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1. Introduction

The post-pandemic spike in inflation in the United States, which coincidedwithwide labor-
market fluctuations, revealed new facts about the Phillips curve. First, the Phillips curve
ensures the divine coincidence (Blanchard and Gali 2007): inflation is on target whenever
the labor market is efficient; inflation rises above target whenever the labor market is
inefficiently tight; and inflation falls below targetwhenever the labormarket is inefficiently
slack (Benigno and Eggertsson 2023; Gitti 2024). Second, inflation is driven by slack rather
than marginal costs: labor market tightness—the ratio of job vacancies to unemployed
workers—predicts inflation better than the unemployment rate or measures of marginal
costs (Barnichon, Oliveira, and Shapiro 2021; Barnichon and Shapiro 2022, 2024). Third,
the Phillips curve is not linear: it is much steeper when the labor market is inefficiently
tight than when the labor market is inefficiently slack (Babb and Detmeister 2017; Smith,
Timmermann, and Wright 2025; Benigno and Eggertsson 2023). These empirical findings
are summarized by figure 4.

To explain these facts, we propose a Beveridgean model of the Phillips curve. The
economy is a matching economy. Households purchase and consume services produced
by other households, and all trades aremediated by amatching function—which generates
unemployment, help-wanted ads, and a Beveridge curve (Petrongolo and Pissarides 2001).
To generate price dynamics, we introduce price competition through directed search
(Moen 1997). Each household posts help-wanted ads that offer a specific price for services,
and jobseekers choose which ads to pursue, trading off the price offered against the
time required to find a job. To ensure that slack fluctuates, we introduce price rigidity
through quadratic price-adjustment costs (Rotemberg 1982). In themodel, directed search
produces a Phillips curve linking labor-market slack to inflation, and the price-adjustment
costs ensure that the Phillips curve is nonvertical.

The Phillips curve guarantees the divine coincidence: inflation is on target if and only
if the labor market operates efficiently. The coincidence follows from two ingredients.
The first is the efficiency of directed search (Moen 1997): absent price-adjustment costs,
price-setters would drive labor market tightness to its efficient level, because at that level
the resources lost to unemployment and recruiting are minimized. With price-adjustment
costs, price-setters deviate from the efficient tightness only insofar as inflation deviates
from the inflation that people find normal. The second ingredient is that the central bank
anchors normal inflation at its inflation target—an assumption that is realistic for the
modernUnited States,where long-run inflation expectations have beenfixed slightly above
2% for three decades (Hazell et al. 2022, figure 2). Combining the two ingredients, inflation
is on target when tightness is efficient and unemployment is at the full-employment rate
of unemployment (FERU).

In the unemployment-inflation plane, the Phillips curve is convex: steep when un-
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employment is inefficiently low and flat when unemployment is inefficiently high. The
reason is simple. Inflation is roughly linear in labor market tightness, but unemployment
is a convex function of tightness through the Beveridge curve, so inflation is convex in
unemployment. We prove this analytically when the matching function is Cobb-Douglas
and symmetric, and we verify it numerically in the calibrated model. The convexity also
explains why empirical studies detect a kink in the Phillips curve at an unemployment
rate of 4.2% (Babb and Detmeister 2017; Smith, Timmermann, and Wright 2025)—the
average FERU in the postwar United States—since a convex curve looks kinked in finite
samples. Existing models instead generate convexity or a kink from constraints on wage
movements: nominal wages that are downwardly rigid (Akerlof, Dickens, and Perry 1996;
Benigno and Ricci 2011; Chiarella et al. 2003), or downwardly rigid only when the labor
market is slack (Benigno and Eggertsson 2023).

The model also explains why the unemployment-inflation Phillips curve is unstable
while its tightness formulation is not. Whenever the Beveridge curve shifts, the FERU
moves, so the point of divine coincidence travels in the unemployment-inflation plane
and the Phillips curve shifts. Beveridge shocks therefore microfound the cost-push shocks
of the New Keynesian literature. The US Beveridge curve shifted dramatically outward
when the pandemic hit, pushing the FERU from 4.0% to 6.7% in one quarter; the FERU
then slowly came back down. The efficient tightness, by contrast, is pinned down by two
stable sufficient statistics—the Beveridge elasticity and the recruiting cost—so it barely
moves when the Beveridge curve shifts. This is why the tightness-inflation Phillips curve
performed so much better than the unemployment-inflation Phillips curve during the
pandemic (Barnichon, Oliveira, and Shapiro 2021; Barnichon and Shapiro 2022, 2024).

The divine coincidence has several implications for monetary policy. The Fed’s full-
employment andprice-stabilitymandates coincide: bymaintaining the economyat full em-
ployment, the Fed automatically keeps inflation on target. The interest rate that achieves
both mandates is the full-employment rate of interest (FERI). From an inefficiently tight
labormarket, it is also possible for the Fed to achieve a soft landing (Blinder 2023). Cooling
the labor market from its 2022 peak (tightness of 2) to efficiency (tightness of 1) raises
unemployment only from 3.5% to 5.0% along a frozen Beveridge curve—and by less if
matching efficacy is still improving. The convexity of the Phillips curve further suggests
a state-contingent choice of policy targets: the Fed should target the FERU when the
economy is inefficiently slack and the inflation target when the economy is inefficiently
tight. Finally, the zero lower bound is not the topsy-turvy world of the New Keynesian
model (Eggertsson and Krugman 2012): at the zero lower bound themodel admits a unique
solution that behaves like a normal slump, even if the bound is permanent.
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2. Slack and full employment in the United States

Before developing the model, we present how we measure slack, full employment, and
the unemployment gap in the United States. The measurement framework is borrowed
fromMichaillat and Saez (2024).

2.1. Unemployment, vacancies, and tightness

Wemeasure labor market slack from three series covering 1929–2024: the unemployment
rate, the vacancy rate, and their ratio, labor market tightness.

The unemployment rate u is the number of jobseekers as a share of the labor force.
Between 1948 and 2024, it is computed from the Current Population Survey (BLS 2026f,c).
Between 1929 and 1947, it comes from the historical series constructed by Petrosky-Nadeau
and Zhang (2021). The unemployment rate is sharply countercyclical. Over 1929–2024, it
averages 6.4%; over the more stable 1948–2019 period, it averages 5.7%.

The vacancy rate v is the number of job openings as a share of the labor force. Between
2001 and 2024, it is computed from the Job Openings and Labor Turnover Survey (BLS
2026d,c). Between 1951 and 2000, it comes from the vacancy proxy constructed by Barni-
chon (2010) from the Conference Board’s help-wanted advertising index. Between 1929
and 1950, it comes from the vacancy proxy constructed by Petrosky-Nadeau and Zhang
(2021) fromMetLife’s help-wanted index. The vacancy rate is sharply procyclical. Over
1929–2024, it averages 3.2%.

Labor market tightness is the ratio of the two rates: θ = v/u. It is the number of vacant
jobs per jobseeker. Tightness is a natural measure of slack in any matching model: it
determines how quickly jobseekers find jobs and how quickly employers fill vacancies.

Because unemployment is countercyclical and vacancies are procyclical, the two rates
are negatively related: they trace out a Beveridge (1944) curve. In the United States, the
Beveridge curve is close to a rectangular hyperbola, uv = A. When the log vacancy rate is
regressed on the log unemployment rate, after removing a slow-moving trend from both
series to absorb the decennial shifts of the curve, the estimated elasticity over 1948–2019
is −1.00, with an R2 of 0.87 (figure 1).

2.2. Efficient tightness and the FERU

Slack is inefficient when it is excessive, but some slack is unavoidable, and even desirable.
Reducing unemployment requires posting more vacancies, and vacancies absorb labor.
Indeed, recruiting takes work: designing and advertising job vacancies, screening and
interviewing candidates, negotiating contracts.

The number of producers in the economy—workers who are neither unemployed
nor recruiting—is therefore (1 − u − κv)h, where h is the labor force. Efficiency requires
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FIGURE 1. The US Beveridge curve is a rectangular hyperbola

The unemployment and vacancy rates come from the sources listed in section 2. The figure plots the logarithm
of the vacancy rate against the logarithm of the unemployment rate, both detrended using a HP filter with
smoothing parameter 10,000. The data are quarterly, 1948–2019. The regression line has a slope of −1.00,
indicating that the US Beveridge curve is isoelastic with elasticity β = 1: a rectangular hyperbola.

choosing the point on the Beveridge curve v(u) that maximizes the number of producers,
which means minimizing u + κv(u). The solution takes a simple sufficient-statistic form
(Michaillat and Saez 2021a):

(1) θ∗ = 1
κβ

,

where β = −d ln(v)/d ln(u) is the elasticity of the Beveridge curve.
In the United States, servicing one vacancy requires about one full-time worker: esti-

mates from the National Employer Survey imply 0.92 workers per vacancy (Michaillat and
Saez 2021a, p. 11), and estimates from a survey by Bersin & Associates imply 1.16 workers
per vacancy (Michaillat and Saez 2024, p. 332). Hence the number of vacancies effectively
measures the number of recruiters, and the recruiting cost is κ = 1 worker per vacancy.

With κ = 1 and β = 1 in US data, the efficient tightness is

θ∗ = 1.

The US labor market is inefficiently slack whenever tightness is below 1, inefficiently tight
whenever tightness is above 1, and efficient—at full employment—when there are as many
vacant jobs as jobseekers.
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FIGURE 2. Labor market tightness in the United States, 1929–2024

Labor market tightness is θ = v/u, where the unemployment and vacancy rates come from the sources
listed in section 2. Shaded areas indicate recessions dated by the NBER (2023). The labor market is at full
employment when tightness equals 1, inefficiently slack when tightness is below 1, and inefficiently tight
when tightness is above 1.

The unemployment rate that prevails at the efficient tightness is the full-employment
rate of unemployment (FERU), denoted u∗. Because the Beveridge curve is a rectangular
hyperbola, uv = A, and full employment requires v∗ = u∗, the FERU satisfies (u∗)2 = A = uv,
so the FERU is the geometric mean of the unemployment and vacancy rates (Michaillat
and Saez 2024):

(2) u∗ =
√
uv.

The FERU is strictly positive: full employment is not zero unemployment. Zero unem-
ployment is infeasible—the Beveridge curve bounds unemployment away from zero—and
undesirable—pushing unemployment toward zero would divert a vast amount of labor
toward recruiting.

2.3. A century of slack

Figure 2displaysUS labormarket tightness over 1929–2024, alongwith the full-employment
level of 1. Over the period, tightness averages 0.73 and generally remains below 1: the US
labor market is typically inefficiently slack, especially in recessions. Tightness plunged
to 0.03 during the Great Depression and climbed to 6.8 at the end of World War 2. The
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postwar period is quieter: tightness peaked at 1.6 in 1953:Q1, during the Korean War, and
bottomed at 0.16 in 2009:Q3, during the Great Recession.

