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THE METHOD OF SIMULATED SCORES FOR THE
ESTIMATION OF LDV MODELS

By VassiLis A. HANvASSILIOU AND DanNiel L. McFADDEN!?

The method of simulated scores {MSS) is presented for estimating limited dependent
variables models (LDV} with flexible correlation structure in the unobservables. We
propose simulators that are continuous in the unknown parameter vectors, and hence
standard optimization methods can be used to compute the MSS estimators that employ
these simulators. The first continuous method relies on a recursive conditioning of the
multivariate normal density through a Cholesky triangularization of its variancc-covari-
ance matrix. The second method combines resuits about the conditionals of the multivari-
ate normal distribution with Gibbs resampling techniques. We establish consistency and
asymptotic normality of the MSS estimators and derive suitable rates at which the number
of simulations must rise if biased simulators are used.

Keyworps: Limited dependent variable models, simulation estimation, Gibbs resam-
pling.

1. INTRODUCTICN

IT HAS LONG BEEN KNOWN that classical estimation of limited dependent variable
(LDV) models with flexibie correlation structure in the unobservables poses
formidable computational problems because of a concomitant neced for high
dimensional numerical integration. Examples of such models are multiperiod
(panel) probit and Tobit models, as well as multinomial discrete choice models
with varying substitutability between available alternatives. Recently investiga-
tors have shown that simulation estimation methods that approximate
generalized moment conditions by unbiased simulators provide consistent and
asymptotically normal parameter estimates for a finite number of simulations
(McFadden (1989), Pakes and Pollard (1989)).> A common property of the early
formulations of methods of simulating moment conditions (MSM) is that they
yield criterion functions that are discontinuous in the unknown parameter
vectors to be estimated. As a result, establishing their asymptotic properties
requires the theory of empirical processes. Moreover, their implementation
poses difficult computational problems, because standard methods for numerical

'wWe are indebted to three anonymous referees, Don Andrews, Jacques Dréze, John Geweke,
John Ham, Rosa Matzkin, Michel Mouchart, Whitney Newey, Peter Robinson, Paul Ruud, and
Herman van Dijk for very helpful comments and suggestions. Any remaining errors and shortcom-
ings are, of course, our own responsibility. Yoosoon Chang, Dan Nelson, and Robert Stoddard
provided expert research assistance. Hajivassiliou gratefully acknowledges financial support from the
National Science Foundation through Grant No. SES-88-13630.

2 These methods are in contrast to simulation estimation methods that simulate nonlinear
expressions in criterion functions and hence require an unbounded number of simulations to achieve
consistency and asymptotic normality. See, inter alia, Lerman and Manski (1981), van Praag and
Hop (1987), Laroque and Salanié (1989). For an extensive review of the literature on simulation-based
classical estimation, see Hajivassiliou and Ruud (1994).
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864 V. HAJIVASSILIOU AND D. MCFADDEN

optimization assume continuity of the optimand (and several also require twice
continuous differentiability of the criterion function).

In this paper, we exposit and operationalize a method of simulated scores
(MSS), which simulates directly the logarithmic derivatives corresponding to
maximum likelihood estimation (MLE), and establish its asymptotic properties.
We show that the MSS provides a unified treatment of a broader class of
estimation problems compared to other simulation estimation methods. We
discuss three simulators to be used in conjunction with MSS estimation. The
first, which is a discontinuous function of the unknown parameters, generalizes
acceptance-rejection methods and provides unbiased simulation of the scores.
We prove that the MSS estimator using the generalized acceptance-rejection
simulator is consistent uniformly asymptotically normal (CUAN) for a finite
number of simulations. We show that computational problems may be eased if
smooth but biased simulators are used for the MSS estimator. We develop two
such simulation methods. The first employs a recursive conditioning of the
normal multivariate density through a Cholesky triangularization of its
variance-covariance matrix; it thus provides unbiased simulation for likelihood
contributions and asymptotically unbiased simulation of the scores, and is
continuous in the unknown parameters. We establish that when this method is
used to simulate the scores, the resulting MSS estimator is CUAN provided the
number of simulations grows faster than the square root of the number of i.i.d.
observations, N. The second smooth and asymptotically unbiased simulator
relies on results about the conditionals of a multivariate normal distribution and
employs Gibbs resampling (Geman and Geman (1984)).° It then follows that for
an MSS estimator based on this simulator to be CUAN, the number of
resamplings used for cach simulation must grow with the sample size at the
(much slower) rate log N, while the number of simulations may be finite. Hence
this paper shows for the first time that Gibbs resampling techniques can be
useful for classical inference, while to our knowledge past applications of these
techniques have been only for Bayesian estimation problems.*

It should be noted that several investigators in the past have proposed
consistent simulation of the score as a method of estimation. See, inter alia, van
Praag and Hop (1987). The MSS estimators we discuss here, when used in
conjunction with the three simulators developed in this paper, have several
advantages over such existing simulation estimation methods. A particular
development below follows on a suggestion by Ruud (1986) that the score for
the general linear exponential model can be written as conditional expectations,
which might be simulated directly. This provides the first major advantage of
MSS in that it is applicable to any LDV model that can be written as a set of

? For a good introduction to Markov-Chain Monte-Carlo methods (MCMC), of which Gibbs is a
leading method, see Chib (1995). Hajivassiliou et al. (1996) discuss alternative simulators and
compare their properties to the ones given here,

* For example, see McCulloch and Rossi (1994) for a Bayesian estimator for the multinomial
probit model based on Gibbs resampling.
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LDV MODELS 865

linear inequality constraints on the underlying latent variables, the distribution
of which belongs to the linear exponential class. Hence, the method does not
require the development of ad hoc simulation techniques for each type of LDV
model that is under consideration. Second, since MSS simulates directly the
scores, it corresponds to MSM where the optimal (for asymptotic efficiency)
instruments are used. Hence, the efficiency of the MSS estimator among the
class of simulation estimation methods is guaranteed. Third, when simulating
functions that are continuous in the parameters are employed, certain computa-
tional complexities of MSM are avoided.

In Section 2 we explain the intractability of MLE for LDV models with
correlated unobservables. We then introduce in Section 3 the simulated scores
estimation method that is applicable to LDV models with flexible correlation
structures in the unobservables. Such LDV models include the probit and Tobit
models with panel data time-dependence, as well as multinomial choice models
without restrictive assumptions on the substitutability of different alternatives
such as the independence of irrelevant alternatives assumption (McFadden
(1973)).

In Section 4 we establish the CUAN properties of the MSS estimator under
general conditions. In Section 5 we develop a method of generating unbiased
simulations of LDV probabilities and two methods for generating draws from
conditional normal distributions. The first two methods make the MSS estimator
continuous in the unknown parameter vectors, and are respectively based on a
recursive conditioning of the normal multivariate density through a Cholesky
triangularization of its variance-covariance matrix and on Gibbs resampling. The
third simulator is based on refinements of acceptance-rejection methods. Soft-
ware implementing the simulators and simulation-based estimators discussed in
this paper is publicly available over the Internet through the Web page
http: //econ.lse.ac.uk/ ~ vassilis.

Section 6 investigates the CUAN properties of MSS estimators based on each
of the three simulators we introduce. We show in that section that MSS using
the acceptance-rejection simulator is CUAN for a finite number of simulations;
MSS using the continuous recursive conditioning simulator is CUAN provided
the number of simulations rises faster than the square root of the number of
observations; and finally, we obtain the result that the MSS estimator based on
Gibbs resampling with R (finite) simulations is CUAN as long as the number of
resamplings used for each simulation grows at a rate faster than log N.

TABLE
MSS ESTIMATORS

Estimator Underlying Simulator Description Asymptotic Propertics
General MSS — Section 3 Section 4
MSS-SRC SRC: Smooth Recursive Conditioning Section 5.1 Section 6
MSS-GRS GRS: Gibbs Resampling Section 5.2 Section 6
MSS-SAR SAR: Sophisticated Acceptance-Rejection Sectien 5.3 Section 6
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866 V. HAJIVASSILIOU AND D. MCFADDEN

Section 7 gives a simple illustrative example to highlight the relations between
the MSS estimation method and other simulation methods in the literature.
Section 8 concludes with a summary.

2. THE CANONICAL LDV MODEL

Consider a sample of N economic agents, assumed to be random. A data
array (y,, X;) is observed, where X; is an m,; X K array of exogenous variables,
and y; is an m; X 1 vector of limited dependent variables. We assume y; is an
indirect observation on a latent vector y* according to a many-to-one mapping
y; = 7(y*), with y* given by a linear model

(1) yi=X.B8+c¢;.

We assume the disturbance vector e; is multivariate normal, independent of X,
with the structure

) € =1Im,

where I is a m, X §, parametric array of rank m,, and =, is a §; X 1 vector of

i

independent standard normal variates. Let 2, =1 ,[;’. Note that this notation
encompasses also panel data models, since in that case y would be the stacked
vector of the values of the latent variables for agent ¢ in each period.

Define

3) D(y) = {y¥ly,=7(y")}.

