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SIMPLE AND BIAS—CORRECTED MATCHING ESTIMATORS
FOR AVERAGE TREATMENT EFFECTS

ALBERTO ABADIE AND GUIDO W. IMBENS

ABSTRACT

In this paper we analyze large sample properties of matching estimators, which have found
wide applicability in evaluation research despite that fact that their large sample properties
have not been established in many cases. We show that standard matching estimators
have biases in large samples that do not vanish in the standard asymptotic distribution if
the dimension of the covariates is at least four, and in fact dominate the variance if the
dimension of the covariates is at least five. In addition, we show that standard matching
estimators do not reach the semiparametric efficiency bound, although the efficiency loss is
typically small. We then propose a bias-corrected matching estimator that has no asymptotic
bias. In simulations the bias-corrected matching estimator performs well compared to simple
matching estimators and to regression estimators in terms of bias and root-mean-squared-
error.



1. INTRODUCTION

Estimation of average treatment effects is an important goal of much evaluation research.
Often a reasonable starting point is the assume that assignment to the treatment is uncon-
founded, that is, based on observable pretreatment variables only, and that there is sufficient
overlap in the distributions of the pretreatment variables (Rubin, 1978). Under those as-
sumptions one can estimate the average effect within each subpopulation defined by the
pretreatment variables by differencing average treatment and control outcomes. The popu-
lation average treatment effect can then be estimated by averaging these conditional average
treatment effects over the appropriate distribution of the covariates. Methods implementing
this in parametric forms have a long history. See for example Cochran and Rubin (1973),
Barnow, Cain, and Goldberger (), Rosenbaum and Rubin (1985), Rosenbaum (1995). Re-
cently a number of nonparametric implementations of this idea have been proposed. Hahn
(1998) calculates the efficiency bound and proposes an estimator based on nonparametric
series estimation of the two conditional regression functions. Heckman, Ichimura and Todd
(1997, 1998) focus on the average effect on the treated and consider estimators based on local
linear kernel estimation of the two regression functions. Robins and Rotnitzky (1995), and
Robins, Rotnitzky and Zhao (1995) propose efficient estimators that combine weighting and
regression adjustment. Hirano, Imbens and Ridder (2000) propose an estimator that weights
the units by the inverse of their assignment probabilities, and show that nonparametric series
estimation of this conditional probability, labeled the propensity score by Rosenbaum and
Rubin (1983), leads to an efficient estimator. Ichimura and Linton (2001) consider higher
order expansions of such estimators to analyze optimal bandwidth choices.

Here we propose an estimator that matches each treated unit to a fixed number of controls
and each control unit to a fixed number of treated units. Various other versions of matching
estimators have been proposed in the literature. For example, Rosenbaum (1988,1995), Gu

and Rosenbaum (1993) Rubin (1973a,b), and Dehejia and Wahba (1999) focus on the case



where only the treated units are matched, and with typically many controls relative to the
number of trainees so that each control is used as a match only once. In contrast, we match all
units, treated as well as controls, and explicitly allow a unit to be used more as a match more
than once. This modification will typically somewhat increase the variance of the estimator,
but will also generally lower the bias. Matching estimators have great intuitive appeal as
they do not require the researcher to set any smoothing parameters other than the number
of matches which has a clear and interpretable bias/variance tradeoff. However, as we show,
somewhat surprisingly given the widespread popularity of matching estimators, the large
sample properties of the simple matching estimators with a fixed number of matches are not
necessarily very attractive. First, although these estimators are consistent, if the dimension
of the continuous pre-treatment variables is larger than three, simple matching estimators
have biases that do not vanish in the asymptotic distribution, and that can dominate the large
sample variance. This crucial role for the dimension also arises in nonparametric differencing
methods (e.g., Yatchew, 1999). In addition, even if the dimension of the covariates is low
enough for the bias to vanish asymptotically, the simple matching estimator with a fixed
number of matches is not efficient.

We also consider combining matching with additional bias reductions based on a non-
parametric extension of the regression adjustment proposed in Rubin (1973b) and Quade
(1982). This regression adjustment removes the bias of the estimators, without affecting the
variance. Compared to estimators based on regression adjustment without matching (e.g.,
Hahn, 1998; Heckman, Ichimura and Todd, 1997, 1998) or estimators based on weighting by
the inverse of the propensity score, (Hirano, Imbens, and Ridder, 2000) the proposed estima-
tors are more robust as the matching ensures that they do not rely on the (asymptotically)
correct specification of the regression function or the propensity score for consistency.

As the bias correction does not affect the variance, the bias corrected matching estimators
still do not reach the semiparametric efficiency bound with a fixed number of matches.

Only if the number of matches increases with the sample size do the matching estimators



reach the efficiency bound. However, as we shall show, the efficiency loss from using only
a small number of matches is very modest, and it can often be bounded. An advantage of
the matching methods is that the variance can be estimated conditional on the smoothing
parameter (i.e., the number of matches), whereas in the regression estimators often only
estimators for the limiting variance are available. We find that using the variance conditional
on the covariates and the number of matches leads to more accurate confidence intervals. In
simulations we find that the proposed estimators perform well with relatively few matches,
and that its large sample distribution is in those cases a good approximation to the finite
sample distribution.

In the next section we introduce the notation and define the estimators. In Section 3
we discuss the large sample properties of matching estimators. In section 4 we analyze bias
corrections. In Section 5 we apply the estimators to data from an employment training
program previously analyzed by Lalonde (1986), Heckman and Hotz (1989), and Dehejia
and Wahba (1999). In Section 6 we carry out a small simulation study to investigate the

properties of the various estimators.

2. NOTATION AND BASIC IDEAS

2.1 NOTATION

We are interested in estimating the average effect of a binary treatment on some outcome.
Let (Y(0),Y (1)) denote for a typical unit the two potential outcomes given the control
treatment and given the active treatment respectively. The variable W, for W € {0,1}

indicates the treatment received. We observe W and the outcome for this treatment,

y_ [ Y0 if W =0,
— 1 Y1) if W =1,

as well as a vector of pretreatment variables X. The estimand of interest is the population

average treatment effect

7= E[Y(1) =Y (0)],



or the average effect for the treated
7. = E[Y (1) =Y (0)|W =1].

See for some discussion of the various estimands Rubin (1973) and Heckman and Robb
(1984).

We assume assignment to treatment is unconfounded (Rosenbaum and Rubin, 1983), or
WL (Y(0),Y(1)) ’ X, (1)

as well as that the probability of assignment is bounded away from zero and one: for some

c>0
c<PrW=1X=2z)<1-c¢ (2)

for all z in X, the support of X, which is a compact subset of ®*. The dimension of X will
be seen to play an important role in the properties of the matching estimators. We assume
that all covariates are have continuous distributions. Discrete covariates can be easily dealt
with and their number does not affect the analysis. The combination of the two assumptions
is referred to as strong ignorability (Rosenbaum and Rubin, 1983). These assumptions are
strong, and in many cases may not be satisfied. In many studies, however, researchers
have found it useful to consider estimators based on these or similar assumptions. See,
for example, Cochran (1968), Cochran and Rubin (1973), Rubin (1973a,b), Barnow, Cain
and Goldberger (1977) Rosenbaum and Rubin (1984), Heckman and Robb (1984), Robins
and Rotnitzky (1995), Robins, Rotnitzky and Zhao (1995), Rosenbaum (1995), Heckman,
Ichimura and Todd (1997, 1998), Ashenfelter and Card (1985), Card and Sullivan (1988),
Hahn (1998), Dehejia and Wahba (1999), Lechner (1998), Hirano, Imbens and Ridder (2000)
and Hotz, Imbens and Mortimer (2000). If the first assumption, unconfoundedness is deemed
implausible in a given application, methods allowing for selection on unobservables such as
instrumental variables (e.g., Heckman and Robb, 1984; Angrist, Imbens and Rubin, 1996),

sensitivity analyses (Rosenbaum and Rubin, 1984), or bounds calculations (Manski, 1990)
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may be considered. See for general discussion of such issues Heckman and Robb (1984),
Heckman, Lalonde and Smith (2000), and Angrist and Krueger (2000). The importance
of the restriction on the probability of assignment has been discussed in Rubin (1977),
Heckman, Ichimura and Todd (1997, 1998), and Dehejia and Wahba (1999).