The labor market is not always inefficiently slack, however. Before 2018, it had been
inefficiently tight only during major wars: World War 2, the Korean War, and the Vietnam
War. But since 2018, the labor market has been inefficiently tight twice in peacetime:
just before the coronavirus pandemic (2018:Q3–2020:Q1) and in its aftermath (2021:Q3–
2024:Q4). In 2022:Q2, tightness reached 2.0, a value last seen in 1945. The years around the
pandemic are therefore a rarity: the only episode of peacetime overheating on record.1

Figure 3A displays the FERU computed from (2). Over 1929–2024, the FERU averages
4.1%, and it is quite stable: it remains between 2.3% and 6.7% over almost a century. During
the postwar period, 1948–2019, the FERU averages 4.2% and remains between 3.1% and
5.5%. The Beveridge curve shifts in and out over the decades, but the shifts are usually too
small to move the FERUmuch. The exceptions are the three major catastrophes of the
century, which shifted the Beveridge curve sharply outward and raised the FERU abruptly:
the Great Depression (FERU up 2.3pp between 1929:Q4 and 1930:Q4), the demobilization
after World War 2 (up 1.7pp between 1944:Q4 and 1945:Q4), and above all the coronavirus
pandemic. When the US economy shut down in the spring of 2020, the FERU jumped from
4.0% in 2020:Q1 to 6.7% in 2020:Q2—an increase of 2.7pp in one quarter. The FERU then
slowly came back down, falling below 5% in 2022 and below 4.5% in 2023.

Figure 3B displays the unemployment gap, u − u∗: the distance of the labor market
from full employment. Over 1929–2024, the gap averages +2.3pp, confirming that the US
labor market is generally inefficiently slack. The gap reached +20.9pp in 1932:Q3, at the
depth of the Great Depression, and −1.6pp in 1945:Q1, at the peak of the war effort. In the
postwar period, the gap peaked at +5.9pp in 2009:Q4, during the Great Recession. During
the pandemic, the labor market experienced sharp departures from full employment in
both directions. The gap first spiked to +6.4pp in 2020:Q2, its highest level since 1945. The
labor market then recovered quickly, reached full employment in the middle of 2021, and
overshot: the gap fell to −1.5pp in 2022:Q2, its lowest level since 1945, before shrinking
back to −0.2pp in 2024:Q4.

3. Three facts about the Phillips curve

With the measurement framework in place, we turn to three facts about the Phillips curve
in the United States.

1People at the time were aware of the overheating. Processing about 20,000 news articles per month from
major US newspapers, Caldara, Iacoviello, and Yu (2025, figure 2) construct an index of shortages in the
United States from 1900 to 2024. The episodes of labor shortage that they detect overlap with the episodes of
inefficient tightness in figure 2: World War 2, the Korean War, the VietnamWar, and the pandemic era.
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FIGURE 3. FERU and unemployment gap in the United States, 1929–2024

The unemployment and vacancy rates come from the sources listed in section 2. The FERU is u∗ = √uv, so
on a logarithmic scale it is the midpoint between the unemployment and vacancy rates. The unemployment
gap is u − u∗. Shaded areas indicate recessions dated by the NBER (2023).
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FIGURE 4. Phillips curve in the United States, 2020–2024

The unemployment gap comes from figure 3B. The inflation rate is the quarterly average of the percentage
change from a year ago of the monthly, seasonally adjusted personal consumption expenditures price index,
which is produced by the BEA (2026). The inflation gap is the inflation rate minus the inflation target of 2%.
These are the inflation measure and inflation target used by the Federal Open Market Committee (Federal
Reserve Board 2026).
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3.1. First fact: divine coincidence

The first fact is that inflation is on target whenever the labormarket is at full employment—
the divine coincidence.

Figure 4A illustrates the parallel trajectories followed by the inflation gap and the
unemployment gap during the pandemic and after (2020–2024). Inflation is measured
as the annual change in the price index for personal consumption expenditures (BEA
2026); the inflation gap is inflation minus the 2% target (Federal Reserve Board 2026). The
unemployment gap comes from figure 3B.

The two gaps evolve in tandem. Both are close to 0 at the beginning of 2020: the
unemployment gap is −0.2pp and the inflation gap is −0.4pp—the economy is close to
the point of divine coincidence. The following quarter, the unemployment gap spikes to
+6.4pp while the inflation gap bottoms at −1.4pp. Both gaps then recover, returning to 0
in the first half of 2021. The inflation gap keeps rising and the unemployment gap keeps
falling until 2022:Q2, when the inflation gap peaks at +4.9pp and the unemployment gap
bottoms at −1.5pp. After that, both gaps normalize: by 2024:Q3, the inflation gap is down to
+0.4pp and the unemployment gap up to −0.1pp. The economy is back at full employment
and price stability.

This parallel pattern suggests that the divine coincidence prevails in the modern US
economy: the inflation gap is 0 whenever the unemployment gap is 0. The coincidence
occurred at the beginning of 2020, in the first half of 2021, and at the end of 2024. The
two gaps are also negatively related: inflation is above target whenever unemployment is
below the FERU, and below target whenever unemployment is above the FERU.

This basic evidence is supported by other work. Using aggregate US data over 2008–
2022, Benigno and Eggertsson (2023, figure 4) find that when labor market tightness is 1,
inflation is on target at 2%. Using metropolitan-level US data over 2001–2022, Gitti (2024,
figure 1) finds the same pattern, in noisier form: when local tightness is 1, local inflation
is around 2%. Before the pandemic, Carney (2017) argued that the divine coincidence
held in the United States. The idea has a long policy pedigree: in the 1960s, the Council
of Economic Advisers believed that at full employment the economy was not subject to
inflationary pressures (Bernanke 2022, p. 18); and over the years the Fed indicated through
its FOMC statements that it saw its two mandates as equivalent (Todd 2012, pp. 119–121,
p. 130).

3.2. Second fact: slack drives inflation

The second fact is that inflation is driven by labor market slack, and that slack is best
measured by labor market tightness.
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Barnichon, Oliveira, and Shapiro (2021) and Barnichon and Shapiro (2022, 2024) show
that a Phillips curve formulated with labor market tightness performs better than the
traditional Phillips curve formulatedwith the unemployment rate: incorporating tightness
improves inflation forecasts relative to unemployment alone, and relative to standard
marginal-cost proxies. The superiority of the tightness formulation is especially visible in
the pandemic period, when the Beveridge curve was unstable. Relatedly, Ball, Leigh, and
Mishra (2022) argue that the post-pandemic spike in inflation was so severe because labor
market tightness was so elevated.

The tight connection between slack and inflation is visible in figure 4: between 2020
and 2024, the inflation gap tracks the unemployment gap—and therefore labor market
tightness—closely at every phase of the cycle: the collapse in 2020, the overheating of
2021–2022, and the normalization of 2023–2024.

3.3. Third fact: the Phillips curve is convex

The third fact is that the Phillips curve is much steeper when the labor market is ineffi-
ciently tight than when it is inefficiently slack.

The convexity appears clearly in the scatter plot of figure 4B. In early 2020, the economy
was inefficiently slack, and most of the adjustment occurred through unemployment: the
unemployment gap spiked to +6.4pp while the inflation gap fell only to −1.4pp. Once the
economy became inefficiently tight after 2021, most of the adjustment occurred through
inflation: the inflation gap spiked to +4.9pp while the unemployment gap fell only to
−1.5pp. The Phillips curve is thus flat to the right of the point of divine coincidence and
steep to the left of it.

More systematic evidence points to the same pattern. Babb and Detmeister (2017,
table 4) and Smith, Timmermann, and Wright (2025, table 5) find that inflation is much
more responsive to unemployment along the US Phillips curve when the unemployment
rate is below 4.2% thanwhen it is above 4.2%. Similar nonlinearity is found inmetropolitan
US data (Babb and Detmeister 2017; Smith, Timmermann, andWright 2025; Gitti 2024) and
in international data (Smith, Timmermann, and Wright 2025; Benigno and Eggertsson
2024). The kink is detected at an unemployment rate of 4.2%—exactly the average FERU
in the postwar United States (figure 3A). These studies describe the pattern as a kink,
whereas the Phillips curve developed in this paper is smooth but strictly convex; the two
descriptions are hard to distinguish in finite samples, because a convex Phillips curve
looks kinked.2

2Benigno and Eggertsson (2023, figure 4) also find that inflation is more responsive to tightness when
tightness is above 1 than when it is below 1. The model developed here does not produce this property:
inflation is essentially linear in tightness (figure 7C).
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4. Beveridgeanmodel of the Phillips curve

We now develop the model, which adds a Phillips curve to the business cycle model
developed in Michaillat and Saez (2022). In a New Keynesian model, price dynamics are
driven by marginal costs.3 Here, by contrast, price dynamics are driven by the amount
of slack, in the tradition of Phillips (1958) and of the early matching models of Hansen
(1970) and Mortensen (1970). When the economy is inefficiently slack, buyers of services
are pushed to lower the prices they pay. When the economy is inefficiently tight, they are
pushed to raise them.4

The economy is a matching economy composed of a measure one of large households,
indexed by j ∈ [0, 1]. Households purchase and consume services produced by workers
from other households; they cannot consume the services of their own workers.5 All
trades are mediated by a matching function, which produces unemployment.

4.1. Matchingmarket for services

In each household j, h j > 0 workers are part of the labor force; the aggregate labor force is
h = ∫

1
0 h j dj. Each employedworker produces k > 0 services per unit time, so the economy’s

productive capacity is kh services per unit time.
Services are sold through long-term worker-household relationships. Once a worker

hasmatched with a household, they become a full-time employee of the household, where
they produce k services per unit time. They remain so until they separate, which occurs
at rate λ > 0.

To recruit workers, each household j posts V j help-wanted ads. The ads specify the
price P j that the household plans to pay for the services purchased. Each help-wanted ad
is serviced by κ > 0 recruiters per unit time; the recruiters are employees of household j
devoted to recruiting other workers.

Job search is directed: workers choose which household to apply to. In that way, each
household j constitutes a submarket. Each jobseeker decides which submarket to join
based on the price P j offered for services and the submarket tightness θ j = V j/U j, where
U j is the number of unemployed workers vying for jobs in household j. The tightness

3See for instance Gali and Gertler (1999, equation (3)) and Gagliardone et al. (2025, equation (11)).
4In New Keynesian models with a matching labor market, marginal costs are affected by slack—as labor

cost is lower when the labor market is slacker. Hence, slack also appears in the Phillips curve, but only
indirectly through marginal costs. See for instance Krause and Lubik (2007), Ravenna and Walsh (2008),
Thomas and Zanetti (2009), Trigari (2009), Blanchard and Gali (2010), Faccini, Millard, and Zanetti (2013), and
Michaillat (2014).

