1;) where A is a diagonal matrix of eigenvalues of A.

For any ¢ > 0
d q
X = tr{AYE | {3 e5(A)lg 2
7j=1
where ¢;(4) = ?zlej(A)' Since
d q ~ d
B[S aish) [ = [ P X awlgh =)
j=1 0 =
00 d
o [P | oAl 2 u | du
0 -
7j=1

=q /OO wi e 0 gy B [50-252?:1 Cj(A)\SjIZ}
0
0o d ,
Sq/o u(I*lefO.QSuduZCj(A)E [60'25‘£j| }
7=1

where the third line follows from the Markov inequality and the fourth from
Jensen inequality. The result follows from the fact that ¢ fooo udle=025uqy <
C < oo and |&|* ~ x? and Z?:l cj(A) =1. O

Proof of Theorem[3.3. The strategy of proof consists of applying the results
in Theorem and Lemma with A4; = n_l/QZi,n and B; = n_1/2Vi,n.
Observe that E[A;AT] = E[B;Bl] = %,.
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THE TERM S,,. For this case Y1 E[(||Bille)!] = n =2 Y1, E[||Vinll2] =
n T B(|[Vinlle] and 35, E[([1Adlle)!) = n72 X0, Bl Zinlle] = n ' El| Z1alle]-
Therefore, S;, in Theorem is bounded above (up to a constant) by
h=2n=1 (E[||Z1xl18] + E[|[Vinll2]), and by Lemma[A.2] this implies that

St 3 h72 7 (Bl Zuallé] + (tr{Sn})?) .

both terms are of order o(h~2) under assumption ii).
Observe that in this case E [SjSJT] =n"1%, and thus

Sz Sh™ 2Vitr{Z, }nig/QZ HZan +EH|VZHHZ)])
==Vt (S T (B 21l 2] + B[ Vial2)-

By Lemma E[||[Vinl2] = (tr{X,})3/2. Thus, by assumption i),
Sy, is of order o(h™2).

We thus have established that S,, in Theorem vanishes. We now
establish that R,, also vanishes.

THE REMAINDER TERMS, R,. To bound the remainder term in the
expression of Theorem we use lemma Lo(f) = h™2 and also set

q = 7. Observe that (tr {Z?zl B {(SJ-TSJ-)] }>1+0.5q — {Zn})1+0'5q '
Also,

3B [(I1Bi1)*] = OB i 2] 3 01, )) 400
=1

by lemma Therefore,
n

57 B [(85,5)*] 20-031(r{£, )05 max { (6r{Z, 105, 3 B2

i—1 j=1

Observe that 377, B [(1[S)1]0)*7] 3 004090 (524 B [(1 23]l + (0 — i)tr {3, }1+057)
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by lemma Under assumption [2.1{ii),

> [(US5116)%] 3= 04039 (iB [(1Z0alle)*] + (0 — D)t {Ea}110%)
j=1

<n O (B[ (1 Z1al|e* ] + {0} T%) 50, as n 0

because, n~ 05D ¢r{%, 1140-50 — (n_l/Qtr{En}o"r’H/q) and with ¢ = v > 2
is implied by (ii); and due to Jensen inequality n~ (059 F [(! | Z1 0 ]le 2+q} <

\/n‘lE [(!|Zl7n||e)4+2q} which vanishes for g = 7.

Also, by assumption [2.1{(ii), n= (059 (tr{%, })>T4 — 0 as n — oco. Finally,
note that 327", E[(||Bille)**27] 3 n=Ct) 30, E[||Vialle ™) = n=FOE[| Vil 3

n~(1+9) (tT{Zn})QJ”I by lemma |A.2l By assumption (11) and the previous
caleulations, 5~ (9) ({5, 1) = o(1). Similarly. S0, E[(|4i]1)] 3

~

~@0 Y| B[] = n 040 E[)|Z0,]|52) = o(1) by assumption

2.1]).

We have established that the remainder term R,, in Theorem van-

ishes, and thus the desired result follows. ]
B Proofs of Lemmas in Section (4
In order to prove the lemmas in section [4 we need the following lemmas.

