Vhfr qg Rughu Sur s huwlhv r i J hqhudol}hg Lp s xovh Uhvs r qvh I xqfwlr qv^±

Vlp rq P 1Srwwhu^∨

Mxo| 4<<; +Suholp lqdu| 2Lqfrp sohwh,

WLz r xog olnh wr wkdqn wkuhh dqrq| p rxv uhihuhhv/ Sdwulfn Dvhd/ Mr h Rvwur| dqg Eloo] dp h iru khos ixovxj j hvwlrqv dqg frp p hqwv1 Uhvhdufk vxs s ruwhg lq sduwe| wkh QdwlrqdoVflhqfh dqg wkh Dfdghp lf Vhqdwh XF OD1 ∨Uhvhdufk dqg P dunhwv Dqdo| vlv J ur xs/ I hghudo Uhvhuyh Edqn r i Qhz \ run/ 66 Olehuw| Vw/ Qhz \ run/ Q\ 43378033341 hp dlo= vlp rq1s r wwhuCq| 1iue1r uj 4

4 LQWURGXF WLRQ

Lq wkh odvwihz | hduv wkhuh kdv ehhq d j urz lqj lqwhuhvwlq wkh xvh ri qrqolqhdu p rghov wr ghvfuleh hfrqrp lf wlp h vhulhv1 Vrp h ri wkh vwdqgdug wrrov ri dqdo| vlv ri olqhdu wlp h vhulhv p rghov kdyh ehhq h{whqghg wr qrqolqhdu p rghovvxfk dv wkh lp sxovh uhvsrqvh ixqfwlrq +vhh J doodqw/ Urvvl dqg Wdxfkhq/ 4<<6,1 Wklv doorz v uhvhdufkhuvwr h{dp lqh dv| p p hwulf uhvsrqvhvwr vkrfnvghshqglqj rq wkh vwdwh ri wkh v| vwhp dqg wkh vl}h dqg vlj q ri wkh vkrfn lwvhoi1 Krz hyhu/ wkhuh lv vrp h dp elj xlw| dv wr krz wr surylgh p hdvxuhv ri shuvlvwhqfh_± wkdwdyhudj h dfurvv wkh h�hfwri vkrfnv dqg wkh vwdwh ri wkh v| vwhp 1 Rqh ri wkh p dlq frqwulexwlrqv ri wklv sdshu lv wr vkrz wkdwvxfk dyhudj h surshuwlhvfdq eh irxqg gluhfwo| iurp wkh dxwrfryduldqfh ixqfwlrq ri wkh wlp h vhulhvlwvhoi z lwkrxwkdylqj wr frqvlghu wkh qrqolqhdu vwuxfwxuh gluhfwo| 1

Lq wkh vwdwlvwlfv olwhudwxuh/ Sulhvwoh| +4<; ; , kdv ghyhorshg d j hqhudol}hg wudqvihu ixqfwlrq dqdo| vlv ri qrqolqhduwlp h vhulhvlq wkh iuht xhqf| grp dlq1 Kh qrwhvwkdwwkhuh lvd cqrq0xqlt xhqhvv*surshuw| wr wkh j hqhudo0 l}hg wudqvihu ixqfwlrq ri qrqolqhdu wlp h vhulhv1 Wklv vwdqgv lq frqwudvwwr wkh xqlt xhqhvv ri j hqhudol}hg wudqvihu ixqfwlrqv ri olqhdu wlp h vhulhv dqg wkh xqlt xhqhvv ri wudqvihu ixqfwlrqv gh�qhg e| wkh dxwrfryduldqfh ixqfwlrq ri d wlp h vhulhv +olqhdu ru qrqolqhdu,1 Wklv cqrq0xqlt xhqhvv*lv fdxvhg e| wkh vkrfn dqg vwdwh ghshqghqfh ri wkh h�hfwri vkrfnv rq d qrqolqhdu wlp h vhulhv1

Wklv sdshu xvhv d j hqhudol}hg lp sxovh uhvsrqvh ixqfwlrq +J Lkhuhdiwhu, lq wkh wlp h grp dlq wr ixuwkhu looxp lqdwh wklvcqrq0xqlt xhqhvv*surshuw| 1 Wkh J Llvrulj lqdoo| ghyhorshg e| Srwwhu+4<<8, iruwkh xqlyduldwh wlp h vhulhv fdvh dqg Nrrs/ Shvdudq dqg Srwwhu +4<<9, lq wkh p xowlsoh wlp h vhulhv fdvh1_♣ Lq Srwwhu +4<<8, wkh J Llv gh�qhg wr eh d udqgrp yduldeoh j lyhq e| wkh gl�huhqfh ehwz hhq wkh frqglwlrqdoh{shfwdwlrq ri wkh wlp h vhulhv dwwlp h wdqg wkh frqglwlrqdoh{shfwlrq ri wkh wlp h vhulhv dwwlp h w∗ 4/Vlqfh wkh J Llv gh�qhg gluhfwo| rq wkh xqghuo| lqj suredelolw| vsdfh ri wkh wlp h vhulhv/ qrqolqhduwlp h vhulhvgr kdyh xqlt xh clp sxovh uhvsrqvh ixqfwlrqv* lq d vxlwdeo| gh�qhg vsdfh ri udqgrp yduldeohv1

Lq wkh suhylrxvz run rqo| wkh z hdn uhvwulfwlrq ri lqwhj udelolw| z dvsodfhg rq wkh wlp h vhulhvwr gh�qh wkh

J L1E| wkh xvh ri vwrfkdvwlf grp lqdqfh frqfhswv lwz dvvkrz q krz wr surylgh p hdvxuhv ri shuvlvwhqfh1 Krz hyhu/ wkhvh p hdvxuhv z huh qrwfrp sohwh ehfdxvh ri wkh sduwldorughulqj surgxfhg e| vwrfkdvwlf grp lqdqfh1 Lq wklv sdshu Lh{dp lqh wlp h vhulhv z lwk wkh wlj kwhu uhvwulfwlrq wkdwwkhlu J Lolh lq d vsdfh z khuh doolq�qlwh vht xhqfhv ri vt xduh lqwhj udeoh udqgrp yduldeohv duh vt xduh vxp p deoh1 Wklv uhvwulfwlrq gh�qhv d KloehuwVsdfh iru wkh vht xhqfh ri J L1 Lq frqwudvw/ wkh olqhdu lp sxovh uhvsrqvh ixqfwlrqv2wudqvihu ixqfwlrqv +ghulyhg iurp wkh Z rog

Uhsuhvhqwdwlrq, ri erwk olqhdu dqg qrqolqhdu fryduldqfh vwdwlrqdu| wlp h vhulhv duh lq wkh Kloehuwvsdfh ri vt xduh vxp p deoh vht xhqfhv1 Lwlvvkrz q wkdwfryduldqfh vwdwlrqdulw| frp elqhg z lwk dq dvvxp swlrq ri vwulfwvwdwlrqdulw| lv vx! flhqwiru wlp h vhulhv wr kdyh J Lwkdwduh vt xduh lqwhj udeoh dqg vt xduh vxp p deoh1

Rqh fdq cp ds*wkh J Llqwr wkh vsdfh ri dxwrfryduldqfh ixqfwlrqv xvlqj dq h{shfwdwlrqv rshudwru frqgl0 wlrqhg rq sdvwydoxhv ri wkh wlp h vhulhv1 Wklv hvwdeolvkhv wkdwwkh g| qdp lf uhvsrqvhv frqwdlqhg lq rqh qrqolqhdu wlp hvhulhvp rghofdq ehlqwhusuhwhg dvwkhg| qdp lf uhvsrqvhvri p dq| gl�huhqwolqhduwlp hvhulhvp rghov1I xuwkhu/ lwlv hvwdeolvkhg wkdwwkh dyhudj h ri wkh dxwrfryduldqfh ixqfwlrqv surgxfhg lq wklv p dqqhu lv wkh dxwrfryduldqfh ixqfwlrq ri wkh wlp h vhulhv1Khqfh/ fhuwdlq dyhudj h ihdwxuhvri wkh g| qdp lfvri qrqolqhduwlp h vhulhvp rghovfdq eh rewdlqhg gluhfwo| iurp wkhlu dxwrfryduldqfh ixqfwlrqv1Lq sduwlfxodu dwwhqwlrq lv sodfhg rq wkh idp lo| ri vshfwudo ghqvlw| ixqfwlrqv rewdlqhg iurp wkh dxwrfryduldqfh ixqfwlrqv j hqhudwhg e| wkh J L1Wklv doorz v rqh wr p hdvxuh krz qrqolqhdulw| ydulhv dfurvv wkh iuht xhqf| grp dlq dqg j lyhv d p hdvxuh ri wkh wrwdoqrqolqhdulw| lq wkh wlp h vhulhv1 1

Wkh rxwolqh ri wkh uhvwri wkh sdshu lv dv iroorz v1 Vhfwlrq 5 j lyhv wkh gh�qlwlrq ri wkh J L1Vhfwlrq 6 frqvwuxfwvd Kloehuwvsdfh iruwkh J Ldqg ghyhorsvd p dsslqj lqwr wkh vsdfh ri dxwrfryduldqfh ixqfwlrqv1 Vhfwlrq

7 frqvwuxfwv d p hdvxuh ri qrqolqhdulw| lq wkh iuht xhqf| grp dlq dqg j lyhv dq ryhudoo p hdvxuh ri qrqolqhdulw| lq d wlp h vhulhv1 Vhfwlrq 8 frqwdlqv dq h{dp soh ri wkh xvh ri wkh vhfrqg rughu surshuwlhv ri J Lwr dqdo| }h wkh ehkdylru ri d qrqolqhdu p rylqj dyhudj h1 Vhfwlrq 9 glvfxvvhv vrp h frp sxwdwlrqdowhfkqlt xhv1 Vhfwlrq : dssolhv