Then the likelihood of the observation is

(4) €i(6;y,-)=f( nlyf =X B, ) Ay
D(y;

with derivative vector €,.(-), where B, £2; are functions of a k X 1 deep parame-
ter vector 8, and

5 1
(5) n(e,Q)=(21r)‘T/‘|Q|_'/zexp[—Ee’ﬂ_le}

is the multivariate normal density. The asymptotically optimal parametric maxi-
mum likelihood estimator (MLE) is defined as the argument that solves the
score equations, i.e.,

n 1 1
(6) BMLfsolves<———Zsi(9;yi E—wa(ﬂ;y[—)/fi(ﬂ;yi)=0}.
8 N = N ~=

The classic cross-sectional LDV model belonging to the class we describe here is
the multinomial discrete choice.
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MopEL 1—Multinomial Probit: Consider an independent sample of N individu-
als, with typical individual | choosing among m; alternatives with observed attributes
x;;. Alternative j yields the (random) utility

yg=x, B+, =1
and individual i chooses alternative k that satisfies

@2 D(y,): —=<yl <=, O<yﬁ(—y,-*j<oc, Vj+k.

The analyst observes the indicator y,= argmax{yj....,y%,....y5), say k. It

follows that in this case, the linear restrictions on the elements of y* correspond to
the matrix

A, = {—1I, with column k replaced by a vector of 1’s}.

A related model is the following,.

MobpeL 2—Multivariate Rank Ordered Probit: As with mode! 1, individual i
chooses alternative k that offers the highest wtility y3.. The analyst, however,
observes the full ranking of the J alternatives in terms of the utility they yield, i.e., the
analyst observes the J-dimensional vector of indices

yi=C(ky, ..., k)
such that

(8) D(y;): yi <y&, < - <yi,-

For panel (longitudinal) data sets, the following models are useful:

MoDEL 3— Multiperiod Probit:

D(Yi)3 Yi = T(Yi*)
C) O<yl <= yva=1
—x<y* <0 v, = 0.

MODEL 4—Multiperiod Tobit:

D(Yi): Yiz'r(yl'*)
(10) 0 <y Yu=yi >0
—x<yk <0 Yu=0.

In view of (4) and (5), classical estimation by the method of maximum
likelihood of cither the panel binomial discrete response model (9), the panel
Tobit model (10), or the MNP models (7,8) is computationally intractable when
m;, the number of time periods per individual, or the number of alternatives in
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868 V. HAJIVASSILIOU AND D. MCFADDEN

the choice set, exceeds 3 or 4, the variance-covariance matrix (2, of the error
vector €; is left unrestricted, and conventional numerical integration {(e.g.,
multivariate quadrature) is used. A traditional approach in obtaining ML
estimates is to restrict heavily the structure of (2, in such a way as to make the
evaluation of {4) and its derivatives computationally feasible. One extreme is to
assume that the errors are indcpendent across individuals and across time
periods for a given individual, 1.e.,

(11) N/'° =Ee e = vl

n 2

where y{ is a variance parameter to be estimated.

Despite its computational simplicity, such an assumption is often very inap-
propriate for realistic applications. In pancl data models, for example, temporal
dependence can arise becausc of unobserved hetcrogeneity that persists over
time. Conversely, in the cross-sectional multinomial discrete choice case, assum-
ing the (11) covariance structure leads to potentially problematic implications of
the so-called independence of irrelecvant alternatives variety.’

Another commonly used assumption, which allows some dependence across
the elements of ¢, is the one-factor analytic structure:

(12) OFE =0, + yii

m,i’m,v
where i, is the m,x 1 vector of one’s, and y}, y; are variance parameters to
be estimated. This implies that the integral in (4) can be written as a univariate
integral of a product of cumulative normal distributions, which can be evaluated
very efficiently through Gaussian quadraturc methods (see Heckman (1981),
Butler and Moffit (1982), and Hajivassiliou (1984)).

In many applications it is useful to consider a third model for €, This is the
natural generalization of (12) that adds an autoregressive structure:

(13) €, =a,+ & &=p& ity (j=1,...,0),

Ly
v, ~N@Q, g, &,~NQO o) oj=0’=0"/(1~-p%) by stationarity; a,~
N, ¢,}), a, and &, independent.

This one-factor plus AR(1) structure, with a variance-covariance matrix de-
noted by Q2®1%E implies that (4) will involve an m,-dimensional integral, thus
rendering efficient classical estimation methods infeasible. This is also truec in
the most flexible case, when {2, is allowed to be a general covariance matrix
(i.e., positive definite and symmetric) with additional assumptions imposed to
achieve identification. Hence, we turn to the method of simulated scores, which
avoids the need for multidimensional integration.

3. MSS ESTIMATION OF LDV MODELS WITH CORRELATED ERRORS

In this section we present the method of simulated scores and show that it is
applicable to the class of LDV models that can be written as scts of linear

* See McFadden (1973) for an explanation of this point.
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inequality constraints on the underlying latent variables, the distribution of
which belongs to the linear exponential class. This approach builds on an idea by
Ruud (1986). Three simulation techniques to use in conjunction with MSS
estimation are presented in Section 5. Two of those techniques make MSS
continucus in the unknown parameters.

Using standard matrix differentiation results, the derivatives of the likelihood
(4) of a typical observation with respect to the parameters 8, [, can be shown to

f

satisfy
€(6;y,) _
(14) €,(0; y)—T*—-f(B;yi)X'ﬂ,» 'E(y — X, BlyF € D(y)},
a€(8;y,)
(15 fr'(G,y,)=—T—
= _el(e;y,‘)ﬂi—l

X[ 4, = EWyF = X, B — X, BYIyF € DOy | T

It will be useful for later analysis to write the derivative of (4) with respect to 6
as

a€.(0;y)
(16) € .(0;y)= — = €(0; y)ER(yF — X, By € D(y))),

where A(u) is a vector of terms that are linear or quadratic in u =y’ — X, 8, and
depend on X, and the mapping from the deep parameters 6 to 8 and 7;. In the
general case with unrestricted (2, the deep parameters € consist of 8 and the
unique elements of (2. In the most restrictive covariance model (11), 8=
[B'.y,]; in the random-cffects model (12), 8— (B, Yo v-1; and in the
random-effects-plus-AR(1) case (13), 6=[ 8', o.°, o, p, 5,° .

In general, #(u) will be the vector

X0 'u
1, wuu'..Q;‘]F,-

”1.

17)
( Py
premultiplied by the array of derivatives of ( 8,vec I';) with respect to the deep
parameters.
For the general LDV model, the score of a subject is

dln €,(8;y,)

(18) 5;(6;y.) 28

=E(h{y* = X, B)ly¥ € D(y,)}

foon Bz, X, B, Q)n(z — X, B, 2,) dz
a :

2

= eie/ei =
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870 V. HAJIVASSILIOU AND D. MCFADDEN

The set D(y;) in the four leading cases of LDV models we consider here
corresponds to a set of linear inequality constraints on the elements of the
latent vector y*, as described in the previous section (equations (7)-(10)).°

In view of our assumption that the observations are i.i.d. across individuals,
the maximum likelihood estimator is a root of the sum of scores (18) over
subjects—see equation (6), implying that at the true parameter vector 6*,

d1n €,(6*)
E{ a6 >=E{"w/"z} = Eth(yl = X, BDIDL) =0.

Consider a simulator, &, = h (X, B, £2,), for the score function A(-), satisfying
the set of restrictions y/; = D(yl) Also con51der a simulator #&,, = k(X, 8, £2,, R)
=(1/R)ZT, k,,, which averages R independent simulations k,,. The MSS esti-
mator we propose here replaces hard-to- compute conditional expectatlon terms
in the logarithmic score with simulators A,

n 1 -
(19) BMsgsolves{— th=0}.
B N 7

In case I;,-R is an unbiased simulator of the score, éMSS is consistent and
asymptotically normal for a finite number of simulations R. Such a simulation
method is discussed in Section 5 as simulator SAR, based on acceptance-rejec-
tion arguments (Devroye {1986)). The MSS estimator that results by employing
simulator SAR will be labelled MSS-SAR.

We further show that one may obtain computationally more tractable MSS
estimators by employing (possibly biased) simulators that are continuous in 8.
An MSS estimator that uses biased simulations of the score function relies on
the fact that the score s{(8;y,) = €,,(0;y)/£.(6;y), and uses unbiased simula-
tors for €,,(0;y;,) and €,(8; y,). It is thus defined by

~ 1 =
(20) OryspSOlves S — > A . =0),
0 N 7

® A similar set of linear inequality constraints on the latent dependent vector can also be defined
for the canonical disequilibrium model with 7 markets, which are observed te be demand- or
supply-constrained:

yll = min(yt*l’y:i)’
Yiz = mi“(J’fg’ y,t),
Yiry2 = minylr_ 1, y7),

whcre y,"; denotes notional demands if j is odd, and notional supplies if j is even.

"It is important to point out that all the asymptotic properties we will establish will require that
the same underlying random variates used to simulate the A(-) functions must be used throughout
the iterafive search for the solution to the simulated scores.
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where
2D Bior=

such that E€,, — €, E€_— ¢, and €, 5 € with R.

It is important to note that in general it is advantageous to simulate the
numerator and denominator expressions simultaneously as in (21) rather than
separately (1/R)XR- €, /(1/R)OER: €,). This is because by using the
same underlying draw to simulate numerator and denominator instead of one
draw for the numerator and an independent one for the denominator, a positive
correlation is built into the numerator and denominator simulations, which
reduces the variance of the simulator for the ratio.®

In Section 5 we give two simulators that are continuous in #. The first such
simulator, simulator SRC, is based on a recursive conditioning of the normal
multivariate density through a Cholesky triangularization of its variance-covari-
ance matrix and allows us to define MSS-SRC along the lines of (20)-(21). A
second continuous method, simulator GRS, is also presented in Section 5 and
employs Gibbs resampling methods. The resulting estimator, MSS-GRS, is an
implementation of (19). As we show in Section 6, for MSS-SRC based on R
simulations to be CUAN as N - o, R must rise at a rate faster than VN,
whereas if the simulator based on Gibbs-resampling (MSS-GRS) is employed
with R simulations, then 7, the number of Gibbs resamplings used to generate
each simulation, must grow faster than the (much) slower rate log N. When, in
addition, R grows without bound (at any rate), MSS-GRS achieves the full
asymptotic efficiency of MLE.

