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1, Introduction

The classical economically rational consumer will choose a re-
sidential location by weighing the attributes of each available
alternative - accessibility of workplace, shopping, and schools;
quality of neighborhood life and the availability of public ser-
vices; costs, including housing price, taxes, and travel costs;
dwelling characteristics, such as age, number of rooms, type of
arpliances; and so forth - and picking the alternative which
maximizes utility. Housing prices and the supply of new dwell-
ing units will adjust to reconcile consumer tastes with the
existing housing stock at each point in time. Theoretical mo-
dels of urban location often posit a population of consumers
with identical tastes, and a housing market in which prices ad-
Just frictionlessly to an equilibrium in which the consumer is
indifferent among all housing alternatives. Then, housing price
is the carrier of all information on consumer tastes for public
services, accessibility, and dwelling characteristics. This ob-
servation can be taken as the basis for empirical analysis of
the housing attributes entering the determination of price, see,
for example, Pollakowski (1974).

In reality, consumers vary substantially in their tastes for
housing, and may also display bounded rationality, with the re-
sult that a distribution of responses would result from presen-
tation of the same apparent alternatives to each consumer in a
population, Further, housing markets may be slow to adjust to
equilibrium - the importance of middle-men and speculators in
the market is an indication that disequilibria occur, making
arbitrage a profitable activity. Then, there is something to be
learned about consumer tastes and behavior from the study of
consumer housing location decisions.

This paper considers the problem of translating the theory of
economic choice behavior into concrete models suitable for the
empirical analysis of housing location. We are concerned parti-
cularly with two problems in the modelling of individual, or
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disaggregate, choice among residential locations. First, there
may be a structure of perceived similarities between alterna-
tives which invalidates the commonly used joint multinomial lo-
git model of choice. We treat individual dwelling units as the
elemental alternatives among which choice is made. Each dwell-
ing unit will have a list of attributes, observed and unobserv-
ed, to which the individual is responsive. We assume the space
of attributes, including unobserved attributes, is sufficiently
rich so that each physical dwelling unit is represented by a
unique point in atiribute space. Of course, the individual may
perceive two dwellings which are similar in some attributes as
quite similar overall; it is the impact of such perceptions on
choice that we wish to model. Sections 3 to 6 introduce a fami-
ly of probabilistic choice models, of which the joint multinomi-
al logit model is a special case, with the property that dwell-
ing units which are perceived as similar are aggregated. The
"weight" given to an aggregate of alternatives in the choice
process will depend on the degree of perceived similarity. At
one extreme, the elements of the aggregate will be perceived as
independent, and choice will be described by a multinomial lo-
git model with individual dwellings as alternatives. At the
other extreme, all dwellings with the same observed attributes
will be perceived as virtually the same, and choice will be
described by a multinomial logit model with dwelling types,
distinguished by observed attributes, as the "alternatives".
The family of models introduced here permits empirical estima-
tion of the degree of perceived similarity, and tests of the
two extreme cases mentioned above.

The second problem treated in this paper is that of estimation
of individual choice models when the number of elemental alter-
natives is impractically large. Section 7 establishes that if
choice among a set of alternatives is described by a multinomi-
al logit model, then the model can be estimated by sampling
from the full set of alternatives, with appropriate adjustment
in the estimation mechanism. Thus, estimation can be carried
out with limited data collection and computation.

The solutions given in this paper to the two problems above are
applied in Section 8 to empirical studies of housing location
by Quigley (1976) and Lerman (1977). The results are shown to
permit a reinterpretation of the empirical conclusions, and
suggest ways of generalizing the empirical analysis.

2. A theory of housing location choice

Assume the classical model of the rational, utility-maximizing
consumer. Suppose the consumer faces a residential location
decision, with a choice of communities indexed c=1l,...,C and
dwellings indexed n = 1,...,Nc in community ¢ . The consumer
will have a utility U.n for alternative cn which is a func-
tion of the attributes of this alternative, including accessi-
bility, quality of public services, neighborhood and dwelling
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characteristics, etc., as well as a function of the consumer's
characteristics, such as age, family size, income, and so on.

The consumer will choose the alternative which maximizes his
utility.

Not all attributes of alternatives of consumer characteristics
will be observed. The unobserved variables will have some pro-
bability distribution in the population, conditioned on the va-
lue of the observed variables. If the observer knows the form
of the utility function and the probability distribution of un-
observed variables, then probabilistic statements can be made
about the expected distribution of choices, namely,

Pcn = Prob [Ucn > me for bm # cn] R (1)

where P,, denotes the probability of choice c¢n and the right-
hand-side probability is defined with respect to the distribu-
tion of unobserved variables. Conversely, observed distribu-
tions of choices can be used to draw inferences on the form of
utility and the distribution of unobserved variables. It should
be noted that observations can be inconsistent with the exis-
tence of any stochastic utility function satisfying (1), and
that if a stochastic utility function exists satisfying (1), it
is normally not unique (see McFadden and Richter (1970),
McFadden (1975b)). The econometric approach to this problem

is to specify, as a maintained hypotheses, a class of utility
forms and distributions from which one member can be statisti-
cally identified.