Under strong ignorability the average treatment effect for the subpopulation with pre-

treatment variables equal to X = z,
r(z) = BY(1) - Y(0)/X = 2]
can be estimated from the data on (Y, W, X) because
E[Y(1) - Y(0)|X =2] = E[Y|W =1,X = 2] — E[Y|W = 0,X = al.

To get the average effect of interest we average this conditional treatment effect over the

marginal distribution of X:
T = E[r(X)],

or over the conditional distribution to get the average effect for the treated:
7 = E[r(X)|W = 1].

Next we introduce some additional notation. Let p(z,w) = E[Y|X = z,W = w| be
the conditional regression function, and o*(z,w) = E[(Y — p(z,w)))*|X = z,W = w] the
conditional variance function. By unconfoundedness, E[Y (0)|X = z] = E[Y(0)|X =z, W =
0] = EY|X = 2,W = 0] = p(x,0) and E[Y(1)|X = z] = EY(1)|X = 2, W = 1] =
EY|X =2, W =1] = p(z,1). Let f,(z) be the conditional density of X given W = w, and
let e(z) = Pr(W = 1|X = x) be the propensity score (Rosenbaum and Rubin, 1983). The
numbers of control and treated units are Ny and Nj respectively, with N = Ny + N; the
total number of units. Also, let Zy and Z; be the set of indices for the control and treated

units respectively:

T,={i=1,...,N|W; = w},



for w = ¢,t. Let ||z|| = (2'2)Y/2, for x € X be the standard vector norm. Occasionally
we will be using alternative norms of the form ||z||y; = (2'Vz)Y/? for some positive definite
symmetric matrix V. In particular we will use the norm with V' equal to the inverse of the
diagonal matrix with the variances of X on the diagonal, or with V' equal to the inverse of
the covariance matrix of X, the Mahalanobis metric. In practice, as we discuss below, one
may wish to change the weights for the covariates by adjusting the values on the diagonal
of V.

Given a random sample of size N, {(V;, X;, W;)}¥,, let j,,(¢) be the index j that solves

> {lIx - Xl < 11X, - Xill} = m,
1T _w,

where 1{-} is the indicator function, equal to one if the expression in brackets is true and
zero otherwise. In other words, j,,(7) is the index of the unit that is the m*™® closest to unit 4
in terms of the distance measure based on the norm |[|-||, among the units with the treatment
opposite to that of unit ¢. In particular, j;(i), sometimes for notational convenience denoted
by j(4), is the nearest match for unit ¢. For simplicity we ignore the possibility of ties. As the
large sample properties of matching estimators are straightforward with discrete covariates,
focussing on the case with only continuous regressors where the probability of such ties is

zero is not restrictive. Let Jj/(i) denote the set of indices for the first M matches:

T (i) = {1(3), ..., (@) }.

Finally, let Kj;(i) denote the number of times unit ¢ is used as a match given M matches

per unit:

Ky (i) = ; i e Ju(l)}.

In many procedures matching is carried out without replacement, so that every unit is used
as a match at most once, and Ky (i) < 1. In our set up, with both treated and control
units matched it is imperative that units can be used as matches more than once and the

distribution of K(7) is important in terms of the variance of the estimators.
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2.2 ESTIMATORS

All estimators we consider are of the form
1 X A
A:N;mm—mw,

where one of the two potential outcomes Y;(0) and Y;(1) is observed and the other one is
estimated. The estimators differ in the manner in which the unobserved potential outcome
is estimated.

The first estimator, the simple matching estimator uses the following estimates for the
missing potential outcomes:

~ Y; if
Y;(0) = ! i
© { ﬁzjeJM(i)Yj if

==
I

and
1 .
X LS Y i W =0,
Km:{%]%mjifmZL

The basic matching estimator we shall study is

N

fﬁnggwmwz@y (3)
Consider the case with a single match (M = 1). Each unit gets matched in this estimator,
so that on average each units gets used as a match once. However, some units get used as a
match more than once. This procedure differs from standard pairwise matching procedures
where one constructs a number of distinct pairs. In our approach it could be that the nearest
match for treated unit ¢ is control unit ¢ = j(4), but that the nearest match for control unit
i’ is i" = j(i'), not necessarily the original treated unit i. As a result, differences Y;(1) —¥;(0)
and Yy (1) — Y;(0) are not necessarily independent, and in fact maybe perfectly correlated if
i is matched to i’ (j(¢) = ¢') and ¢ is matched to ¢ (j(i') = ¢). Matching with replacement
will lead to a lower variance, although in general will not achieve the efficiency bound, but

this comes at the price of a lower match quality, and thus typically a higher bias.



We shall compare the matching estimators to covariance-adjustment or regression esti-

mators where

(4)

=i

—~
()

S~—

I
—
=
=

()
S~—
b b
-
Il
=e

and

Yi(1) :{ ‘;fX"’l) ;f

with corresponding estimator

-
==
I
.
—
=

770 = 5 3 (T = Yi0)). ©

The fi(z,0) and fi(z,1) are consistent estimators for the population regression functions
p(z,0) and p(z, 1) respectively. This distinction between regression estimators and matching
estimators is somewhat vague. With fi(z,w) a nearest neighbour estimator with a fixed
number of neighbours the regression estimator is identical to the matching estimator with
the same number of matches. These two estimators will differ in the way they change with
the number of observations. We classify as matching estimators those estimators where there
is a finite and fixed number of matches, and as regression estimators those where ji(x,w) is a
consistent estimator for p(z,w). The estimators considered by Hahn (1998) and Heckman,
Ichimura and Todd (1997, 1998) are of the regression type. Hahn shows that using series
estimators for fi(z,1) and fi(z,0) this leads to efficient estimators for the average treatment
effect 7.

In addition we develop a bias—corrected matching estimator where the difference within

the matches is adjusted:

~ Y, if W, =0
}/:L_ 0 — (2 R R B 1 Y 7

( ) { % ZjeJM(i) (Y; + ;L(Xi,()) - ”(vao)) it Wi=1, ( )
and

1 ~ ~ .
¥, _Z i Y; + i?l - '7]- if i:07
Yi(1) = { % JGJM()( G+ (X, 1) — a(X;,1)) ” ”i . (8)



with corresponding estimator
N
Ao LS (V1) - Ti(0)). (9)
Ni=

Rubin (1979) discusses such estimators in the context of matching without replacement and
linear covariance adjustment.

To set the stage for some of the discussion below, note that the bias for the matching
estimator with a single match consists of terms of the form p(Xj;, 0) — pu(Xj(;),0). The bias
correction subtracts corresponding terms of the form ji(X;,0) — ji(Xj(;),0). This term has
the obvious effect of removing some of the bias if fi(x,0) is close to u(x,0). The bias of the
regression estimator on the other hand consists of terms of the form (X;,0) — E[u(X;,0)].
The bias corrected matching estimator differs from the regression estimator by terms of the
form Y}y — (X0, 0), with expectation i, (X;u)) — Eli(X;@),0)]. If E[i(x,0)] is equal to
p(z,0), adding such terms does not affect the bias and merely introduces noise. However, if
there is a substantial difference between E[fi(z,0)] and pu(z,0), and if in addition X is close
to Xj(;), this term may remove a substantial amount of bias.