WShuvlvwhqfh lv wr eh lqwhusuhwhg dv wkh vl}h ri wkh uhvs rqvh dwd sduwlfxodu krul}r q1

∨J doodqw/ Urvvl dqg Wdxfkhq +4<<6, xvh d gl�huhqwgh�qlwlr q wkdwlv qr wdp hqdeoh wr wkh dqdo| vlv suhvhqwhg lq wklv sds hu1

4

wkh whfkqlt xhv wr Kdp lowrq*v +4<; <, dqg Srwwhu*v +4<<8, p rghov ri XV J QS1 Dq dsshqgl{ frqwdlqv surriv ri uhvxowv lq wkh p dlq wh{w1 Qr wdwlr q dqg F r qyhqwlr qv

Wkurxj krxwwkh sdshuwkh frqyhqwlrq z looeh p dlqwdlqhg wkdworz hufdvh ohwwhuvuhihuwr d uhdol}dwlrq ri d udqgrp yduldeoh dqg xsshufdvh ohwwhuv wr wkh udqgrp yduldeoh1 Wkh wlp h vhulhv/ ⟩♮_w|/ h{dp lqhg duh doodvvxp hg wr eh gh�qhg rq wkh suredelolw| vsdfh +fl>I >S,/Lq rughuwr foduli| wkh qrwdwlrq z lwk uhvshfwwr wkh h{shfwdwlrqv rshudwru wkh grxeoh edu frqyhqwlrq ri Eloolqj voh| +4<; 9, z looeh xvhg1 Wkxv/ H^♮_w

. q ⇕⇕J ‘ z loop hdq wkh udqgrp yduldeoh fdoohg wkh frqglwlrqdoh{shfwhg ydoxh ri ♮_{w. q} j lyhq wkdwJ lv d ϕ∗ �hog lq I 1 H^♮_{w. q} ⇕J ‘ z loovlj qli| wkh suhglfwhg ydoxh ri ♮_{w. q} j lyhq wkh uhdol}hg lqirup dwlrq lq J 1 Ehorz z h z looeh frqfhuqhg z lwk wlp h vhulhv dqg wkh vht xhqfh ri lqfuhdvlqj Eruhoϕ∗ �hogv/ I_w@ϕ+///>♮_{∗ 4}>♮_3>♮_4>///>♮_w,/ Wkh frqyhqwlrq z looeh p dlqwdlqhg wkdwȷ^w+ϖ, lghqwl�hv dq lqglylgxdouhdol}dwlrq ri +ȷ_w>///>ȷ_4>ȷ_3>ȷ_{∗ 4}>///,1 L uhvwulfwdwwhqwlrq wr wkh fdvh ri vwulfwo| vwdwlrqdu| wlp h vhulhv z lwk wkh h{fhswlrq wkdwqrqvwdwlrqdulw| gxh wr ghwhup lqlvwlf frp srqhqwv z looeh gluhfwo| doorz hg iru1

5 J HQHUDOL] HG LP SXOVH UHVSRQVH I XQF WLRQV

Lqwxlwlyho| wkhJ Llvwkhgl�huhqfhehwz hhq wz r frqglwlrqdoh{shfwdwlrqvz khuhwkhfrqglwlrqlqj lqirup dwlrq gl�huv e| rqh shulrg1 Lq rughu wr irup doo| gh�qh wkh J Lwkh iroorz lqj dgdswlrq ri d wkhruhp iurp Eloolqj voh| +4<; 9, lv xvhixo1 Wkhr uhp 6616= Eloolqj voh| +4<; 9,

Li ♮_w lv d udqgrp yduldeoh rq +fl>I >S, dqg I_w lv d vhtxhqfh ri ϕ∗ fflhogv lq I 1 Wkhq wkhuh h{lvwv d vhtxhqfh ri ixqfwlrqv π_q +w>K>ϖ, ghfflqhg iru K lq wkh EruhoVhwv ri wkh olqh E+U,/ dqg ϖ lq fl zlwk wkhvh wz r surshuwlhv=

41 I ru hdfk ϖ lq fl π_q +w>K>ϖ, lv/ dv d ixqfwlrq ri K/ d suredelolw| p hdvxuh rq U1

51 I ru hdfk K lq E+U,>π_q +w>K>ϖ, lv/ dv d ixqfwlrq ri ϖ/ d yhuvlrq ri S^♮_{w. q} ▽ K⇕⇕I_w‘_ϖ 1

Xvlqj wklv uhvxowrqh fdq gh�qh wkh J Le| = J L_q +w>ϖ, @ ⊎ ȷ π_q +w>gȷ >ϖ, ∗ ⊎ ȷ π_{q. 4}+w∗ 4>gȷ >ϖ,/ Wkh surshuwlhv ri wkh udqgrp yduldeoh J L_q fdq eh xvhg wr surylgh p hdvxuhv ri wkh cglvwdqfh* ehwz hhq wkh frqglwlrqdoglvwulexwlrqv/ π_q +w>K>ϖ, dqg π_{q. 4}+w∗ 4>K>ϖ, iru d z lgh fodvv ri wlp h vhulhv1 Lwlv dovr srvvleoh wr dqdo| }hydulrxvlqirup dwlrq wkhruhwlf p hdvxuhvri wkhglvwdqfhehwz hhq wkhwz r glvwulexwlrq ixqfwlrqvdvghvfulehg lq Wrqj +4<<8,1

Wkh lqwhj udori J L_q dj dlqvwwkh xqghuo| lqj suredelolw| p hdvxuh= ⊎ J L_q +w>ϖ,gS> z loo uhwxuq wkh ydoxh ri }hur iru doo q/1 I xuwkhu/ xqghu wkh frqglwlrq wkdwwkh xqghuo| lqj qrq0ghwhup lqlvwlf frp srqhqwri wkh wlp h vhulhv lv huj rglf/ wkh olp lwlqj ehkdylru ri J L_q z loo eh }hur z lwk suredelolw| rqh1 Lq j hqhudo/ d wlp h vhulhv ⟩♮_w| z lookdyh d z hoo0gh�qhg ⟩J L_q | li ⟩ Z_w| lv lq O^4+fl>I >S,>z khuh Z_w@♮_w∗ H^♮_w⇕⇕I_{∗ △} ‘/

Wkdwlv/ wkh sxuho| ghwhup lqlvwlf +lq wkh qrqolqhdu vhqvh, frp srqhqwri ♮^w lv uhp ryhg e| wkh rshudwlrq ri frqvwuxfwlqj wkh J L1_♦ Khuh wkh vwurqj hu uht xluhp hqwri vt xduh lqwhj udelolw| rq wkh qrq0ghwhup lqlvwlf frp srqhqw z looeh lp srvhg wr ghyhors wkh uhodwlrqvkls wr wkh xvxdovhfrqg rughu dqdo| vlv1

Luhvwulfwdwwhqwlrq wr wlp h vhulhv z khuh I^w@ϕ+Y^w, ⋀ I^{w∗ 4} dqg ⟩ Y^w| lv d p duwlqj doh gl�huhqfh vht xhqfh z lwk uhvshfwwr I^w1 Doorz lqj iru d volj kwdexvh ri qrwdwlrq/ gh�qh=

H^♮^{w. q} ⇕⇕Y^w>I^{w∗ 4}‘@H^♮^{w. q} ⇕⇕I^w‘> dqg dgrswwkh frqyhqwlrq wkdwY^wlv wkh cvkrfn*dqg I^{w∗ 4} lv wkh cklvwru| *1 Z h z loodovr xvh wkh vdp h qrwdwlrq iru wkh J L J L^q +Y^w>I^{w∗ 4}, @H^♮^{w. q} ⇕⇕Y^w>I^{w∗ 4}‘∗ H^♮^{w. q} ⇕⇕I^{w∗ 4}‘/ Lvlj qli| d uhdol}dwlrq ri wkh J Le| = J L^q +y^w>ȷ_{w∗ 4}+ϖ,, @H^♮^{w. q} ⇕y^w>ȷ_{w∗ 4}+ϖ,‘∗ H^♮^{w. q} ⇕ȷ_{w∗ 4}+ϖ,‘> 6 D KloehuwVs dfh ir u J hqhudol}hg Lp s xovh Uhvs r qvh I xqfwlr qv

Lq rughuwr j dlq vrp hlqwxlwlrq iruwkhdssurdfk wkdwz looehiroorz hg frqvlghuwkhJ Lri d sxuho| qrq0ghwhup lqlvwlf olqhdu p rghoz lwk LLG lqqrydwlrqv=

J L^q +Y^w>I^{w∗ 4}, @ϑ^q Y^w/

Qrwh wkdwli wkh olqhdu p rgholv fryduldqfh vwdwlrqdu| wkhq HŶ_5^w‘@ϕ_5 ⋆ △ > ⋃ ϑ_5^q ⋆ △ ru ht xlydohqwo| = ⋃ q∼ 3 HĴ L^q +Y^w>I^{w∗ 4},_5‘⋆ △ /