B.1 Supplementary Lemmas

Let foranyt € R, 0 >0, n e N, and h > 0
Pron(llzlZ) = /pt,a(HwHﬁ +hz)$(2)dz, Vo € RI

where R 3 u — p;s(u) = 1{u > t} + “_Tt""sl{u € (t—0,t)} and ¢ is the
standard Gaussian pdf.
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Lemma B.1. For any e € (0,1), 6 > 0 and n € N, there exists h(d,e) =

a1 such that for all h < h(d,¢):
(i)
* n 1 * n
Bp; [{IIVnZ;||2 > t}12"] < e [Pi-son(llVnZs|[2)|Z2"]  (21)
(ii)
1 * n €
Bp; [{IVnZ;]|? > t}|2"] > T Eps [Priason(lVnZy|[2)|2"] - 1%
(22)

Lemma B.2. For any e € (0,1), 6 > 0 and n € N, there exists h(d,e) =

%@ such that for all h < h(d,€):

(i)
Ba, [IIVAVAll2 > )] < - Fa, [Pssn(IVavall)] (29
(i)

9
1—

Ba, [HIVAVA 2 > 1] > 1 Ba, [Peoassn(WVaVal )] - 7o (24)

Lemma B.3. For any e € (0,1), 6 > 0 and n € N, there exists h(d,e) =
0 such that for all h < h(3,¢):

el
(i)
Bo, [IVAZAI > 1] < —— Be, [PeasnlVaZal )] (25)
(i)
Bo, [UIVAZal2 > 1] > —— Be, [PuasanVaZal?)] - -5 (26)

Lemma B.4. Suppose assumption (z) holds. For any e > 0, there exists
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a N(g) and ~v(g) such that for all v < ~v(e) and all n > N(g):
sup @, (|I1VaVal 2~ 1] < Vir{Z3}7) < ¢ (27)
t

Remark B.1. It is easy to see that from this lemma it follows that: For
any € > 0, there exists a N(g) and y(g) such that for all v < ~y(g) and all
n> N(e):

B, (VAVall2 2 1) < e+ @ (IVAVAll2 2 L+ Vir{S2]y)  (28)

for allt > 0.

Proof of Lemma[B-1. Part (i) By definition of Py 5, for any ||z|[2 > t+§

Prsnl||z|?) > /1{2 |z||? 4 hz > t}p(2)dz > /1{2 thz > =6}p(2)dz =1 — ®(—4/h).
Thus, for any h < ﬁ(s) = h(d,e), Pesn(||z||?) > (1 —e)1{||z|? > t + &}.

Thus

1

EBpy [H{IlVnZille = 812" < —

Ep: [Pi_ssn(|lvnZy|2)| 2"

for any h < h(4,¢).
Part (ii) Observe that for any z : ||z||? <t — 24,

Puon(lol®) < [ 1z s Jalld + h) 2 ¢ = 8)o(2)dz < [ 1z he = 5)o()de

Thus Pysn(||z]|?) < e for any z : |[z||2 <t —26 and h < h(§, ). Thus, for
all x € RY, Py sp(|l7]2) < (1 —e)1{||x||? >t — 26} +e. The result follows
by taken expectations at both sides. O

Proof of Lemma[B.3. The proof is identical to that of Lemma and will
be omitted. O

Proof of Lemma[B.3 The proof is identical to that of Lemma and will
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be omitted. ]

Proof of Lemma[B.Z. Observe that &, = y/nV,, ~ N(0,3,) (recall 3, =
E[Z1nZ1,]). Note that

nén = (51 260) TS0 (301 260) =(UnT 260 A (Un 1 260)
d(n)

=(G) A (Gn) = D> NGy
=1

where the third inequality follows from the diagonalization of ¥, where A,
is a diagonal matrix of eigenvalues and U, is an unitary matrix. Observe
that ¢, = UnEfll/Qﬁn ~ N(0, I4(,)) and thus its components are iid standard
Gaussian, so ¢ ~ x3 and N¢? ~ T'(1/2,2);). Moreover, it is easy to see

that
E[)\JCZn] = )\ and Var(/\lgl%n) = 2N}

which implies that Var (32011 Ni¢?,) = 2tr{£2}. Also, E[|NGE, %] = N E[|G,0[¢] <
C (Amax(Zn))?’ where A\jaz(A) is the largest eigen value of a matrix A.