Consider the decomposition Ugp = Ven * €cn ©of utility into a
term V., which is a function, specified up to a finite vector
of unknown parameters, of observed variables, and a term €en
summarizing the contribution of unobserved variables. Hereafter,
Ven will be called a strict utility of en . Let £ denote
the vector (cll,...,elNl,...,eCI,...,:CNC) , and let F(i) de-
note the cumulative distribution function of £- Then (1) can
be written

Pen * [ Fcn(<vcn * €en T vdm>)d€cn ’ (2)
€en™""

where Fcn denotes the derivative of F with respect to its c¢n

argument, and (ygp) denotes a vector with dm component

equal to ygy . An econometric model of choice is specified by

choosing a parametric form for Vgm and a parametric distribu-~
tion F.
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Although the class of models (2) was formulated starting from
the theory of the rational economic consumer, it should be noted
that this specification of choice probabilities is considerably
more general. 1In particular, unobserved random variables may
enter the determination of utility for each consumer, as well
as between consumers; this is known in psychology as the
random utility model.

3. The multinomial logit model

An empiricially important specialization of (2) is the multino-
mial logit model,

N
v c b me

P =e®™y/ § 1 e (3)
cn b=1 m=1 ’

obtained by assuming the €cn to be independently, identically
distributed with the extreme value distribution,

Prob le, < €] = exp (-e™%) . (4)

This model was proposed as a theory of psychological choice be-
havior by Luce (1959). 1Its econometric analysis has been in-
vestigated by McFadden (1973,1976) and Nerlove-Press (1973).

A particular structural feature of this model, termed by Luce
independence from irrelevant alternatives, is that the relative
odds for any two alternatives are independent of the attributes,
or even the availability, of any other alternative. This pro-
perty is extremely useful in simplifying econometric estimation
and forecasting (see McFadden-Tye-Train (I977), McFadden (1977)),
but can be shown to be implausible for choice problems where it
is unreasonable to assume the €cn are statistically indepen-
dent (see Debreu (1960), Domencich-McFadden (1975)).

For later analysis,it will be useful to re-write the joint
choice model (3) in terms of a conditional choice probability
Pnlc for dwelling, given community, and a marginal choice pro-
bability Po for community. The strict utility Ven can often

be expressed in an additively separable, linear-in-parameters
form

Ven = B'Xep * a'y, (5)

where Xon 1s a vector of observed attributes which vary with
both community and dwelling (e.g., workplace accessibility), y.
is a vector of observed attributes which vary only with commu-
nity (e.g., availability of community recreation facilities),
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and a and B are vectors of unknown parameters. Hergafter, we
assume the structure (5). From (3) and (5), one obtains the
formulae:

N N
\ c Vv 8'x c B'x
PnIc e/ eMze N, 7 e @ , (6)
m=1 m=1
N N N N '
c V c b V a'y c B'x C a'y b B'x,
P te/ 1 te™M:ze Slze M/ ze Plie °M.(M
¢ n=1 b=1 m=1 n=1 b=1 m=1
Define an inclusive value
N
c B'x
I,=log |z e ©" . (8)
n=1
Then, (6) and (7) can be re-written
B'x I
P e “Mse® | (9)
nje
a'y +I1 C a'y, +I
P =e ¢ ©/ 1 e b "b . (10)
¢ b=1

One method of estimating the joint model (3) is to first esti-
mate the parameters B from the conditional choice model (6),
next define I, using the log of the denominator of the estima-
ted equation (6), and finally estimate the paramete?s a from
the marginal probability model (10), given I, . This sequen-
tial approach to estimation economizes on the number of alter-
natives and number of parameters considered at each stage of
estimation, with some loss of efficiency relative to direct es-
timation of the joint model (3).

4, The nested logit model

An empirical generalization of the multinomial lggit model in
the form (9) - (10) is obtained by allowing the 1qclu51ve value
Ic in (10) to have a coefficient other than one, i.e.,

a'y +(1-0)I [o] a'y, +(1-0)I
e © €/ r e P b (11)

¢ b=1
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where (1 - 0) is a parameter. The model represented by equations
(9) and (11), termed the nested logit model, was first used with
the estimation procedure described above, but with an unsatis-
factory definition of inclusive value, by Domencich and McFadden
(1975). Ben-Akiva (1974) suggested the correct definition (8)

of inclusive value, and explored the implications of fitting

the joint model or various nested models. Amemiya (1976) corrects
an error in the formula used in the earlier studies to compute
standard errors of estimates in the third stage of the sequen-
tial estimation procedure.