5This is in the spirit of Diamond (1982), who developed a model of the product market in which self-
employed workers must trade because they cannot consume their own production. Modeling the US economy
as a service economy is an accurate simplification: in 2024, 86% of US workers were employed in service-
providing industries (BLS 2026a,b).
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matters because it determines how quickly workers find a job. Jobseekers therefore trade
off howmuch they are paid on the job with how long it takes to find the job.

In each submarket j, a matching function m(U j,V j) determines the flow of new
matches from the number of jobseekers and help-wanted ads. The matching function has
constant returns to scale and is increasing in both arguments (Petrongolo and Pissarides
2001). Submarket tightness determines the job-finding rate, f (θ j) = m(1,θ j), which is
increasing in θ j, and the ad-filling rate, q(θ j) = m(1/θ j, 1) = f (θ j)/θ j, which is decreasing
in θ j. We denote by η(θ) ∈ (0, 1) the elasticity of the matching function with respect to un-
employment, which we assume to be increasing in tightness.6 Accordingly, the elasticity
of f (θ) is 1 − η(θ) and the elasticity of q(θ) is −η(θ).

4.2. Balanced flows: unemployment, vacancies, andmatching wedge

The unemployment rate in submarket j is u j = U j/h j, where h j is the labor force attached
to submarket j. We assume that labor flows in each submarket are balanced: the number
of workers who find a job with household j at any point in time, f (θ j)U j, equals the
number who leave their jobs, λ(1 − u j)h j. Balanced flows imply that the unemployment
rate is a function of submarket tightness, u j = u(θ j), with

(3) u(θ) =
λ

λ + f (θ)
.

The unemployment rate is strictly decreasing in tightness: when the market is tighter,
workers find jobs faster, so fewer workers are unemployed at any point in time. The ad rate
in submarket j is v j = V j/h j; with balanced flows it is given by v(θ) = θu(θ). As tightness
moves, the pair [u(θ), v(θ)] traces out the Beveridge curve of the model.

Balanced flows also determine howmuch labor is devoted to recruiting. Household j’s
l j employees produce y j = kl j services, but the V j help-wanted ads absorb κ recruiters each,
so a total of kκV j services are devoted to recruiting instead of consumption. Household j’s
consumption is therefore c j = k [l j − κV j], which can be written

(4) c j = kh j [1 − u j − κv j] .

To maintain l j employees, the household must fill λl j ads per unit time, which requires
V j = λl j/q(θ j) ads. Hence output and consumption are related by a matching wedge:

(5) y j = [1 + τ(θ j)]c j,

6The Cobb-Douglas, constant-elasticity-of-substitution, and urn-ball matching functions all have this
property (Michaillat 2026b, chapter 3).
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where the matching wedge is

(6) τ(θ) =
κλ

q(θ) − κλ
.

The matching wedge is positive and strictly increasing in tightness: in a tighter mar-
ket, ads take longer to fill, so more labor must be devoted to recruiting for each unit of
consumption. The wedge diverges when tightness reaches the upper bound θ̄, defined by
q(θ̄) = κλ; at that point all employed labor is devoted to recruiting. Combining (4) and (6),
consumption satisfies

(7) c j =
1 − u(θ j)
1 + τ(θ j)

kh j,
1 − u(θ j)
1 + τ(θ j)

= 1 − u(θ j) − κv(θ j).

Two elasticities will be used repeatedly. First, from (3), the elasticity of the unemploy-
ment rate with respect to tightness is

(8) ϵuθ = −
f (θ)

λ + f (θ)
[1 − η(θ)] = − [1 − η(θ)] [1 − u(θ)] ,

which also implies ϵ1−uθ = [1 − η(θ)]u(θ). Second, from (6), 1 + τ = q/(q − κλ), so the
elasticity of 1 + τ(θ) with respect to tightness is

(9) ϵ1+τθ = ϵ
q
θ
[1 − (1 + τ)] = η(θ)τ(θ).

4.3. Efficient allocation

Consider a social planner who chooses tightness to maximize consumption of services—
the only source of welfare in this economy.7 From (7), aggregate consumption is c(θ) =
kh [1 − u(θ)] / [1 + τ(θ)], so

ϵcθ = ϵ
1−u
θ − ϵ1+τθ = [1 − η(θ)]u(θ) − η(θ)τ(θ).

The elasticity is positive at low tightness and negative at high tightness, so consumption is
maximized at the efficient tightness θ∗, where the two terms offset:

(10)
τ(θ∗)
u(θ∗) =

1 − η(θ∗)
η(θ∗) .

The efficiency condition balances the two costs of slack: at θ∗, the labor lost to unem-
ployment and the labor lost to recruiting are optimally traded off. When the economy

7Unemployed workers produce nothing in the model. This is consistent with the evidence: the value of
jobseekers’ home production, net of the psychological cost of idleness, is negligible (Michaillat and Saez 2024,
pp. 333–334).
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is inefficiently slack (θ < θ∗), the wedge-to-unemployment ratio τ/u is below its efficient
level (1 − η)/η; when the economy is inefficiently tight (θ > θ∗), the ratio is above it.

The efficiency condition (10) is themodel counterpart of the sufficient-statistic formula
(1). Indeed, using (3) and (6), condition (10) can be rearranged as κθ [λ + η(θ) f (θ)] =
[1 − η(θ)] f (θ), which is θ∗β(θ∗)κ = 1, where

(11) β(θ) =
1

1 − η(θ)
[η(θ) +

u(θ)
1 − u(θ)

]

is the elasticity of the model’s Beveridge curve. In the model, the Beveridge curve is not
exactly a rectangular hyperbola—its elasticity varies slightlywith tightness—so the efficient
tightness is not exactly 1.8 The FERU of themodel is the unemployment rate at the efficient
tightness: u∗ = u(θ∗).

4.4. Directed search and the price-tightness tradeoff

Households observe the prices and tightnesses in all submarkets and send their jobseekers
to the submarkets that suit them best. This arbitrage links prices and tightnesses across
submarkets—and this link is the basis for the Phillips curve.

When workers are unemployed, they receive no income; when they are employed,
they produce k services per unit time, each paid a price P j. In submarket j, a fraction
1 − u(θ j) of the attached workers are employed at any point in time, so the expected
income per worker in submarket j is kP j [1 − u(θ j)]. Households send their workers to the
submarkets offering the highest expected income per worker. In their role as employers,
households are aware of this arbitrage, so they offer prices that allow them to compete
with other households. Arbitrage therefore imposes that P j [1 − u(θ j)] is the same across
all submarkets:

(12) P j [1 − u(θ j)] = P [1 − u(θ)] ,

where P is the price level and θ is aggregate tightness—the ratio of the aggregate number
of help-wanted ads to the aggregate number of jobseekers. If a household offered a lower
expected income than the rest, it would simply attract no applicants.

The arbitrage condition (12) determines the tightness faced by a household as a func-
tion of the relative price it posts, p j = P j/P:

(13) θ j(p j) = u
−1⎛
⎝
1 −

1 − u(θ)
p j

⎞

⎠
.

8In the calibrated model with a standard Cobb-Douglas matching function, β(θ∗) = 0.98 and θ∗ = 1.03.
The difference is immaterial.
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Since u−1 is strictly decreasing, submarket tightness is decreasing in the relative price:
a household that posts a generous price attracts many jobseekers, so it faces a slack
submarket and recruits easily; a household that posts a stingy price attracts few jobseekers,
so it faces a tight submarket and recruits slowly. In that way, households have monopsony
power, and they face a downward-sloping demand-like curve in the price-tightness plane.
Taking logs in (12) and differentiating, 1 + ϵ1−uθ ⋅ ϵθp = 0, so the elasticity of the curve is

(14) ϵθp =
−1

[1 − η(θ j)]u(θ j)
,

where we used ϵ1−uθ = (1 − η)u from section 4.2.
The tradeoff faced by household j is then clear. All the services it purchases are paid

the price P j, so its expenditure is P j y j = [1 + τ(θ j)]P jc j. The effective price of consumed
services is not P j but [1 + τ(θ j)]P j: it includes the cost of the services consumed and the
cost of the services devoted to recruiting. A low posted price P j economizes on the price
per service but imposes a high tightness θ j and thus a high matching wedge τ(θ j).

4.5. Efficiency without price-adjustment costs

As a benchmark, consider a household that is free to set any price. It minimizes the
effective price of services, [1 + τ(θ j)]P j, subject to the arbitrage condition (12). Using the
arbitrage condition, the effective price can be written

[1 + τ(θ j)]P j = P [1 − u(θ)] ⋅
1 + τ(θ j)
1 − u(θ j)

.

Hence, by choosing its price, the household effectively chooses submarket tightness θ j to
maximize [1 − u(θ j)] /[1 + τ(θ j)]—which, by (7), is the same as maximizing 1 − u j − κv j.
This is the social planner’s problem of section 4.3, so the household selects the efficient
tightness: θ j = θ∗, where θ∗ satisfies (10). Here we have just recovered the efficiency result
of Moen (1997): directed search produces efficient outcomes, because pricing households
internalize the planner’s tradeoff between unemployment and recruiting.

4.6. Price rigidity

Generally, however, the labor market is not efficient: as figure 3B shows, the US unemploy-
ment gap is large and countercyclical. To generate inefficient fluctuations, prices must be
somewhat rigid.

Because search is directed, prices are chosen optimally by buyers—they are not set by
norms—so we introduce rigidity through a cost of changing prices. As in Rotemberg (1982),
household j incurs a quadratic cost when inflation in its submarket, π j(t) = Ṗ j(t)/P j(t),
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departs from normal inflation πn—the inflation that people expect and consider fair. The
flow disutility is

ϖ

2
(π j − π

n
)
2
,

where the parameterϖ > 0 governs the price-adjustment cost.
What does this cost capture? When prices grow less than normal, the workers of

household j feel shortchanged: the price P j directly determines their pay, P jk, and work-
ers’ morale—and performance—dips when their pay does not grow as expected (Bewley
2005). The quadratic cost reflects the cost of restoring morale, or the cost of diminished
performance.9 Conversely, when prices grow more than normal, household j is unhappy
to pay more for the same services: higher-than-normal inflation upsets customers, who
feel unfairly treated (Shiller 1997). The quadratic cost captures this displeasure.10

5. Households’ problem

We now present and solve the optimization problem of households. Households have
two decisions to make: howmuch to save, and how to set the prices of the services they
purchase. From the optimal saving decision we will derive the aggregate demand curve;
from the optimal pricing decision, the Phillips curve.