If d(n) < d < oo, the proof follows from the fact that I'(1/2,2);) does
not have mass points and is straight forward to show that the statement

holds for any n.
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Suppose that d(n) — co as n — oo. E| Therefore,

nll2 t
sw%mMmﬁtmtwwﬂﬁwm<'mk mw&)
t t

|\/2tr{2%} 2t {22}

_ B (1|

(e, — 1) )
zsgpi’n | \/W —t' +tr{Sp} < v/V2
Zi N~ 1)
V2tr{¥2}

where the second line and fourth line follow from the fact that if t € R, then
¢

£\ 2tr{32} <R
Then, by Berry-Essen bound (Theorem 2, p. 544 feller [Feller| (1971)).

=sup P,
t//

1" < ’Y/\f2>

d(n) A 2 1 d(”) )\3
sup | @, 2z NlGin 1) <t —o(t)| < 6C%
: V2ir {32} (2tr{z2})?

SN (s

where ® is the standard Gaussian cdf. Since

= oy
{3}
(r(m2))? <

(ir{s3})°
assumption [2.1{i), for any € > 0, there exists a N(¢) such that
0.5¢ for all n > N(¢e). Thus,

s%%mw&wst@%ﬂqgm(wm%~mmw§w-mmm
te te

<sup |® (t—l—’y/\@) - (t—’y/\/ﬁ)‘ + 0.5e.

teR

Since for any € > 0, there exists a y(¢) such that ’<I> (t+v/vV2)—@(t— 7/\/5)‘ <
0.5¢, the desired result follows. ]

“The relevant cases for us are: (i) d(n) < d < oo or (ii) d(n) 1 oo, that is why we
implicitly assume the limit of (d(n)), exist.
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B.2 Proofs of Lemmas in Section [4]

Proof of Lemma[{.1 The proof is analogous to that of Lemma [£.2] and will
not be repeated here. O

Proof of Lemma[{.3. Throughout the proof, let 6, = /tr{X2}v(¢), where
v(g) as in lemma By remark (applied thrice),

Ea, [{IVAVAlE > )] > Ba, [LNVAVAIE > t =36} —3=  (29)
for all n > N(¢). By lemma ii),
1 €
Eg, [L{|[vnV,Z > t}] > 1= e [Pi—s0 0 n(IV2V2|2)] = T2 3¢
(30)
for all h < h(e, d,) and all n > N(g). By lemma i), for all h < h(e, dy)

1
—€

Ep;, [{[IVnZ; |2 > $}12"] < —Epy, [Pesu s n(IVRZ3]10)127] . (31)

Hence, for all h < h(e, §,) and all n > N(e),

By [1{IVaZ;|? > }12"] — Ea, [L][VaVa12 > 1}]
1
< (Bpy [Prosnsun IVAZAIR)Z"] = Ba, [Prs, (VY2 ]12)])

€
— . 32
+1_€+3€ (32)

Similarly, by lemma ii), for all h < h(e, dy)

1

— &

1-¢
(33)

Er;, [HIVAZLE 2 127] 2 = Be; [Prsas, snn(IVRZ3 121 27] -

By remark (applied thrice),

Es, [H|[VnVall; > t}] < Es, [H{IVAVallZ 2t +30,}] +32 (34)
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for all n > N(e). By lemma ii),

1
Eg, [H|[VnVall? 2 t}] < T Lo [Pes2s, sun([VAVRl[2)] + 3¢ (35)

for all h < h(e, d,) and all n > N(e).