In the end, the bias-adjusted matching estimator combines some of the bias reductions
from the matching, by comparing units with similar values of the covariates, and the bias-
reduction from the regression. Compared to only regression adjustment it relies less on the
accuracy of the estimator of the regression function since it only needs to adjust for relatively

small differences in the covariates. The remaining bias consists of terms of the form
p(Xi,0) = (X500, 0) = (X2, 0) = U X5,,(6),0)) -

As long as either X is close to X ), or fi(+) is close to p(-), the remaining bias is small.
We are interested in the properties of the simple and bias corrected matching estimators

in large samples, that is, as N increases, for fixed M. The properties of interest include bias

and variance. Of particular interest is the dependence of these results on the dimension of

the covariates.



3. SIMPLE MATCHING ESTIMATORS

In this section we investigate the properties of the basic matching estimator 777%" defined

in (3). Define ¢; = Y; — u(X;, W;), so that
Ele|X =z,W =w] =0,

and
V(E)|X =z, W =w) =o*(z,w).

Now define the two N x N matrices Ao(X, W) and A;(X, W), with typical element

1 ifi=7, W;=1
0 otherwise,
and
1 ifi=7 W; =0
Ag;j =4 1/M; if j € (i), W; =0, (11)
0 otherwise,

and define A = A; — Ay. Let Y(0), Y(1), e, W, Y, and X, be the matrices with ith
row equal to Y;(0), Yi(1), &, Wi, Y;, X; respectively, let the vector Y (1) — Y(0) be the N
dimenisional vector with ith element Y;(1) — Y;(0), and let ¢y be the N-dimensional vector

with all elements equal to one. Then
Y(1) = A Y(1) =AY,

and
Y (0) = A Y(0) = AyY.

We can now write the estimator 772%%" as

%J\n}atch — L/N<YA‘(1) _ Y(O))BZQZ/N = <L§VA1Y — L/NA()Y>/N = L/NAY/N
= UyAu(X, W) /N +/yAe/N.
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Using the fact that Aju(X, W) = Aju(X, 1) and Agu(X, W) = Apu(X,0) we can write

this as
et = i (WX, 1) — (X, 0))/N + tyAs/N (12)
+iy (AL — IN)u(X, 1) /N — iy (Ao — In)u(X, 0)/N

If the matching is exact, and X; = Xj (;), then the last two terms are equal to zero. The
expectation of the first two terms is equal to 7. Conditional on X and W only the second
term is stochastic, and this term is of relevance for the variance of the estimator. We will
analyze this term in Section 3.2 The last two terms constitute the bias, and will be analyzed
in Section 3.1.
3.1 Bias

The bias of the simple matching estimator is equal to the expectation of the last two
terms in (12), B[ty (A1 — In)u(X,1)/N — 5 (Ao — In) (X, 0)/N]. To investigate this term
further, consider the i*® element of (A; — In)u(X, 1) — (Ag — Ix)u(X,0). Suppose W; = 1.
Then the i*" element is equal to

1 M
1(X;,0) — M Y u(X;,0) = Z( (X, 0) = u(X;,.), 0)).

JETnm (4) ]:

[y

Thus the components of the bias consist of the difference between expected value of ¥;(0)
given X;, and the average of the expected values of the matches. To investigate the nature
of this bias we expand the difference ;(X;,0) — (X, 5),0) around X;:

Jm
0#

2

1 0
+2(X X )&C;,(Xi,o)(Xi—ij(i))JrO(H(Xi—ij(i))||3)-

In order to study the components of the bias it is useful to consider the distribution of the
matching discrepancy, the difference between the value of the covariate X; and the value

of the covariate for its mth nearest match, X ;. We denote this difference by D,,; =
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Dy i(X, W) = X; — X ;. We focus on this discrepancy for the treated observations with

W; = 1. The argument for the control observations is analogous.

Lemma 1 (DISTRIBUTION OF MATCHING DISCREPANCY)
Conditional on X; = x and W; =1, and Ny,
(1), Do = Op(Ng "),

(i)
ED,,;]=T mk + 2 1 /2 - 1 9fo 1 1
e G e G ) B o e 0
)
, mk + 2 1 e\ 1

(iv), B|| Dill® = 0 (Ng ™).

Note that although the stochastic order of the discrepancy is O,(N, 1 k), the expectation
is of lower order, namely O(N, 2/ k) The reason is that the leading stochastic term has a
symmetric distribution with mean zero. The leading term of the bias therefore depends on
the expected value of the next, O(N, 2/ k), term in the stochastic expansion and the variance
of the leading, O(N~'/*), term.

Now let us consider the bias for unit 7 conditional on X; and W:

A

B, = (Yi(1) - ¥i(0)) — (Yi(1) - ¥;(0))
= W, - (¥;(0) — Y;(0)) — (1 — W;) - (Yi(1) — Yi(1)).

Lemma 2 (UNIT-LEVEL BIAS)

If W; =1, then

w1 (EE2) L (o)LL er L ou0)
s x == (S2) 1 (0 Ty ) A
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E+2\1 /2 o 1 9°u(0) —2/r
+I (T) Z (f(z)m> ~aE - trace ( e (x)) + 0, (N / ) ;

and if W; =0, then

E+2)\1 k/2 —2/k 1 1 of(1), ,0u(1)
E[Bi’W’Xi:x]:F<T>E(mm)W) w3 or @ g )

r E+2)\ 1 h/2 ek 1 . 0u(0) N2
+ (T)E o) W (aa @)*%( ).

To get the overall bias we take the expectation over X; conditional on W, and then integrate

over the distribution of W.

Lemma 3 (BIAS)

The bias of the simple matching estimator is

o kE+2) 1 a2\ af , ,0u(0)
BlaS_p-/x<F <T>E(f(z)—r<l+§)) %Wa—x(x) pe (z)

k2 1 <2 N7 1 ar), Lau()
- [T <T>E(f (W)m) FO@ N or g ¢

k+2)\ 1 oz \ T 91(0) ~2/r
(F)i(orgry) e () om0

3.2 VARIANCE

In this section we investigate the variance of the simple matching estimator 772%/". Be-
cause the first term in expression (12) is deterministic conditional on X and W, the con-
ditional variance of the estimator is equal to the conditional variance of the second term,

tvAe/N. Conditional on X and W, the variance of 7 is
1

Var(#72"| X W) = Var(/yAe/N|X, W) = mL;VAQA'LN, (13)

13



where
Q= E[ee|X, W|.

The covariance matrix €2 is a diagonal matrix with ith diagonal element equal to the condi-

tional variance of Y; given X; and W;:
wi; = 0 (X;, W),

Note that (13) gives the exact variance, not relying on large sample approximations.

Estimating the variance, or its limiting normalized version V, = plim/yAQA’ix /N, is
difficult because it involves the conditional variances o(x, w). In principle one can estimate
these consistently, first using nonparametric regression to obtain p(z,w), and then using
nonparametric regression again to obtain o?(z,w). Although this leads to a consistent esti-
mator for V,, it would require exactly the type of nonparametric regression that the simple
matching estimator allows one to avoid. Often, it may therefore be attractive to estimate the
variance under additional assumptions that would allow one to avoid such nonparametric
regression.

If one is willing to assume homoskedasticity, the variance simplifies considerably. Under

homoskedasticity with o?(z,1) = 0?(z,0) = 02, the variance reduces to
N - Var(#174" X, W) = 0% - )y AA"ty/N.

We can further express the variance in this special case in terms of the number of times each

observation is matched, using the following lemma.