These features are a marked improvement over the properties of the first
simulation estimation method for LDV models developed by Lerman and
Manski (1981). These authors explored the use of simulation in the context of
estimating the classic discrete choice model and proposed the estimator

N =

13

A 1 1 -
(22) 6, » = arg max { — = 2 In fir},
& r

such that the likelihood contributions €, are simulated unbiasedly (Efir= £)

and consistently with R (£, 5 €). Lerman and Manski used the empirical
choice probabilities as the simulating function €. This estimator is a discontinu-
ous function of the parameters and it is not bounded away from 0 and 1. Hence,
because of these problems Lerman and Manski found that their estimator
required a very large number of simulations for satisfactory performance.

The fact that MSS relies on the idea that the score for the general linear
exponential model can be written as conditional expectations, which might be
simulated directly, implies that MSS is generally applicable to any LDV model

8 This is confirmed by the Monte-Carlo experiments in Hajivassiliou (1996).
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that can be written as a set of linear inequality constraints on the underlying
latent variables, the distribution of which belongs to the linear exponential class.
Four illustrations were given in (7)-(10). Hence, the method does not require
the development of ad hoc simulation techniques for each type of LDV model
that is under consideration. This generality of the MSS estimator improves on
existing estimation methods of simulated moments (MSM) which require spe-
citalized arguments for different classes of LDV models. See, for example, the
MSM approach developed by McFadden (1989) for the special case of the
multinomial probit model. The case of multiperiod binary discrete response can
be thought of as a multinomial probit model over the choice set C = {—1, + 1},
with 2™ possible patterns of choice over time. The fact that #z, is fairly large in
typical applications” renders intractable simple frequency simulators for choice-
probabilities in the moment conditions. A similar difficulty with the MSM
approach arises in the rank order probit model (model 4 above) because with J
available alternatives in the choice set there exist J! possible orderings that
would require that their probabilities be calculated.

It should also be noted that the simulation estimators considered here apply
also to general LDV models that have both discrete and continuous features by
writing the joint likelihood as the product of the marginal distribution of the
continuous part times the conditional distribution of the discrete part condi-
tional on the continuous. Typically, analytic expressions will cxist for the
continuous part, while simulation methods will be applied to the conditional
discrete part. As an illustration, consider the multiperiod Tobit or censored
regression model, where y;, = max(0, y} ).

Define

I=I(y)=A{tly,=0,t=1,...,T},
J:J,’(y‘;):{tiyi,>0,t: 1,...,T}.

The likelihood for a respondent is

€y, 0)= [  nlyf—X,B,y,~X,B, Q) dyf,

yvi=0

where yf is the subvector of y with components in /. But
n(yf =X, By, =X, B, 2y=nly, - X,B,(2,,) '”(y;k T My ﬁ,,),

with w, = E(y}iy,) and £2,, = var(y}ly,).

The log-likelihood for a respondent then consists of a term that has a closed
form expression and a second term that is a multinomial probability that all
components of y;/ are nonpositive.

A further considerable advantage of MSS estimators is that because they
simulate directly the conditional expectation expressions that appear linearly in

® For most countries in the sample of Hajivassiliou (1994), the number of time periods with
available data is 17.
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the scores, they implicitly employ the optimal instrument functions in a general-
ized method of moments context. This issue is found to be critical in the
Monte-Carlo study of Hajivassiliou (1996). for satisfactory efficiency, MSM
estimation requires good approximations to optimal instruments, which in
general is difficult to achieve. In contrast, MSS automatically uses the optimal
instruments for asymptotic efficiency.

Let us now outline the three simulation methods we propose in Section 5 to
use in conjunction with MSS estimators. The simulator SAR is based on a
suggestion in Ruud (1986) to use an unbiased simulator of the conditional
expectation E{h(yF — X, B8|D(y;))} that appears in the logarithmic score, by
drawing standard normal vectors 7 sequentially until R values of y* =X, 8+
I'n € D(y,) are observed, wherc R is fixed in advance, then forming a sample
average of h(yf — X, B) for the y;* drawn that are in D(y,)." Define §,,,=1
if y* e D(y,), 8,,,=0 otherwise. If £(8;y,)=E8,, (y/) is small, as should
be expected in realistic cases with a large number of alternative choices or
choice patterns over time, then a large simulation sample is required to obtain
the simulator. Simulator SAR is an alternative method based on acceptance-re-
jection arguments that is computationally much more efficient. (See Press et al.
(1986) and Devroye (1986) for using the acceptance-rejection method to gener-
ate nonuniform random variates.}) These approaches also yield discontinuous
estimators but have the advantage that a finite number of terminal simulations,
R, is needed for MSS to be CUAN.

Further, the SRC simulator in Section 5 is motivated by the observation that
the conditional expectation expression that appears in (18) can be written as

(23) E(h(yF — X, B)D{(y,))
. fh(}’?‘_XiB)ap(y,)n(Yi*—"Xti'Qi) dy’
; J8plydn(yr —X; B, £2,) dy}

Hence implementation of MSS-SRC in the form of (20) and (21) requires
simulators with good properties for the derivative vectors €., and the probabili-
ties €. Note, in particular, that SRC is by design bounded away from 0 and 1,
which is crucial given that €, appears in the denominator of the score expres-
sion.

As we discussed earlier, one can think of an alternative MSS estimator that
simulates the numerator and denominator of the score ratio separately of one
another in the form

= eiﬂ/ei'

- 1 1 Ea 1 Ra
(24) HMSSBRSOIgeS NZ R_ni;een R—dEf,-s =0,.

i s

A method in the literature that works along these lines is due to van Praag and
Hop (1987). Their method employs independent simulators of the numerator

19 See Ruud (1991) for combining these ideas with the EM algorithm.
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and denominator of (23).!' As we explained already, our (20)~(21) implementa-
tion is preferable because it reduces simulation variance by simulating simulta-
neously the score as a ratio. In either case, it is imperative that one not use a
frequency simulator for the denominator expression because the frequency
simulator is not bounded away from 0. The recursive conditioning simulator
SRC we discuss in Section 5 is by design bounded away from 0 and 1 and, in
addition, is smooth, which avoids a second difficulty with the frequency simula-
tor."?

Finally, introducing the Markovian updating scheme known as Gibbs resam-
pling we obtain simulator GRS which estimates the complete score function as
in (19). An MSS estimator based on simulator GRS R terminal simulations,
each based on n, resamplings {(or “burn-in” cycles), is CUAN for any R,
provided n grows faster than log N. In addition, MSS-GRS will achieve the full
asymptotic efficiency of MLE as R grows without bound at any rate. These are
very satisfactory rates, especially given the smoothness and the computational
simplicity of this simulator.

4. ASYMPTOTIC DISTRIBUTION OF MSS ESTIMATORS

Let s(8)=€,,(0)/€,(8) denote the score for observation {, and let 5(8)
denote the simulated value of s,{(8), for a sample of independently, identically
distributed observations i =1,..., N. Define a simulation bias,

(25) By(8)= Z [Es5(0)—s5,(0)],

\/’— i=1

where E, denotes an expectation with respect to the simulation process, given
the observation. Define a simulation residual process,

1
(26) in(8) = TN 25(9)

i=1
with  £(8) =[§(0) —E;5,(8) —5,(8*) + E;5.(8%)].

Following the method of McFadden (1989) and Pakes and Pollard (1989), we
show that assumptions on the simulation bias and simulation residual process,
plus regularlty assumptions, are sufficient for the MSS estimator BN that solves
NS, (8 ) =0 to be consistent and asymptotically normal.

THEOREM 1: Assume that the parameter 8 is contained in a compact set @, and
that the true value 0% is in the interior of @. Assume that the score s(@) is
continuously differentiable on ©. Assume that the score and its derivatives, and the

' See equation (22) on p. 19 of their paper.

'Z Another simulator of LDV probabilities which is smoath and bounded away from 0 and 1 is due
to Stern (1992). Extensive Monte Carlo evidence in Hajivassiliou et al. (1996} shows that simulator
SRC strictly dominates the Stern simulator in terms of simulation MSE.
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simulated score, are dominated by a function independent of 0 with finite first and
second order moments. Assume that E;s(0) =0 if and only if 6= 6*, and that
J = —E;s,,(8%) is positive definite, where E; denotes expectation with respect to the
distribution of the observations. Assume that the observations and simulators are
independently identically distributed across observations. Assume that (i) the simu-
lation bias converges to zero in probability, uniformly in 6, and (ii) the simulation
residual process is stochastically equicontinuous." Assume that a MSS estimator

. - n . . . ~ P
solving 0= LN | 5.(8y) exists for each N.'* Then, the estimator satisfies 8, — 6*

and VN (By — 6% 5 Z ~ (0,7 +7-'QF" V), where Q =E[5(6%) — E,5.(6%)]
[5.06%) — E,5(8%).

Proor: The defining equations for the estimator can be written, by adding
and subtracting terms, as

oD 0:‘/1_ S 5, (By) = Ay + Coy (B ) + u (By) + Bu (8y),

i=1

with

Ay = 5:(0%) + — fﬁ ):[s(e*)—E,-s,.(e*)],

i=1

-
Mz

i=1

Col8) = —— 3" [5,(8) — 5,(8M)].