Hence,

Ep: [{||VnZy|2 > t}|2"] — Ea, [1{||[VnVal[? > t}]

1
- (Epy, [Prr2s,,60n(IVNZ[2)| 2] = Ba,, [Prt2s,,500(1VVal[2)])
9

— 3e. 36
T 3 (36)

By displays [32] and [36] in order to obtain the desired result it suffices to
verify that a € R +— Pisp(a) € Cp-1. It is straight forward to check that

Py s.n is three times continuously differentiable. Moreover, for any a € R,
0P sn(a) < BT

To show this expression, observe that by the Dominated Convergence

Theorem, for any a € R,
|OPys5.h(a)l =h! ’/pm(u)(u — a)hfzgi)((u — a)lfl)du
! / o — al h26((u — )b )du

gh—2\// lu—al®* h1¢((u — a)h=)du

—p !

where the second line follows from the fact that 0 < p;s(u) < 1. Similarly

calculations yield
|8T7?t,5,h(a)| <h™"

which holds uniformly in a € R, 4, and ¢. O
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Proof of Lemmal[].3 Establishing the result is analogous to establishing
a bound for A,—1(Q%(:|2"),Q,) where Q*(-|Z2") is N(0,%,) and Q, is
For any = € R?, let f(x) = g(||z||?). Observe that for any g € C;-1,
0if(x) = g'(l|2]|2)2x; and 0y f (x) = ¢" (||2]|2)4wiz; + 24/ (||2]2)1{i = j}.
By the Slepian interpolation (Rollin (2013) p. 4 — there the construction
itself is slightly different, using v/¢ instead of cos(t) —),

Eas iz [ (8) = 1 ¢ z / Eas (120, [01] (64(1) &1a(0)]

where &, (t) = cos(t)&, 4 sin(t)€, and f[j],n(t) denotes the j-th coordinate of
&n(t) (the same holds for &, etc). Observe that {1, (t) = —sin(t)¢[;)n +
cos(t)g[ ,n- Hence (5 n(t),&n(t)) are jointly Gaussian with mean 0 a.s.-P,,,
for any t. Hence, by Steln s Identity (Stein| (1981) and |Chernozhukov et al.
(2013b) Lemma H.2),

Ewcman (031 (€0(6) €500
= Z EqQs(1z7)-qn [0j1f (§n(1)] Eqs (127)-qn [f[lm(t)ém,n(t)].
It follows that

E [é[l],n(t)é[j},n(t)} =K [(5{1],n§[j],n - g[l],nf[j],n)} sin(t) cos(t).

Therefore,
d(n) d(n)
Eq:(|1z7)-Qn [f (fn) f(&n) ] = Z;ZZ;EQ*( 127)-Qn [(f{z &L, 5[1],n£[j],n):|
J

w/2
x / Equ (12, 1031 (6(£))] sin(t) cos(t)dt
0

d(n) d(n)

:Z {n ZZ[I] inZljlin — 2[j,l],n} / EQ: (1zm)-Q [0tf (§n(t))] sin(t) cos(t)dt

J=11=1
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where the second line follows from the fact that §n ~ N(O,n ! Yoy ZmZgn),
under Q (-|Z™).

Therefore,

Eq: (127)-Qn [f <€n) - f(ﬁn)]
d(n) d(n)

> / Eqs (12myqu 101F (6(8)) ] sin(t) cos(t)]dt.

7j=11=1

<max
j7l

n” Z ZwimZiitim — Llidin

Observe that, by Cauchy-Swarchz inequality and the fact that 0;; f(x) =
9" (||2|2)daiz; + 24/ (||x]2)1{i = 5}

d(n) d(n) d(n)d
Eq:(1z70)-Qu [|01f (€a(1)) ] <4h™ QZZEQn (127)-Qn (€51 m OIEn )] + 207 d(n)
Jj=11=1 j=11=1

2
d(n)
<4h”? (Z \/ Eq1z7)-Qu [fm,n(t)z]) +2h~d(n)
j=1
) 2 -1
<4h™?d(n)Eqy(|zn)-Q. [[I€n(I[Z] + 207 d(n)

Therefore, since |[&, (t)[[2 3 {[[€all2 + [1€al[23,

d(n) d(n)
Bqi(127)-qu [100f (6 (D) | 3A(m)h™ {7 Eqyiz0y.qu [Inll? + [1€al2] +2}
j=1 =1

=d(n)h~ 1 {h! (tr{En} + tr{in}) +2}.

The desired result from the fact that [ /2 | sin(t) cos(t)|dt < oo. O
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