Lemma 4 Let A be the matriz defined in (10). Then

1 N
L/]VAA/LN/N:3+W E KM(Z)z/N
=1

14



2

The other component of the variance, o, can also be estimated in a straightforward manner

if we assume a constant treatment effect. Define the N-dimensional vector of residuals
v=Ae.

The expected value of v; is zero, and the variance is
V() =0 (1+1/M).

Hence, we can estimate o2 using an estimated residual as

M
2 M PSR A
o) =N +1)(AY 7un)' (AY — 7 un).

3.3 EFFICIENCY

In practice there is no reason to go beyond the expression for the variance given in (13)
which conditions on the covariates and the treatment indicators, and thus on the number of
times each observation is used as a match. In fact, one would expect the conditional variance,
with the conditioning on ancillary statistics, to lead to more accurate confidence intervals
than the unconditional variance. For comparison purposes with other estimators for whom
only an unconditional variance formula is available, however, it is of interest to calculate the
approximate large sample variance, based on the expected value of the conditional variance.
This also allows us to investigate the efficiency of the matching estimators. In general the
key to the efficiency properties of the matching estimators is the distribution of Kj;(7), the
number of times each unit is used as a match. It is difficult to work out the approximate
distribution of this number for the general case. Here we investigate the form of the variance

for the special case with homoskedastic residuals and a scalar covariate.

Lemma 5 Suppose 0?(x,w) = 02, and k = dim(X) = 1. Then, for fired M the normalized

variance V. converges to

1 o?
T = 1 2/AA/ N: A (1 _)__
V; = plim o*. L/ Vet +2M 5L

15



where Vg is the semiparametric efficiency bound:

Va =" |+ ey

The estimator is not efficient in general. However, the efficiency loss disappears if one
increases the number of matches. In practice the efficiency loss from using two or three
matches is very small. For example, the variance with a single match is at most 50% higher
than the variance of the efficient esetimator, and with three matches the variance is at most
16% higher. The key to the efficiency loss is the variance of Ky (i)/M. As the number of

matches increases, this variance converges to zero and the estimator becomes efficient.

4. BiAS CORRECTED MATCHING

In this section we analyze the properties of the bias corrected matching estimator 7%™.

First we introduce an infeasible version of the bias corrected estimator:

— 37 Ziea @ (Vi + u(Xi,0) — u(X;,0)) if W; =1,
and
=t Y; if Wz = 1,
with corresponding estimator
\ib 1
= 5 2 (Vs — Ye) (16)

i=1
The bias correction in the infeasible bias-corrected matching estimator uses the actual,
rather than the estimated regression functions. Using these it is obvious that the correction
removes all the bias. The correction term solely depends on the covariates and the treatment
indicators, so that conditionally it has the same variance as the simple matching estimator.
It is therefore a clear improvement over the simple matching estimator in terms of mean-

squared-error:
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Theorem 1 (INFEASIBLE BiAS CORRECTED MATCHING ESTIMATOR VERSUS SIMPLE
MATCHING ESTIMATOR)

(i) Elfy* ") =,

(i) V(71771 X, W) = V(75teh| X, W).

ProoOF: This follows immediately from the discussion. The conditional variance is not
affected by the addition of the bias correction terms that depend only on X and W, and
the infeasible estimator has zero bias so the bias of the simple matching estimator cannot
be lower. O

The second key result concerns the difference between the infeasible and feasible bias-
corrected matching estimator. Given sufficient smoothness the difference between the infea-
sible and feasible bias-corrected matching estimators is of sufficiently low order that it can

be ignored in large sample approximations.

Theorem 2 (INFEASIBLE VERSUS FEASIBLE B1As CORRECTED MATCHING ESTIMATOR)

Suppose Assumptions ?-? hold. Then
VN - (7t = #pm) =5 0.
Proof: See Appendix.

5. ESTIMATES USING LALONDE DATA

In this section we apply the estimators to a subset of the data analyzed by Lalonde
(1986) and Dehejia and Wahba (1999). We use data from a randomized evaluation of a job
training program and a subsample from the Panel Study of Income Dynamics. Using the
experimental data we obtain an unbiased estimate of the average effect of the training. We
then see how well the non-experimental matching estimates compare using the experimental
trainees and the controls from the PSID.

Table 1 presents summary statistics for the three groups. The first two columns present

the summarys statistics for the experimental trainees. The second pair of columns presents
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the results for the experimental controls. The third pair of columns presents summary
statistics for the non-experimental control group constructed from the PSID. The last two
columns present t-statistics for the hypothesis that the population averages for the trainees
and the experimental controls, and for the trainees and the PSID controls, respectively, are
zero. Note the large differences in background characteristics between the trainees and the
PSID sample. This is what makes drawing causal inferences from comparisons between the
PSID sample and the trainee group a tenuous task. From the last two rows we can obtain an
unbiased estimate of the effect of the training on earnings in 1978 by comparing the averages
for the trainees and the experimental controls, 6.35 — 4.55 = 1.80 (s.e. 0.63).

Table 2 presents estimates of the causal effect of training on earnings using various match-
ing and regression adjustment estimators. The top part of the table reports estimates for
the experimental data (experimental trainees and experimental controls), and the bottom
part reports estimates based on the experimental trainees and the PSID controls. The first
set of rows in each case reports matching estimates, based on a number of matches including
1, 4, 16, 64 and 2490. The matching estimates include simple matching, and regression
adjusted matching estimates where the regression can be based on all observations or only
on the matched observations. The second part reports estimates based on linear regression
with no controls, all covariates linearly and all covariates with quadratic terms and a full set
of interactions. The experimental estimates range from 1.17 (regression using the matched
observations, with a single match) to 2.27 (quadratic regression). The non-experimental
estimates have a much wider range, from -15.20 (simple difference) to 3.26 (quadratic regres-
sion). Using a single match, however, there is little variation in the estimates, ranging only
from 2.09 to 2.56. The regression adjusted matching estimator, with the regression based
only on the matched observations, does not vary much with the number of matches, with
estimates of 2.45 (M = 1), 2.51 (M =4), 2.48 (M = 16), and 2.26 (M = 16), and only with
M = 2490 does the estimate deteriorate to 0.84. The matching estimates all use the identity

matrix as the weight matrix, after normalizing the covariates to have zero mean and unit
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variance.

To see how well the matching peforms in terms of balancing the covariates, Table 3 reports
average differences within the matched pairs. First all the covariates are normalized to have
zero mean and unit variance. The first two columns report the averages for the PSID controls
and the experimental trainees. One can see that before matching, the averages for some of
the variables are more than a standard deviation apart, e.g., the earnings and employment
variables. The next pair of columns reports the within-matched-pairs average difference and
the standard deviation of this within-pair difference. For all the indicicator variables the
matching is exact: every trainee is matched to someone with the same ethnicity, marital
status and employment history for the years 1974 and 1975. The other, more continuously
distributed variables are not matched exactly, but the quality of the matches appears very
high: the average difference within the pairs is very small compared to the average difference
between trainees and controls before the matching, and it is also small compared to the
standard deviations of these differences. If we increase the number of matches the quality
goes down, with even the indicator variables no longer matched exactly, but in most cases
the average difference is still far smaller than the standard deviation till we get to 16 or more
matches. The last row reports matching differences for logistic estimates of the propensity
score. Although the matching is not directly on the propensity score, with single matches
the average difference in the propensity score is only 0.21, whereas without matching the

difference between trainees and controls is 8.16, 40 times higher.

6. SIMULATIONS

In this section we discuss some simulations designed to assess the performance of the
various matching estimators in this context. To make the evaluation more credible we
simulate data sets that in a number of ways resemble the Lalonde data set analyzed in the
previous section fairly closely.