The next section of this paper permits us to establish condi-
tions under which the nested logit model can be derived from a
thecry of stochastic utility maximization, in a manner analog-
ous to the argument for the multinomial logit model.

5. The general extreme value model

We introduce a family of choice models derived from stochastic
utility maximization which includes multinomial and nested lo-
git. This family allows a general pattern of dependence among
the unobserved attributes of alternatives and yields an analy-
tically tractable closed form for the choice probabilities. The
following result characterizes the family:

THEOREM 1. Suppose G(y,,...,¥;) is a nonnegative, homogeneous-
of-degrec-one fu&ction f (y ...,yJ) 2 0. Suppose

E)
lim G(yl,...,yJ) = tw for i * 1,...5J. Suppose for any
yi-oﬁu

distinct (iy,...,1,) from (1,...,J}, a%a/ay, ,...,0y;

1
is nonnegative if k is odd and non-positive if k is even.
Then,
v, v \’ v v
Py melglet, ey saet, ey a2

defines a probabilistic choice model from alternatives
i=1,...,J which is consistent with utility maximiza-
tion,

Proof: Consider the function

-e,
F(zl,...,cJ) = exp {-G(e yrees®

We shall first prove that this is a multivariate extreme value
distribution. If ¢. -+ -=, then G » 4=, implying F - 0. If
isl,...,séi - 4o, then G - 0, implying F - 1. Define, recursive-
ly, Ql =G, and Qk = Qk_le - an_l/ayk. Then, Qk is a sum of
signed terms, with each term a product of cross derivatives of

G of various orders. Suppose each signed term in Qk—l is non-
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negative. Then Qk-lsk is nonnegative. Further, each term in

3Qu.1/3y) is non-positive, since one of the derivatives within
each term has increased in order, changing from even to odd or
vice versa, with a hypothesized change in sign. Hence, each
term in Q is nonnegative. By induction, Qy is nonnegative
for k = 1,...,J.

-€

Differentiating F , F/de, = e lQlF . Suppose

k-1 -€ ~€, _

3T F/aey, . u0e ) e Yoo e KTl . Then, a¥Frae,,. .., 0¢

-€ -€ ~-€ -€

! X ) ) 1 'k

= e .. € (Qk—lckp Fan_l/ayk) = e c.. € QkF . By
1 “€g

induction, BJFlacl,...,aeJ = e ve. € QJF > 0 . Hence,

F is a cumulative distribution function. When €5 = += for
j#i, F = exp {-aie 1), where a; = G(O,...,Oal,o,...,o) .
i-th
place
This is the univariate extreme value distribution. Hence, F is

a multivariate extreme value distribution.

Suppose a population has utilities wuj = V4 + €35 , where
(cl,...,eJ) is distributed F . Then, the probability that the
first alternative is selected satisfies

P1=e§in Fl(e,vl SV, e,V = Vg e)de
=e;E:e-EGl(e_E,e-e_vl+vé,.,e-E_vl+vb)exp{-G[e':,e-s-v1¢v2,.,e-e-vi+vb]}de
= }we'EGl@yl,evé,...,evh) exp {-e'ee-v1 G[evl,evé,...,evJ]} de
g
= ev1 Gl(evl,evz,...,evj) / G(evi,...,evd) s

where the third equality uses the homogeneity of degree one of
G, and consequent homogeneity of degree zero of G,. Since this

argument can be applied to any alternative, the theorem is
proved. Q.E.D.
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‘orollary. Under the hypotheses of Theorem 1, expected maximum
1itility, defined by

4o
U = Ez{m m?x vy + Ei)r(i)di (13)
N
Wwith f the density of F), satisfies
1 J

U =z log G(e ~,...,e “) + vy, (14)
/here y = .57721 56649... is Euler's constant, and

Pi = 3U/3Vi . (15)

'roof. The extreme value distribution exp (-ae ©) , with a > 0,
+ constant, has mean log a + y . The integral (13) can be
‘artitioned into regions where each alternative has maximum
itility, yielding

- vy Daey . (16)

[ vy e )P (V) + €

et a = G(e ",...,e ") ., Then,

-V.-g,+V, =V.-g.+V. -€.
Fivre;=vs) = exp (-6({e * 1 e (e T e d

-V.-€e; ' -€.
exp (-ae * 1)Gi(<e Ihe .

aking the transformation Vi teg W, (16) becomes

_ 4o _ Vi V. v
U=1I [ wexp (-ae ")e Gi(<e J))e dw
i we-w
‘o _ _
= | wae ™ exp (-ae ¥)dw
W=~

= log a+y ,

here the second equality uses Euler's law,
Vi Vj Vj
e 6, e I) =6((e ) .

t is immediate from (12) and (14) that Py = aﬁ/avi . Q.E.D.
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J
The special case G(yl,...,yJ) = I yj yields the MNL model.

