The Estimation of Parameter Curves forLocally Stationary ProcessesRainer Dahlhaus Universit�t Heidelberg19,1

ExampleOBSERVATIONSX1, � , XTMODELXt = g(t)Xt—1 + et, g(t) = a + bt + ct2 + dt3 reasonable asymptotics— model selection— model misspecification19,2

Reasonable Asymptotics(

t

T

) Xt—1,T + e

t = 1, � , T(g is now rescaled).

triangular array of observations g constant fi Xt,T independent of T

T fi ¥ does not mean looking into the future but: theory of prediction is still possibleNOTATIONt regular timeu = t/T rescaled time u

DEFINITION is called locally stationary with mean function m(u) andtransfer function A(u,l)

iffXt,T˚=˚m

( tT)

+exp(ilt) A

( tT ,λ )

f(u,l): = |A(u,l)|2 is called time-frequency spectrum(definition simplified).EXAMPLE

Xt,T˚˚=˚˚a

( tT)

Xt—1,T +

( tT)

eAR(1)

Xt,T˚˚=˚˚b

( tT)

et + c

( tT)

et—1MA(1)

Xt,T˚˚=˚˚m

( tT)

+ et (nonparametric regression)

( tT)

+

( tT)

Y, Y stationary

EXAMPLES

– a_jΣ_{j =0}^p tT X_{t – j,T} = σ tT ε_t, ε_t iid

(time varying autoregression)

THEORETICALCOVARIANCEc(u,k):=�f(u,l) exp (i l k) d

= � A (u,l)2 exp (i l k) d

PROPERTYIfc* (u,k): = cov (X[uT-k/2], X[uT+k/2] then| c(u,k) - c*(u,k) | = O (T-1

EXAMPLE(E X

= 0)cT(u,k):=

1 bTT K (u – t/Tb^T )

∑^t

Xt,T X t + k , T . BIAS(cT(u,k))˚=˚

a K (a) da

¶u) c(u,k)] + o(

) .CONSEQUENCE

Influence of Nonstationarity can be quantifiedfi optimal bT , KEQUIVALENT ESTIMATES

ordinary covariance estimate on segment of length N

(corresponds to above estimate with rectangular tapered covariance estimate on segment of length N

(corresponds to K(x) = h(x) and b

= N/T)

MODELX t , T ˚=˚a

Xt—1,T + eLOCAL YULE-WALKER EQUATIONScov (Xt,T, Xt—1,T)˚=˚a

cov (Xt—1,T, Xt—1,T

LOCAL AR-ESTIMATE

˚=c̊with c(u,k) as aboveBIAS and VARIANCEE

(u) — a(u)

˚=˚c + c2

(constants can bevar (

(u))˚=˚c3 explicitly calculated)MEAN (INTEGRATED) SQUARED ERRORminimize E with respect to b and Kfi˚b opt=˚c(a(u))

1/5opt(x)˚=˚�

˚MSE, MISE˚=˚const. T—4/5 (with L. Giraitis)

EstimationofCurvesSPECTRALREPRESENTATION

X^{t,T} = μ tT + exp (iλ t) A tT,λ d ξ (λ )

with A (u, λ

) =

A^{a (u)}_* λ

GOALestimate q(u) = (m(u),a(u))EXAMPLES

X^{t,T} = μ tT + σ tT ε^t

X^{t,T} = b tT ε^t+ c tT ε^{t – 1}

X^{t,T} = a tT X^{t – 1,T} + ε^t

STATIONARY METHODEstimate q(u) by choosing a small segment around u andproceed as if the process were stationary on that segment withparameter

(u) (i.e. apply a classical method).

a (u) = aq(u) (e. g. polynomials in u).QUASI-LIKELIHOOD (Whittle-type)LT (q) =

1 M 1 4πΣ^{j = 1}_M { log f^θ(u^{j,}λ )_{+ IN(uj,λ )}^{fθ(uj,λ )}_{} dλ}

θ^T

= argmin

(q)THEOREM

θ^T

is asympt. normal and efficient.