5.1. Utility function

Household j cares about its consumption of services and its relative wealth, and it incurs
the price-adjustment cost. The household’s nominal wealth B j(t) is held in government
bonds; its relative real wealth is [B j(t) − B(t)]/P(t), where B(t) = ∫

1
0 Bi(t)di is average

nominal wealth. Household jmaximizes the discounted sum of flow utilities,

(15) ∫

∞
0

exp(−δt) [2a ⋅
√
c j(t) +

B j(t) − B(t)

P(t)
−
ϖ

2
(π j(t) − π

n
)
2
] dt,

where δ > 0 is the time discount rate and a > 0 indicates the taste for consumption relative
to the other components of utility.11

9The typical Keynesian wage-floor idea is that workers do not tolerate a drop in the level of nominal wages.
But as Okun (1981, p. 93) notes, the same idea might apply to the growth rate of nominal wages, as we assume
here: “Workers are likely to develop some notion of how fast they expect their wages to rise.. . . If the employer
stresses the norm, a Keynesian wage-floor phenomenon may apply to the rate of increase of wages, and not
just to their level.”

10Eyster, Madarasz, andMichaillat (2021) provide a completemodel of why price increases anger customers,
and how sellers internalize such anger.

11The results do not rely on the specific functional form chosen here for the utility function. For instance,
the results carry over with a more general utility function over consumption of the form a ⋅ c j(t)1−α/(1 − α)
with α ∈ (0, 1), as in Michaillat and Saez (2022). The results also carry over if households value absolute real
wealth B j(t)/P(t) instead of relative real wealth, as in Michau (2018).
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The unusual ingredient is the presence of relative wealth in the utility function. People
save not only to smooth consumption but also because they enjoy the social status con-
ferred by wealth—an observation running from Keynes (1919), Fisher (1930), and Lewis
(1955) to modern neuroscientific evidence (Camerer, Loewenstein, and Prelec 2005). In
fact, in a recent survey of 2,000 older Americans analyzed by Coy (2021), more than half of
respondents do not plan to spend down their wealth in retirement, and about 65% agree
that “saving as much as I can makes me happy and fulfilled.” Beyond realism, wealth in
the utility function makes aggregate demand nondegenerate: it allows the model to ac-
commodate interest-rate pegs, permanent zero-lower-bound episodes, and other policies
that would produce anomalies in the New Keynesian model (Michaillat and Saez 2021b).

5.2. Budget constraint

Household j’s nominal budget constraint is

Ḃ j(t) = i(t)B j(t) + ∫
1

0
Pi(t)yi j(t)di − P j(t)y j(t) − T(t),

where i(t) is the nominal interest rate on bonds, yi j is the quantity of services sold by
household j’s workers in submarket i, y j is the quantity of services purchased by household
j, and T(t) is a lump-sum tax that finances the interest payments on government bonds.

The two flow terms simplify. Since a fraction 1 − u(θi) of the workers sent to submar-
ket i are employed, and the arbitrage condition (12) equalizes expected income across
submarkets, the household’s labor income is ∫

1
0 Pi yi j di = P [1 − u(θ)] kh j. And given the

matching wedge (6) and the price-tightness link (13), the household’s expenditure is
P j y j = P j[1 + τ(θ j(P j/P))]c j. Translating the budget constraint into real terms, with real
wealth b j = B j/P and real interest rate r(t) = i(t) − π(t), where π = Ṗ/P is aggregate
inflation:

(16) ḃ j(t) = r(t)b j(t) + [1 − u(θ(t))] kh j − p j(t)[1 + τ(θ j(p j(t)))]c j(t) −
T(t)
P(t)

.

Besides, household j faces the law of motion of its relative price p j = P j/P:

(17) ṗ j(t) = [π j(t) − π(t)] p j(t).

5.3. First-order conditions

Household j chooses paths for consumption c j(t) and inflation π j(t) to maximize (15)
subject to (16) and (17). We solve this optimal-control problem with the Hamiltonian

H = 2a ⋅
√
c j + (b j − b) −

ϖ

2
(π j − π

n
)
2
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+ψbj {rb j + [1 − u(θ)] kh j − [1 + τ(θ j(p j))] p jc j −
T
P
} +ψ

p
j (π j − π)p j,

where the control variables are consumption c j and inflation π j; the state variables are
real wealth b j and relative price p j; and the costate variables are ψ

b
j and ψ

p
j .

The first-order condition with respect to consumption, ∂H/∂c j = 0, gives

(18)
a
√c j

= ψbj [1 + τ(θ j)] p j.

The first-order condition with respect to inflation, ∂H/∂π j = 0, gives

(19) ϖ(π j − π
n
) = ψ

p
j p j.

The first-order condition with respect to real wealth, ∂H/∂b j = δψbj − ψ̇
b
j , gives

(20) ψ̇bj = (δ − r)ψ
b
j − 1.

The final first-order condition, with respect to the relative price, is ∂H/∂p j = δψ
p
j − ψ̇

p
j .

Expanding the derivative of the expenditure term, the key object is

p j
τ′(θ j)
1 + τ(θ j)

θ′j(p j) = ϵ
1+τ
θ ⋅ ϵθp = −

η(θ j)

1 − η(θ j)
⋅
τ(θ j)

u(θ j)
,

where we combined the elasticities (9) and (14). Noting also that [1 + τ(θ j)]c j = y j, the
condition simplifies to

(21) ψ̇
p
j = (δ + π − π j)ψ

p
j +ψ

b
j y j
⎡
⎢
⎢
⎢
⎣
1 −

η(θ j)

1 − η(θ j)
⋅
τ(θ j)

u(θ j)

⎤
⎥
⎥
⎥
⎦
.

The term in square brackets is central to what follows: by the efficiency condition (10), it
is zero when submarket tightness is efficient, positive when the submarket is inefficiently
slack, and negative when it is inefficiently tight.

5.4. Symmetric solution

We focus on a symmetric solution, in which all households behave the same and all
submarkets are the same: all submarket tightnesses equal aggregate tightness θ, all relative
prices equal 1, and all submarket inflation rates equal aggregate inflation π. Dropping the
index j, the first-order conditions become

a
√
c(t)

= ψb(t) [1 + τ(θ(t))](22)
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ϖ [π(t) − πn] = ψp(t)(23)

ψ̇b(t) = [δ − r(t)]ψb(t) − 1(24)

ψ̇p(t) = δψp(t) +ψb(t)y(t) [1 −
η(θ(t))

1 − η(θ(t))
⋅
τ(θ(t))
u(θ(t))

] .(25)

6. Solution of the model in normal times

We now solve the model in normal times, when the nominal interest rate is positive, so
the zero lower bound is not binding. Section 9 covers the zero lower bound.

6.1. Monetary policy

Monetary policy has two dimensions in the model: setting interest rates and communicat-
ing about future inflation.

First, the central bank maintains a fixed real interest rate r < δ, by setting the nominal
interest rate to i(t) = r+π(t) at every point in time. There is no Taylor rule: the central bank
adjusts the nominal rate one-for-one with inflation to keep fixed the price that matters for
aggregate demand—the real interest rate. The Taylor rule appears in the New Keynesian
model mostly for convenience, to ensure the uniqueness of the solution (Cochrane 2011);
here the solution is unique without it, so we dispense with it.

For now we focus on normal times, when the nominal interest rate is positive, or the
real rate is high enough: r > −π(t). When the economy is too depressed for the nominal
interest rate to be positive, the zero lower bound on nominal interest rates binds: i(t) = 0.
We study this situation in section 9.

Second, through communication and management of expectations, the central bank
anchors normal inflation at its inflation target: πn = π∗, with π∗ = 2% in the United States
(Federal Reserve Board 2026). This assumption is central to the divine coincidence, and it
is realistic: since 1995, the long-run inflation forecast elicited in the Survey of Professional
Forecasters has been exceedingly stable, ever so slightly above 2% (Hazell et al. 2022,
figure 2). Section 10.5 explores what happens when the anchoring fails.

6.2. Aggregate demand

Aggregate demand is determinedby the twofirst-order conditions describing consumption
and saving: (22) and (24). Because the central bank fixes the real interest rate, this block
is isolated from inflation: inflation matters for aggregate demand only through the real
rate, which is fixed.

The differential equation (24) is the Euler equation of the model. It is an autonomous
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FIGURE 5. Construction of the aggregate demand curve

The Euler equation is given by (24); its equilibrium point is 1/(δ − r). The IS curve is given by (27).

linear differential equation in ψb; since δ − r > 0, it is a source, with equilibrium point

(26) ψb =
1

δ − r
.

The phase line of the equation is plotted in figure 5A. The costate variable ψb is not
predetermined, so it can jump at any time. If it jumped above the equilibrium point, it
would diverge upward, so consumption would fall to zero, violating feasibility; if it jumped
below, consumption would diverge, eventually violating the resource constraint. Hence
the costate jumps at time 0 to the equilibrium point (26) and stays there.12

Equation (22) says that at any point in time consumption is a function of the costate
variable:

c(t) = [
a

ψb(t) [1 + τ(θ(t))]
]

2

Plugging (26) into this equation gives consumption, and multiplying by 1 + τ(θ) gives the
aggregate demand curve:

(27) yd(θ, r) =
[(δ − r)a]2

1 + τ(θ)
.

The aggregate demand curve gives the quantity of services demanded by households when
they save optimally. It is decreasing in tightness—because a tighter economy imposes a
larger matching wedge, making consumption effectively more expensive—and decreasing
in the real interest rate—because a higher interest rate makes saving more attractive.

12The equilibrium value (26) has a simple interpretation: households keep consumption constant only if
the returns on wealth—financial returns of rψb plus hedonic returns of 1—offset time discounting δψb.
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FIGURE 6. Aggregate demand, aggregate supply, and model solution in normal times

The aggregate supply curve is given by (28). The aggregate demand curve is given by (27). The intersection of
the two curves determines aggregate tightness and output; unemployment is read off the distance between
output and capacity kh.

Figure 5B shows that our model provides a microfoundation for the IS-MP model
proposed by Romer (2000)—itself built from the IS-LMmodel invented by Hicks (1937).13

The IS curve is typically difficult to reconcile with utility-maximizing consumption-saving
behavior (Blanchard and Fischer 1989, p. 532). But it appears naturally once wealth enters
the utility function. In (27), output is a nondegenerate, decreasing function of the real
interest rate: an IS curve. The MP curve is a fixed real interest rate selected by the central
bank. The intersection of the IS and MP curves give output as a function of tightness only,
which is the aggregate demand curve yd(θ) plotted in figure 6.

6.3. Aggregate supply

The aggregate supply is the quantity of services provided when flows are balanced:

(28) ys(θ) = [1 − u(θ)] kh.

The aggregate supply is increasing in tightness—in a tighter economy, fewer workers are
unemployed—and it is sharply convex in a tightness-output plane: flat when tightness is
low, steep when tightness is high (figure 6).

6.4. Aggregate tightness

The aggregate tightness that solves the model equalizes aggregate demand and supply:

(29) yd(θ, r) = ys(θ).
13The IS-MP model is a popular model to teach business cycles to undergraduate students. It is used for

instance by Mishkin (2015), Jones (2025), or Stevenson and Wolfers (2026).
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Since demand is decreasing in tightness and supply is increasing, the solution is unique. It
is illustrated in figure 6. Equation (29) implicitly defines tightness as a function of the real
interest rate, θ(r); from tightness, all quantities follow: output y = ys(θ), unemployment
u(θ), consumption c(θ).