J= . .
An example of a more general G function satisfying the hypothe-
ses of the theorem is

1 l-om
M l-om
G(y) = I a |t ¥i , (17)
m=1 i€B
M
where Bmg{l,...,J} ,ml:Jl Bm: {1,...,J}, am>0 , and 0§0m<1.

For the bivariate case with a single class m , (17) reduces to
1 o)

l~-o i-a
1

G(y) = |y + Y5

The bivariate extreme value distribution based on this form has
been studied by Oliveira (1958, 1961), who shows that o is the
product-moment correlation between the two variates. 1In the ge-
neral case (17), g, can be interpreted as an index of the simi-
larity of the unobserved attributes in Bm . However, the re-
lation between the On and product-moment correlations between
the alternatives is more complex.

The choice probabilities for the function (17) satisfy

Vi [ V. “%m Vk l-cn
l-0_, 1-om M l-cn
Pi = T e - a, I e z a, I e
m31€Bm JEBm n=1 kEBn
(18)
M
= m£1 P(1|Bm)P(Bm) »
where
V. '
1-0 1-0
P(iIB)=L m/ g e ™ if i€B |,
m EB m
IBn
0 if 1i¢e¢8B N

with P(ile) denoting conditional probability, and
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1-0 1-0
V. m Vk n
1-0 M T-0,
P(B ) = a I e M La, {I e .
m ™ |ieB, n=1 K€EB_

Functions of the form in (17) can also be nested to yield a
wider class satisfying the theorem hypotheses. For example,
the function

1-§
1 %m q
1 1-8
Q 1-0 a
2

a T L y: m (19)
q ; J
1 m€Dq JEBm

where Bm is defined as in (17) and D_ < {1,...,M}, satisfies

the hypothesis provided 1 > %m 2 Gq 20 form€D_.

Choice probabilities of the form (18) were apparently first de-
rived, for the case of three alternatives and By = {1} ,

B2 = (2,3} , by Scott Cardell in 1975. For the case of disjoint
B, the form (18) was treated, independently, by Daly and Za-
chary (1976), Williams (1977), and Lerman and Ben-Akiva (1977).

The demonstration by Daly and Zachary that (18) is consistent
with random utility maximization is noteworthy in that it per-
mits generalization of the GEV model and provides a powerful
tool for testing the consistency of choice models. The corol-
lary to Theorem 1 is adapted from their analysis.

Consider an example of (17),

1 1)1
1-0 1-0

G(y1,Y,5¥3) =¥y + |¥5  + V3

where alternative 1 represents a dwelling in one community,_and
alternatives 2 and 3 represent dwellings of a similar type in
a second community. Let Vj be the strict utility of alterna-

tive i. The choice probabilities when the three alternatives
are offered are, from (18),

Vyyl-o
v 3

v
2
A 1 T=o
P(1]1,2,3) = e Y/ e 1+ le A , (20)
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Vé V.

vy V3 -0 v 2 V3 1-0
P(2]1,2,3) = e ° ‘eﬁ + eﬁ] Jlete |l el'_"] , (21

where P(i]A) denotes the probability that i is chosen from the
alternatives A. If only alternatives 1 and 2 are available,
then the choice probability (obtained from (20) by setting

V3 = -=) has the binomial form

v v v
P(1|1,2)=e1/{e1”e2} (22)

If only alternatives 2 and 3 are available, the choice pro-
bability again has a binomial logit form,

V2 V2 v

P(2]2,3) = et™% {el_"; + el } . (23)

Examining the choice probabilities (20) and (21) when all three
alternatives are available, the value ¢ = 0 gives multinomial
logit probabilities, while the limiting value o - 1 gives the
probabilities

P(1]1,2,3) = evll {evl + max [evz,eVB]} . (4
Vo, N, Ve
P2l,2,3) e 27 {eve?}, rvys vy, (25)
%-evzl{evl + eV2} R if V2 = V} ,
0 , ALV, <V,

In this extreme case, the consumer will treat two alternatives
with identical strict utilities V, = V3 as a single alterna-
tive in comparisons with alternative 1.

6. Relation of the nested logit and generalized extreme value
models

The choice probabilities (18) can be specialized to the nested
logit model given by (9) and (11), as we shall now show. This
result establishes that nested logit models are consistent with
stochastic utility maximization, and that the coefficient of in-
clusive value provides an estimate of the similarity of the
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unobserved terms in the first level of the nested model.

