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&KDSWHU �

7(67,1* +<327+(6(6

$IWHU \RX KDYH HVWLPDWHG D PRGHO XVLQJ WKH PHWKRGV LQ HDUOLHU FKDSWHUV� \RX PD\ ZDQW WR WHVW VRPH K\SRWKHVHV DERXW

WKH HVWLPDWHG SDUDPHWHUV RI WKH PRGHO� )RU H[DPSOH� \RX PD\ ZDQW WR WHVW ZKHWKHU RQH RU PRUH YDULDEOHV EHORQJ LQ DQ

HTXDWLRQ� RU ZKHWKHU WKH SDUDPHWHUV VDWLVI\ VRPH OLQHDU RU QRQOLQHDU FRQVWUDLQW� 763 KDV PDQ\ PHWKRGV IRU SHUIRUPLQJ

VXFK WHVWV� DQG LQ WKLV FKDSWHU� ZH RXWOLQH VRPH RI WKHP� \RXU LQJHQXLW\ PD\ ILQG RWKHUV�

+\SRWKHVLV WHVWLQJ RI OLQHDU RU QRQOLQHDU FRQVWUDLQWV RQ WKH SDUDPHWHUV RI HFRQRPHWULF PRGHOV FDQ JHQHUDOO\ EH SHUIRUPHG

XVLQJ RQH RI WKUHH PHWKRGV� 7KHVH PHWKRGV DUH� WKH OLNHOLKRRG UDWLR �ZKLFK FRPSDUHV FRQVWUDLQHG DQG XQFRQVWUDLQHG

HVWLPDWHV�� WKH :DOG WHVW �EDVHG RQ WKH XQFRQVWUDLQHG HVWLPDWHV�� DQG WKH /DJUDQJH PXOWLSOLHU� RU /0� WHVW �EDVHG RQ WKH

FRQVWUDLQHG HVWLPDWHV�� ,Q GLIIHUHQW VLWXDWLRQV� \RX PD\ ILQG RQH RU WKH RWKHU RI WKHVH WHVWV HDVLHU WR FRPSXWH� $OWKRXJK

DOO DUH DV\PSWRWLFDOO\ HTXLYDOHQW� LQ ILQLWH VDPSOHV WKH UHVXOWV ZLOO GLIIHU �H[FHSW LQ YHU\ VSHFLILF VLPSOH FDVHV�� )RU

H[DPSOH� LQ WKH FDVH RI OLQHDU FRQVWUDLQWV LQ D JHQHUDOL]HG OHDVW VTXDUHV PRGHO� WKH WKUHH VWDWLVWLFV REH\ WKH IROORZLQJ

LQHTXDOLW\�

:DOG � /5 � /0

6HH WKH H[FHOOHQW DUWLFOH E\ (QJOH ������ IRU IXUWKHU LQIRUPDWLRQ DQG UHIHUHQFHV�

,Q WKLV FKDSWHU ZH RXWOLQH WKH WHVWV WKDW FDQ EH XVHG ZLWK WKH OLQHDU HVWLPDWLRQ PHWKRGV� WKH W�WHVW� )�WHVW� DQG D VSHFLDO

FDVH RI WKH )�WHVW FDOOHG WKH &KRZ WHVW� 7KHQ ZH GLVFXVV WKH WHVWV DYDLODEOH IRU WHVWLQJ QRQOLQHDU K\SRWKHVHV� DQG OLQHDU

RU QRQOLQHDU K\SRWKHVHV DERXW QRQOLQHDU PRGHOV� 7KHVH IDOO LQWR WZR EDVLF FODVVHV� GHSHQGLQJ RQ WKH IRUP RI WKH

K\SRWKHVLV� WKH OLNHOLKRRG UDWLR DQG TXDVL�OLNHOLKRRG UDWLR WHVW� DQG WKH :DOG WHVW� 7KH W�WHVW DQG )�WHVW IRU OLQHDU PRGHOV�

DQG WKH :DOG WHVW IRU QRQOLQHDU PRGHOV FDQ DOO EH GRQH ZLWK WKH $1$/<= FRPPDQG� )LQDOO\ ZH EULHIO\ GLVFXVV WKH

/DJUDQJH PXOWLSOLHU �VFRUH� WHVW�

7KH /0 WHVW LV DQ H[DPSOH RI D W\SH RI WHVW FDOOHG D �VSHFLILFDWLRQ WHVW�� IRU ZKLFK D VSHFLILF DOWHUQDWH K\SRWKHVLV LV RIWHQ