6.5. Phillips curve

Inflation is determined by the two remaining first-order conditions, which describe opti-
mal pricing: (23) and (25).

Equation (23) says that inflation is a linear function of the costate variable on the
relative price:

π(t) = π∗ + ψ
p(t)
ϖ

.

The costate variable follows the differential equation (25), which is linear and a source
since δ > 0. If the costate did not jump to the equilibrium point of the equation, it would
explode, dragging inflation to infinity and generating infinitely negative utility. So the
costate jumps to the equilibrium point:

ψp =
y(θ)
δ(δ − r)

[
η(θ)

1 − η(θ)
⋅
τ(θ)

u(θ)
− 1] ,

where we used ψb = 1/(δ − r). Accordingly, inflation jumps at time 0 to

(30) π = π∗ + y(θ)
ϖδ(δ − r)

[
η(θ)

1 − η(θ)
⋅
τ(θ)

u(θ)
− 1] .

Equation (30) is the Phillips curve of themodel. It links inflation to aggregate tightness,
which is itself determined by aggregate demand and supply. The curve has three main
properties.

First, the divine coincidence holds. The term in square brackets measures the produc-
tive inefficiency of the economy: by the efficiency condition (10), it is zero when tightness
is efficient. So inflation is on target (π = π∗) if and only if the economy is at full employment
(θ = θ∗, u = u∗). When the economy is inefficiently tight, the term is positive and inflation
is above target; when the economy is inefficiently slack, the term is negative and inflation
is below target. Thanks to the coincidence, the central bank faces no tradeoff between
inflation and unemployment: by bringing unemployment to the FERU, it mechanically
brings inflation to target. The coincidence arises because people take the inflation target
as normal inflation; section 10.5 shows how the coincidence breaks when they do not.

Second, the slope of the Phillips curve is governed by the price-adjustment costϖ.
When prices are very costly to change,ϖ is large and inflation responds little to departures
from efficiency. When prices are easy to change, inflation responds forcefully. In the limit
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ϖ→∞, inflation is fixed at π∗; in the limitϖ→ 0, the Phillips curve is vertical at θ∗ and
the economy is always efficient, as in section 4.5.

Third, inflation is strictly increasing in tightness at full employment and above. Out-
put y(θ), the matching elasticity η(θ), and the matching wedge τ(θ) are increasing in
tightness, while the unemployment rate u(θ) is decreasing, so above full employment the
bracket is positive and growing while output is positive and growing: inflation grows with
tightness. Around full employment the bracket is zero, so the slope of the Phillips curve is
determined by the derivative of the bracket, which is strictly positive. Below full employ-
ment, two forces oppose: as tightness falls, output falls while the (negative) bracket grows
in magnitude. The growing inefficiency pulls inflation further below target; the falling
output, which scales the bracket, pulls inflation back toward target. Near full employment
the bracket dominates and inflation still increases with tightness; at very low tightness
the output term can dominate and inflation may locally decrease with tightness.14

What is the intuition for the Phillips curve? When inflation is above normal, a buyer
could reduce its price-adjustment cost by lowering its rate of inflation. Since pricing is
optimal, there cannot exist any profitable deviation, so lowering inflation must be costly
for another reason: with lower inflation, the buyer’s posted price would drop relative to
other buyers’ prices, and this price reduction must hurt. That is only possible if the price
is already below the effective-price-minimizing level—which means, since submarket
tightness is inversely related to the posted price, that tightness is above the efficient level
(section 4.5). Hence, when inflation is above normal, the economy must be inefficiently
tight. Symmetrically, when inflation is below normal, the economy must be inefficiently
slack. Price dynamics are thus driven by slack: when workers are scarce, buyers must post
higher prices to attract them; when workers are abundant, buyers can lower the prices
they pay.15

7. Quantitative Phillips curve

To assess the shape of the Phillips curve, we calibrate the model to the US economy and
we plot the curve in the tightness-inflation plane and the unemployment-inflation plane.

7.1. Calibration

The calibration is summarized in table 1. As much as possible, we use US evidence from
the 1948–2019 period, during which the labor market operated in a consistent fashion; we

14In the calibrated model, this non-monotonicity only arises at tightness below the extremely low value of
0.08—so in practice inflation is increasing in tightness.

15We have assumed that buyers set prices. The results are the same if sellers set the prices instead: workers
would raise their prices when they are in high demand and lower them when demand slumps.
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TABLE 1. Calibrated values of the parameters and variables in the Phillips curve

Value Description Source or target

A. Normalized parameters
k = 1 Labor productivity Normalization
h = 1 Labor force Normalization

B. Parameters calibrated from direct measurement
κ = 1 Recruiting cost Michaillat and Saez (2024)
λ = 3.6% Monthly job-separation rate BLS (2026e)
δ = 43% Annual time discount rate Frederick, Loewenstein, and O’Donoghue

(2002); Andersen et al. (2014)
r = 0.5% Annual real interest rate Williams (2017)

C. Parameters calibrated to match target
σ = 0.47 Matching elasticity Beveridge elasticity = 1 (figure 1)
µ = 0.75 Monthly matching efficacy Unemployment rate = 5.7%
ϖ = 149 Price-adjustment cost Repricing cost = 1.22% of revenue (Zbaracki

et al. 2004)

D. Variables calibrated from historical evidence
θ = 0.65 Labor market tightness Average over 1948–2019
u = 5.7% Unemployment rate Average over 1948–2019

E. Implied variables
v = 3.7% Vacancy rate v = θu
f (θ) = 0.60 Monthly job-finding rate f (θ) = µθ1−σ
q(θ) = 0.92 Monthly ad-filling rate q(θ) = µθ−σ
τ(θ) = 4.1% Matching wedge Equation (6)
θ∗ = 1.03 Efficient tightness Equation (10)
u∗ = 4.5% FERU u∗ = u(θ∗)

exclude the disruptions caused by the Great Depression,WorldWar 2, and the coronavirus
pandemic.

Several parameters are directly measured. The recruiting cost is set to κ = 1 worker
per vacancy, as measured by the recruiting surveys discussed in section 2.2. The job-
separation rate is set to λ = 3.6% per month, the 2001–2019 average of the total-separation
rate measured in JOLTS (BLS 2026e). The real interest rate is set to r = 0.5% per year, the
US natural rate estimated byWilliams (2017, table 1). FollowingMichaillat and Saez (2021a,
p. 213), the discount rate is set to δ = 43% per year. This estimate is based on the annual
discount rates estimated in the 54 different experimental studies surveyed by Frederick,
Loewenstein, and O’Donoghue (2002, table 1) and Andersen et al. (2014, table 3).16

16With wealth in the utility function, the discount rate is not tied to the average real interest rate, so it can
be calibrated from experimental evidence—which consistently points to double-digit discount rates (Cohen
et al. 2020). Such impatience may not be surprising considering that annual interest rates on US credit cards
are typically around 20% (Rossman 2026), with penalty rates near 30% (Irby 2026).
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In addition, a few parameters are normalized. Labor productivity and labor force are
normalized to k = h = 1 at the baseline.

The remaining parameters are calibrated tomatch keyUS facts. Thematching function
is Cobb-Douglas,m(U,V) = µUσV 1−σ, so the matching elasticity is η(θ) = σ. We set σ to
generate a Beveridge elasticity of 1, as measured in figure 1. Inverting (11) at the average
unemployment rate u = 5.7% gives σ = 0.47. We then set the matching efficacy µ so that the
unemployment rate is at its 1948–2019 average of 5.7% when tightness is at its 1948–2019
average of 0.65; equation (3) gives µ = 0.75 per month. Under this calibration, the efficient
tightness is θ∗ = 1.03 and the FERU is u∗ = u(θ∗) = 4.5%.

The final parameter is the price-adjustment costϖ, which determines the slope of
the Phillips curve. We calibrate it frommicroevidence collected by Zbaracki et al. (2004).
Using time-and-motion methods, they study the pricing process of a large industrial firm
and find that the physical, managerial, and customer costs of changing prices amount to
1.22% of the firm’s revenue in a given year. That year, the firm changed the price of 25% of
its products, and most prices changed by about 4%. Based on this evidence, we setϖ so
that if inflation is 4% on 25% of the services purchased by a household, the cost amounts
to 1.22% of the household’s purchases in utility terms.

The marginal utility of consumption is a/
√
c. Through first-order condition (18) and

the costate variable value (26), we know that the marginal utility equals [1 + τ(θ)]/(δ − r).
Hence we calibrate the price-adjustment cost such that:

ϖ

2
× 0.042 × 0.25 = 0.0122 ×

1 + τ(θ)
δ − r

.

At the average tightness of 0.65, 1+τ(θ) = 1.041. At the average real rate of 0.005, δ−r = 0.425.
Based on these values, we obtainϖ = 149.

7.2. Inflation and tightness: divine coincidence

Figure 7A plots the Phillips curve (30) in the tightness gap-inflation gap plane. The curve
goes through the point of divine coincidence: the inflation gap is zero when the tightness
gap is zero. The non-monotonicity discussed in section 6.5 is visible only at extremely low
tightness (below 0.08). Otherwise the inflation gap is increasing in the tightness gap.

The Phillips curve is broadly linear in tightness over that range. For instance, when
the tightness gap is −0.5, the inflation gap is −1.6pp, while when the tightness gap is +0.5,
the inflation gap is +1.7pp.

To illustrate the tightness and inflation levels produced by the model, and not just the
gaps, figure 7C plots the Phillips curve (30) in the tightness-inflation plane. The Phillips
curve goes through the point of divine coincidence, where tightness is θ∗ = 1.03 and
inflation is π∗ = 2%. We see that inflation is increasing and almost linear in tightness over
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FIGURE 7. Phillips curves in the calibrated model

The Phillips curve is given by equation (30). Tightness and unemployment are related by equation (3). The
tightness gap is θ− θ∗; the unemployment gap is u − u∗; the inflation gap is π−π∗. The model is calibrated as
in table 1.

a wide range (as soon as tightness is above 0.08).

7.3. Inflation and unemployment: convexity

The picture changes once the Phillips curve is represented in traditional unemployment-
inflation planes. Figure 7B plots the Phillips curve (30) in the unemployment gap-inflation
gap plane. The curve goes through the point of divine coincidence again: the inflation
gap is zero when the unemployment gap is zero. And as expected, since unemployment
and tightness are negatively related through (3), the inflation gap is decreasing in the
unemployment gap.

But inflation is now a strongly convex function of unemployment. From the point of
divine coincidence, when the unemployment gap rises by 8pp, the inflation gap falls by
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less than 3pp. But when the unemployment gap drops by 2pp, the inflation gap rises by
more than 6pp.17 So the Phillips curve is much steeper when the economy is inefficiently
tight than when it is inefficiently slack.