Wkh dxwrfryduldqfh ixqfwlrq ri wkh wlp h vhulhv lv j lyhq e| = ζ+n, @ϕ_5^y ⋃ q∼ 3 ϑ^q ϑ^{q. n} @ △⋃ q@∗ △ HĴ L^q +Y^w>I^{w∗ 4},J L^{q. n}+Y^w>I^{w∗ 4},‘/ Wkh dssurdfk z looeh wr p lp lf wklv rshudwlrq iru d j hqhulf j hqhudol}hg lp sxovh uhvsrqvh ixqfwlrq1 Vwduw e| frqvlghulqj wkh frp sohwh lqqhu surgxfwvsdfh D+fl>I >S , @ c_5⟩ O_5+fl>I >S,| ri vt xduh vxp p deoh +grxeo| , lq�qlwh vht xhqfhv ri vt xduh lqwhj udeoh udqgrp yduldeohv gh�qhg rq wkh vdp h suredelolw| vsdfh +fl>I >S , dv wkh wlp h vhulhv1 D @⟩♯^q >q @3>⊖ 4>⊖ 5 =H^ △⋃ q@∗ △ ♯_5^q ‘⋆ △ |> dqg lqqhu surgxfw/ ‖] >[ ↕ @H^ △⋃ q@∗ △ ♯^q ♭^q ‘/ ⟨

Wklv lv qr q0ghwhup lqlvwlf lq wkh qrqolqhdu vhqvh z klfk lv gl�huhqwiurp wkh olqhdu rqh xvhg lq wkh Z rog ghfrp s rvlwlrq1 I r u h{dp soh/ fhuwdlq fkdrwlf sur fhvvhv fdq eh vkrz q wr kdyh wkh vdp h vs hfwuxp dv z klwh qr lvh dqg qr ghwhup lqlvwlf frp s rqhqwv iurp wkh olqhdu s huvs hfwlyh1 Krz hyhu/ doorz lqj ir u qrqolqhdu s uhglfwlrq z rxog lp so| wkdwwkh vhulhv rqo| kdg d ghwhup lqlvwlf frp s rqhqw1

Wkh rshudwlrqv lqyroyhg lq wkh frqvwuxfwlrq ri wklv KloehuwVsdfh duh nqrz q dv wkh cgluhfwvxp *ri wkh lqglylgxdoKloehuwVsdfhv/ Gxqirug dqg Vfkz duw} +4<8: s1589058: ,1 Lq rxufdvh wkh lqglylgxdoKloehuwvsdfhv duh dooO_5+fl>I >S ,1 Qrwh wkdwhohp hqwv ri D duh vwrfkdvwlf surfhvvhv z klfk Llqgh{ e| q wr dyrlg frqixvlrq z lwk wkh wlp h vhulhv lwvhoi z klfk lv lqgh{hg e| w1 Reylrxvo| vwdwlrqdu| wlp h vhulhv duh qrwwkhp vhoyhv hohp hqwv ri D vlqfh dv q ↔ △ H ⌋ ♯_5^q ⌈ j rhv wr }hur1

Frqvlghu sxuho| qrq0ghwhup lqlvwlf fryduldqfh vwdwlrqdu| wlp h vhulhv1 E| wkh Z rog Uhsuhvhqwdwlrq z h nqrz wkdwwkh| doofdq eh z ulwwhq lq wkh iroorz lqj irup =

♮^w@ △⋃ q@3 ⇀^q X^{w∗ q>} z khuh ⟩ X^w| lvdq xqfruuhodwhg vht xhqfh ri udqgrp yduldeohv/ ⇀^3 lvqrup dol}hg wr eh 4 dqg ⋃^△ q@3 ⇀_5^q ⋆ △ 1 Khqfh/ wkh vht xhqfh ⟩⇀^q X^{w∗ q} | lvlq D/ li z h dvvxp h iruq ⋆ 3 ⇀^q @3/Wkhruhp 4 vkrz vwkdwz lwk wkh dgghg uhvwulfwlrq ri vwulfwvwdwlrqdulw| wkh J Lri fryduldqfh vwdwlrqdu| wlp h vhulhv duh lq D1 Wkh uht xluhp hqwri vwulfwvwdwlrqdulw| lv uht xluhg wr hqvxuh wkdwwkh irup ri wkh frqglwlrqdoh{shfwdwlrq ixqfwlrq grhv qrwydu| wkurxj k wlp h1

Wkhr uhp 4 Doofryduldqfh +vwulfwo| , vwdwlrqdu| wlp h vhulhv kdyh J Lwkdwduh lq D1

Rqfh dj dlq vlqfh wkh J Lsxuj hv wkh wlp h vhulhv ri dq| ghwhup lqlvwlf frp srqhqwv d z lgh udqj h ri wlp h vhulhv z lookdyh J Llq D1

Gh�qh dq rshudwru= FH+I^{w∗ 4}, =D ↔ D^I

w∗ 4 > e| ⟩ △⋃ q@∗ △ H_ȷ w∗ 4_{+ϖ ,} Ĵ L_{q. m}J L_{q. n}‘=m>n @3>⊖ 4>⊖ 5>///| > z khuh

H_ȷ w∗ 4_{+ϖ ,} Ĵ L_{q. m}J L_{q. n}‘@ ⊎ ȷ^{w∗ 4} +ϖ , J L_{q. m}J L_{q. n}gS>H_ȷ w∗ 4_{+ϖ ,} Ĵ L_{q. m}‘@3/ Qrwh wkdwwklv rshudwru z dv cdssolhg*dwwkh vwduwri wklv vhfwlrq wr d olqhdu wlp h vhulhv dqg wkh uhvxowlqj remhfwz dvwkh dxwrfryduldqfh ri wkh wlp h vhulhvlwvhoi1 Wkhruhp 4 vkrz vwkdwwklvuhvxowh{whqgvwr wkh qrqolqhdu wlp h vhulhvfdvh lq wkh vhqvh wkdwwkh rshudwrusurgxfhvd vwrfkdvwlf surfhvvz krvh uhdol}dwlrqvduh dxwrfryduldqfh ixqfwlrqv1 Wkhr uhp 5

D_{I w∗ 4} lv wkh vsdfh ri vwrfkdvwlf surfhvvhv ghfflqhg rq wkh suredelolw| vsdfh +fl>I >S, zlwk uhdol}dwlrqv wkdw duh dxwrfryduldqfh ixqfwlrqv ri fryduldqfh vwdwlrqdu| wlp h vhulhv1

Gh�qh=

f_ȷ w∗ 4_{+ϖ ,} +m∗ n, @ △⋃ q@∗ △ H_ȷ w∗ 4_{+ϖ ,} Ĵ L_{q. m}J L_{q. n}‘/

Wkh udqgrp yduldeoh fruuhvsrqglqj wr f_ȷ w∗ 4_{+ϖ ,} +n, z loo eh ghqrwhg e| F_{I w∗ 4} +n,1 Vlp loduo| / wr wkh J L wklv lv d udqgrp yduldeoh rq wkh suredelolw| vsdfh ri wkh wlp h vhulhv1 Qrwh wkdwF H+I_{w∗ 4}, p dsv wkh J Lri olqhdu+krp rvfhgdvwlf, wlp h vhulhv lqwr d vsdfh D_{I w∗ 4} z lwk wkh vdp h dxwrfryduldqfh ixqfwlrq iru dooȷ^{w∗ 4}+ϖ, wkdw lv ht xdo wr wkh dxwrfryduldqfh ixqfwlrq ri wkh wlp h vhulhv lwvhoi +vhh wkh h{dp soh dwwkh vwduwri wkh vhfwlrq,1 Lq frqwudvwwkh J Lri qrqolqhdu wlp h vhulhv duh p dsshg wr gl�huhqwdxwrfryduldqfh ixqfwlrqv lq D_{I w∗ 4} iru hdfk

ȷ_{w∗ 4}+ϖ,1 Krz hyhu/ lwlv srvvleoh wr gluhfwo| fkdudfwhul}h wkh dyhudj h ri wkh dxwrfryduldqfh ixqfwlrqv surgxfhg e| wkh J Lri wkh qrqolqhdu wlp h vhulhv1

F r ur oodu| wr Wkhr uhp 5

Li ♮_w lv d fryduldqfh vwdwlrqdu| wlp h vhulhv/ zlwk dxwrfryduldqfh ixqfwlrq ⟩ζ+n,| wkhq HF̂_{I w∗ 4} +n,‘@ζ+n,>n @3>4>///

Wkh fruroodu| vxj j hvwvwkdwdp rqj wkhz lghudqj h ri srvvleoh gh�qlwlrqvirulp sxovhuhvsrqvh ixqfwlrqvri qrqolqhduwlp h vhulhvwkh J Lz khq frp elqhg z lwk wkh rshudwruderyh kdvwkh dwwudfwlyh surshuw| ri ehlqj uhodwhg wr wkh dxwrfryduldqfh ixqfwlrq ri wkh wlp h vhulhv1 I xuwkhu/ dp rqj vwsrvvleoh dyhudj lqj rshudwlrqv dssolhg wr wkh J L wklv lv wkh rqo| rqh wkdwz khq dyhudj hg uhwxuqv wkh dxwrfrydudqfh ixqfwlrq ri wkh xqghuo| lqj wlp h vhulhv dqg p dsv wkh J Lri olqhdu +krp rvfhgdvwlf, wlp h vhulhv lqwr rqh dxwrfryduldqfh ixqfwlrq1 Rqh frxog dsso| d frqglwlrqdoh{shfwdwlrq wr wkh lqqhusurgxfwwkdwdyhudj hg ryhuklvwrulhvudwkhuwkdq vkrfnvexwwklvz rxog p hdq wkdwwkh J Lri olqhdu +krp rvfhgdvwlf, wlp h vhulhv p dsshg wr p dq| dxwrfryduldqfh ixqfwlrqv ghshqglqj rq wkh uhdol}dwlrq ri Y_w 1