‘/’_ =1

The i.1.d. assumption on the observations and simulation, the dominance condi-
tion that implies the existence of moments, and the condition Es,(6*) =0, imply
by the Lindberg-Levy central limit theorem that A4, is asymptotically normatl
with mean zero and covariance matrix J+ Q. Then A,/VN = 0,(1). The
stochastic equicontinuity assumption (ii) implies that ¢, is uniformly stochasti-

" The functions {Zy(*)} are stochastically equicontinuous at @, C @ if for each € > 0 and A >0,
there exists 6 > 0 and N, such that for N = N,

prob( sup ¥§N(8)A§N(9’)|>e)<)\, where 8’ = @ and 9 O,
l6—0'l< 8

If ¢ is stochastically equicontinuous at @, with & compact and convex, and {, (8°} is stochastically
bounded for some 6° € @, then {, is uniformly stochastically bounded on @. This follows by noting
that at most 2M /8 points less than a distance 8 apart are required on a line segment between 6°
and any 8 € @, where M bounds the diameter of @. Then,

sup | ¢ (0) — L8 < (2M/8)  sup | Zu(8") — £ (8],
fc & ' —8"|< &

implying that given €, A > 0, there exists 8 > 0 such that prob(sup, < o {n(8) — (W(O > 2Me/8) <
A. This works for the simulation residual process in this section with 6° = 8* since {,(8*)=0.

1t is sufficient to define 8y to be an approximate solution satisfying & (1) = £ | §,(8,); such
an estimator always exists.
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cally bounded, and hence that ¢, (8,)/VN = 0,(1), and assumption (i) on the
simulation bias implies that By(f,) = 0,(1). The continuous differentiability of
5, on @ and the moment conditions imply that Cy(68)/VN satisfies a Uniform
Law of Large Numbers, converging to a continuously differentiable function
#r(8) that is bounded away from zero when 8+ 6*, with ,(6*)= —J."° From
(27), one then has

0=Cy(0y)/VN +0,(1) = ¢(8y) +0,(1),

implying that éN L 6.
Next, VN (8, — 6*) is shown to be stochastically bounded. The asymptotic
normality of A,, and assumptions (i) and (ii), imply

A 1 X N A
Z,(1)=Cy(6y)= (ﬁ4§1[5m(9*)+‘9’(9,v—9*)] VN (6 — 0%),

with the second equality following from a Taylor’s expansion of s,( é,v) about 6%
using the differentiability and dominance assumptions. Then, Es,;,(#*) nonsingu-
lar and BAN L o~ imply A\/ﬁ(éN — 6*) = #,(1). Note that this result and assump-
tion (i) imply that {,(6,) = 0,(1). .

To establish asymptotic normality, use the Taylor’s expansion above of C,{(8,)
and assumptions (i) and (ii) in Theorem (1) to obtain

1 N - "
O=Ay+| X [5.(0%) + (6, — 9*)])\/17(31\,— 87} + 0,(1).

i=1
But, (1/N)LZY | 5,,(8%) %, implying
VN (6, — 67)

— T Uy 0, (1) S Z ~ 0,77 (T + Q). Q.E.D.

5. CONDITIONAL NORMAL DISTRIBUTIONS AND SIMULATICN

In this section we present three simulation techniques to use with MSS
estimators. The first two are continuous in the unknown parameters, and
provide asymptotically unbiased simulators of the score. Asymptotic unbiased-
ness of simulator SRC requires the number of simulations employed to grow
without bound, while simulator GRS, which uses a finite number of simulations,
is asymptotically unbiased as the number of resamplings used to generate each
simulation rises without bound. The third simulator, SAR, is an unbiased
estimator for the score for a finite number of simulations, and is a discontinuous

A U.L.LN. states that given €, 8> 0, there exists N, such that for N = N,,
prob(max, c glCr(8) — w(6)] > 5) < e.
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function of the unknown parameters. The consistency and asymptotic normality
of MSS estimators based on any of these three simulation methods is estab-
lished in Section 6 specializing the general results of Section 4.

We illustrate our methods for the leading distributional case of multivariate
normality. Consider the general normal LDV model:

(28)  y,=1(y*), y*~N(X,8,0) (i=1,....N).

For simplicity, we will drop the ¢ index whenever no ambiguity would arise. The
MSS estimator requires simulating the A(y*) functions that appear in the scores,
conditional on y* & D(y). Hence, our general objective is to obtain random
draws from the distribution y* subject to y = 7(y*). Then, we see¢ from Section
3 that three types of functions need to be simulated. The first function is the
likelihood contribution €, given by (4). The second is the likelihood derivative
€, (equations (14) and (15)). Finally, the third function is the logarithmic score
aln € /a6, given by (18).

Our general objective will be to develop unbiased simulaters for these
functions that arc computationally very fast, and simulators that, though only
asymptotically unbiased, possess biases that vanish at sufficiently fast rates as to
guarantee consistency and asymptotic normality of MSS estimators that employ
them.!” The first continuous simulator is based on the idea of employing a
Cholesky triangularization so as to make the constraints y* € D(y) recursive.'’
This will make simulator SRC unbiased for the likelihood contributions and
asymptotically unbiased for the logarithmic scores. The second continuous
simulator employs repeated drawings from univariate truncated conditional
normal distributions and applies Gibbs resampling methods (Geman and
Geman (1984), Gelfand and Smith (1990), Chib and Greenberg (1995)) to ensure
that the joint distribution from which we are simulating converges to the
appropriate multivariate truncated normal distribution. Hence, simulation
method GRS will provide unbiased drawings of likelihood contributions and
scores as the number of Gibbs resamplings rises to infinity. Finally, we describe
a third simulator, SAR, based on acceptance-rejection arguments, which though
a discontinuous function of the underlying model parameters, provides unbiased
drawings of likelihood contributions and scores for a finite number of terminal
simulations used.

We first introduce some notation: For a vector of indices (1, ..., J), we use the
notation “<j” to denote the subvector (1,...,j— 1), “<j” to denote the
subvector (1,..., /), and “—;” to denote the subvector that excludes component
J- Thus, for a matrix L, L; _; denotes a vector containing the first j—1

' Unbiased and consistent simulators for the integrals appearing in expressions (4), (14), and (15)
can also be cobtained through importance sampling and other methods (sce Moran (1984, 1985,
1986), Deak (1980), McFadden (1989), Stern (1992)). These methods cannot be used for direct
unbiased simulation of the logarithmic score (18), unless an infinite number of simulations are
averaged.

7 Geweke (1989) uses this triangularization in a Bayesian context and Keane (1994) employs it in
the special case of cstimating by simulation a multiperiod (panel-data) binary probit model.
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elements of row j, and L _; _, denotes the subarray excluding row j and column
J. For a vector €, €_; is the subvector of the first j — 1 components, and €_; is
the subvector excluding component j.

Define g(u,a, b) = &~ (P(a)-(1 —u) + &(b)-u), where 0 <u <1 and —x <
a <b < >, Then g is a mapping that takes a uniform (0, 1) random variate into a
truncated standard normal random variate on the interval [a, b].

PROPOSITION 1: Consider the multivariate normal J X 1 random vector Y ~
N(XB, 2) with Q positive definite, the linear transformation Z = MY ~
N(MXB, 2), with M nonsingular and 3= MQM', and the event B = {a* < Z =
MY < b*}, with —x <a* <b* < +x. Define P= [ n(z; MXB, 3)dz, a=a* —
MXB,.b=b*—MXp, and let L denote the lower-triangular Cholesky factor of 3.

Let (uy,...,u;) be a vector of independent uniform (0,1) random variates. Define
recursively for j = 1,...,J:
(29) e;=q(u;,(a;—Ljje, — -+ =L, e, /L,
(b;—Lje,— - —L; ;_1e;_)/L;),
(30) Q,=d((b;—L;je,— - ~L,; e, )/L})
—@((a,— Ljje, — - —L;; ye;_ /L)
Define e =(e,,...,e,), Y=XB+M 'Le, and O(e)=0Q,----Q,. Then Yisa

random vector on B, and the ratio of the densities of Y and Yaty=Xg+ M 'Le,
where e is any vector satisfying a < Le < b, is P/({e).

PROOF: Since the ratio of densities is preserved by a common linear transfor-
mation, it is sufficient to consider the ratio of the density of the random vector ¢
constructed recursively above and the density of a standard normal random
vector € conditioned on the event a < L e < b. But these densities differ only in
their normalizing denominators, Q(e) and P respectively. Q.E.D.

It is important to reiterate that the ¥'s implied by the sequential scheme of
Proposition 1 are not distributed according to the multivariate truncated normal
distribution Y ~ N(X B, £2) conditional on g* < MY < b* because the recursive
constraints defined by the Cholesky decomposition are not independent. This
fact should be evident from a simple two-dimensional example. Suppose b, = b,
= x as Is the case in the probit model, and /,; > 0, corresponding to a positive
correlation between Y, and Y,. Draws of e, according to the inequality in ((29),
j=1) will ignore the constraint in ((29), j = 2), hence will be too small on
average. Given an e, too small, e,, obeying the second constraint ((29), j = 2),
will be too large on average.

Despite this fact, we can show that combining Proposition 1 together with
importance-sampling arguments we obtain smooth, unbiased, and direct simula-
tors for the likelihood contributions €; and their derivatives €,,, and a smooth,
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asymptotically unbiased simulator of the score function, termed simulator SRC.
The results in Section 6 will establish that MSS estimators based on simulator
SRC will be CUAN provided the number of simulations used grows faster than

VN .