Hence, it is possible to estimate some generalizgd extreme va-
lue choice models using nested logit models and inclusive va-
lues. Further, the generalized extreme value choice models pro-
vide a generalization of nested logit models, and could be es-
timated directly to test for the presence and form of a nested
(or tree) structure for similarities.

To obtain the nested logit model (9) and (11) from (18), replace
the alternative index i with the double index c¢n for commu-
nity ¢ and dwelling n , replace m by ¢ , assume :?e'set§

Bc have the form Bg = {cl,...,cNy) , and assume the similarity

coefficients have a common value o . Then, (18) becomes

cn Nc vcm -o c Nb me 1-0
P = el™® [ £ el“’] VAR [ b e1'°) , (26)
cn m=1 bz1 m=1
implying
Nc Nc vcm l-0 c Nb vbm 1-0
p,= t P _=|z e [li|t R s (27)
¢ p=1 " m=2 b=1{m=1
and
Vcn Nc vcm
P, =P /P =e"0 /) § 70 | (28)
njc en’ "¢ m=1
. _ . r
Regalllng that Vcn = B'xcn + a Yo o these .formulae can be
written
a'y +(1-g)I C a'y, +(1-0)I
ce o © ©/ 1t e ® > (29)
¢ b=1
B'xcn Nc 8'xcm B’xcn 1
p - e 170 / [ e 10 . 1l-0 /e ¢ ; (30)
n|c -
m=1
Nc B'x m
I_:=1log I e 1-0 . (31)
¢ m=1

Hence, the nested logit model is a specialization of the gene-
ralized extreme value model, with the coefficient 1 - o of in-
clusive value an index of the degree of independence of random
terms for alternative dwellings in the same community.
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Applying the argument above to the choice probabilities corres-
ponding to (19), with a triple index of alternatives and each
level of nesting corresponding to one of these indices, leads
to a nested logit model with two levels of conditional probabi-
lities and inclusive values. This argument for three-level de~
cision trees can be extended to trees of any depth. The condi-
tion for (19) tosatisfy the hypotheses of Theorem 1 implies
that a sufficient condition for a nested logit model to be con-
sistent with stochastic utility maximization 1s that the co-
efficient of each inclusive value lie in the unit interval.

Application of the Daly-Zachary method shows that these restric-
tions on the coefficients of inclusive values are also necessary
for consistency with stochastic utility maximization, See
McFadden (1977b).

7. Limiting the number of alternatives considered

Consider application of the joint multinomial logit model (3)

to the demand for housing, with alternatives indexed by commu-
nity and by dwelling within the community. Ideally, the func-
tional form of the model (3) is appropriate for describing
choice among the full set of alternatives available to consumers,
and it is practical in terms of data collection and statistical
analysis to study decision behaviour at this level. In practice,
the number of available alternatives at the most disaggregate
level often imposes infeasible data processing requirements,

and strains the plausibility of the independence from irrele-
vant alternatives property of the multinomial logit functional
form, as in the example of similar dwellings in the same commu-
nity, which are likely to have similar unobserved attributes.

Consider first the problem where enumeration of all alternatives
is impractical, but data on selected disaggregate alternatives
can be observed. If the multinomial logit functional form is
valid, we shall establish the result that consistent estimates
of the parameters of the strict utility function can be obtained
from a fixed or random sample of alternatives from the full
choice set.

Let C denote the full choice set. We shall assume it does not
vary over the sample; however, this is inessential and can
easily be generalized. Let P(i|C,z,0*) denote the true selec-
tion probabilities where 6 is a vector of parameters, and z is
a vector of explanatory variables. We assume the choice pro-
babilities satisfy the independence from irrelevant alternatives
assumption,

i€DgccCc==pr(i|C,z,8) = P(i|D,z,8) L P(j|C,z,8), (32)
j€D

which characterizes the multinomial logit model.
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Now suppose for each case, a subset D is drawn from the set

C according to a probability distribution n(D|i,z) which may,
but need not, be conditioned on the observed choice i. The ob-
served choice may be either in or out of the set D. Examples
of n distributions are (a) choose a fixed subset D of Cc, in-
dependent of the observed choice, (b) choose a random subset D
of C , independent of the observed choice, and (c) choose a
subset D of C , consisting of the observed choice i and
one or more other alternatives, selected randomly.