Wkh uhodwlrqvkls ehwz hhq wkh J Lri d qrqolqhdu wlp h vhulhv +frqglwlrqdo rq d klvwru| dqg lqwhj udwlqj rxwryhu d vkrfn, dqg dxwrfryduldqfh ixqfwlrqv lv sduwlfxoduo| xvhixo vlqfh olqhdu rshudwlrqv dssolhg wr wkh dxwrfryduldqfh ixqfwlrq z loosuhvhuyh wkh uhodwlrqvkls lq wkh fruroodu| wr Wkhruhp 41

Lwlvsrvvleoh wr xvh Khuj orw}*vWkhruhp +vhh Eurfnz hoodqg Gdylv+4<; : ,, wr gh�qh d vshfwudoglvwulexwlrq ixqfwlrq iurp wkh dxwrfryduldqfh ixqfwlrq ⟩f_ȷ w∗ 4_{+ϖ ,} +n,| xqghu wkh frqglwlrq wkdwd wlp h vhulhv kdv lwv J Llq D1 Krz hyhu/ lwlv p ruh xvhixowr frqvlghu wkh fdvh z khuh wkh dxwrfryduldqfh ixqfwlrq ri wkh J Lri wkh wlp h vhulhv/ surgxfhg e| wkh rshudwlrqv gh�qhg deryh/ lv devroxwho| vxp p deoh/ ⋃ n ⇕F_{I w∗ 4} +n,⇕⋆ △ z lwk suredelolw| rqh1 Reylrxvo| vlp lodu duj xp hqwv wr wkrvh xvhg deryh wr suryh wkdwfryduldqfh vwdwlrqdu| wlp h vhulhv kdyh J Llq D dovr vkrz wkdwwlp h vhulhv z lwk devroxwho| vxp p deoh dxwrfryduldqfh ixqfwlrqv z lookdyh J Lz lwk wklv surshuw| 1 Xqghu devroxwh vxp p delolw| / wkh glvfuhwh I rxulhu wudqvirup ri f_ȷ w∗ 4_{+ϖ ,} +n,/ i_ȷ w∗ 4_{+ϖ ,} +ξ,/ lv gh�qhg e| =

5τi_ȷ w∗ 4_{+ϖ ,} +ξ, @f_ȷ w∗ 4_{+ϖ ,} +3, . 5 △⋃ n@4 f_ȷ w∗ 4_{+ϖ ,} +n, frv+ξn,>iru 3 ⪰ ξ ⪰ τ/

Fohduo| / e| wkh deryh fruroodu| wkh dyhudj h ydoxh ri wklv glvfuhwh I rxulhu wudqvirup fdq eh hydoxdwhg e| frqvlghulqj wkh dxwrfryduldqfh ixqfwlrq ri wkh wlp h vhulhv1 Wkxv/ dq dyhudj h p hdvxuh ri orqj uxq shuvlvwhqfh iru d qrqolqhdu wlp h vhulhv lv j lyhq e| wkh I rxulhu wudqvirup hg hydoxdwhg dw}hur/ l1h/ wkh vxp ri wkh dxwrfryduldqfh ixqfwlrq ri wkh �uvwgl�huhqfh ri wkh vhulhv1 Rq wkh rwkhu kdqg/ wkh lp sxovh uhvsrqvh ixqfwlrq ghulyhg iurp wkh Z rog Uhsuhvhqwdwlrq ri wkh wlp h vhulhv z looqrweh wkh dyhudj h ri lp sxovh uhvsrqvh ixqfwlrqv gh�qhg iru hdfk �{hg ȷ^{w∗ 4}+ϖ, xqohvvwkh wlp h vhulhvlvolqhduvlqfh wkh p rylqj dyhudj h z hlj kwvlq wkh Z rog Uhsuhvhqwdwlrq duh qrw rewdlqhg e| olqhdu rshudwlrqv rq wkh dxwrfryduldqfh ixqfwlrqv1 Wklv fdq eh vhhq p rvwfohduo| e| frqvlghulqj dq h{suhvvlrq iruwkh p rylqj dyhudj h frh! flhqwv⟩ ω_q | lq whup vri wkh I rxulhuwudqvirup ri wkh vhulhv+vhh Euloolqj hu/ 4<; 4 s: <,=

ω_q @ 4 5τ ⊎_τ ∗ τ h–s+ 4 5 κ+3, . △⋃ o κ+o, h–s+∗ loξ,, h–s+lqξ,gξ> z khuh κ+o, @ 4 5τ ⊎_τ ∗ τ orj +i +ξ,, h–s+loξ,gξ/

Lq wkh olwhudwxuh rq shuvlvwhqfh iru lqwhj udwhg olqhdu wlp h vhulhv p rghov wkhuh z dv vrp h glvfxvvlrq ri wkh uhodwlyh p hulwv ri p hdvxulqj shuvlvwhqfh xvlqj wkh vshfwudoghqvlw| dw}hur yv wkh vxp ri wkh frh! flhqwv lq wkh Z rog Uhsuhvhqwdwlrq iroorz lqj Frfkudqh +4<; ; ,1 I ru qrqolqhdu wlp h vhulhv wkh vxp ri wkh dxwrfruuhodwlrq ixqfwlrq z looqrweh ht xdowr wkh dyhudj h ri wkh dxwrfruuhodwlrq ixqfwlrqv surgxfhg e| wkh J Lvlqfh ζ+n, ζ+3, ∃@H^ F^{I w∗ 4} +n, F^{I w∗ 4} +3, ‘/ Wkxv/ wkhuh lv wkh dgglwlrqdolvvxh wkdwwkh p hdvxuh ri shuvlvwhqfh gh�qhg iurp wkh vxp ri wkh dxwrfryduldqfh ixqfwlrq lv qrwqrup dol}hg e| wkh vl}h ri wkh lqqrydwlrq yduldqfh1 Lq whup v ri frp sdulqj p rghov iru wkh vdp h wlp h vhulhv wklv lv qrwd p dmru sureohp 1 Dq dowhuqdwlyh dssurdfk z rxog eh wr frqvwuxfwd cZ rog Uhsuhvhqwdwlrq* iru wkh dxwrfryduldqfh ixqfwlrqv surgxfhg e| wkh J Lxvlqj wkh lqqrydwlrqv doj rulwkp +vhh Eurfnz hoodqg Gdylhv/

4<; : ss 49809,1 Wkh froohfwlrq ri Z rog Uhsuhvhqwdwlrqv frxog wkhq eh dyhudj hg wr surgxfh dq ryhudoop hdvxuh ri shuvlvwhqfh wkdwz dv p ruh frp sdudeoh dfurvv wlp h vhulhv1

7 P hdvxuhv r i Qr qolqhdulw|

Lq wkh suhylrxv vhfwlrq lwz dv vkrz q wkdwd gh�qlqj fkdudfwhulvwlf ri d olqhdu krp rvfhgdvwlf wlp h vhulhv z dv wkdw dsso| lqj wkh rshudwru FH+I_{w∗ 4}, wr lwv J Lsurgxfhv rqo| rqh dxwrfryduldqfh ixqfwlrq/ wkdwri wkh wlp h vhulhv lwvhoi1 Lq wklv vhfwlrq Lfrqvlghu ydulrxv z d| v ri p hdvxulqj e| krz p xfk d qrqolqhdu wlp h vhulhv p rghoglyhuj hv iurp wklv ihdwxuh ri d olqhdu wlp h vhulhv1

Rqh p lj kwwklqn wkdwqrqolqhdulw| frxog eh p ruh gluhfwo| p hdvxuhg e| frqvlghulqj wkh udwlr ⇕ J L_q +Y_{w>}I_{w∗ 4}, J L_r +Y_{w>}I_{w∗ 4}, ⇕> z klfk lvd frqvwdqwiruhdfk q iruolqhdup rghov1Krz hyhu/ dvglvfxvvhg lq Srwwhu+4<<8, iruqrqolqhdup rghovlwlv srvvleoh iru J L_r +Y_{w>}I_{w∗ 4}, wr eh }hur exwJ L_q +Y_{w>}I_{w∗ 4}, wr eh qrq0}hur lp so| lqj wkdwwkh udwlr frxog qrweh xvhg lq doofdvhv1

Frqvlghud olqhduwlp h vhulhvp rghoz lwk khwhurvfhgdvwlf lqqrydwlrqvj hqhudwhg e| iruh{dp soh dq DUFK ru J DUFK surfhvv1 Wkh J Lri wklv wlp h vhulhv z looeh p dsshg e| F H+I_{w∗ 4}, wr p dq| dxwrfryduldqfh ixqfwlrqv1 Doori wkh dxwrfryduldqfh ixqfwlrqvz lookdyh wkh vdp h cvkdsh*exwwkh vfdolqj z looeh gl�huhqw1 Dowhuqdwlyho| / wkh dxwrfryduldqfhixqfwlrqvz loodoop ds wr wkhvdp hdxwrfruuhodwlrq ixqfwlrq z khq hdfk lvqrup dol}hg e| f_ȷ w∗ 4_{+ϖ ,} +3,1 Wklv vxj j hvwv wkdwli rqh lv lqwhuhvwhg lq p hdvxulqj qrqolqhdulw| lq wkh p hdq wkhq wkh dxwrfruuhodwlrq ixqfwlrq lv wkh dssursuldwh p hdvxuh1 I ru h{dp soh/ rqh frxog p hdvxuh wkh yduldqfh ri wkh dxwrfruuhodwlrq ixqfwlrqv dwd sduwlfxodu odj 1 I xuwkhu/ vlqfh wkh dxwrfruuhodwlrq ixqfwlrq lv vfdoh lqyduldqwlwkdv wkh dgglwlrqdosurshuw| wkdw wkh dp rxqwri qrqolqhdulw| z rxog qrwghshqg rq wkh fdolqj ri wkh wlp h vhulhv1 Krz hyhu/ vlqfh wkh dxwrfruuhodwlrq ixqfwlrq lvgh�qhg rq wkh vhwri lqwhj huvlwlvqrwlp p hgldwho| reylrxvkrz wr z hlj kwwkh frqwulexwlrq ri gl�huhqw odj v1 Lqvwhdg Lfrqvlghu xvlqj wkh vshfwudoghqvlw| ixqfwlrq1