To illustrate the unemployment and inflation levels produced by the model, figure 7D
plots the Phillips curve (30) in the unemployment-inflation plane. The curve crosses
the point of divine coincidence, where inflation is π∗ = 2% and unemployment is u∗ =
4.5%. The curve is much steeper when unemployment is inefficiently low than when
it is inefficiently high. The inflation rate only falls to 0% when the unemployment rate
reaches 7%, and then to -0.7% when the unemployment rate climbs to 11%. By contrast,
the inflation rate rises to 4% when the unemployment rate falls to 3.6%, and spikes at 6.4%
when the unemployment rate further drops to 3%.

The convexity is not an artifact of the calibration. It can be established analytically un-
der the common assumption that the matching function is Cobb-Douglas and symmetric:

PROPOSITION 1. Assume that thematching function is Cobb-Douglas and symmetric:m(u, v) =
µ
√
uv. Let ū = κλ2/(µ2 + κλ2) be the unemployment rate at the upper tightness bound θ̄. Then

the Phillips curve π(u) given by (30) is strictly decreasing in u around the FERU u∗ and strictly
convex in u on (ū, 1).

The proof is in appendix A. The logic is simple. With a symmetric Cobb-Douglas
matching function, the ratio of matching wedge to unemployment admits the closed form
τ(u)/u = (1 − ū)/(u − ū) − 1/u, which is strictly decreasing and strictly convex in u. The
Phillips curve inherits this shape: inflation explodes as unemployment approaches its
feasible minimum ū and flattens out as unemployment grows.

The convexity means that the model produces relatively large fluctuations in inflation
and small fluctuations in unemployment when the economy is inefficiently tight—and
the reverse when the economy is inefficiently slack. This is the pattern visible in the
post-pandemic data (figure 4B): the empirical Phillips curve drawn by the US economy in
2020–2024 is quite close to the Phillips curve simulated from the model (figure 7B). For
the same fluctuations in the unemployment gap, the inflation gap varies by comparable
amounts in the data and in the simulations. The convexity also explains why econometric
studies detect a kink at the postwar FERU of 4.2% (section 3.3): a convex curve estimated
with two linear branches yields a steep branch below the FERU and a flat branch above it.

7.4. Nonlinearity of the model

The Phillips curve is almost linear in tightness yet strongly convex in unemployment.
How can the same curve have such different curvature in the two representations? The

17The shape of the simulated Phillips curve in figure 7D is uncannily similar to the shape of the original
curve estimated by Phillips (1958, figure 1) in the United Kingdom.
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FIGURE 8. Response of the model to aggregate demand and supply shocks

The aggregate supply curve is given by equation (28). The aggregate demand curve is given by equation (27).
A negative aggregate demand shock is a decrease in the taste for consumption a; it rotates the aggregate
demand curve inward. A negative aggregate supply shock is a decrease in productive capacity kh; it shifts the
aggregate supply curve inward.

reconciliation is the Beveridge mapping u(θ): unemployment is a decreasing and convex
function of tightness, so an increasing and nearly linear π(θ) generates a decreasing and
convex π(u).

The near-linearity of the Phillips curve in the tightness-inflation plane does not mean
that the model is linear. The aggregate supply curve (28) is sharply nonlinear in the
tightness-output plane: aggregate demand shocks have small effects on tightness in a slack
economy—they affect mostly output—but large effects on tightness in a tight economy.
Since inflation is linear in tightness, inflation behaves in the same way: it responds little
to demand shocks when the economy is slack and much more when the economy is
tight. Equivalently, in the unemployment representation: the supply curve is linear in
unemployment, ys = (1− u)kh, so unemployment responds similarly to demand shocks in
booms and slumps, but inflation responds sharply to unemployment when the economy
is tight—because the Phillips curve is convex—and barely when the economy is slack.
Whether the nonlinearity is assigned to the aggregate supply curve or to the Phillips curve
is a matter of representation; the economics is the same.

8. Response to business-cycle shocks

We now use the model to study business-cycle shocks. Because all jump variables move
instantly to their equilibrium values, the response to unexpected permanent shocks is
obtained by comparative statics: the economy jumps from the old intersection of aggregate
demand and supply to the new one, and inflation jumps along the Phillips curve.
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8.1. Aggregate demand shocks

The most natural negative aggregate demand shock is a decrease in the taste for con-
sumption a: households become thriftier, desiring to save more and consume less. The
shock rotates the aggregate demand curve inward (figure 8A). Tightness and output fall;
unemployment rises. Since the efficient tightness (10) does not depend on a, the FERU is
unchanged, so the unemployment gap widens one-for-one with unemployment. Along
the Phillips curve, the drop in tightness lowers inflation: the economy slides down the
curve, producing the standard negative comovement of unemployment and inflation.

The effects of demand shocks are sharply state-dependent. When the economy is
slack, the aggregate supply curve is flat, so demand shocks move mostly output and un-
employment, and barely inflation. When the economy is tight, the supply curve is steep,
so demand shocks move mostly tightness and inflation, and barely unemployment. In
the unemployment-inflation plane, this is just the convexity of the Phillips curve at work:
demand shocks generate large unemploymentmovements and small inflationmovements
in slumps, and the reverse in booms. Both phases of the pandemic episode fit this pattern:
the collapse of demand in 2020, hitting a slack economy, moved unemployment enor-
mously and inflation little; the surge of demand in 2021–2022, hitting a tight economy,
moved inflation enormously and unemployment little (figure 4B).

8.2. Aggregate supply shocks

A negative aggregate supply shock is a decrease in productive capacity kh—caused by a
decrease in labor productivity k or in the labor force h. The shock shifts the aggregate
supply curve inward (figure 8B). Output falls but tightness rises: people want to consume
a similar amount of services while fewer services are offered, so the economy gets tighter
and unemployment falls. Along the Phillips curve, the rise in tightness raises inflation.
Supply shocks are therefore stagflationary in the model: they lower output while raising
inflation. And because the efficient tightness does not depend on k or h, the drop in
unemployment translates into a negative unemployment gap: the economy becomes
inefficiently tight, which is why inflation rises.

8.3. Beveridge shocks

The third type of shock is specific to the Beveridgean model: shocks that shift the Bev-
eridge curve. In the model, the position of the Beveridge curve is determined by the
job-separation rate λ and the matching efficacy µ. An increase in λ or a decrease in µ
shifts the Beveridge curve outward: at any tightness, unemployment is higher.

A Beveridge shock differs from demand and supply shocks in one respect: it moves
the FERU. The efficiency condition (10) depends on λ and µ through u(θ) and τ(θ), so an
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outward shift of the Beveridge curve raises the efficient unemployment rate u∗ = u(θ∗)—
as it did dramatically during the pandemic, when the FERU jumped from 4.0% to 6.7%
in one quarter (figure 3A). Because the point of divine coincidence sits at (u∗,π∗), the
unemployment-inflation Phillips curve shifts outward with the Beveridge curve: the same
inflation now obtains at higher unemployment.

Beveridge shocks therefore provide a microfoundation for Phillips shocks—akin to the
cost-push shocks of the New Keynesian literature. Here, the Phillips curve shifts whenever
the Beveridge curve shifts, and shifts of the Beveridge curve are observable in the data:
the Phillips-curve shifts are measurable in real time through the FERU formula u∗ =

√
uv.

Critically, the divine coincidence survives Beveridge shocks: the coincidence point
moves, but inflation remains on target if andonly if unemployment is at the (new) FERU.No
shock in the model can generate inflation at full employment. The tightness formulation
of the Phillips curve is also far more stable than the unemployment formulation. The
efficient tightness is pinned down by the Beveridge elasticity and the recruiting cost,
θ∗ = 1/(κβ), and both statistics are stable in US data. Thus, θ∗ barely moves when the
Beveridge curve shifts, while u∗ moves a lot. This explains our second fact: why tightness
predicts inflation so much better than unemployment, especially in the pandemic period
when the Beveridge curve was unstable.

9. Solution of the model at the zero lower bound

In normal times, the central bank sets the real interest rate, which separates the dynamics
of tightness from those of inflation: tightness is determined by aggregate demand and
supply, and inflation follows from the Phillips curve. At the zero lower bound (ZLB), this
separation disappears. The nominal rate is stuck at 0, so the real rate is just negative
inflation, r = −π, and tightness and inflation are jointly determined by a two-dimensional
dynamical system.

9.1. When does the ZLB bind?

The economy reaches the ZLB after a large drop in aggregate demand—for instance a large
decrease in the taste for consumption a. The ZLB binds when, even at a zero nominal
rate, aggregate demand falls short of the efficient level of output: yd(θ∗,−π∗) < ys(θ∗)
(figure 10B). This occurs when the taste for consumption satisfies

(31) a <

√
(1 + τ∗)y∗
δ + π∗ ,

where y∗ and τ∗ are the efficient values of output and the matching wedge.
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FIGURE 9. Phase diagrams at the zero lower bound in the calibrated model

The θ̇ = 0 nullcline is given by equation (34). The π̇ = 0 nullcline is given by equation (35). The model is
calibrated as in table 1. In panel A, the taste for consumption is a = 1.66. In panel B, the taste for consumption
is lower, set to a = 1.62.

9.2. Tightness-inflation dynamics

The dynamical system describing the model at the ZLB is derived in appendix B; here we
report the main results. The system comprises two differential equations. The θ̇ equation
arises from the consumption-saving condition (24):

(32)
1
2
⋅
θ̇

θ
[[1 − η(θ)]u(θ) + η(θ)τ(θ)] =

√
[1 + τ(θ)]y(θ)

a
− δ − π.

The π̇ equation arises from the pricing condition (25):

(33) π̇ = δ [π − π∗] + a
ϖ

√
c(θ) [1 −

η(θ)

1 − η(θ)
⋅
τ(θ)

u(θ)
] .

Figure 9 displays the phase diagram of the system in the calibrated model. The θ̇ = 0
nullcline combines the aggregate demand and supply curves: as inflation rises, the real
rate falls, so aggregate demand moves up along aggregate supply, raising tightness. The
nullcline is

(34) π =
1
a

√
[1 + τ(θ)]y(θ) − δ.

The π̇ = 0 nullcline is based on the Phillips curve, describing inflation as an increasing
function of tightness over the relevant range:

(35) π = π∗ + a
δϖ

√
c(θ) [

η(θ)

1 − η(θ)
⋅
τ(θ)

u(θ)
− 1] .
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This nullcline remains below the inflation target on (0,θ∗), and it is flatter—closer to
π = π∗—when prices are more rigid (higherϖ).

The system always admits an equilibrium (θz,πz) with θz ∈ (0,θ∗), and when price
rigidityϖ is large enough the equilibrium is unique (appendix B). Around the equilibrium,
the system is a source: in all four quadrants of the phase diagram, trajectories move away
from the equilibrium (figure 9). The solution of the model at the ZLB is therefore unique,
although monetary policy is completely passive: tightness and inflation must jump to the
equilibrium and stay there; had they jumped anywhere else, they would have diverged.