In the simulation we have nine regressors, designed to match the following variables in the
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Lalonde data set: age, education, black, hispanic, married, earnings1974, unemployed1974,
earnings1975, unemployed1975. For each simulated data set we sample with replacement 185
observations from the empirical covariate distribution of the trainees, and 2490 observations
from the empirical covariate distribution of the PSID controls. This gives us the joint
distribution of covariates and treatment indicators. For the conditional distribution of the
outcome given covariates, we estimated a two-part model on the PSID controls, where the
probability of zero earnings is a logistic function of the covariates with a full set of quadratic
terms and interactions. Conditional on being positive, the log of earnings is a function of
the covariates with again a full set of quadratic terms and interactions. We then assume a
constant treatment effect of 2.0.

For each data set simulated in this way we report results for the same set of estimators.
For each estimator we report the mean and median bias, the root-mean-squared-error, the
median-absolute-error, the standard deviation, the average estimated standard error, and
the coverage rates for nominal 95% and 90% confidence intervals. The results are reported
in Table 4.

In terms of rmse and mae the matching estimator using regression adjustment with the
regression only using the matched observations is best with 4 or 16 matches, although the
matching estimator with regression adjustment based on all observations is close. However,
the matched regression estimator is far better in terms of bias. The simple matching estima-
tor does not perform as well neither in terms of bias or rmse. The pure regression adjustment
estimators do not perform very well. They have high rmse and substantial bias.

In terms of coverage rates the matching estimators have higher than nominal coverage
rates, which is somewhat surprising. The regression estimators have lower than nominal

coverage rates.

7. CONCLUSIONS

In this paper we derive large sample properties of simple matching estimators. We point
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out that with more than three continuous covariates the bias will dominate the variance
in large samples. We suggest a bias-adjustment that removes the asymptotic bias. The

resulting estimator is simple to implement and appears to perform well in simulations.
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Appendix

Assumption 1 (RANDOM SAMPLING)

{Y:, X;, W) YY, are independent and identically distributed.

Assumption 2 (COVARIATE SUPPORT)
The support of X is X C R", the Cartesian product of compact intervals, with absolutely

continous density fx(z) that is bounded and bounded away from zero on X.

Assumption 3 (FINITE MOMENTS)

The first two moments of Y,, and Y (0) given X = x are finite for all x € X.

Assumption 4 (PROPENSITY SCORE)

The propensity score e(x) = Pr(T = 1|X = x) is bounded away from zero and one.

Assumption 5 (UNCONFOUNDEDNESS)

WL (Y(1),Y(0)) ‘X.

Assumption 6 (RATES OF POWER SERIES)

K*/N — 0.

Assumption 7 (DERIVATIVES OF EXPECTATIONS) There is a C such that for each multi-

index X the \th partial derivative of p,(x) exist for w = ¢, t and are bounded by C.
First we state some additional lemmas.

Theorem 3 (UNIFORM CONVERGENCE OF SERIES ESTIMATORS OF DERIVATIVES OF
REGRESSION FUNCTIONS, NEWEY 1993)

Suppose Assumptions ?-2 hold. Then for any alpha > 0 and non-negative integer d,
[ () = () = Op (K2 (K /N2 4+ K))
forw =c,t.
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Proof: Assumptions 3.1, 4.1, 4.2 and 4.3 in Newey (1993) are satisfied, implying that
Newey’s Theorem 4.4 applies.

Lemma 6 (DISTRIBUTION OF MATCHING DISCREPANCY)

Suppose Assumptions ?7-2% hold. Then

Dm(Xl) = Op(N_l/T)

Lemma 7 (INFEASIBLE VERSUS FEASIBLE BiAs CORRECTION)

Suppose Assumptions ?7-2% hold. Then

o (X3) = s (X)) = (10 (X2) = 1o (X09)) ) = 0p(N7112),

forw =c,t.

Proof

Fix the non-negative integer L > (r—2)/2. Let A be a multi-index of dimension r, that is, an
r-dimensional vector of non-negative integers, with |A\| = >7_; A;, and let A; be the set of A
such that |\| = I. Furthermore, let z* = 7' ...z, and let d*g(z) = O g(z)/0z7" ... Oz,
Finally, let D,,(X;) = Xj,.) — X;. Use a Taylor series expansion around X; to write

L
fr( X (i) = r(X3) + D2 Y (X)) Din (X))  + D M) D (X5)
I=1 AEA; AEAL 11

First consider the last sum, Y ,cp,,, 0w (Z)D(X;)*. By Assumption 7, the first factor
in each term is bounded by C* = C**!. The second factor in each term is of the form

1 Dm(Xi);‘j. The factor Dm(Xi))fj

;s of order Op(N’)‘j/T), so that the product is of the
order Op(N_Z;:I’\j/T) = O, (N~EHD/T) = ,(N~1/2) because L > (r — 2)/2. Hence, we can
write

i (Xijti) = w(Xs) = D2 3 0 i (X:) Do (X:)* + 0(N72).

I=1 \eA,
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Using the same argument as we used for the estimated regression function fi,(z) we have
for the true regression function p,,(x),
= A A
P (X)) — Huo(X3) = D7 D~ 0o (X) D (Xi)* + 0, (NH/2).
I=1 AeA,

Now consider the difference between these two expressions:
/lw(ij(i)) — o (Xi) — (Mw(ij(i)) - :uw(XiD
(aA Aw<Xi) - 8/\/‘w(Xi)> : Dm<Xi)>\ + Op(N_1/2)'

Consider for a particular A € A; the term (8’\/1M(Xi) — 8’\uw(Xi)) - Dpy(X;)*. The second
factor is, using the same argument as before, of order O,(N~"/"). Since [ > 1, the second
factor is at most O,(N /7). Now consider the first factor. By Theorem 3, this is of order
Op (K2 ((K/N)Y2 + K~)). With K = N°, this is O,, (N%3/22)71/2 . N=ed(1+2)) " We
can choose « large enough so that for any given J the first term dominates. Hence the order of
the product is O, <N5 3/2+2r)- 1/2> -O,(N~Y7) Given that by Assumption ?? § < 2/(3r +47?)
we have §(3/2 + 2r) — 1/2 < 1/r — 1/2, and therefore the order is o,(N~Y/2). O

Proof of Theorem 2

The difference 770%™ — #b™ can be written as

t|lw;=c

,.[A_fbcm . 7A_bcm — ( Z M X“]_ (1)(X]m(¢)) — (/J/(Xi7 ]-) - N(l)(XJm(l)D

Y X 0) — A0)(Xjq) — (u(X5,0) - u(O)(ijm))) .

i\wi:t

Each of these terms are of order 0,(N~/2). There are N of them, with a factor 1/N. Hence
the sum is of order o,(N~1/2).