Xvlqj vwdqgdug uhvxowv rqh fdq gh�qh d +frqglwlrqdo, vshfwudo ghqvlw| ixqfwlrq/ v+ξ⇕ȷ^{w∗ 4}+ϖ,, e| 5 ⋄ i_ȷ w∗ 4_{+ϖ ,} +ξ,∂f_ȷ w∗ 4_{+ϖ ,} +3, z lwk wkh surshuw| wkdwlwlqwhj udwhv wr 4 ryhu ^3>τ‘1^¶ I urp wkh vshfwudouhsuhvhqwdwlrq ri d wlp h vhulhv z h nqrz wkdwwkh khlj kwri wkh vshfwudoghqvlw| ri wkh wlp h vhulhv dwiuht xhqf| ξ lv d p hdvxuh ri wkh uhodwlyh frqwulexwlrq ri wkh udqgrp frh! flhqwfruuhvsrqglqj wr wklviuht xhqf| lq wkh vshfwudouhsuhvhqwdwlrq1 D qdwxudofrqfhswri wkh dp rxqwri qrqolqhdulw| lq d wlp h vhulhv lv krz p xfk wklv frqwulexwlrq ydulhv1 Rqh fdq p hdvxuh wkh glyhuj hqfh iurp qrqolqhdulw| lq wkh iuht xhqf| grp dlq xvlqj QO+ξ, @∗ ⊎ ȷ w∗ 4 +φ , ▽ I w∗ 4 oq+ v+ξ⇕ȷ^{w∗ 4}+ϖ,, v+ξ, , gS/ ℑDv s r lqwhg rxwe| d uhihuhh b lwvhoi lv qr wd udqgrp yduldeoh1

Qrwlfh wkdwiru d olqhdu wlp h vhulhv hyhq z lwk frqglwlrqdoo| khwhurvnhgdvwlf lqqrydwlrqv v+ξ⇕ȷ_{w∗ 4}+ϖ,, @ v+ξ, dqg wkh p hdvxuh lv ht xdowr }hur1 Rq wkh rwkhu kdqg/ iurp deryh z h nqrz wkdwwkh vshfwudoghqvlwlhv iurp wkh J Lgr qrwdyhudj h wr wkh vshfwudoghqvlw| ri wkh wlp h vhulhv/ khqfh lwlv srvvleoh wkdw ∗ ⊎ ȷ w

∗ 4 +φ , ▽ I w∗ 4 oq+ i +ξ⇕ȷ^{w∗ 4}+ϖ,, i +ξ, , gS ⪰ ∗ ⊎ ȷ w∗ 4 +φ , ▽ I w∗ 4 oq+ f_ȷ w∗ 4_{+ϖ ,} +3, ζ+3, , gS> dqg wkxv iru vrp h iuht xhqflhv wkh p hdvxuh z rxog eh ohvv wkdq }hur1 Ghvslwh wkh idfwwkdwwkh p hdvxuh p lj kwe| qhj dwlyh iru vrp h iuht xhqflhv dq ryhudoop hdvxuh ri qrqolqhdulw| lq wkh wlp h vhulhv gh�qhg e| wkh lqwhj udo= WQO@ ⊎_τ 3 QO+ξ,v+ξ, gξ> z rxog eh srvlwlyh1 Vlqfh e| vlp soh p dqlsxodwlrqv rqh fdq vkrz wkdwWQO lv wkh Nxooedfn0Ohleohu glvwdqfh ehwz hhq wkh mrlqwglvwulexwlrq ri +ȷ^{w∗ 4}+ϖ,>ξ, dqg wkh surgxfwri wkhlup duj lqdov p hdvxuhg e| wkh surgxfwri wkh p duj lqdov1 Wr dyrlg wkh gl! fxowlhv ri QO+ξ, ehlqj ohvv wkdq rqh Lfrqvlghu uhsodflqj v+ξ, z lwk v+ξ, @ ⊎ ȷ w∗ 4 +φ , ▽ I w∗ 4 v+ξ⇕ȷ^{w∗ 4}+ϖ,,gS> wkh dyhudj h ydoxh ri wkh vshfwudoghqvlwlhv rewdlqhg iurp wkh J Llq wkh gh�qlwlrqv ri QO dqg WQO1 Wkh lqwhusuhwdwlrq ri QO+ξ, lv wkdwklj k ydoxhv uhsuhvhqwiuht xhqflhv iru z klfk nqrz ohgj h ri ȷ^{w∗ 4}+ϖ, surylghv lqirup dwlrq derxwwkh vshfwudoghqvlw| iurp wkh J Lgl�huhqwiurp wkdwfrqwdlqhg lq wkh dyhudj h ri wkh vshfwudoghqvlwlhv iurp wkh J L1

8 Qr qolqhdu P rylqj Dyhudj h H{dp s ohv

1 Lq rughu wr looxvwudwh wkh xvh ri wkh frqfhswv z lwkrxwwkh qhhg iru frp soh{ frp sxwdwlrq Lfrqvlghu d qrqolqhdu p rylqj dyhudj h lq wkh vslulwri Sulhvwoh| +4<; ; ,1 Frqvlghu wkh qrqolqhdu p rylqj dyhudj h= ♮_w@Y_w. λY_{w∗ 4}Y^5_{w∗ 5}> z khuh Y_w ⊃ LLGQ+3>4,/Dv lq Sulhvwoh| +4<; ; , I_w vkrxog eh gh�qhg wr lqfoxgh wkh sdvwydoxhv ri wkh vkrfnv1 Wklv wlp h vhulhv lv �uvwrughu p rylqj dyhudj h iurp wkh fryduldqfh shuvshfwlyh1 Lwv J Lduh j lyhq e| = J L_3 @Y_w>

J L_4 @λY_wY^5_{w∗ 4}> J L_q @3 ∅ q A 4/ Wkh dxwrfryduldqfh ixqfwlrq ri wkh J Llv j lyhq e| = F_{I w∗ 4} +3, @4. λ^5Y^7_{w∗ 4}>

F_{I w∗ 4} +4, @λY^5_{w∗ 4}/ F_{I w∗ 4} +n, @3>∅ n A 4/ :

Vwdqgdug fdofxodwlrqv lqglfdwh wkdw⟩ F^{I w∗ 4} +n,| dyhudj hv wr wkh dxwrfryduldqfh ixqfwlrq ri wkh wlp h vhulhv1 Wkh dyhudj h ri wkh glvfuhwh I rxulhu wudqvirup ri ⟩F^{I w∗ 4} +n,| dw}hur lv j lyhq e| =

5τHî^{I w∗ 4} +3,‘@4. 6λ_5 . 5λ/

Wklvh{suhvvlrq lvp lqlp l}hg dwλ @∗ 4∂6 z lwk d ydoxh ri 5∂6 exwqrwh wkdwwkhuh lvvxevwdqwldoyduldwlrq durxqg wklv ydoxh1 Hydoxdwlqj wkh glvfuhwh I rxulhu wudqvirup ri ⟩F^{I w∗ 4} +n,| dw}hur z lwk λ @∗ 4∂6 j lyhv=

5τi^{I w∗ 4} +3, @4. 4∂¡Y_7^{w∗ 4} ∗ 5∂6Y_5^{w∗ 4}/

Lq frqwudvw/ li z h uhvwulfwdwwhqwlrq wr wkh xqlwlqwhuydowkh dyhudj h ri wkh I rxulhu wudqvirup dw}hur lv p d{lp l}hg dwλ @4 z lwk d ydoxh ri 9/Hydoxdwlqj wkh glvfuhwh I rxulhuwudqvirup ri ⟩F^{I w∗ 4} +n,| dw}hur z lwk λ @4 j lyhv=

5τi^{I w∗ 4} +3, @4. Y_7^{w∗ 4} . 5Y_5^{w∗ 4}>

I lj xuh 4 vkrz v wkh ghqvlw| ri wkh glvfuhwh I rxulhu wudqvirup dwiuht xhqf| }hur iru wkh wz r fdvhv/ λ @

∗ 4∂6>41 Qrwh wkdwglvshuvlrq durxqg wkh dyhudj h ydoxh ri 5∂6 z khq λ @∗ 4∂6 lv vxevwdqwldodqg dv| p p hwulf1

Wkh glvfuhwh I rxulhu wudqvirup iru λ @4 �uvwrughu vwrfkdvwlfdoo| grp lqdwhv wkdwiru λ @∗ 4∂6 vxj j hvwlqj p ruh shuvlvwhqfh lq wkh irup hu wlp h vhulhv lq d vwurqj hu vhqvh wkdq j lyhq1 I lj xuh 5 vkrz v wkh p hdvxuh ri qrqolqhdulw| dfurvv wkh iuht xhqf| grp dlq1 Wkhuh lv p ruh qrqolqhdulw| dworz hu iuht xhqflhv iru λ @∗ 4∂6 wkdq λ @4 exwwklv udqnlqj lv uhyhuvhg dwklj k iuht xhqflhv1