5.1. SRC: A Smooth, Direct Sirnulator for Likelihood Scores
and Contributions

The likelihood contribution of the general LDV model examined in this paper
is given by (4), which we can rewrite, after dropping index i, as

(31) €(y,X;B,Q)=f n(z—XB, 02)dz
a*{y)<M(y)z=<b*(y)
=probla*(y) <M(y) - Y<b*(y); Y ~N(XB, ].
But
probla*(y) < M(y) Y <b*(y); Y ~N(XB, 2)]
=probla(y, X, B, 2)<L(y,2) v
<b(y, X, B, 2),v~N(Q, D],

with a, L, and b as defined in Proposition 1. Hence, the likelthood contribution
becomes

(32) €(y,X;B,12)
=probla(y, X, 8, 2)<L(y,2) - vr<b(y,X,8,02)v~N(,I)]

J
= n¢(Vj)de-

ay, X B, )<Ly, DYv=bly, X,B8.2)j=1

Now consider a JX 1 vector e, drawn according to the sequential scheme
described in equations (29). Obtain R such vectors ¢,’s and define the likelihood
contribution simulator €(e; y, X; 8, 2; R):

_ 1 R J
(33) €le; 9, X8, ;R = & IIoe,,....es ),
r=lj=1

where O, = prob(a, /I,, <e, = (b, /1,;), and for j < 1

Q}‘(el,...,e}'_l)
=prob((a; —L; .;;e. )/l <e;
<(b—L; .;e.))/le,....e;_;)."°

'8 Recall that since e; ~N(0,1), problk, <e; <k;)= ®(k;) — P(k)).
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LEMMA 1: The simulator €(e; v, X; B, 12; R} defined by (33) is an unbiased
estimator of €(y, X; B, 12).

ProOF: It is sufficient to show the Lemma for R = 1. The expected value of €
is E€ = €(e)f(e)de, where f(e) denotes the density that generates the (bi-
ased) sequential truncated draws e, in Proposition 1. By (33), the definition of
€, and result (32),

_ e {7 7
ri- | T1o ] (1ete)/0,) e - ac
—_ ]>=1

j=1

7
= f 1) de;

a<l-e<bj=1
=probla<L -v<b)=4€(y, X;B,02). Q.E.D.

The combination of the recursive conditioning method, the above Lemma,
and the smooth univariate truncated variate generation algorithm produces an
unbiased (for any value of R) multivariate probability simulator that is smooth,
i.e., a continuous and differentiable function of the model parameters 8 and
£2." Moreover, apart from an initial Cholesky decomposition and several matrix
multiplications, most computational effort is in drawing the univariate truncated
normal variates according to the steps in (29). This effort is approximately linear
in J, the dimension of the probability integral, which is an extremely conventent
feature of simulator SRC. The results of Bdrsch-Supan and Hajivassiliou (1993)
confirm the excellent computational efficiency of simulator SRC. In terms of
timing, we find that generating 1000 simulations €, according to this algorithm
from the 10-dimensional distribution ¥ ~ N(u, 3) with ¥ ={o;; =1, 0;; = .5 for
i #j} subject to ¥; > 0 if j is even and Y; <0 if j is odd, required 5.3 seconds on
a 486/33 MHz Perscnal Computer, and 7.4 seconds for 20 dimensional Y
vectors. In contrast, a (discontinuous) acceptance-rejection algorithm required 8
minutes for the 10 dimensional case and nearly 1 hour for the 20 dimensional
one.

To obtain a smooth and asymptotically unbiased simulator for s,, the logarith-
mic score (18), recall that s = €,/€ = E[h(Y — XB)|Y € D(y)]. Hence, we define

(34) §.=4€, /€,

where €,, = (1/R) E {h(M~ 'Le,) - IT, Q(e;_, )}, and €, =1/R) x
¥, I1,Q{e;_, ,).** From Lemma 1 given above, E€, = €; given the linear form
of the likelihood derivative h(-) function, an exactly analogous importance

¥ 5ce also Borsch-Supan and Hajivassiliou (1993).

2 As discussed in Section 3, employing the same e¢,’s for the numerator and denominator
expressions results in MSS estimators with better statistical properties compared to using indepen-
dent e’s for the numerator and denominator.
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sampling argument as the one uscd in the proof of the lemma establishes that
El,. = {,. Hence, a standard law of large numbers implies that as R — =, the
simulator for the denominator, €, converges to € = E{1{(Y € D(y))}, the proba-
bility of the event Y € D(y), and the simulator for the numecrator, {’BR, con-

verges to €,=E{h(Y)-1(Y e D(y))}. Thus, sy 4 €,/€ =s. See the Monte-
Carlo experiments in Hajivassiliou (1996) for an investigation of the choice of R
for satisfactory performance of this simulator. Moreover, the continuity in & and
the unknown parameters makes estimators based on this simulator extremely
fast. Therefore, one can afford quite high R values, because the necessary time
is approximately lincar in the dimension of Y and is indcpendent of the
magnitude of prob(Y € D(y,)), in sharp contrast to discontinuous simulators.
Thus we see that the SRC simulator breaks a major “curse of dimensionality” of
simulation in this context. A further feature of the simulator that helps explain
its distinctly superior performance when used for estimation compared to
(discontinuous) frequency simulators, is that, unlike the latter, the smooth,
recursive conditioning simulator presented here is bounded away from O and 1.
This is obvious from (33).

For more details on the comparative performance of simulator SRC in
simulating LDV probabilities and derivatives, see, inter alia, Borsch-Supan and
Hajivassiliou (1993), Hajivassiliou (1993), and Hajivassiliou et al. (1996). These
studies confirm a general consensus that has developed in the recent literature
that the SRC simulator is impressively accurate in approximating LDV probabil-
ities and derivatives, especially when taking into account the low computational
effort it involves. A key intuition behind these findings seems to be that the
Cholesky triangularization underlining the SRC method implies an importance-
sampling distribution that, while computationally extremely tractable, providcs
an excellent approximation to the true correlation structure of the unobserv-
ables. This well-documented ability of the SRC simulator to approximate ex-
tremely accurately LDV probabilities with low computational effort is particu-
larly useful in selecting among multiple roots of the score equations in models
where the likelihood function does not have a unique global maximum.

5.2. GRS: An Infinite Algorithm for Generating Truncated Multivariate
Normal Variates Based on Gibbs Resampling

In this section we show that by employing Gibbs resampling techniques
(Geman and Geman (1984)) we can devise another smooth simulation tech-
nique, simulator GRS, which has the correct truncated multivariate density
Y ~ N(X B, £2) conditional on a* < MY < b* asymptotically with the Gibbs re-
sampling rounds, 7. Though the Gibbs-based simulator GRS only guarantees
drawing from the correct multivariate truncated normal distribution as the
number of Gibbs resamplings rises without bound, the Monte-Carlo findings in
Hajivassiliou (1996) suggest that the convergence rate of this method is very
rapid. This finding confirms the result in Section 6 that MSS estimators using
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the Gibbs-resampling-based simulator are consistent and asymptotically normal
provided that number of Gibbs resamplings (or “burn-in”’ cycles) grows faster
than log M. Hence this paper shows for the first time that Gibbs resampling
techniques can be useful for classical inference.

The Gibbs sampler was developed for and has been applied to the problems
of complex, large scale stochastic models, such as image reconstruction, neural
networks and expert systems.”' In these cases, direct specification of a joint
distribution is typically not feasible. Instead, the full set of conditionals is
specified. Consider a J X 1 variate random vector Y and let

(35) [viY_)] G=1,....7),

denote the distribution of the variable Y, conditional on all the random variables
constituting Y excluding Y.

For the purposes of this section, we further assume that the truncation region
(a,b) of the multivariate normal distribution in (28) is compact, which is
equivalent to assuming —= <a <b < +=. This does not entail any loss of
empirical generality, since we can consider large compact rectangles defined, for
example, by the limits of computing machine representation of floating point
numbers. We let B denote the (compact) rectangle [a, &].

Gibbs sampling is a Markovian updating scheme that proceeds as

follows. Given an arbitrary starting set of values Y@, Y™, .. Y, we draw
YD ~ [V, ¥™], then YiD ~ [YLIY D, ¥, | ¥, v ~
[Y;1Y 2, v, v, .Y ™],..., and so on, up to YV ~[Y,|Y ", ..., Y, ] Thus

each variable is “visited” in the “natural” order and a cycle in this scheme
requires J random variate generations. After n. such iterations we would arrive
at Ye) = (Y|{"e), .., Y, ")), Proposition 2 will establish that Y¢) will asymp-
totically have the true joint distribution of Y as n, grows without bound. In our
case, we let Y describe the distribution of Y ~ N(Xg, £2) conditional on
a* <M-Y < b*, and let Y,'"¢’ be a vector drawn according to the Gibbs scheme
after n; resamplings. By (18), the logarithmic score, s, equals the expectation of
h(Y, X, B3, 2) over the distribution of Y. It then follows trivially that
En(Y?e), X, B, £2) converges to s as the number of Gibbs resamplings, 7.,
grows to infinity. Hence, we define simulator GRS by

(YU vy X, 8,0,n,R)=0/R)Y_h(Y ")y, X, B8, 0),

where R is the (finite) number of terminal simulations drawn, and n, the
number of Gibbs resamplings used for each simulation. Though § is unbiased
for the true s only asymptotically with »n,, we prove in Section 6 that the MSS
estimator using simulator GRS is CUAN provided n; rises at a rate at least as
fast as log N. In addition, it will achieve the full efficiency of MLE as R — x at
any rate.