Proof of Lemma 1
Pr(kn,y =1|X; =)
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( M ) (Pr(IX — zI| > lle — 2™ (Pr(IX — 2I| < [le — 2"
- ( Nl ) (1= Pr(IX — 2l| < Jlo — 2[)™ ™ (Pr(IX — 2 < [}z — 2I})" "

Hence,

s =N (N7 ) e o) (= PrlX =2l < = )

X (Pr(|| X —z]| < Jla = 2[)™
Therefore,

N-1
EDm,N_N< o )Im,N,

where
Iy = [, 0+ 0) (1= Pr(IX = 2] < []o = =)™ Pr(X = 2] < f}o = =)™ do.
Change variables to polar coordinates to get:

Ly = /Ooo pk1 (/Sk rw f(z + rw)Agk(dw)) (1= Pr(|X — 2] < m)¥" (Pr(|X — 2] < r))™ " dr
= T (et ronsia) (1= [ ([ g6 s as)

X (/OT skt ( o flz+ sw))\sk(dw)) ds>m_1 dr

= /OO e~ Vp(r) a(r)dr,
0

where

p(r) = —log <1 — /OT sh1 </Sk flz+ sw))\gk(dw)) ds) ,
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and

(/OT skt ( flz+ sw))\sk(dw)) ds>m_1

(1 _/0 st (/Sk flz+ sw))\sk(dw)> ds)m

That is, a(r) = q(r)b(r), q(r) = r¥c(r), and b(r) = (g(r))™ !, where

a(r) =rF. (/Sk wf(z+ rw))\sk(dw))

/s w f(z 4+ rw)g, (dw)

B k-1 ’
1 /Os (Sk (z + sw) )\Sk(dw)> ds

o(r) =

/0 sk~ 1( g f(z+ sw) )\gk(dw)) ds

g(r) = .
/0 Sk? ( Z + sw )\Sk (dw)) ds

Note that
g [ 1+ o) (dw)ds

= (1 B /O & N ( [ 1+ sw))\sk(dw)> ds>2'

Therefore, the first non-zero derivative of g at zero is

ZL(0) = (k= 1Y) [ Asi(dw)

k
Using standard results on higher order derivatives of composite functions (see, e.g., Grad-
shteyn and Ryzhik 2000), it can be seen that the first non-zero derivative of b at zero is:

dom Dy o (m =R (dk_g< )>m1

drtm=Dk T T met gk

LD (56 [ st

It has been shown above that the first non-zero derivative of ¢(r) at zero is

Z:} (0) = (k+1)! (/S o A, (d)) ;if( )
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/ As, (dw)
df
=(k+1)! Z

I O

Therefore, the first non-zero derivative of a(r) at zero is
dmktlg mk 4+ 1\ d™Vkp  dhtly (mk +1 1 df
arert (0) = ( E+1 ) gronor Ogan 0= F (5 [ )5 7y dn?)

So, in a neigborhood of zero we have that

0o 1t 1 dmk+1+ta
= 1r™ ith 1) = .
; a(l)r , with - a(l) (mk + 1+ t)! drmk+1+t (0)

It has been shown above that p(0) = 0 and the first non-zero derivative of p(r) at zero is

P 0y = (k= 0)17() [ sy ()

drk " ‘ s, o '

In a neigborhood of zero we have that:

dk+t

© 1
_ k
— gp(l)r o with p(1) = (k: y v (0)

Applying Theorem 8.1 in Olver (1974), we get

I -7 mk + 2 agp 1 1
mN = i kpU AT Nk +o ( N(mk+2)/k>
—2/k
o (mk+2\ 1 [ f(2) R df 1 1
=T <—k: ) P <_k /Sk s, (dw) 12) %(Z)N(mk-‘r@/k to (N(mk+2)/k) '
Now, since
N™ —1)!
/an 1) _120(1)7
(o)
m—1
we have that
—2/k
mk + 2 1 /2 1 df 1 1
ED, y=T —_— — :
N ( K ) (m— 1)k (f(z)r (1+5) ) ds N O <N2/k)
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To get the result for ED,, yD;, v, notice that

N -1
EDm,ND;n,N = N( m—1 )Im,Nv

where

TN = /%k o' f(z+0) (1= Pr(|X — 2| < lla = 2|))" ™ (Pr(|X — 2| < o —2])" " dv

B /OOO rt </Sk r*ww’ f(z 4+ rw)s, (dw)) (1 _ /OT ! (/Sk e+ Sw))\sk(dw)) ds) N—m

X (/OT skt </Sk fz+ sw))\sk(dw)) ds>m_1 dr

= /OO e NP o (1) dr,
0

p(r) = —log (1 — /OT sh1 ( S, flz+ sw))\sk(dw)) ds) :

and

. / (/OT skt </Sk flz+ sw))\gk(dw)) ds)m1
dr = (/Sk et Tw)ASk(dw)) (1 — OT skt ( o flz+ sw))\sk(dw)) ds)m'

That is, a(r) = q(r)b(r), q(r) = r* c(r), and b(r) = (g(r))™ !, where
/Sk ww' f(z + rw)s, (dw)

0= 1— /OT skt ( S, flz+ sw))\sk(dw)> ds

/Or 1 ( et sw))\sk(dw)) ds

o= 1-— /OT skl </Sk fz+ sw))\sk(dw)> ds

As shown above, ¢(0) = 0 and the first non-zero derivative of ¢(r) at zero is

d" g ; Mg, (dw)
i1 (0) = (k + 1)!f(z)/ ww' s, (dw) = (k + 1) f(2) 2 T,

Sk
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and

(m—1)k TR .
Zﬂml)z (0)= % ' <f<2) /S ) Ask(dw)) .

Therefore, the first non-zero derivative of a(r) at zero is

dmtle ( mk + 1 ) dm=Dkp  dktlg

drmk+1 0) = k+1 dr(m—1k ( drk+1 (0)

R O R

So, in a neigborhood of zero we have that

a(r) = ia(l)rml‘*l“ with a(1) = ! " a (0)
= ’ (mk + 14 t)! dpmk+itt 277

It has been shown above that p(0) = 0 and the first non-zero derivative of p(r) at zero is

L2 00) = (k= 11(:) [ A (d)
drk*" ' 5,k '
In a neigborhood of zero we have that:

1 dk+t

:im)mt, with p(1) = L (0).

Applying Theorem 8.1 in Olver (1974), we get

mk + 2 ao
I IR NG 2) /R +o ( N(mkz-l—?)/k)

mk + 2 1 1
=T ( ) ( / As, (d ) Nmk+2)/k I+o (—N(mk+2)/k> .

Now, since

%—M)m,

we have that

Yy
mk + 2 1 /2 1 1
ED,, nD! =TI _— e | (—> .
NN ( k ) (m—1)k (f(Z)F (1 + %) N2/k +o N2/k
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Using the same techniques as for the first two moments, E||D,, y||*> = N - I,,, x, where

LN :/ e NP0 q(r) dr,
0

p(r) = —log (1 — /OT skt </Sk flz+ sw))\sk(dw)) ds) :

and

(/ (/ f(z+ sw) )\Sk(dw)> ds)m_l
(1 — /0 sk~ ( flz+ sw))\sk(dw)) ds)m'

That is, a(r) = q(r)b(r), q(r) = r*2c(r), and b(r) = (g(r))™ 1, where

a(r) = 2. ( [ f+ Tw))\sk(dw)>

/S Iz s, (d)
1-— /OT st (/Sk flz+ sw))\sk(dw)> ds

/Or sh—1 (/sk flz+ sw))\Sk(dw)) ds
1-— /OT sht ( 5 flz+ sw))\sk(dw)> ds

o(r) =

g(r) =

All the derivatives of ¢ at zero of order smaller than k + 2 are equal to zero. In addition,
all the derivatives of b at zero of order smaller than (m — 1)k are equal to zero. Therefore,
all the derivatives of a at zero of order smaller than mk + 2 are equal to zero. Applying the

results in Olver (1974), we obtain

1
I = O (s )

Therefore

1 1
BIDnl =0 () = o (7))

O
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Proof of Lemma 4 Order the observations so that the first N; observations have ¢; = 1

and the last IV observations have t; = 0. Then partition the matrix A as

A _ INl —A()l/M
Alo/M _INO ’

with Zy, and Zy, identity matrices of rank /N; and Ny respectively. Note that Ag; and Ajy
are Ng X N7 and N; x Ny dimensional matrices with all elements equal to zero or one. In
addition, Agiey, is a Ny dimensional vector with all elements equal to M, and Ay, is
a N; dimensional vector with all elements equal to M. The vector Aj,cy, has ith element
equal to Kj/(7), and Alty, has ith element equal to Ky (i + Ny). Therefore,

U Aot Agiin, = (Agiew) (Agiew,) = - Ku(i)?,

i€l

because the typical elemenent of Aj, ey, is equal to K (7). Similarly

L/N1A01A61LN1 = Z KM(Z)2

i€lp
After these preliminaries consider the matrix A A

In, + AgAf /M? (Aly+ Ag)/M )

AA' =
( (Ao + Al /M Iy, + ApAly/M?