Xvlqj wklvvlp sohqrqolqhdup rylqj dyhudj hh{dp sohz hfdq frqvlghuwkhuhvxowvri xvlqj rwkhudssurdfkhv rq wkh J L1Dv vxj j hvwhg e| d uhihuhh dyhudj lqj wkh J Ldfurvv klvwrulhv j lyhv= HĴ L^3+Y^w>I^{w∗ 4},⇕⇕Y^w‘@Y^w

HĴ L^4+Y^w>I^{w∗ 4},⇕⇕Y^w‘@λY^w Wklv surgxfhv uhvxowv vlp lodu wr wkh J Liru d olqhdu p rylqj dyhudj h ri rughu 4 z lwk sdudp hwhuv λ>ϕ_5^y exw z lwk dq dxwrfryduldqfh ixqfwlrq gl�huhqwiurp wkh xqghuo| lqj wlp h vhulhv1Dowhuqdwlyho| z h fdq xvh wkh froohfwlrq ri dxwrfryduldqfh ixqfwlrqvghulyhg deryh wr �qg d Z rog Uhsuhvhqwdwlrq +l1h1/ lq wklvfdvh d olqhdup rylqj dyhudj h ri rughu 4, iru hdfk srvvleoh klvwru| = ω^{yw∗ 4} @ 4 λY_5^{w∗ 4} / ϕ_5^{yw∗ 4} @λ_5 Y_7^{w∗ 4} li ⇕λY_5^{w∗ 4}⇕A 4> ω^{yw∗ 4} @λY_5^{w∗ 4}>ϕ_5^{yw∗ 4} @4 li ⇕λY_5^{w∗ 4}⇕⪰ 4/

Wkhvh uhvxowvfdq eh frp sduhg wr wkh Z rog Uhsuhvhqwdwlrq ri wkh wlp h vhulhvlwvhoi z klfk fdq eh rewdlqhg iurp lwv dxwrfryduldqfh ixqfwlrq1 Wklv j lyhv= ω @ +4. 6λ_5, ⊖_5 √ +4. 6λ_5,_5 ∗ 7λ_5 5λ / Frqvlghu wkh fdvh λ @∗ 41 Z h nqrz iurp wkh vshfwudoghqvlw| dw}hur ri ♭^w @♭^{w∗ 4} . ♮^w wkdw♭^w lv dq lqwhj udwhg wlp h vhulhv ri rughu 41 Krz hyhu/ xvlqj wkh gh�qlwlrq ri wkh J Lwkdwdyhudj hv dfurvv klvwru| wkh orqj uxq uhvsrqvh ri ♭^w wr vkrfnv z rxog eh }hur1 Wkh orqj uhvsrqvh j lyhq e| wkh Z rog Uhsuhvhqwdwlrq ri wkh wlp h vhulhv lv 4 . ω @ ∗ 4 . ∫ 6 @ 3/:65 dqg iurp wkh dyhudj h ri Z rog Uhsuhvhqwdwlrq ghulyhg iurp wkh J L

4. Hω̂^{yw∗ 4} ‘@4∗ 3/699 @3/967/ ;

9 F r p s xwdwlr qdoWhfkqlt xhv

Wkh h{dp soh deryh h{whqgv wr wkh z kroh fodvv ri qrqolqhdu p rylqj dyhudj hv lq fdvhv z khuh wkh p rp hqwv ri wkh lqqrydwlrq vhulhv duh hdv| wr �qg1 Krz hyhu/ lwlv qrwsduwlfxoduo| xvhixo lq sudfwlfh ehfdxvh ri wkh gl! fxow| ri hvwlp dwlqj vxfk p rghov1 Qrqolqhdu dxwruhj uhvvlrqv duh reylrxvo| hdvlhu wr hvwlp dwh exwsurgxfh d oduj h frp sxwdwlrqdoexughq1 Dv glvfxvvhg lq NSS lwlv srvvleoh wr xvh P rqwh Fduor lqwhj udwlrq whfkqlt xhv wr �qg d uhdol}dwlrq ri J L_q /^♥ Hvvhqwldoo| rqh mxvwvlp xodwhv d oduj h qxp ehu ri uhdol}dwlrqv ri wkh wlp h vhulhv z lwk wz r vhwv ri lqlwldofrqglwlrqv dqg dyhudj h wkh gl�huhqfh1 Lq rughu wr hvwlp dwh wkh p hdvxuhv surylghg khuh rqh qhhgv wr rewdlq p dq| uhdol}dwlrqvri wkh J Lxvlqj P rqwh Fduor lqwhj udwlrq irud udqj h ri klvwrulhv1Li z h vlj qli| d froohfwlrq ri uhdol}dwlrqv ri wkh J Liru klvwru| ȷ^{w∗ 4}+ϖ, e| ⟩ ~j l^l_q +ȷ^{w∗ 4}, =l @4>///>L| / wkhq rqh fdq irup 4 L L⋃ l@4 ~j l^l_{q. m}+ȷ^{w∗ 4}, ~j l^l_q +ȷ^{w∗ 4},

wr hvwlp dwh H^{w∗ 4}_ȷ +ϖ,Ĵ L_q . mJ L_q ‘/Qrwh wkdwvlqfh ~j l^l_q +ȷ^{w∗ 4},�Q+J L+Y_{w>}ȷ^{w∗ 4}+ϖ,,>ϕ^5_q +Y_w>ȷ^{w∗ 4}+ϖ,,∂P ,> z khuh P lvwkh qxp ehuri P rqwh Fduor uhsolfdwlrqvxvhg wr surgxfh ~j l^l_q +ȷ^{w∗ 4}, dqg ϕ^5_q +Y_w>ȷ^{w∗ 4}+ϖ,, lvwkh yduldqfh dfurvv wkh uhdol}dwlrqv xvhg wr hvwlp dwh wkh J L/ wkh dyhudj h ri wkh furvvsurgxfwv uht xluhv eldv fruuhfwlrq iru m@31 Rqh fdq hvwlp dwh wkh yduldqfh dfurvv wkh uhdol}dwlrqv gxulqj wkh fdofxodwlrq ri ~j l^l_q +ȷ^{w∗ 4}, dqg hvwlp dwh H^{w∗ 4}_ȷ +ϖ,Ĵ L^5_q ‘ e| 4 L L⋃ l@4 ~j l^l_q +ȷ^{w∗ 4}, ~j l^l_q +ȷ^{w∗ 4}, ∗ ~ϕ^5_q +Y_w>ȷ^{w∗ 4}+ϖ,,∂P

I ru m∃@3 wkh eldv z looj r wr }hur dv Llqfuhdvhv dqg qr eldv fruuhfwlrq lv uht xluhg1

Reylrxvo| lwlv qrwsrvvleoh wr frp sxwh wklv p hdvxuh iru hdfk srvvleoh klvwru| li ♮_w kdv d frqwlqxrxv glvwulexwlrq1 Lqvwhdg rqh p lj kwz dqwwr fdofxodwh iru sduwlfxodu vxevhwv ri wkh klvwrulhv1 I ru h{dp soh/ rqh frxog gh�qh uhfhvvlrq dqg h{sdqvlrq klvwrulhv dqg frp sxwh wkh dxwrfryduldqfh ixqfwlrqv iru wkhvh wz r gl�huhqw klvwrulhv1

Wkh frp sxwdwlrqdo exughq lv vxevwdqwldoo| vp doohu iru �qlwh P dunry fkdlqv z khuh h{dfwuhvxowv duh dydlodeoh1 Li

S lvwkh suredelolw| wudqvlwlrq p dwul{ ri wkh P dunry fkdlq dqg v lvwkh n ⋄ 4 yhfwruri ydoxhv iruwkh vwdwh wkhq z h kdyh wkh iroorz lqj h{suhvvlrq iruwkh J Lli dwwlp h w∗ 4 wkh vwdwh lv mdqg li dwwlp h wwkh vwdwh lvl=

J L_q +l>m, @v^∋S^{q∋}+h_l ∗ S^∋h_m,>

z khuh h_c lv d froxp q yhfwru ri vl}h n z lwk doohqwulhv }hur h{fhswiru wkh c0wk urz z klfk frqwdlqv d 41 Li z h gh�qh y_{lm}@+h_l ∗ S^∋h_m, dqg xvh vwdqgdug surshuwlhv ri Nurqhfnhu surgxfwv z h kdyh J L_q +l>m,J L_p +l>m, @y^∋_{lm}v̂^∋S^{q∋}◯ S^p v‘y_{lm/} Wkxv/ wkh p dlq remhfwwkdwp xvweh fdofxodwhg lv v̂^∋S^{q∋}◯ S^p v‘/ li z h ghqrwh lwE+q>p , wkhq z h kdyh=

HĴ L_q +v_w>v_{w∗ 4} @l,J L_p +v_w>v_{w∗ 4} @l,‘@ n⋃ m@4 y^∋_{lm}E+q>p ,y_{lm}s_{lm/} } Lq wklv vhfwlr q Lgr qr wfrqvlghu wkh lvvxh r i sdudp hwhu xqfhuwdlqw| 1 <

Vlqfh E+q>p , fdq eh fdofxodwhg lq d vlp soh uhfxuvlyh p dqqhu1

Wkhvh uhvxowv rq P dunry fkdlqv fdq eh h{whqghg wr wkh fdvh ri P dunry vz lwfklqj p rghov +vhh Kdp lowrq

4<; <,1 Vwduwe| frqvlghulqj dq revhuyhg wlp h vhulhv♮^wwkdwlvd P dunryldq p l{wxuh ri N lqghshqghqwxqrevhuyhg wlp h vhulhv ~♭^{nw}| z lwk ♮^w@♭^{nw}li V^w@n1