*l The relevance of Gibbs resampling methods to our problem was suggested to us by John
Geweke. McCulloch and Rossi (1994) develop a Bayesian estimator for the MNP model based on
the Gibbs simulator.
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Geman and Geman (1984) establish various convergence results of the Gibbs
resampling scheme under mild regularity conditions for a finite sites and states
problem. Given our interest in the normality case, which is continuous, the
Geman and Geman (1984) results are not directly applicable. We are able,
however, to establish analogous results for the continuous case, by exploiting
results in Orey (1971) about the behavior of general state-space Markov chains.??
Consider a set A with positive Lebesgue measure. The following definitions are
standard (for example, see Orey (1971), Futia (1982)):

DEFINITION 1. A Markov process is uniformly recurrent if the probability of
reaching state A within n. transitions is bounded below by a positive number,
uniformly in the starting point x.

DEFINITION 2: A density f(x) is an invariant of the Markov process if it
describes the distribution of the outcomes of the process irrespective of the
number of transitions.

In the Gibbs sampler application, one transition corresponds to one updating
cycle: start from (Y",...,Y"), draw ¥, from [¥,|Y{", ..., Y], draw ¥, from

[Y |Y1,Y(”) (0’] ., draw Y from [YIY,... K_l,)/;‘f’l,...,i’}(“’],..., draw
Y from {Y IYI,..., B ]] where the Y’s are drawn from the correct univariate

condmonal normal truncated density, as_described 1n the preliminary results
preceding Proposition 1. Specifically, let {Yl); ;] denote the conditional distribu-
tion of Y, conditional on the (J—1)><1 vector excludmg the jth random
variable. Clearly YIY ~ N( TS ” j) conditional on a* < M-Y < b*, where

My =y Q:} LYV mn ) e =(XB),. and X, =Q, -0, -

A O P Then it follows that the truncated multivariate normal distribution
Y conditional on the compact region a* < MY < b* will be an invariant of this
process, since the [YIYI, LY LY, Y @] distributions are by construction
the one- dlmensmnal condmonalq of that joint distribution.

PROPOSITION 2: For compact support B = [a, b], —= <& < b < =, the joint den-
sity of (Y"e), .. Y}("3)) converges in L, norm to the true joint density, n{z —
XB, 2,a,b) at a geometric rate in n.

Proo¥r: Define p(n., x,y) for (x,y) € B to be the density of Y!"¢’ starting
from Y2 =x; this is given constructively by the Gibbs updating scheme we
described. Also by construction, p is continuous on B, p(1,x,y) >0, and
plng, x,y)=[plng —1,x,z)-p(1, z,y)dz > 0 for ng > 1. Since, by assumption,
B is compact, p(1, x, ¥) is bounded positive on B. This implies in turn that the
process is uniformly recurrent, since the probability of never reaching a set A of

2 The reader is also referred to Nummelin (1984), Tierney (1991), and Roberts and Polson
(1994). Our results differ from those in the cited studies in that we establish conditions for geometric
rates of convergence of the Gibbs sampler.
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positive measure in n,; rounds is bounded above by [1 — yu(A)]"¢, from any
starting point, where y is the positive lower bound on p{1, x, y) for (x, y) € B,
and u(A) is the Lebesgue measure of 4. One can verify by substitution that the
truncated multivariate normal with density n(z — X3, £2, &, b) is an invariant of
the Gibbs process. Then, Theorem 7.2 in Orey (1971) implies that the L,
distance || p(ng. Y, y) —n(z — X8, 2,a,b)l| converges to 0 as n, — = at a
geometric rate; in other words, there exists M > 0 and A € (0, 1) such that from
any initial Y, one has [p(n,,¥Y®, y) —n(z - XB, 2,a,b)dy < MX's. Q.E.D.

It should be noted that this result of geometric convergence rate does not
hold for a multivariate distribution with noncompact support. For example,
consider the one-factor model €, = af + u;, i = 1,2, where ¢ and u; are indepen-
dent standard normal variates, and « is a paramecter. In this model, as a — =,
corr(e;, €;) = a*/(a?+ 1) > 1 and the rate of convergence of the Gibbs sam-
pler from an initial density to the limiting density becomes slower and slower.
The convergence problems would be alleviated if €, € [, b] with b and b finite.
Hence, we will proceed with considering only large compact rectangles (for
example, defined by the limits of computing machine representation of floating
point numbers).

It should be noted also that, like simulator SRC above, simulator GRS is by
construction continuous in the distributional parameters, 8, {2, a, M, and b. As
found in Hajivassiliou et al. (1996), it is computationally tractable and the
convergence ratc of the Gibbs resamplings is very fast. Hence, thc MSS-GRS
estimator possesses desirable properties in terms of computational performance.
These findings confirm our result below that consistency and asymptotic normal-
ity of the MSS estimator, based on simulator GRS using a finite number of
terminal simulations, requires that the number of Gibbs resamplings used to
generate each draw rise only faster than log N.

5.3. SAR: Acceptance-Rejection Algorithms for Generating Truncated
Multivariate Normal Variates

We finally present a third simulation method, which generates draws Y,
directly from multivariate normal distributions conditional on linear inequality
regions, based on acceptance-rcjection arguments. Then, a direct simulator of
the score defined by (1/R) X, A(Y, — X 3) will be unbiased for any number of
terminal simulations, R. We are therefore able to prove in Section 6 that the
MSS estimator that uses simulator SAR will be CUAN for any (finite or infinite)
number of simulations.

The idea for this algorithm is based on the following:

ProOPOSITION 3: [n order to generate draws from a density f(z) =c-g(z) -y (2),
where ¢ > 1, g is u convenient density, and s is [0, 1] valued, generate Z from g and
U uniform [0,1]. Accept Z only if U < (Z); otherwise, continue tryving with new
pairs of Z and U. An accepted Z will have density f(z).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LBV MODELS 885

ProorF: For illustrative purposes, we give a proof from first principles. Let ¥
be drawn from g(x) with support D, and & from uniform [0, 1]. Consider the
c.d.f. of the truncated r.v. Y where

(36) YE{; if @ < (x),

not observed otherwise.

The random variable Y describes the distribution of an accepted draw according
to the acceptance-rejection scheme of this theorem. Then,

(37) F,(y) = prob(x < y|x accepted)

=prob(¥ <y,a < (X)) /probli < Yy ()

J¥ . prob{i < ¢ (x))g(x)dx
Jp prob(a < w(xNg(x)dx

Y. w(x)g(x)dx
fpw(x)g(x)dx

— [yx-i—'f(x)dx/fD—Cl—'f(x)dx.

Hence, the p.d.f. of Y is f,(y)=f(y)/[p f(z)dz as required. Note that in this
procedure the expected number of trials before the first acceptance is equal
to ¢. Q.ED.

In our case, let f(z) denote the p.d.f. of the vector Y ~ N(X 3, (2) conditional
on D(y)={a* <M Y < b*}. This density is given by
n(z—Xg,02)
(38) f(2)=1 Joecstzcnn(z—XB, 02)dz

0 otherwise.

if ze D(y),

Hence, the objective will be to devise convenient densities g(z) from which to
draw, satisfying f(z)=c-g(z)-¢(z), with implied large expected acceptance
rates, 1 /c. We propose two such choices of convenient densities g(-):

Acceptance-Rejection Method (a). Consider the independent truncated normal
density

(39) Z~N(XB,A) conditionalon D(y)={aly)<Z <b(y)},

where A is a diagonal positive definite matrix, with diagonal elements A;. This is
a “convenient” density for simulation, with p.d.f. denoted by g(z), because
sequential sampling from it is straightforward using the method discussed in
Section 5 to generate univariate normal truncated random variates, and be-
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cause, given the independence of the elements of Z, the probability of the
conditioning event D(y) is also simple to calculate, since it is equal to

7
(40) prob(Z € D(y)) =probla < Z <b) = [ [ (@b /N1~ Pla, /A 1}
j=1
Hence, the density of Z conditional on D(y) is
41D g(z)=n(z—XB, N /prob(Z € D(y)).
Choose A so that A — 2 is positive definite.” Then A = 2, and
n(z—Xg, 12)

42 — AT/ =y>1.
(42) rnzax n(z—XpB, A) / Y

Draw a variate z according to the g(Z) density and a & from uniform (0, 1), and
accept z if and only if

43 B n(Zz—XpB, ) w5 <1
(43) uSH(E*XB,A)"y:"bZ < 1.

By simple inspection, we then see that we have written f(z) as c¢-g(z)-¢(z),
where g(z) is given in (41), ¢(z) in (43), and the constant ¢ determining the
expected number of draws before the first acceptance is

prob(Z € D(y))

(44) €= prob(Y e D{(y))’

where prob(Z € D(y)) is given by (40). Hence, by Proposition 3, the accepted 2’s
will have density (39) as required. The acceptance rate 1/c¢ can be maximized
given {2 by choosing A suitably.

Acceptance-Rejection Method (b): We have shown that by defining a, b, and L
as in Proposition 1, the density f(z) in (39) can be written over its support as

(45) f(z) =n(z,1)/f n(z, I)dz.

<Lz<b

Draw a vector € using the sequential scheme of Proposition 1, which has the
(convenient) density

J
(46) gle)=nle, D] [T1Q,(e;_ )
j=1

with support
(47) {a<L-e<b}.