9.3. The ZLB is not topsy-turvy

The uniqueness result means that the model can be used to study ZLB episodes of any
duration—even permanent ones. The unique ZLB solution is a normal slump: tightness is
below its efficient level, unemployment is above the FERU, and inflation is below target.
Comparative statics remain normal as well. A negative aggregate demand shock—a further
decrease in the taste for consumption a—shifts the θ̇ = 0 nullcline inward (from figure 9A
to figure 9B): tightness falls, unemployment rises, and inflation falls. Demand shocks
operate at the ZLB just as they do in normal times.

This behavior is entirely different from the New Keynesian model, in which the ZLB
is “a topsy-turvy world, in which many of the usual rules of macroeconomics are stood
on their head” (Eggertsson and Krugman 2012, p. 1472). Indeed, when the ZLB lasts long,
output and inflation collapse to implausible levels, the model admits no solution with a
permanent ZLB, and policies acquire extraordinarily large effects (Michaillat and Saez
2021b). None of these anomalies arise here. The difference comes from wealth in the
utility function, which keeps aggregate demand well defined even under an interest-rate
peg—and the ZLB is nothing but a peg at zero.

10. Implications for monetary policy

This section reviews the implications of the Beveridgean Phillips curve for monetary
policy.

10.1. Satisfying the dual mandate: the FERI

In theUnited States, the Federal Reserve has a dualmandate:maintaining full employment
and price stability. In themodel, bothmandates are achieved at once. By selecting the real
interest rate r, monetary policy can stimulate or depress aggregate demand (figure 5B).
This policymove then shifts the aggregate demand curve along the aggregate supply curve,
which changes aggregate tightness (figure 10A). To satisfy the dual mandate, policy must
bring the aggregate demand curve to the point where tightness is efficient. There, the
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FIGURE 10. Monetary policy in the model

The aggregate demand and supply curves are constructed in figure 6. In panel A, the gray cone indicates all
the positions that the aggregate demand curve can reach when the nominal interest rate is reduced from
its current level; the ZLB curve is the most outward position that the aggregate demand curve can reach,
obtained when i = 0. In panel B, aggregate demand is so depressed that even at the zero lower bound it
intersects aggregate supply below the efficient tightness.

Beveridge curve guarantees full employment (u = u∗) and the Phillips curve guarantees
price stability (π = π∗).

We call the real interest rate that brings the economy to full employment the full-
employment rate of interest (FERI), denoted r∗. Because of the divine coincidence, the
FERI also delivers price stability. It solves yd(θ∗, r∗) = ys(θ∗), which from (27) and (28)
gives

(36) r∗ = δ − 1
a
⋅
√
[1 + τ(θ∗)]y(θ∗),

where y(θ∗) is the efficient level of output. The corresponding nominal interest rate is
i∗ = r∗ +π∗. The Fed can achieve its dual mandate whenever i∗ ≥ 0. If aggregate demand is
so depressed—the taste for consumption a so low—that r∗ < −π∗, the dual-mandate policy
would violate the zero lower bound; the central bank then sets i = 0, and the analysis of
section 9 applies.

10.2. Soft landing

After the pandemic, inflation rose well above target—the inflation gap peaked at 4.9pp in
2022—while the labor market became inefficiently tight (figure 4). Once inflation was high,
the policy debate centered on a mechanical question: could the Federal Reserve achieve a
soft landing? That is, could the Fed bring inflation back down without a material rise in
unemployment (Blinder 2023)?
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In the model, inflation is governed by tightness through the Phillips curve, so cool-
ing inflation requires reducing tightness. Monetary policy operates through aggregate
demand: raising the real interest rate depresses demand, which reduces tightness along
the aggregate supply curve. Since unemployment moves inversely with tightness, a strict
soft landing is impossible: unemployment always rises when tightness falls. But the rise
can be modest when the labor market starts from a very tight position, because the aggre-
gate supply curve is convex: when tightness is high, a given reduction in tightness raises
unemployment only a little.

The Beveridge curve makes the required rise in unemployment easy to quantify. By
definition, θ = v(u)/u along the Beveridge curve, so differentiating in elasticity form gives
1 = −βϵuθ − ϵ

u
θ, and therefore

ϵuθ =
−1
1 +β

.

In the United States, β = 1, so the elasticity of unemployment with respect to tightness is
−1/2. Because the Beveridge curve is isoelastic, the elasticity governs finite changes in
logs: halving tightness multiplies unemployment by

√
2. At the 2022:Q2 peak, tightness

was 2 and unemployment was 3.5%, so the FERU was u∗ =
√
uv = 5.0%. Cooling tightness

from 2 to 1 along that Beveridge curve therefore takes unemployment to the FERU, from
3.5% to 5.0%. The rise is 1.5pp—not zero, but far from a recession. A soft landing from an
inefficiently tight labor market is therefore possible, because the labor market starts on
the steep portion of the aggregate supply curve.

The actual path was even softer. By July 2025, tightness had returned to 0.99 but
unemployment stood at only 4.3% (Michaillat and Saez 2026). That extra 0.7pp never
materialized thanks to the inward Beveridge shift visible in figure 3A. After the pandemic
outward jump, the FERU was still falling. The unwinding of the pandemic matching shock
reduced the unemployment cost of inflation cooling.

10.3. Choice of target variables

Since the two mandates coincide, targeting the inflation rate or targeting the FERU is
equivalent in the model. In practice, however, the Fed should target the variable that is
most volatile—to observe most clearly departures from the dual mandate.

The slope of the Phillips curve determines which variable is most volatile. If the
Phillips curve is steep, demand shocks mostly move inflation, so inflation is the more
informative target. If the Phillips curve is flat, demand shocksmostlymove unemployment,
so unemployment is the more informative target. Because the Phillips curve is convex—
flat when unemployment is inefficiently high, steep when it is inefficiently low—the
implication is state-contingent: the Fed should target the FERU when the economy is
inefficiently slack, and target 2% inflation when the economy is inefficiently tight. Since
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inflation and tightness vary commensurately (the tightness-inflation curve is broadly
linear), an equivalent prescription when tightness is easier to measure than inflation is to
target the FERU in slumps and the efficient tightness θ∗ = 1 in booms.

10.4. The NAIRU is not well defined

The NAIRU is the unemployment rate at which inflation is stable; it is estimated from ac-
celerationist Phillips curves. In the model, the NAIRU is simply not well defined: inflation
is stable at any unemployment rate. If unemployment is at the FERU, inflation is stable
at the target; if unemployment is above the FERU, inflation is stable below the target; if
unemployment is below the FERU, inflation is stable above the target. The Phillips curve
is not accelerationist. This may explain why NAIRU estimates are notoriously imprecise
(Staiger, Stock, and Watson 1997; Laubach 2001).

10.5. Ineffective monetary communication

The divine coincidence rests on the assumption that the central bank anchors normal
inflation at its target: πn = π∗. If monetary communication is ineffective, so that πn ≠ π∗,
the derivations are unchanged except that π∗ is replaced by πn in the Phillips curve (30).
It is as if a shifter πn − π∗ were added to the curve:

(37) π = (πn − π∗) + π∗ + y(θ)
ϖδ(δ − r)

[
η(θ)

1 − η(θ)
⋅
τ(θ)

u(θ)
− 1] .

At full employment, inflation is now πn instead of π∗: the divine coincidence breaks down,
and the two mandates cannot be achieved simultaneously. If people believe that inflation
will normally run above target (πn > π∗), then inflation is too high when the economy is at
full employment; equivalently, when inflation is on target, the labor market is inefficiently
slack. Hence, in this model, the coincidence is not so much “divine” as the product of
careful and effective messaging by the central bank. Such messaging appears to have
succeeded in the United States since the mid-1990s. Long-run inflation expectations have
remained glued to 2% (Hazell et al. 2022), explaining why the coincidence is visible in
modern US data.

11. Conclusion

This paper develops a Beveridgeanmodel of the Phillips curve. The economy is amatching
economy inwhich households purchase services from other households, and all trades are
mediated by a matching function—generating unemployment, vacancies, and a Beveridge
curve.Directed search generates price competition: households post prices for the services
they buy, and jobseekers arbitrage across submarkets. Price-adjustment costs generate
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price rigidity. Combining the two produces a nonvertical Phillips curve anchored at the
efficient allocation.

The model explains the three facts that the post-pandemic economy revealed about
the US Phillips curve. Inflation is on target when unemployment is at the FERU, because
directed search is efficient and the Fed anchors normal inflation at its target. Slack drives
inflation, and the tightness formulation of the Phillips curve is more stable than the
unemployment formulation, because the efficient tightness is pinned down by two stable
statistics while the FERUmoves with the Beveridge curve. And the Phillips curve is convex
in the unemployment-inflation plane: steep when the labor market is inefficiently tight,
flat when it is inefficiently slack. The convexity comes from the hyperbolic shape of the
Beveridge curve. It explains why the drop in inflation was so muted when unemployment
spiked in 2020, and why inflation flared up so quickly when the labor market overheated
in 2021–2023.

Beyond the Phillips curve, Moen-Rotemberg pricing could be useful in other matching
models. Matching models of any market or economy require some price rigidity to gen-
erate realistic fluctuations in tightness (Shimer 2005; Michaillat and Saez 2015). Existing
mechanisms rely on random search: fixed price norms (Hall 2005); credible bargaining
(Hall and Milgrom 2008); staggered Nash bargaining (Gertler and Trigari 2009); and rigid
price norms (Blanchard and Gali 2010; Michaillat 2012, 2026a; Michaillat and Saez 2015,
2019). Moen-Rotemberg pricing offers an alternative built on directed search, where the
degree of rigidity is disciplined by measurable price-adjustment costs.
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Appendix A. Convexity of the Phillips curve

This appendix proves proposition 1: the Phillips curve π(u) is strictly convex in u under
the assumption that the matching function is Cobb-Douglas and symmetric,

m(u, v) = µ
√
uv.

It is difficult to obtain more general analytical results; for other matching functions,
numerical analysis is required, as in section 7.

A.1. Symmetric Cobb-Douglas matching function

With a symmetric Cobb-Douglas matching function, the trading rates are

(A1) f (θ) = µ
√
θ and q(θ) =

µ
√
θ
,

and the matching elasticity is constant at η(θ) = 1/2, so

(A2)
η(θ)

1 − η(θ)
= 1.

The unemployment rate is given by (3), so

u(θ) =
λ

λ + µ
√
θ
.

Inverting this strictly decreasing relationship, we write tightness as a strictly decreasing
function of the unemployment rate:

(A3) θ(u) = [
λ(1 − u)
µu

]

2
.

The highest possible value for tightness is θ→ θ̄, when τ(θ) → ∞. The upper bound θ̄
is defined such that q(θ̄) = κλ, so here

θ̄ = (
µ

κλ
)
2
.