Gh�qh e^{nw}@SV̂^w@n⇕I^w‘ dqg ~e^{nw}@SV̂^w@n⇕I^{w∗ 4}‘>z khuh I^w lv j hqhudwhg rqo| e| wkh klvwru| ri ♮^w/Lq wkh h{suhvvlrqv iru gluhfwo| revhuyhg P dunry fkdlqv deryh z h fdq uhsodfh y^{lm} z lwk e^w∗ ~e^w> z khuh e^w @ê^{4w}>÷÷÷>e^{N w}‘_∋ dqg e^w @ê^{4w}>÷÷÷>e^{N w}‘_∋/Wkhvh yhfwruv duh surgxfhg dv sduwri wkh hvwlp dwlrq ri wkh p rghoiru wkh revhuyhg vdp soh1 I lqdoo| wkh yhfwru v lv j lyhq e| Ĥ^♭^{4w}‘>÷÷÷>H^♭^{N w}‘‘_∋1 Lq rughu wr vlp xodwh wkh

J Ldqg �qg dyhudj h furvvsurgxfwvri wkh J Lrqh qhhgvwr rewdlq gudz vri wkh udqgrp yhfwrue^w∗ ~e^w>z klfk lwvhoi uht xluhv gudz v iurp wkh glvwulexwlrqv ri ⟩ ♭^{nw}| dqg V^w/

Wkh fdvh ri P dunry vz lwfklqj p rghov z khuh wkh revhuyhg wlp h vhulhv lv wkh vxp ri wz r xqrevhuyhg vwrfkdvwlf surfhvvhv rqh ri z klfk lv d P dunry fkdlq suhvhqwv dgglwlrqdofkdoohqj hv1 Vxssrvh ♮^w@V^w. ♭^w z khuh

V^wlv d P dunry fkdlq dqg ♭^wlv d J dxvvldq dxwruhj uhvvlrq z lwk odj sro| qrp ldoσ+O, dqg lqqrydwlrq Y^w1 Wkhq rqh fdq uhgh�qh wkh vwdwhv ri wkh P dunry fkdlq vxfk wkdw♮^w@σ+O,♮^{w∗ 4} . V_±^w . Y^w>z lwk V_±^w @V^w∗ σ+O,V^{w∗ 4}/Wkhq rqh fdq vkrz wkdw

J L^3 @♮^w∗ v_∋~e^w@+h^l ∗ e^w, . v_∋+e^w∗ ~e^w, . Y^w> dqg J L^q @ϑ^q J L^3 . v_∋S_{q∋}+e^w∗ ~e^w,> z khuh ϑ+O,+4. σ+O, @4/

Wkh fdofxodwlrq ri wkh p hdvxuhvri qrqolqhdulw| glvfxvvhg lq Vhfwlrq 7 lvyhu| gl! fxowh{fhswlq wkh �qlwh

P dunry fkdlq fdvh1 Lq wkdwfdvh z h kdyh= QO+ξ, @∗ N⋃ n@4 oq+ v+ξ⇕ȷ^{w∗ 4} @n, v+ξ, , τ+ȷ^{w∗ 4} @n,> z khuh τ+ȷ^{nw∗ 4}, lvwkh xqfrqglwlrqdosuredelolw| ri vwdwh n1 J lyhq QO+ξ, dqg v+ξ, vwdqgdug qxp hulfdowhfkqlt xhv fdq eh xvhg wr �qg wkh ryhudoop hdvxuh ri qrqolqhdulw| 1Rqfh dj dlq li rqh lvsuhsduhg wr olp lwdwwhqwlrq wr vxevhwv ri klvwru| iru frqwlqxrxvo| glvwulexwhg udqgrp yduldeohv wkhq d uhvwulfwhg yhuvlrq ri wkh qrqolqhdulw| p hdvxuh frxog eh fdofxodwhg1 Ri frxuvh/ lwz loo eh vp doohu wkdq rqh fdofxodwhg iru d �qhu lqirup dwlrq vhw1 Krz hyhu/ iru frp sdulvrq dfurvv p rghov ri wkh vdp h wlp h vhulhv rqh frxog fkrrvh wkh vdp h vxevhwv1 Rqh gl! fxow| z khq vlp xodwlrq lv xvhg lv wkdwsduwri wkh p hdvxuhg qrqolqhdulw| z looeh mxvweh vlp xodwlrq huuru1 Wklv h�hfwfdq eh uhgxfhg e| vlp xodwlqj wkh xqghuo| lqj J Lxvlqj wkh vdp h ixwxuh vkrfnv iru wkh sdluv ri uhdol}dwlrqv ri wkh wlp h vhulhv1 Wkxv/ li d wlp h vhulhv lv olqhdu d J Lfrqvwuxfwhg iurp mxvwrqh uhdol}dwlrq z loo j lyh wkh h{dfwvshfwudo ghqvlw| 1

: Hp s lulfdoH{dp s ohv

Wklv Vhfwlrq lv qrwfflqlvkhg

Wkh frqvwuxfwlrq ri wkh J L dqg wkh surshuwlhv ri lwv dxwrfryduldqfh ixqfwlrq duh looxvwudwhg iru wz r h{dp sohv iurp wkh olwhudwxuh rq qrqolqhdulwlhv lq XVJ QS1I luvwo| iru wkh P dunry vz lwfklqj p rghori Kdp lowrq +4<; <,1 Lq wkh qrwdwlrq iurp wkh suhylrxv vhfwlrq wklv p rghofdq eh z ulwwhq=

♮_w@σ_4♮_{w∗ 4} . ÷÷÷. σ_7♮_{w∗ 7} . V^±_w . Y_w>

z khuh V_±^w @ V^w∗ σ+O,V^{w∗ 4}/ dqg V^w lv d wz r vwdwh P dunry fkdlq z lwk v^4 @ π^4 dqg v^5 @ π^5 dqg s @ SV̂^w @ π^4⇕V^{w∗ 4} @π^4‘>t @SV̂^w@π^5⇕V^{w∗ 4} @π^5‘/

Li σ+O, @3 wkhq wkh fdofxodwlrqv vlp soli| j uhdwo| 1 Wkh klgghq P dunry fkdlq qrz rqo| kdv wz r vwdwhv z klfk z lwkrxworvv ri j hqhudolw| z h fdq frqvlghu wr kdyh ydoxhv 4>3/Wkhq iru q ∼ 4

H^♮^{w. q} ⇕ȷ_w+ϖ,‘∗ H^♮^{w. q} ⇕ȷ_{w∗ 4}+ϖ,‘@+s . t ∗ 4,_q +e^{4w}∗ ~e^{4w},> dqg wkh revhuyhg wlp h vhulhv lv olqhdu khwhurvfhgdvwlf1

Wkh vhfrqg h{dp soh lv wkh wz r uhj lp h VHWDU p rghori Srwwhu +4<<8,1 Lq wklv fdvh lwlv qhfhvvdu| wr irfxv rq vxevhwv ri wkh klvwru| ri wkh wlp h vhulhv1 Lq wkh VHWDU fdvh lwlv qdwxudowr irfxv rq wkh vxevhwv ri wkh klvwru| z klfk gh�qh wkh uhj lp hv1

; F r qfoxvlr qv

Wkh fkdudfwhul}dwlrq ri wkhg| qdp lfvri qrqolqhduwlp h vhulhvsuhvhqwhg khuh lvdwwudfwlyh ehfdxvh lwdoorz vwkhxvh ri p dq| olqhduwhfkqlt xhvfrqglwlrqdorq wkh klvwru| ri wkh wlp h vhulhvdqg lqwhj udwlqj rxwwkh h�hfwri wkh vkrfn1

I xuwkhu/ lwvkrz vwkdwvrp h gh�qlwlrqvri wkh dyhudj h g| qdp lfvri d qrqolqhduwlp h vhulhvp rghofdq eh rewdlqhg iurp lwv dxwrfryduldqfh ixqfwlrq1 Krz hyhu/ mxvwdv lq wkh fdvh ri olqhdu wlp h vhulhv p rghoz lwk qrq0J dxvvldq lqqrydwlrqv/ vhfrqg rughu dqdo| vlv grhv qrwsurylgh d ixoofkdudfwhul}dwlrq ri wkh g| qdp lfv1 I ru h{dp soh/ wkh p hwkrgv ri Srwwhu+4<<8, doorz rqh wr dvvhvvwkh h�hfwri qhj dwlyh dqg srvlwlyh vkrfnv irugl�huhqwklvwrulhv wkdw duh klgghq e| wkh p hwkrgv suhvhqwhg khuh1

Ds s hqgl{

Sur r i r i Wkhr uhp 4 Z h fdq uhsuhvhqwwkh wlp h vhulhvlq whup vri d fflqlwh qxp ehuri lwvJ Ldqg rqh frqglwlrqdo h{shfwdwlrq e| =

♮_w@ Q⋃ q@3 J L_q +Y_{w∗ q} >I_{w∗ q∗ 4}, . H^♮_w⇕⇕I_{w∗ q∗ 4}‘> vlqfh ♮_w@H^♮_w⇕I_w‘1 Wkxv/ zh kdyh= ⟩ Q⋃ q@3 J L_q +Y_{w∗ q} >I_{w∗ q∗ 4},|^5 ⪰ ♮^5_w . 5⇕♮_wH^♮_w⇕⇕I_{w∗ q∗ 4}‘⇕. +H^♮_w⇕⇕I_{w∗ q∗ 4}‘,^5/