Hence
L/NAA,LN = l’lNl (INl + A01A61/M2)LN1 + 2L/N1 (Allo/M + A01/M)LNO
il (Tig + AroAly/M?)in,

= N1 + L/N1A01A61LN1/M2 + 2(N1M + NOM) + N() + /f/NOAIOA/l()LNo/M2
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Lemma 8 The exact conditional distribution of K,(i) is,

KM(Z) ‘ Tl, v ,TN, {Xj}jellaﬂ =1 ~ Binomial (NO’/A 0 f()(Z)dZ) 5
M (e

and

KM(’L) ‘ T17 N ,TN, {Xj}jelovﬂ =0 ~ Binomial (Nl’,/A @ fl(Z)dZ> .
(%

Let us consider in more detail, for the special case considered in this section with a scalar
covariate, the set Ay (i). First, let 7(x) be the number of units with 7; = ¢ and X; > x.

Then, define X = X if 71, (X;) — 71,(X;) = k, and 77, (X;) — limgyx, 77y (2) =k — 1.
Lemma 9 The set Ay (i) is equal to the interval

Ap (i) = (Xi/2 + Xii-a0) /2, Xi/ 2+ Xian) /2),
with width (X ay — X@,—)) /2.

Lemma 10 Giwen X; =z, and T; = 1
filz)

fo(z)
and given X; = x and T; = 0,

fo(z)
fi(x)

2N,

/ ()fo(z)dz <% Gamma (2M, 1),
An(i

2Ny -

: / f1(2)dz % Gamma (2M, 1),
A (4)

Proof: We only prove the first part of the lemma. The second part follows exactly the same

proof. First we establish that

2N fi(x) - /A _dz= Ny fi(z) (X(i,M) - X(sz)) % Gamma (2M,1).

M
Let Fi(x) be the distribution function of X given "= 1. Then Y = Fy (X 1m)) —F1(X(i,— )

is the difference in order statistics of the uniform distribution, 2M orders apart. Hence the
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exact distribution of Y is Beta with parameters 2M and N;. For large Vi, the distribution
of N;-Y is then Gamma with parameters 2M and 1. Now approximate N;Y as

NY =Ny - (FI(X(i,M)) - Fl(X(i,—M))) ~ Nifi(z) - <X(i,M) - X(i,—M)) )

which demonstrates the first claim.

Second, we show that

fl(l') Z)az — x)- Z = 0.
gy [ P —2MA@) - [ dz=o1)

This difference can be written as

f1(2) fi(x) _ fiz) 2) — fo(x))dz
2N1m . /AM(i) fo(z)dz — 2NIM.AM(7;) fo(z)dz = 2N1f0(3c) (/AM(i)(fO( ) — fo(z))d )

Because

fo(2) = folz) = fo(2) (2 — z),

we have

1fo(2) = fo(@)I| < sup [l fo(2)I] - |2 — =],

and hence we can bound the difference by

fl(x) / !
= 2N, ——— - dz -sup||fo(2)|| - max sup ||z — x|
Ho(@) S Aol - m 2 2€ AN (i) | |
By the first part of the proof
fi(z)

2N,

) /AM(Q dz = 0,(1).

By Assumption 77 sup, ||fo(2)|| is bounded, and by Lemma ?? max; sup, ,ea,,¢) |12 — || is

0p(1). Hence the product is o0,(1). O

Lemma 11 The number of matches Kp(i) is Z + op(1), where

21 _ 2.(1—p)2 fo(z)? " 2 p? fi(z)? -
B =M= [ M a0 ) hw
N O R 1O
MM L e M sy ) T e
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Proof: Condition on 7; = 1 and X; = x. By Lemma 10, we can write

filz)

2N, fo(@)

/ 0 fo(Z) z +Op< ),
where
W ~ Gamma (2M, ].)

Let Z be a random variable with conditional distribution of Z given W equal to a binomial

distribution with parameters Ny and W fo(x)/(Fi(z)N1). Then, because the distribution of

K,,(i) given 2Ny - ;;Eg * fay @ fo(2)dz is the same as the distribution of Z given W, and

because the distribution of 2Ny -

ggig “ap (i) fo(2)dz converges to that of W, the distribution
of Ky(i) converges to that of Z. This demonstrates the first part of the claim.

For the second part we calculate the second moment of Z, initially conditional on W,
{T;};=1...n, and X; = x. Suppose T; = 1. Then

o N Nofo()
P =LY == g™ T mMAm " AP

The latter term is of lower order and will be ignored. Then taking the expectation over W,

(with E[W] = 2M and E[W?] = 4M? + 2M), still conditioning on T; = 1 and X; = x gives

2 1 > (1—=p)*fo(z)? (L—=p)fo(z) (1 —p)fo(z)?
E[ZT,=1,X;=x2] =M G M @ M T

Similarly,

p*fi(x)? ~__phi(z) - PPhA)?
T prh@r " T-ph@ M 2T pr e

Then taking the expectation over 7" and X gives the desired result. O

E[ZAT;=0,X; = x| = M*.

Proof of Lemma 5:
For a calculation of the efficiency bound in the general case see Hahn (1998). To show the

result in the lemma, we will demonstrate that

1
3+ 5Bl =E

1 1
X)) T T—e(x)
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First, write

_ pfi(z)
pfi(z) + (1 —p)fo(z)’

l ] /pfl pfl hiz )( fi(x) + (1= p) fo(z)) dw
B 1+/ pfl pfl (z) + (1 = p)fo(x)) dx

Ci(—p+ /x %&@u_p)mm
(-0 [ Bla),

=1+(1- dz.
1=p)+ p z fi(z)
Using the same argument for E[1/(1 — e(X))], and combining the results, we get
1 1 (1-p)? 1 f5(x) P’ [ fi(x)
Ve 0—223[ + ]=3+ —dr + 2 da
/ e(X) 1 e(X) p e file) T 1-ple filx)

Hence we can write

(1—p)? 1 f3(x) p—2 £2(z) . e
b LR T T L ey Ve =3/

Plugging this into the variance for the matching estimator, using the expression for the

second moment of Kj;, we get

o? 1

(3+LE[K2 ]) =Veg + — +

_ _ 2
JVE v g (Ver —307)/2

b= (Ve /2= (1+ 1) il
— Veff INM eff o — Veff * Wi IM
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Table 1: SUMMARY STATISTICS LALONDE DATA

Experimental Data PSID T-statistic
Trainees (N=185) Controls (N=260) Controls (N=2490) Train/ Train/
mean (s.d.) mean (s.d.) mean (s.d.) Contr  PSID

Age 25.8 7.16)  25.05  (7.06)  34.85  (10.44) [1.1]  [-16.0]
Education 104 2.01) 1009  (1.61) 1212  (3.08 [1.4]  [11.1]
Black 0.84 0.36 0.83 0.38 0.25 0.43 0.5]  [21.0]

(7.16) (7.06) (

(2.01) (1.61) (3.08)

(0.36) (0.38) (0.43)

Hispanic 0.06  (024) 011  (0.31) 003  (018)  [1.9]  [L.5]