We give several examples of distributions of type (c):

(c-1) Suppose D is comprized of i plus a sample of alter-
native from the set C ~ {i}, obtained by considering each ele-
ment of this set independently, and including it with probabi-
lity p. Then, the probability of D will depend solely on the
number of elements K = #(D) it contains, and is given by the
binomial formula

n(0li,z) =¥ 11 - )T K ir i €D and k A (D), (33)
0 if i ¢ D,

where J is the number of alternatives in C . For example,
the probability that D will be a specified two-alternative

set containing i as one alternative is p(l - p)J-2
(c-2) Suppose D is always selected to be a two-element set

containing i and one other alternative selected at random.
If J 1is the number of alternatives in C , then

n(Dii,z) ={yiy If D = (i,j) and § £ i, (34)

0 otherwise .

(e-3) sSuppose C has four elements, and
OO UM4) = n({2,4}]0) = m({2,3}]2) = w({2,3}|3) = 1 ,(35)
and n(D|i) = O otherwise

(c-4) Suppose C is partitioned into sets {C1,...,Cy} , with
Jm elements in Cn , and suppose D is formed by choosing i
(from the partition set Ch) and one randomly selected alter-
native from each remaining partition set. Then,

M
n(D|i,z) = Jo/ IJn if i €D, M=#(D), and (36)
m=1
DNC #0 form=1,...,M,
0 otherwise
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The =n distributions of the type (a), (b), and (c-1) to (c-4)
all satisfy the following basic property, which guarantees that
if an alternative j appears in an assigned set D , then it
has the logical possibility of being an observed choice from
the set D , in the sense that the assignment mechanisms could
asign the set D if a choice of j is observed:

Positive conditioning property: If j€DcC and w(D|i,z) >0,
then (D[ ,z7 > 0 .

The n distributions (a), (b), and (c-1) to (c-3), but not
(c-U), satisfy a stronger condition:

Uniform conditioning property: If i,j € D cC
n(D|i,z) = »(D|j,z) .

A distribution with the uniform conditioning property can be
written w(D|i,z) = ¢(D,z)XD(i) » where Xp(i) equals one for
i €D, and zero otherwise.

Consider a sample n = 1,...,N, with the alternative chosen
on case n denoted by i, , and D, denoting the choice set
assigned to this case from the distribution n(D|i,,z,) . Ob-
servations with an observed choice not in the assigned set of
alternatives are assumed to be excluded from the sample. Write
the multinomial logit model in the form

v:(z,8) V.(z,8)
P(i|C,z,8) = e & / £ el s (37)
JecC

where Vi(z.e) is a strict utility of alternative i

THEOREM 2. If n(D|i,z) satisfies the positive conditioning pro-
perty and the choice model is multinomial logit, then maximiza-
tion of the modified likelihood function

Vin(zn,8)+1og n(D, |i,2,) v.(zn,e);log "D, ld,z,)
log {e Ied
1 jec

=z
O -4

LN:

n

yields, under normal regularity conditions, consistent esti -
mates of 8* . When w(D|i,z) satisfies the uniform condition-
ing property, then (38) reduces to the standard likelihood
function,

N Vi (% 9) Vi(z,,9)
Ly =% I log {e / & e’
=1 jEC

(39)

Proof. Consider the likelihood function (38), and consider its
probability limit plim LN = L , where

8)
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a +2 B8+log J
Vi(z,9)+log n(D|i,z) IN-l gmg ecntn Cntndn g cntn/ . euccthc-t-d.solog Jc't'
L=Wt £t p(i|c,z,6%)n(Dli g — TN v g ’
iecpec IC,2,8%)n(D]1,2) 10 ERAACORC G JP(Z)"Z (40) n=1 c',tt,d
= e
JEC (u3)
with th istributi . where J,¢ is the number of dwellings in class ct. However,
p(z) e frequency distribution of z Then, Friedman estimates the parameters by maximizing the likelihood
function (39), which differs from (43) by omission of the
Vj(z,e‘) . terms log Jct . Comparison of these functions shows that Fried-
Le n(D|j,2) V;(z2,8%) man”s procedure provides consistent estimates of the parameter
L= {{ ¢ [JEC ¢ n(D}i,2) 4 vector B , and that his estimates of the class-specific para-
DeC VB(Z,B*) iec V&(z,e‘) (41) meters converge in probability to the sum of the true class-
= L e L e w(D|j,z) specific parameters, af, , and the log of the number of dwel-
JEC jec lings available in the ¢t class.
z \ . . . .
In conclusion, analysis of housing location can be carried out
V.(z,8) with a limited number of alternatives, facilitating data col-
i . . - - .
log e n(D]i,z) (z)dz lection and processing, provided the choice process is described
Kﬂz, plz)dz. by the multinomial logit model. If a mechanism such as (c-#)
L e n(D|j,z) is used to select alternatives, the likelihood function should
jec be modified to the form (38) to obtain consistent estimates of