3 For example, choose A so that A?> L7_, £2,;, implying that A — {2 has a weakly dominant
positive diagonal.
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Consider a bound B such that B = prob(y* e D(y)=/,_,._,n(z,I)dz and
B =probla <L -e<b)=TI/.,Q/e,_,)** The acceptance-rejection scheme (b)
is then to compare the sequentially drawn é to a uniform (0, 1) variate & and
accept € if and only if

J
(48) i< [10,_/B=y(é)<1.
i=1

Thus, we have written density f(z) in (45) as c¢-g(z}-(z), where (41) gives
g(z), (48) gives ¢/(z), and ¢ = B /prob(y* € D(y)). Therefore, by Proposition 3,
acceptance-rejection method (b) generates accepted €’s with density (45), which
is equivalent to the desired density (38). The method will have an expected
acceptance rate of 1/¢ = prob(y* € D(y))/B, which is larger the closer the
bound is to the true conditioning probability. This bound is tight for positively
correlated elements of y*, and becomes less so for negatively correlated y*’s.
This is confirmed by the Monte-Carlo results in Hajivassiliou (1993) and
Hajivassiliou et al. (1996).

Though this method is not continuous in the parameters of the underlying
distribution, the results in Hajivassiliou (1996) suggest that simulator SAR
exhibits quite satisfactory performance in practice when an optimization method
is used that does not require differentiability of the optimand, such as the
nonlinear simplex algorithm of Nelder and Mead (1964).

Software implementing the simulators and simulation-based estimators dis-
cussed in this paper is publicly available over the Internet through the Web page
http: //econ.Ise.ac.uk / ~ vassilis.

6. ASYMPTOTIC DISTRIBUTION OF MSS-SRC, MSS-GRS, AND MSS-SAR

This paper is concerned with the case of LDV models formed from a vector of
exogenous variables x, a parameter 6, and a standard normal latent vector
v € R™. A finite series of hyperplanes, of the form {v € R™{v-p,(x, 8) = ¢, (x, 8)},
with p, a normal vector of unit length, partition R™ into regions d =1,..., M.
There may also be a linear mapping from v to a continuous vector y that
depends on x, 6 and d: y =a(x, 0,d) + B(x, 8,d)e. Let D(x, 6,d) denote the
set of v that maps into d. Then, the score of observation ¢ from an indepen-
dently, identically distributed sample of size N can be written

(49) s}(0)Y=E,(h(v,0,x;,d;,,yYveD(x,0,d)),

where A is a vector of polynomials in v. As explained in the previous section, to
avoid technical difficulties we assume for the LDV special case (without any
essential loss of empirical generality) that the multivariate normat distribution v
is truncated to a large compact rectangle. We make the regularity assumptions
that the functions p,(x, 8),c,(x, 8),a(x, 8), and B(x, ) are all continuously

* Such a bound can be constructed as the probability of L -z lying in the smallest rectangular
region containing the support {a < L -z < b}, where z ~ N(0, I'). This bound is easy to calculate given
that the region defining it is rectangular and z, is i.i.d. N(0,1).
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differentiable in @, and that these functions and their derivatives are dominated
by a square-integrable function m(x). The simulator §{#0) will be formed by one
of the following methods, corresponding to simulators SRC, GRS, and SAR in
Section 5:

1. (SRC} Simulate the numerator and denominator of
El,(h(u, 8)x17d,'7 yj)'l(U ED(xi’ G’dl))
El(ve D(x,,0,d,)) ’

employing fixed sequences of random generators v. One approach is to use an
unbiased simulator with one or more draws for the numerator and an unbiased
simulator with R, independent draws that is uniformly bounded positive, with
R, /VN — =, for the denominator. (For example, simulators based on (33) and
(34) meet these requirements.) As already explained, an alternative approach
resulting in an MSS estimator with improved statistical properties is to use the
same R, draws for the numerator and denominator again with R, /VN — =.

2. (GRS) Carry out Gibbs resampling as in subsection 5.2 for n, rounds,
employing a fixed sequence of random generators v, with ng/(log N) — =,
Form the simulator by averaging A over a fixed number of terminal draws, R.

3. (SAR) Average h over draws of ¢ from its conditional distribution, where
these draws are obtained by acceptance-rejection methods that employ a fixed
sequence of random generators ¢, as in subsection 5.3.

(G10)) s;.(0)=

We give some general sufficient conditions for assumption (i) of asymptotic
unbiasedness and assumption (ii) of stochastic equicontinuity in Theorem 1 of
Section 4. We show that these sufficient conditions are satisfied in our special
case of LDV models for each of the simulation methods (1)—(3). The hypotheses
‘of Theorem 1 other than (i)} and (ii) are assumed to continue to hold in the
following corollaries.

COROLLARY 1: If the simulation process is unbiased, or if the bias in an
observation is dominated by a positive function independent of 8 whaose expectation
is of order (1 /N ), then the simulation bias converges 1o zero. In our LDV special
case, this result holds for the simulator SAR that is unbiased, and holds for
simulators SRC or GRS with the stated sampling rates.

ProOOF: The result holds trivially for unbiased simulators such as simulator
SAR. When the simulation bias in an observation is dominated by a function
with expectation of order o(1/ VN ), the result follows from Markov’s inequality:

P( sup | By (8)] > e)

8 B

1 N
e Z B

=E VN sup | E5(8) —5(8) /e — 0.
b= &

<
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We denote by E; expectation with respect to the observed data and by E,
expectation with respect to the simulation sequence.
For simulation method SRC, one has

|E5.(0) —s(@)| =1€,,1-|E(1/€,) - 1/¢,]
<€, l-EN/€ —1/€]1<|€,, E|€. —€l/€ k.

where k is a positive lower bound on the simulator of €.

But the dominance conditions and the assumption that the simulator in the
denominator uses R, draws implies that E.E]|€ —¢€,|=#,1/,/Ry), and
R, /VN — = gives the result. For simulation method GRS, one has

=1E (hle e D(y),v~fren) — E (hlv € D(y,),v ~ )
< M'llf"on — fll < Me™*"oxn,

where f7¢v denotes the distribution of the Gibbs sampler after n;_rounds, f
denotes the true distribution of the latent variable, M’, M, and A are positive
constants, and f-il is the L, norm. The first inequality follows from the
compactness of the support of v, the second from Proposition 2 which states
that when the support is compact, || f"~ — f1| converges to zero at a geometric
rate. Then, taking ng > (log N)/2A yields the result. Q.ED.

To obtain a sufficient condition for stochastic equicontinuity, we employ a
theorem of Ossiander (1987) that extends results of Dudley (1978). Some
preliminary definitions and assumptions are necessary. Let (H,V, u) denote a
probability space, @ a compact subset of R*, and £(v, ) a measurable function
on H X @. Assume that ¢ is dominated by a square-integrable function » on H.
Assume that E£(V, 6) =0, and let o = Ev(V')?. Consider a sequence of nested
partitions of @ into N, regions, for j =1,2,... . Let ®, be a finite set containing
onec point from each region of partition j, and define 81(6) to be the mapping
from & to the point in @, that is in the same partition region. Define

1,2
(51) 8= max|E* sup &V, 00—V, 0} |

6< 6; {8'16=0,(8"%

where E™ denotes outer expectation. Then, §; is a measure of the accuracy with
which ¢ can be approximated above and below by region-wise constant func-
tions. Assume 5, — 0. Let v; for i = 1,2,... denote independent realizations of
V, and form £,(8)=(1/VN)LN  &(v, 0). Ossiander (1987) establishes that
£,y (8) is stochastically equicontinuous, provided an integral measuring the rate
at which N, increases as 6, falls, is finite; an upper bound on this integral is
(52) [log N.1V2(8, — 8, ) < +=<.
J=2
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We next introduce a regularity condition on simulators that is sufficient to
satisfy (52). The simulator §,(8) is probably Lipschitz on © if there exists §,> 0
and an integrable function m; > 1 with a finite third moment such that |5,(0) <
m; and for 0 <8<, and almost all 8§ € O, there exists a probability Q,;(8)
satisfying Q,;(8) <m;é and the condition that |5(8') — 5.(8)| < m,-|8’ — @] for
6" — 81 < 8 with probability at least 1 — Q,,(#). This condition allows the
simulator to have discontinuities, but requires that the probability of a disconti-
nuity within a small neighborhood of most 8 be small, and that the simulator be
moderately smooth except at discontinuities. A continuously differentiable simu-
lator will clearly satisfy the condition.

COROLLARY 2: Assume that the simulator 5(8) is probably Lipschitz on ©.
Then, the simulation residual process is stochastically equicontinuous. In the LDV
special case, simulators SRC and GRS are continuously differentiable, while simula-
tor SAR is probably Lipschitz, so that stochastic equicontinuity holds for all of the
simulators.

PROOF: Without loss of generality, assume @ <[0,1]%. For any integer j,
partition this cube into 2%/ small cubes with sides of length 27/, Let @, be a set
containing one point selected from each cube that intersects ©®. These points
can be selected so that Q;(8) < K8” for § € O,. Define 6,(8) to be the mapping
from 6 into the point in @; that is in the same region of the partition; then
16— 0(0) <27/ =8 <1

Define the function

m, B; if 5, is Lipschitz on the cube containing 6,(6),

B.(8) =
() {me otherwise,

and note that this function is regionwise constant on partition j. Using the
Lipschitz hypothesis, one has [§5,(8) — §,(8,(6)) < B; (6). Also, for j large enough
so that B; < 3§,

EB,(0) < E{(1-04(6,(8))m?B2 +Q, (6,(6))2m? )

8.2

<E{mip?+2m}pB} <3B,Emi=3

Define 8J-2 =2E.m; for B; = 8,. Then,
Y [log N1V2(8, ., — §))
Jj=2
= Y [Kjlog2]V?(27U~" —27)-3E,m} < +=.
j=2

Then, the condition for the Ossiander result holds, and stochastic equicontinuity
follows.
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Consider the special case of LDV models. The simulators SRC and GRS are
continuously differentiable on @, so they are Lipschitz with probability one, and
the result follows.