Khqfh/ li wkh wlp h vhulhv lv vtxduh lqwhjudeoh wkh ukv ri wklv h{suhvvlrq fdq eh erxqghg e| dq lqwhjudeoh ixqfwlrq dqg e| wkh grp lqdwhg frqyhujhqfh wkhruhp wkh h{shfwdwlrq ri ⟩ ⋃_△ q@3 J L_q +Y_{w∗ q} >I_{w∗ q} ,|^5 lv fflqlwh1 Dsso| lqj wkh h{shfwdwlrq rshudwru wr wkh vtxduh ri wkh fflqlwh vxp dqg p dnlqj wkh xvxdoh{sdqvlrq zh kdyh Q⋃ q@3 HĴ L_q +Y_{w∗ q} >I_{w∗ q} ,^5‘. 5 Q Q . 4 Q⋃ q@4 HĴ L_q +Y_{w∗ q} >I_{w∗ q∗ 4},J L_{q∗ 4}+Y_{w∗ q∗ 4}>I_{w∗ q∗ 5},‘. ÷÷÷. 5HĴ L_3+Y_w>I_{w∗ 4},J L_Q +Y_{w∗ Q} >I_{w∗ Q ∗ 4},‘/ E| wkh surshuwlhv ri wkh J Lrqo| wkh h{shfwdwlrq ri whup v ri wkh ffluvwvxp kdyh d qrqh }hur ydoxh dqg zh fdq frqfoxgh wkdw

H^♮^5_w‘ @ △⋃ q@3 HĴ L_q +Y_{w∗ q} >I_{w∗ q} ,^5‘/ Xvlqj wkh surshuw| wkdwiru q ⋆ 3>J L_q +Y_w>I_{w∗ 4}, @3 frp sohwhv wkh surri1

S urr i r i Wkhr uhp 5 Vljqli| wkh hohp hqwv ri D_K e| f_ȷ w

∗ 4 +ϖ , 1 Lq rughu wr hvwdeolvk wkdwd ixqfwlrq

ghfflqhg rq wkh lqwhjhuv lv dxwrfryduldqfh ixqfwlrq zh qhhg wr vkrz wkh iroorzlqj= 41 f_ȷ w∗ 4_{+ϖ ,} +3, ∼ 3/ 51 f_ȷ w∗ 4_{+ϖ ,} +3, ∼ ⇕f_ȷ w∗ 4_{+ϖ ,} +m,⇕iru m@⊖ 4>⊖ 5>//// 61 f_ȷ w∗ 4_{+ϖ ,} +m, @f_ȷ w∗ 4_{+ϖ ,} +∗ m, iru m@⊖ 4>⊖ 5>/// 71 f_ȷ w∗ 4_{+ϖ ,} +m, lv qrq0qhjdwlyh ghfflqlwh ixqfwlrq rq wkh lqwhjhuv1 D ixqfwlrq ν rq wkh lqwhjhuv lv qrq0qhjdwlyh ghfflqlwh li dqg rqo| li= p⋃ l>c@4 d_lν+m_l>m_c,d_c ∼ 3/

Wkhrqo| frqglwlrq ri 41wr 71 wkdwlvqrwd gluhfwsurshuw| ri wkhlqqhusurgxfw‖÷>÷↕^ȷ w∗ 4^{+ϖ ,} @ ⋃^△ q@∗ △ Hȷ_{w∗ 4} +ϖ , ^♯ q ♭ q rq D lv 7 +vhh Gxqirug dqg Vfkzduw} +4<8: LY1714<,1 Lq rughu wr vkrz wklv frqglwlrq1 Ghfflqh=

d @+d_4>d_5>///>d_p ,^∋> m@+m_4>m_5>///>m_p , ▽ lqwhjhuv/ [^M_q @+♯_{q. m4} >♯_{q. m5} >///>♯_{q. mp} ,/

Frqvlghu= p⋃ l>c@4 d_lf_ȷ w∗ 4_{+ϖ ,} +m_l ∗ m_c,d_c @ p⋃ l>c@4 d_l‖]_{ml} >]_{mc} ↕_K d_c @ p⋃ l>c@4 ‖d_l]_{ml} >d_c]_{mc} ↕_K @ ‖ ⋃ l d_l]_{ml} > ⋃ c d_c]_{mc} ↕_K /

Xvlqj wkh ghfflqlwlrq ri wkh lqqhu surgxfwfrqvlghu rqh whup lq wkh lqfflqlwh vxp ryhu q= H_ȷ w∗ 4_{+ϖ ,}^ ⋃ l d_l♯_{q. ml} > ⋃ c d_c♯_{q. mc} ‘@H_ȷ w∗ 4_{+ϖ ,} d̂^∋[^m_q [^{m∋}_q d‘∼ 3/ Wkxv/ f_ȷ w∗ 4_{+ϖ ,} +m, lv d qrq0qhjdwlyh ghfflqlwh ixqfwlrq1

S urr i r i F r ur oodu| wr Wkhr uhp 5 Qrwh wkdwd wlp h vhulhv ♮_w fdq eh h{suhvvhg dv= ♮_w@ ⋃ q∼ 3 J L_q +Y_{w∗ q} >I_{w∗ q∗ 4},> vlqfh wkh ohdg whup lq wkh vxp lv H^♮_w⇕⇕Y_w>I_{w∗ 4}‘@♮_w dqg doowkh rwkhu whup v fdqfho1

Z lwkrxworvv ri jhqhudolw| dvvxp h wkdw♮_w kdv p hdq }hur/ wkhq

ζ+n, @H^♮_{w. n}♮_w‘ @H^ ⋃ q∼ 3 J L_q +Y_{w. n∗ q} >I_{w. n∗ q∗ 4}, ⋃ q∼ 3 J L_q +Y_{w∗ q} >I_{w∗ q∗ 4},‘/

Wklv h{suhvvlrq fdq eh vsolwlqwr vhsdudwh whup v ri irup = HĴ L_c+Y_{w. n∗ c}>I_{w. n∗ c∗ 4},J L_p +Y_{w∗ p} >I_{w∗ p ∗ 4},‘/ Qrwh wkdwli n ∗ c ∃@p wkhq e| wkh odz ri lwhudwhg h{shfwdwlrqv wkh whup kdv ydoxh }hur1 Vlqfh li n ∗ c ⋆ p rqh fdq frqglwlrq rq lqirup dwlrq xs wr wlp h w∗ p dqg li n∗ c A p rqh fdq frqglwlrq rq lqirup dwlrq xs wr w∗ n∗ c1 Lq wkh fdvhv z khuh n ∗ c @p zh kdyh= H ⌋ H ⌋ J L_c+Y_{w∗ p} >I_{w∗ p ∗ 4},J L_p +Y_{w∗ p} >I_{w∗ p ∗ 4},⇕ȷ^{w∗ p ∗ 4}+ϖ, ⌈⌈ /

Froohfwlqj doovlp lodu whup v suryhv wkh uhvxow1

Uhihuhqfhv

^4‘ Eloolqj voh| / S1/ +4<; 9,/ Suredelolw| dqg P hdvxuh/ Qhz \ run=Mrkq Z loh| 1

^5‘ Euloolqj hu/ G1+4<; 4,/

^6‘ Eurfnz hoodqg Gdylv/ +4<; : , Wlp hv Vhulhv=Wkhru| dqg P hwkrgv/ Qhz \ run=

^7‘ Frfkudqh/ M1/ +4<; ; , Krz elj lv wkh udqgrp z don lq XVJ QSBMrxuqdori SrolwlfdoHfrqrp | /<9/ ; <60<531

^8‘ Gxqirug dqg Vfkz duw} +4<8: ,/ Olqhdu Rshudwruv Sduw4/ Qhz \ run=Mrkq Z loh| 1

^9‘ J doodqw/ D1U1/ S1H1Urvvl dqg J 1Wdxfkhq +4<<6,1�Qrqolqhdu G| qdp lf Vwuxfwxuhv/� Hfrqrp hwulfd/ 94/ ; : 40

<3; 1

^: ‘ Nrrs/ J 1/ Shvdudq/ K1/ dqg Srwwhu/ V1/ +4<<8,= �Lp sxovh Uhvsrqvh Dqdo| vlv lq Qrqolqhdu P xowlyduldwh

P rghov/�Mrxuqdori Hfrqrp hwulfv/ : 7 44<047: 1

^; ‘ Srwwhu/ V1/ +4<<8,/ �Qrqolqhdu Lp sxovh Uhvsrqvh I xqfwlrqv/� p lp hr/ Ghsduwp hqwri Hfrqrp lfv/ Xqlyhuvlw| ri Fdoliruqld/ Orv Dqj hohv1

^<‘ Sulhvwoh| / P 1E1/ +4<; ; ,/ Qrq0Olqhdu dqg Qrq0Vwdwlrqdu| Wlp h Vhulhv/ Qhz \ run=Dfdghp lf Suhvv1

^43‘ Urvhqeodww/ P 1/ +4<: 4,/ P dunry Surfhvvhv1Vwuxfwxuh dqg Dv| p swrwlf Ehkdylru/ Qhz \ run=Vsulqj hu1

^44‘ Wrqj / K1/ +4<<3,/ Qrq0olqhdu Wlp h Vhulhv=D G| qdp lfdoV| vwhp Dssurdfk/ R{irug=Foduhqgrq Suhvv1

^45‘ Wrqj / K1/ +4<<8,/ �D shuvrqdoryhuylhz ri qrqolqhdu wlp h vhulhv dqdo| vlv iurp d fkdrv shuvshfwlyh/� Vfdqgd0 yldq Mrxuqdori Vwdwlvwlfv/ iruwkfrp lqj 1

^46‘ Wz hhglh/ U1/ +4<; 6,/ �Wkh H{lvwhqfh ri P rp hqwv iru Vwdwlrqdu| P dunry Fkdlqv/� MrxuqdoRi Dssolhg Sure0 delolw| / 53/ 4<4091