all parameters. If a non-modified likelihood function is used,

estimation can still be carried out satisfactorily provided the

The parameters 8 e hi : . effect of the selection mechanism for alternatives is absorbed
P erers nter this expression in a term of the form by class-specific parameters. Caution is required in this case

in verifying that the configuration of class~-specific variables

L ¢;(8%) log ¢i(9) with I ¢i(6) =1 . u2) in the model is adequate to accommodate the selection mechanism
i€C i€eC effects, and in interpreting the estimates of class-specific
parameters.
One'can show that (42) has a maximum at 6 = g*. Then, L has a
maximum at 6 = 8* . Under normal regularity conditions, this
maximum is unique, and it can be shown (Manski-McFadden (1 i i imi iti
that the cannique, Ly converge in probabiiity roradd maiizzg)) 8. Aggregation of alternatives and the treatment of similarities
of L . This establishes that maximization of (38) yields con-

The preceding section has shown that when the multinomial logit

sistent esti . . . s A .
stimators functional form is valid, estimation can be carried out using

Pt s randomly selected "representative" alternatives from each
fg bﬁ?DT?irgrm.co?dltl°n1“8 PPOEEPty holds, then the terms “class"yof elemental slternatives, where the classes are de-

& 1,2z) in (38) cancel out, and (39) results. Q.E.D. fined by the analyst. Community and dwelling type were classi-

. . . . fication criteria mentioned in the earlier examples. Analysis

Egrafﬁﬁuifn°§"°2°}°e of community and dwelling type using data ! of choice among classes by identifying them witg "representa~-
fem (C_H3ut;n;;;;:u:hpcnxn;ula,frrieaman (1975) used the mecha- tive" members can be viewed as a method of aggregation of alter-
‘artitioning the choic: ::z gr g a tggnatl;es in the analysis, natives. We shall now consider alternative methods of aggrega-
.ype. Friedman‘s striot utilgtyo?gzgéignagasm:a:rfgﬁzlllng tion which can be employed when the multinomial logit form fails
leta(z,8) = Aot + 2,448 , where ¢ indexes community, t in- ) because of dependence between unobserved attributes of different

lexes dwelling type, d indexes dwelling within class ct, alternatives within a class.

‘ctd 1S a sub-vector of =z specifying attributes of alterna- Again consider a consumer faced with a choice of housing loca-

-lve ctd, a,y 1is a class-ct-specific parameter, B8 is a para- tions in ¢ = 1,...,C communities, with n = l,...,N, dwellings

leter vector, and 8 denotes the collection of parameters B and . in community c¢. All the dwellings in a community c- have com-

ot T@e modified likelihood function (38), using (36) and mon unobserved community attributes, introducing a dependence

‘ancelling terms, is which conflicts with the assumptions of the joint multinomial
logit model. To represent this dependence we shall assume that
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the choice probabilities have the nested logit structure, from

(29) - (31) ,

P = e

a'y +(1-0)I C a'y, +(1-0)1
¢ ©, 1 e P b (b)

b=1

I, =log [ e (45)

As was shown in Section 6, this model is derivable from the ge-
neralized extreme value model of stochastic utility maximiza-
tion, with o a measure of the degree to which dwellings within
a class c¢ are perceived as similar. When o = 0, (44) re-
duces to the multinomial logit model, and in the limit when

o =1, (44) reduces to

a'y +max. B'x [of a'y, +max_ 8'x
P o =e ¢ n en , § e P n bn u6)

An analysis of housing demand by Quigley (1976) using Pittsburgh
data employs a model of the form of (46). (In Quigley's model,
the nesting of community and housing type is reversed, with C
denoting housing type, and n denoting specific dwelling,
identified by community and location.) Quigley assumes a suf-
ficient structure on location choice so that the term max B'Xen

can be computed prior to parameter estimation. Then, (46)
can be treated as an ordinary multinomial logit model.

TWO'features of the Quigley model require note. First, Quigley
defines max B'xcn to be the mean of the largest five percent

of the B'xcn's s rather than the largest value of B8'xsy - Second,
Quigley includes the number of units N. in each class as an
explanatory variable, justifying it as a "proxy for the infor-
mation available to consumers about the location and prices of
alternative housing types". As the discussion below shall make
clegr, a possible alternative explanation of the significant
positive coefficients of N, in Quigley's model is that the
true model is of the form (44) with o < 1.