Now consider simulator SAR. Given a fixed sequence of random generators v,
for r=1,2,..., the acceptance-rejection procedure can be described as one in
which trials are rejected until the criterion v, € D(x,, 8,d,) is met, then 5,(8) =
h(v,, 8, x;,d;, y;) for the accepted v,. Given 8 € @ and 6> 0, let N;(8) denote a
S-neighborhood of 8. Let Rs(x;, 8,d,) denote the probability that a trial will
lead to rejection for all @' € N;(€), equal to the integral of the truncated
standard normal density over the intersection of D(x,, 8',d,)° for #' in the
neighborhood. Let A4(x;, 6,d,) denote the probability that a trial will lead to
acceptance for all 6’ € N;(#), equal to the integral of the truncated standard
normal density over the intersection of D(x;, 8',d;) for 8’ in the neighborhood.
The probability of acceptance on the same trial for all 6’ € Ny(8) is then
A(x;,0,d)/(1 —Rs(x,, 6,dD).

Suppose that p,(x, 8) v <c,(x,0) for k=1,..., K defines the set D(x, 8, d).
The compactness of the support of v, the continuous differentiability of p, and
¢ in A, and the dominance assumption, imply by Taylor’s expansions that

| pe(x, 00 -v—p(x,0) vl <m(x)l6" — 8l <m(x)-8,
le(x,8’) —c(x, )| <m(x)-18" — 8l <m(x)-d.

Then,
Ag(x,0,d)
=P({U| sup B(GJ(pk(x,8’)-u—ck(x,8'))50,k=1,...,K>)
0’ €N (8)
>P{vlp(x,8) v—c(x,8)< —2m(x)-8,k=1,...,K}).
Similarly,
Ry(x,0,d)
=P({u| inf 5(9)(pk(x,9')-v—ck(x,6"))>0,k=1,...,K})
0’ e Ny (8)
=P{vlp(x,0)-v—c(x,0)>2m(x) 8, k=1,...,K}),
and

Rs(x,0,d)y<P{v|p,(x,8) v —c,(x,8)>0,k=1,...,K}).
Then, the probability that the simulator has a discontinuity in N;(8) satisfies
Q:5(8)=1—-As(x,,6,d,) /(1 —Rs(x;,0.d,))
Pluip(x,0)v—cx,Ol<2m(x)-8,k=1,...,K})
Pvlp(x,8)v—c(x,8)<0,k=1,...,K})

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



892 V. HAJIVASSILIOU AND D. MCFADDEN

But p, (x, 8) v is standard normal, implying

Q!S(O)

K [Pl (x,,0)+2m(x)8) — P(c, (x,,0) —-2m(x,) 8)]
5., @(c (x,,6)) ’

The denominator of this ratio is bounded positive, and the numerator is
bounded by 4Km(x,;}8. This fact, together with the observation that the simula-
tor is continuously differentiable, with a dominated derivative, when it does
not have a discontinuity on N;(#), establishes that the simulator is probably
Lipschitz. This argument is unchanged if the direction of some of the inequali-
ties defining the sets D(x,, 6,d,) is reversed. Therefore, the corollary is proved
for all cases of simulator SAR. Q.E.D.

The performance in practice of the three MSS estimators discussed here is
compared through extensive Monte-Carlo experiments in Hajivassiliou (1996).
In addition, Hajivassiliou (1997) develops (i) tests of the adequacy of particular
values of R for MSS-SRC and of R and n, for MSS-GRS in relation to the
sample size N; and (ii) diagnostics for model specification in LDV models based
on MSS estimators.

7. AN ILLUSTRATIVE EXAMPLE OF ALTERNATIVE SIMULATION
ESTIMATION METHODS

To illustrate the method of simulated scores and contrast it to other simula-
tion estimation methods that have been proposed in the literature, consider the
simple binary probit model for an independent cross-section of individuals,
i=1,..., N, for which classical estimation is, of course, computationally very
straightforward:

(53) yviE=x/B+¢€, €~N(,1),
yi=1,d,=1, ify*>0 (y,=2d,—1),
vi=—1,d;,=0, if y* <0.
Define
(54) In€,=In®(y,-x, B),
(55 In€,=d, n®(x;B)+ (1A ~d) In(1—- ®(x;B)),
and

. d)(yi.x:' B)

(56) $; = eiﬁ/ei =X m i

=x,-E(ely* € D(y,)),
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| $(x; ) |
Lp(x, B — @(x;B))
=w,(0)-1d, — P(x} )]

(57) §; =X [dl_qj(xl,ﬁ)]

In this case, 6= 3. Then maximum likelihood estimator solves the first order
conditions L,,(8)=(1/N)YTX | 5,(6)= 0. Equation (57) for the score of obser-
vation { highlights a method-of-moments interpretation of maximum likelihood
estimation when the optimal instruments w/(6), defined in (57), are used.
Focusing on the conditional expectation expressions in equation (56) corre-
sponds to the method of scoring. It should be noted that the basic consistency
requirement that E(s,(y,; 6*)x,) = 0, is satisfied in both cases; in equation (56)
it is satisfied because P(y,|0* x))= @®(y,-x.0*) and in equation (57) because
E(d,|0*, x,)= ®(x,;0*), where 8* denotes the true parameter value.

The original method of simulated moments (McFadden (1989) and Pakes and
Pollard (1989)) proposed substituting an unbiased simulator, @(x) 8), for ®(x, 8)
and exploiting the linearity of the score expression (57) in (d; — @(-)). For high
efficiency this method requires that consistent estimators for the optimal instru-
ments, w,(6*), be used. The method of simulated scores we discuss in this paper
simulates instead cither directly (using simulators SAR or GRS) the expression
E(e* |y € D(y;)) or indirectly the components of the ratio E(e*iy* € D(y,) =
Jp (o€ /30)/ [, €F (using simulator SRC). This fact implies that the optimal
instruments are now available automatically in the form of x, To see the
relation of MSS to MLE, recall that x;- E(e*|y* € D(y) =x,-[#(y,-x' B)/D(y,
x; B)] =s,(y;, B:; x;). The Lerman and Manski (1981) method uses unbiased and
consistent frequency simulators of @{(x’ 8) directly in the likelihood function
(54);* van Praag and Hop (1987) use independent simulations of the numerator
and denominator expressions in (56), as in (20).

Hajivassiliou {1996) contrasts the method of simulated scores to the other
simulation estimation methods available in the literature via Monte-Carlo. The
results there support the following conclusions: first, the choice of instrument
functions in the methods that simulate generalized moment conditions can be
critical, as we argued above. Employing the ideal instrument function w(:) in
(57) (which of course in more realistic cases is intractable to calculate) yields
considerable mean-square-error advantages over the simpler choice x;, which
choice also satisfics the theoretical requirements for consistency and asymptotic
normality. Second, the simulated MLE method of Lerman and Manski (1981)
offers satisfactory performance only when the number of simulations employed
is large, if frequency simulators are used. This number grows faster than linearly
with the complexity of the LDV model under analysis. As theory suggests, the
Lerman and Manski method is improved significantly by maintaining the same
set of underlying random variates while iterating the optimization algorithm to
convergence. Third, the method that simulated separately the denominator of

# A similar method has been proposed by Laroque and Salanié (1989} to tackle the numerical
integration problems in multimarket disequilibrium problems.
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the scores by frequency methods performed unsatisfactorily, and it was easily
dominated by all the other methods tried, primarily because frequency simula-
tors are not bounded away from 0 and 1. Before barely satisfactory performance
was achieved, a huge number of simulations for the denominator expressions
had to be employed. These problems were significantly alleviated once a smooth
simulator, bounded away from 0, like simulator SRC of Section 5, was used for
the denominator expression. Finally, in all the cases investigated, the method of
simulated scores based on simulator SRC performed impressively; it approached
the (optimal) performance of MLE with even ten simulations per dimension of
the underlying latent variable vector. Moreover, the method was found to be
numerically stable, which was to be expected given its continuity in the underly-
ing parameters.

8. CONCLUSION

In this paper we presented the method of simulated scores (MSS), established
its asymptotic properties, and developed three simulators to use for the likeli-
hood scores. In contrast to many simulation estimation methods proposed in the
literature, the MSS estimators based on simulators SRC and GRS are continu-
ous in the unknown parameter vectors and hence standard optimization meth-
ods can be employed. Furthermore, we showed that the MSS estimator based on
simulator SRC is CUAN when the number of simulations used rises as the
square root of the number of observations available, while use of simulator SAR
guarantees that MSS will be CUAN for a finite number of simulations. Finally,
using simulator GRS for MSS estimation with a finite number of simulations
requires instead that the number of Gibbs resamplings used for each simulation
rise only as the logarithm of the number of observations. Our MSS estimator
based on Gibbs sampling shows for the first time that Monte-Carlo Markov-
Chain techniques can be useful for not only Bayesian but also classical infer-
ence.

We conclude that simulation estimation techniques make feasible economet-
ric analyses of limited dependent variables models with theoretically more
appropriate correlation structures.

Dept. of Economics, London School of Economics, Houghton St., London,
WC2A 2AFE, England; vassilis@!lse.ac.uk; http: // econ.lse.ac.uk / ~ vassilis
and
.Dept. of Economics, University of California at Berkeley, 787 Evans Hall,
Berkeley, CA 94720, U.S.A.; mcfadden@econ.berkeley.edu; http: // elsa.berkeley.
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