The lowest possible unemployment rate is achieved when θ→ θ̄. We denote this minimum
unemployment rate by ū = u(θ̄); it is given by

(A4) ū =
κλ2

µ2 + κλ2
.
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A.2. Preliminary result

LEMMA A1. The ratio between the matching wedge and unemployment rate admits the closed
form

(A5)
τ(u)
u
=
1 − ū
u − ū

−
1
u
.

The ratio is strictly decreasing and strictly convex in u on (ū, 1).

The proof has three steps: derive the closed form (A5), then sign the first and second
derivatives.

First, combining (A1) and (A3) allows us to express the ad-filling rate as a function of
the unemployment rate:

q(u) =
µ2

λ
⋅
u

1 − u
.

Using expression (6), we can express the matching wedge as a function of the unemploy-
ment rate too:

τ(u) =
κλ

µ2

λ

u
1 − u

− κλ

=
κλ2(1 − u)

(µ2 + κλ2)u − κλ2
=
ū(1 − u)
u − ū

,

where the last equality uses the definition (A4) of ū. Then, the ratio between matching
wedge and unemployment rate is a simple function of the unemployment rate:

τ(u)
u
=
ū(1 − u)
u(u − ū)

=
ū − u + u − ūu
u(u − ū)

=
1 − ū
u − ū

−
1
u
,

which establishes (A5).
Second, differentiating (A5) once with respect to the unemployment rate, we get

(A6)
dτ/u
du
=
1
u2
−

1 − ū
(u − ū)2

.

The sign of the derivative is the sign of

(u − ū)2 − (1 − ū)u2 = ū [ū − 2u + u2] = ū [(ū − u) + u(u − 1)] .

Since 0 < ū < u < 1, we have u− 1 < 0 and ū−u < 0, so the first derivative is strictly negative:
τ/u is strictly decreasing in u.

Third, differentiating (A6) with respect to the unemployment rate, we get the second
derivative of the ratio:

d2τ/u
du2

=
2(1 − ū)
(u − ū)3

−
2
u3
.
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The sign of the second derivative is the sign of

(1 − ū)u3 − (u − ū)3 = ū [−u3 + ū2 + 3u2 − 3uū]

= ū [u2(1 − u) + (ū − u)2 + u(u − ū)] .

Since 0 < ū < u < 1, all the terms in the square bracket are positive: u2(1−u) > 0, (ū−u)2 > 0,
and u(u − ū) > 0. Hence the second derivative is strictly positive: τ(u)/u is strictly convex
in u.

A.3. Proof of proposition 1

With lemma A1 in hand, we can now prove the proposition.
The Phillips curve π(θ) is given by (30), where here (A2) holds. We compose it with the

function θ(u) given by (A3) to obtain a Phillips curve linking inflation to unemployment:

π(u) = π∗ + 1
ϖδ(δ − r)

⋅ y(u) ⋅ [
τ(u)
u
− 1] .

The ratio τ(u)/u is given by (A5) and output is given by y(u) = (1 − u)kh. Given the linear
expression for output, we can rewrite the Phillips curve as

(A7) π(u) = π∗ + kh
ϖδ(δ − r)

⋅ (1 − u) ⋅ [
τ(u)
u
− 1] .

We differentiate (A7) twice. The first derivative is

π′(u) = kh
ϖδ(δ − r)

⋅ [(1 − u) ⋅
dτ/u
du
+ 1 −

τ(u)
u
] .

At efficiency, by (10) and (A2), τ(u∗)/u∗ = 1, so the sign of π′(u∗) is the sign of (1 −
u∗)d(τ/u)/du. By lemma A1, d(τ/u)/du < 0, so π′(u∗) < 0: in the vicinity of the FERU, the
Phillips curve is strictly decreasing in the unemployment rate.

Differentiating again, we obtain

π′′(u) = kh
ϖδ(δ − r)

⋅ [(1 − u) ⋅
d2τ/u
du2

− 2 ⋅
dτ/u
du
] .

By lemma A1, d(τ/u)/du < 0 and d2(τ/u)/du2 > 0, so both terms in the square brackets
are strictly positive, and π′′(u) > 0 on (ū, 1): the Phillips curve is strictly convex in the
unemployment rate.
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Appendix B. Dynamical system at the zero lower bound

This appendix derives and studies the dynamical system describing the behavior of tight-
ness and inflation at the zero lower bound.

B.1. Costate variables, inflation, and tightness

The first step is to express the costate variables ψb and ψp as functions of inflation π and
tightness θ. Using these relationships, we transform the differential equations for the
costate variables into differential equations for inflation and tightness.

For the costate variable ψp, the relationship is directly given by (23):

(A8) ψp =ϖ [π − π∗] , ψ̇p =ϖπ̇.

For the costate variable ψb, the relationship arises from (22). In the model, aggregate
consumption is directly determined by tightness, from (7):

(A9) c(θ) =
1 − u(θ)
1 + τ(θ)

⋅ kh.

Notice also that because y(θ) = [1 + τ(θ)] c(θ), condition (22) relates ψb to tightness:

(A10) ψb(θ) =
a

√
[1 + τ(θ)]y(θ)

.

This equation implies:

(A11) ψb(θ)y(θ) = a
√
c(θ).

By the chain rule, ψ̇b = (ψb/θ) ⋅ ϵψ
b

θ
⋅ θ̇, so we need the elasticity of ψb with respect to

tightness. From (9), ϵ1+τθ = η(θ)τ(θ); from (8), ϵ1−uθ = [1 − η(θ)]u(θ). Hence, from (A9),
the elasticity of consumption is

ϵcθ = [1 − η(θ)]u(θ) − η(θ)τ(θ),

and from (A10), the elasticity of the costate variable is

ϵ
ψb

θ
= −

1
2
⋅ [[1 − η(θ)]u(θ) + η(θ)τ(θ)] .

The time derivative of the costate variable is therefore related to that of tightness by

(A12)
ψ̇b

ψb
= −

1
2
⋅ [[1 − η(θ)]u(θ) + η(θ)τ(θ)] ⋅

θ̇

θ
.
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B.2. Differential equations for inflation and tightness

We first transform the differential equation for the costate variable ψp, given by (25), into
a differential equation for inflation. We replace ψp and ψ̇p by the expressions (A8), and
ψb y by the expression (A11). We obtain equation (33):

π̇ = δ [π − π∗] + a
ϖ
⋅
√
c(θ) [1 −

η(θ)

1 − η(θ)
⋅
τ(θ)

u(θ)
] .

The nullcline π̇ = 0 is given by (35). This nullcline is close to, but not the same as, the
Phillips curve in normal times (30): in normal times the costate variableψb is fixed by the
real interest rate, whereas at the zero lower bound it is jointly determined by tightness
and inflation.

Next, we transform the differential equation for the costate variable ψb, given by (24),
into a differential equation for tightness. We divide the equation by ψb and set the real
interest rate to r = −π:

ψ̇b

ψb
= (δ + π) −

1
ψb

.

Replacing ψb and ψ̇b by the expressions (A10) and (A12) yields equation (32):

1
2
⋅ [[1 − η(θ)]u(θ) + η(θ)τ(θ)] ⋅

θ̇

θ
=
1
a
⋅
√
[1 + τ(θ)] y(θ) − (δ + π) .

The nullcline θ̇ = 0 is given by (34).

B.3. Equilibrium of the dynamical system

We now determine the equilibrium of the dynamical system composed of (32) and (33). At
the equilibrium, π̇ = θ̇ = 0, so the equilibrium lies at the intersection of the two nullclines.
Let us introduce auxiliary functions to simplify the analysis:

P(θ) = π∗ + a
δϖ
⋅
√
c(θ) [

η(θ)

1 − η(θ)
⋅
τ(θ)

u(θ)
− 1]

Q(θ) =
1
a
⋅
√
[1 + τ(θ)] y(θ) − δ

R(θ) =
2θ

[1 − η(θ)]u(θ) + η(θ)τ(θ)
.

The nullcline (35) is π = P(θ) and the nullcline (34) is π = Q(θ). Let S(θ) = Q(θ) −P(θ): the
tightness that solves the model satisfies S(θ) = 0.

At θ = 0, we have u(0) = 1 so c(0) = 0 and S(0) = −(δ + π∗) < 0. At θ = θ∗, we have
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τ/u = [1 − η] /η by (10), so

S(θ∗) = 1
a
⋅
√
[1 + τ(θ∗)] y(θ∗) − (δ + π∗).

The economy is at the zero lower bound onlywhen aggregate demand is depressed enough,
which occurs when the taste for consumption satisfies (31)—and (31) is equivalent to
S(θ∗) > 0. We have established that S(0) < 0 and S(θ∗) > 0, and S is continuous on [0,θ∗];
by the intermediate value theorem, the equation S(θ) = 0 admits a solution on (0,θ∗). The
dynamical system therefore admits an equilibrium on (0,θ∗), which we denote (θz,πz).

Is the equilibrium unique? It would be if S were strictly increasing on (0,θ∗). The
function Q is strictly increasing on (0,θ∗), as τ(θ) and y(θ) are increasing on the interval.
But the function P is not monotone (indeed P(0) = P(θ∗) = π∗), so we cannot conclude in
general.However,whenprices are rigid enough—whenϖ is large enough—thefluctuations
in P become arbitrarily small: at the limit ϖ → ∞, P(θ) → π∗ for any θ. So for ϖ large
enough, S never returns to 0 once it has crossed 0 at θz, and the equilibrium is unique.
The equilibrium is unique under the calibration of figure 9. In that case, since S(0) < 0
and S(θ∗) > 0, S crosses 0 from below, so S′(θz) > 0. In the rest of the appendix we assume
that price rigidityϖ is sufficient to guarantee uniqueness.

B.4. Classification of the dynamical system

Finally, we determinewhether the dynamical system is a source, sink, or saddle around the
zero-lower-bound equilibrium, by computing the Jacobian of the system, which describes
the local dynamics (Hirsch, Smale, and Devaney 2013, pp. 61–64).

With the auxiliary functions, the differential equation (32) is θ̇ = R(θ) [Q(θ) − π] and
the differential equation (33) is π̇ = δ [π − P(θ)]. The Jacobian of the system [π(t),θ(t)] is

J =
⎡
⎢
⎢
⎢
⎢
⎢
⎣

δ −δP′(θz)

−R(θz) R(θz)Q′(θz)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

where we simplified the Jacobian using Q(θz) − πz = 0, which holds by definition of the
equilibrium. The trace and determinant of the Jacobian are

tr(J) = δ + R(θz)Q′(θz)
det(J) = δR(θz) [Q′(θz) − P′(θz)] = δR(θz)S′(θz).

We know that δ > 0, R(θz) > 0, and Q′(θz) > 0, so the trace is strictly positive. We also
know that S′(θz) > 0, so the determinant is strictly positive. Thus, the dynamical system
describing inflation and tightness is a source around the zero-lower-bound equilibrium.
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