Inananalysis of neighborhood choice using Washington, D.C. data,
Lerman (1977) estimates a model of the form

. ea'yc+xg*(l-o)1og N,

C a'y +X'+(l-g)log N
/Le 070 by
b=1

where c¢ indexes census tracts and X; is an "average" of the
utility terms B'x,, of the dwellings in tract c¢ . He notes
that log N, "is the measure of tract size required to correct
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for the fact that a census tract is actually a group of housing
units. Other conditions being equal, a very large tract (i.e.,
one with a large number of housing units) would have a higher
probability of being selected than a very small one, since the
number of disaggregate opportunities is greater in the former
than the latter. If all units of a particular type in a given
zone are relatively homogeneous and the (joint multinomial)
logit model applies to each individual unit, then the approp-
riate term to correct for tract size is the natural logarithm of
the number of units (with) a coefficient of one." Noting the
model (46) as a second extreme case, with X; B mgx B'xcn N

Lerman concludes thet "if the assumptions of the (joint mul-

tinomial) logit model are violated, the coefficient may differ
from one." Lerman estimates the coefficient of log N, to be
1l -0 = .492 , with a standard error of 0.094 . Hence, o sa-

tisfies the hypotheses of Theorem 1 and is significantly dif-

ferent from both zero and one.

In the nested logit model (44) and (45), the inclusive value
can be re-written

*
. N, B Xem%e
_ (] 1 1-0 us8
I, = 705 *+ log N, + log W, mEI e . (u8)

If a tract c¢ is homogeneous in observed variables, so that
B'Xem = X , then the last term in (48) vanishes, and the
choice probability for the nested logit model (44) is exactly
the Lerman model (47). This establishes the consistency of the
Lerman model with stochastic utility maximization, and supports
his conclusion that the coefficient of log Neo indexes the de-
gree of independence of the alternatives within a tract. The
same argument can be.used to interpret Quigley's model, with
X3 = max 8'xen, or X, given by the average of the "best" five

percent of the disaggregate alternatives. Since Quigley uses

N, rather than log N, as an explanatory variable, his model
does not provide a direct estimate of o.

When Xg is the mean of B'x,, , and not all B'xg, = Xi , the
convexity of the exponential implies

e 17 > 1 (49)

¢ 1
sides of the inequality depending on the variance of B8'x m
One limiting case of (48) that is of interest occurs when the
number of dwellings within a tract is large, and the Xop be-
have as if they are independently identically normally

and hence I > —é% + log Nc , with the difference of the two
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distributed with mean x; . Let wi denote the variance of B'xcm.
Then,
t Al *
B'xom=8'Xe °
1-0 - 1 c |2 0
E e = exp {2 [l'd] } ) (5 )
and
B'x_ -B'x.
NC cm c w
1 1-0 1 cl2
N L e - exp{ [—:—]} . (51)
No mo1 a.s. 2 {I-a
Hence, .
B'x w
c 1 c |2
— . 2
Io =5 10 * o8 N+ 5[1—0] (52)

The higher the variance w2 , the higher the inclusive value I
for the tract ¢ . 1If No = r.N (i.e., the numbers of alterna-
tives in tracts grow proportionately), then

a'yc+8'x: +(1-0)log r ¢+ %l»i/(l-a)
£ (53)

P >
ca.s.
L 1 -
g a yb#a xb+(l g)log r

1 2
. b*iwb/(l-d)

b=1

When the disaggregate data Xen Aare not observed, but their
distribution can be approximated or estimated, and w, is
known, then model (53) can be used with standard multinomial
logit esiimation programs to provide estimates of ¢ and 8 .
If r. 1s unobserved, then it can be estimated when w, is
known, although when Yo contains a tract-specific dummy vari-

able, the tract-specific coefficient and r, are unidentified.
This suggests one interpretation of tract-specific coefficients
as indicating in part the number of "equivalent" disaggregate
alternatives contained in the tract.

When w, 1s not known, but is known to have the structure

we = B'Q.B , and the variables x., are multivariate normal
with covariance matrix Q, , direct estimation of B8, 0, and a
is possible. A modification of standard multinomial logit pro-
grams to handle nonlinear constraints on B would be required
for full maximum likelihood estimation. Alternately, consistent
estimators could be obtained by writing out the terms in the

quadratic form B'Q.8 as independent parameters and ignoring
constraints.
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9. Conclusion

This paper has considered the problem of modelling disaggregate
choice of housing location when the number of disaggregate al-
ternatives is impractically large, and when the presence of a
structure of similarities between alternatives invalidates the
commonly used joint multinomial logit choice model. Theorems
on sampling from the full set of alternatives, and on generali-
zations of the multinomial logit model structure to accommodate
similarities, provide methods for circumventing these problems.
Studies of housing demand by Friedman (1975), Quigley (1976),
and Lerman (1977), motivate the analysis and illustrate its
applicability.

Footnotes

1. This research was motivated by, and has benefitted from, dis-
cussions with Moshe Ben-Akiva, Steven Lerman, Charles Manski
and William Tye, and comments by Anthony E. Smith and Folke
Snickars. I am indebted to the National Science Foundation,
Grant No. SOC75-22657, for research support.
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