Married 019  (0.39) 015  (0.36) 087  (0.34)  [1.0] [22.§]
Earnings '74 210 (4.89) 211  (5.69) 1943  (1341)  [0.0] [-38.6]
Unempl. '74 0.71  (0.46)  0.75  (0.43)  0.09  (0.28)  [-1.0] [18.3]
Earnings '75 153  (3.22) 127  (3.10) 19.06  (13.60)  [0.9] [-48.6]
Unempl 75  0.60  (0.49)  0.68  (0.47) 010  (0.30)  [-1.8] [13.76]

Earnings '78 6.35  (7.87) 455  (5.48) 2155  (15.56) 2.7 [-23.1]
Unempl. '78 0.24  (0.43) 035  (0.48) 011  (0.32)  [-2.65] [4.0]

The first two columns give the average and standard deviation of the 185 trainees from the experimental data set.
The second pair of columns give the average and standard deviation of the 260 controls from the experimental
data set. The third pair of columns give the averages and standard deviations of the 2490 controls from the
nonexperimental PSID sample. The seventh column gives t-statistics for the difference between the averages for
the experimental trainees and controls. The last column gives the t-statistics for the differences between the
averages for the experimental trainees and the PSID controls. The last two variables, earnings 78 and unemployed
'78 are post-training. All the others are pre-training variables. Earnings data are in thousands of dollars.



Table 2: EXPERIMENTAL AND NON-EXPERIMENTAL ESTIMATES OF AVERAGE TREAT-
MENT EFFECTS FOR LALONDE DATA

M=1 M =4 M =16 M =64 All Controls

mean (s.d.) est (s.e.) est (s.e.) est (s.e.) est  (se.)
Panel A: Experimental Estimates
dif 1.23  (0.84) 199 (0.79) 1.76 (0.79) 2.20 (0.80) 1.79 (0.75)
reg-all 122 (0.84) 1.94 (0.79) 1.57 (0.80) 1.80 (0.82) 1.72 (0.77)
reg-matched 1.17  (0.84) 1.84 (0.80) 1.55 (0.80) 1.74 (0.82) 1.72 (0.77)
Regression Estimates
dif 1.79  (0.67)
linear 1.72  (0.65)
quadratic 2.27  (0.73)
Panel B: Non-experimental Estimates
dif 2.09 (1.67) 1.62 (1.71) 0.47 (1.21) -0.11 (0.90) -15.20 (0.60)
reg-all 2.56 (1.69) 2.54 (1.68) 1.80 (1.14) 229 (0.82) 0.84 (0.62)
reg-matched 2.45 (1.68) 2.51 (1.68) 248 (1.15) 2.26 (0.83) 0.84 (0.62)
Regression Estimates
dif -15.20 (0.66)
linear 0.84 (0.86)
quadratic 3.26  (0.98)

Panel A reports the results for the experimental data (experimental controls and trainees), and Panel B the results for the
nonexperimental data (PSID controls with experimental trainees). In each panel the top part reports results for the matching
estimators, with the number of matches equal to 1, 4, 16, 64 and 2490 (all controls). The second part reports results for three
regression adjustment estimates, based on no covariates, all covariates entering linearly and all covariates entering with a fully

set of quadratic terms and interactions. The outcome is earnings in 1978 in thousands of dollars.



Table 3: MEAN COVARIATE DIFFERENCES IN MATCHED GROUPS

Average M = M=4 M =16 M =64 M = 2490
PSID Trainees dif (s.d.) dif (s.d.) dif (sd) dif (s.d) dif (s.d.)

Age 0.06  -0.80 -0.02 (0.65) -0.06 (0.60) -0.30 (0.41) -0.57 (0.57) -0.86 (0.68)
Education ~ 0.04  -054 -0.10 (0.44) -0.20 (0.48) -0.25 (0.39) -0.24 (0.42) -0.58 (0.66)
Black 0.09  1.21  -0.00 (0.00) 0.09 (0.32) 0.35 (0.47) 0.70 (0.66) 1.30 (0.80)
Hispanic 0.0l 014  -0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.01 (0.03) 0.15 (1.30)
Married 012  -1.64  0.00 (0.00) -0.06 (0.30) -0.33 (0.46) -0.90 (0.85) -1.76 (1.02)
Earnings ‘74 0.09  -1.18  -0.01 (0.10) -0.01 (0.12) -0.05 (0.17) -0.15 (0.30) -1.26 (0.36)
Unempl 74 -0.13  1.72  0.00 (0.00) 0.02 (0.17) 0.24 (0.40) 0.41 (0.72) 1.85 (1.36)
Earnings 75 0.09  -1.18  -0.04 (0.17) -0.07 (0.15) -0.11 (0.19) -0.19 (0.26) -1.26 (0.23)
Unempl 75 -0.10  1.36  0.00 (0.00) 0.00 (0.05) 0.03 (0.28) 0.10 (0.41) 1.46 (1.44)

Log Odds
Prop Score -7.08 1.08 0.21 (0.99) 056 (1.13) 1.70 (1.14) 3.20 (1.49) 8.16 (2.13)

In this table all covariates have been normalized to have mean zero and unit variance. The first two columns present the
averages for the experimental trainees and the PSID controls. The remaining pairs of columns present the average difference
within the matched pairs and the standard deviation of this difference for matching based on 1, 4, 16, 64 and 2490 matches.
For the last variable the the logarithm of the odds ratio of the propensity score is used. This log odds ratio has mean -6.52
and standard deviation 3.30 in the sample.



Table 4: SIMULATION RESULTS

M Estimator mean median rmse mae s.d. mean coverage
bias bias s.e. (nom. 95%) (nom. 90%)

1 dif -0.48 -043 086 056 0.71 1.02 0.98 0.96
reg all 0.25 0.27 0.75 0.53 0.71 1.01 0.99 0.97
reg matched 0.05 0.08 0.77 0.50 0.77 1.01 0.99 0.97
4 dif -0.85 -0.84 1.04 084 059 0.93 0.94 0.88
reg all 0.15 0.16 0.62 0.40 0.60 0.89 0.99 0.98
reg matched 0.05 0.06 0.61 0.41 0.61 0.89 0.99 0.99
16 dif -1.81 -1.80 190 1.80 0.59 0.66 0.20 0.11
reg all -0.51 -0.47 088 0.58 0.71 0.60 0.82 0.74
reg matched 0.17 0.17 0.62 0.40 0.60 0.59 0.94 0.89
64 dif -3.29 -3.27 334 327 0.60 0.50 0.00 0.00
reg all -0.84 -0.84 1.17 0.88 0.82 0.45 0.51 0.43
reg matched 0.16 0.17 066 0.42 0.65 0.43 0.79 0.71
All (2490) dif -19.05 -19.04 19.06 19.04 0.62 0.43 0.00 0.00
reg all -2.04 -2.05 226 205 099 0.37 0.09 0.07
reg matched -2.04 -2.06 226 205 099 0.37 0.09 0.07
difference -19.05  -19.04 19.06 19.04 0.62 0.66 0.00 0.00
linear regression -2.04 -2.06 226 205 099 097 0.44 0.32
quadratic regression 2.73 268 3.06 268 135 1.16 0.38 0.27

For each estimator summary statistics are provided for 10,000 replications of the data set. Results are reported for five
values of the number of matches (M = 1,4, 16,64,2490), and for three estimators: the difference in matched outcomes,
the difference adjusted by the regression of all treated and controls on the covariates, and the difference adjusted by
the regression on only the matched treated and controls.
treatment-control difference, the ordinary least squares estimator, and the ordinary least square estimator using a full set
of quadratic terms and interactions. For each estimator we report the mean and median bias, the root-mean-squared-error,
the median-absolute-error, the standard deviation of the estimators, the average estimate of the standard error, and the
coverage rate of the nominal 95% and 90% confidence intervals.

The last three rows report results for the simple average