TRUEDATAT˚=˚128X t , T ˚ = ˚ a 1

Xt—1,T + a2

Xt — 2 , T ˚ + et et ~ N

(0,1)

(u)˚=˚1.8 cos (1.5 — cos 4pu)a2(u)˚=˚— 0.81roots:

exp [– i (1.5 — cos 4pu)

aj Xt—j,T +

aj (u)˚=

AIC (p; K1, � , Kp)˚=˚log

+ 2 (p + 1 +

Kj) / T

K0.9290.8880.6690.6850.6730.689

0.9290.9010.6780.6940.6820.698

0.9160.8880.6940.7090.6970.712Table 1. Values of AIC for p = 2 and different polynomial orders

IDEA

Consider the model as an approximation to the true unknown process estimate the best approximation (here: in the sense of the Kullback-Leibler distance), i.e. estimate q0

estimate goodness of fit, i.e. estimate L

θTMLE

NONSTATIONARY INFORMATION CRITERION (AIC -type)NIC : =˚

L_T θ_T^{MLE}

) +

p T p = dimension of parameter spaceNIC : =

L_T θ_T^{QE} p T

(= AIC for stationary processes).ADVANTAGES can select between stationary and nonstationary models can select between deterministic trends and "long range dependence" (in the sence of e.g. an AR - root close to the unit circle).

LOCAL LIKELIHOODL θ

= ˚

log 4π2fθ tT,λ +

I T tT,λ fθ tT,λ dλ –π π

T θ, tT where

I(u,l)˚=˚

[uT+k/2]

[uT—k/2] exp(i

(local periodogram)(

I was introduced for spectral estimation by Neumann and vonSachs, 1997).

A LOCAL LIKELIHOOD APPROXIMATION

θTL = arg min θ L_T^L θ

THEOREM (i)

˚q (ii) — q0)˚˚

˚N (0, V—1

(iii)If the model is correct, then is as. efficient (LAM).

MODELXt,T

˚=˚m(

)˚+˚e , e GaussianPARAMETRIC FIT m(u)˚=˚mq(u)q̊=årg minXt,T˚—˚mKERNEL ESTIMATE(u)˚=b̊Targ mint/T (Xt,T — m)LOCAL LINEAR FITm(u)b(u)˚=bTarg minm,bt/T(Xt,T — m — b( — m)ORTHOGONAL SERIES (WAVELETS)a˚= arg min(Xt,Tåy))+ shrinkage ofa

MODELXt,T˚=˚m

)˚+ � exp (ilt) A

, l)dx(l

PARAMETRIC FIT A = Aq, m = m q̊=årg min

T(q,KERNEL ESTIMATEA(u,l) = Aq(u)(l), m(u) = q1(u)

(u)˚=˚ bTarg min

Ku — t/T

T(q,LOCAL LINEAR FIT

q(0)(u) q(1)(u)˚=˚

T(q(0) + q(1)

— u)ORTHOGONAL SERIES (WAVELETS)

˚=årg min ay),+ shrinkage of

REFERENCESDahlhaus, R. (1997a) Fitting time series models to nonstationary processes. Ann. Statist. 25, 1-37.Dahlhaus, R. (1997b) The Analysis of Nonstationary Time Series and Curve Estimation with Locally Stationary Models. Lecture Notes. Academia Sinica, Taiwan. Dahlhaus, R. (1996) Asymptotic statistical inference for non-stationary processes with evolutionary spectra. In: Athens Conference on Applied Probability and Time Series, vol. II (eds. P.M. Robinson and M. Rosenblatt). Springer Lecture

Dahlhaus, R. and Giraitis, L. (1997) On the optimal segment length for parameter estimates for locally stationary time-series. J. Time Ser. Analysis, to appear.Dahlhaus, R., Neumann, M. and v. Sachs, R. (1997) Nonlinear wavelet estimation of time-varying processes. Bernoulli, to appear.Neumann, M.H. und von Sachs, R. (1997) Wavelet thresholding in anisotropic function classes and application to adaptive estimation of evolutionary spectra.

25, 38-76

K�nsch, H.R. (1995) A note on causal solutions for locally stationary AR-processes. ETH Z�rich.