QRW DYDLODEOH� $QRWKHU ODUJH FODVV RI VSHFLILFDWLRQ WHVWV PD\ EH JHQHUDWHG E\ D SULQFLSOH HQXQFLDWHG E\ +DXVPDQ �������

7KH +DXVPDQ WHVW LV GLVFXVVHG LQ VHFWLRQ ��� DQG DQ H[DPSOH LV JLYHQ LQ 6HFWLRQ �������

&ODVVLFDO K\SRWKHVLV WHVWLQJ LQYROYHV DFFHSWLQJ RU UHMHFWLQJ GHFLVLRQV EDVHG RQ WDEXODWHG VLJQLILFDQFH OHYHOV IRU WKH

WKHRUHWLFDO GLVWULEXWLRQ RI WKH WHVW VWDWLVWLF� 763 SURYLGHV WKHVH WDEOHV DV D SURFHGXUH �&')� IRU WKH 6WXGHQW
V W� )�

FKL�VTXDUHG� QRUPDO� DQG ELYDULDWH QRUPDO GLVWULEXWLRQV VR WKDW \RX FDQ HDVLO\ ILQG WKH S�OHYHO IRU DQ\ WHVW VWDWLVWLF \RX

FDOFXODWH� &') DOVR FRQWDLQV GLVWULEXWLRQV IRU WKH 'LFNH\�)XOOHU WHVWV IRU XQLW URRWV DQG WKH (QJOH�*UDQJHU FRLQWHJUDWLRQ

WHVWV� ZKLFK DUH GLVFXVVHG LQ &KDSWHU ���

���� W�WHVWV

7KH VLPSOHVW K\SRWKHVLV WHVW LV WKH W�WHVW� XVXDOO\ D WHVW IRU HTXDOLW\ RI D VLQJOH FRHIILFLHQW LQ \RXU PRGHO ZLWK VRPH

SUHVSHFLILHG YDOXH� 7KH PRVW FRPPRQ YDOXH LV ]HUR� 763 DOZD\V SULQWV RXW WKH YDOXH RI WKH VWDWLVWLF IRU WKH W�WHVW RI ]HUR

LQ WKH WDEOH RI UHJUHVVLRQ UHVXOWV�

,Q JHQHUDO� W�WHVWV RQ VLQJOH FRHIILFLHQWV DUH RI WKH IRUP �HVWLPDWHG FRHILFLHQW � K\SRWKHVL]HG YDOXH���HVWLPDWHG VWDQGDUG

HUURU� � )RU WKH VWDQGDUG FDVH RI WHVWLQJ DJDLQVW ]HUR� WKLV VLPSOLILHV WR WKH UDWLR RI WKH HVWLPDWHG FRHIILFLHQW WR LWV VWDQGDUG

HUURU� )RU H[DPSOH� LI \RX ZDQW WR WHVW WKH K\SRWKHVLV WKDW WKH FRHIILFLHQW RQ ;� LV RQH�

2/64 < & ;� ;� ;��

6(7 77(67  �#&2()��� � ���#6(6���� " ;� LV WKH VHFRQG YDULDEOH LQ #&2() DQG #6(6

6(7 ')7  #12% � #1&,'� " GHJUHHV RI IUHHGRP ¥ XVHG WR FRPSXWH WKH 3�YDOXH

&')�7�') ')7� 77(67� " SULQW 77(67 DQG LWV 3�YDOXH

<RX FDQ GR WKH VDPH WKLQJ XVLQJ WKH $1$/<= SURFHGXUH �GHVFULEHG EHORZ��
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)50/ 7(67� ;���� " +\SRWKHVL]H WKDW ;� �

$1$/<= 7(67�� " &RPSXWH )�WHVW ��� ��

7�WHVWV RI WKLV NLQG� ERWK VLPSOH DQG FRPSOH[� PD\ EH SHUIRUPHG RQ WKH UHVXOWV RI DQ\ 763 OLQHDU RU QRQOLQHDU HVWLPDWLRQ

SURFHGXUH� )RU VRPH HVWLPDWLRQ PHWKRGV� PRVWO\ QRQOLQHDU PRGHOV� WKH UHVXOWLQJ VWDWLVWLF ZLOO QRW EH D W�VWDWLVWLF� EXW DQ

DV\PSWRWLFDOO\ QRUPDO YDULDEOH� 7KH GLVWULEXWLRQ RI WKDW VWDWLVWLF LV DOPRVW WKH VDPH DV D WZR�WDLOHG W�VWDWLVWLF EDVHG RQ

PRUH WKDQ �� REVHUYDWLRQV DQG SURYLGHV D PRUH FRQVHUYDWLYH WHVW LQ VPDOO VDPSOHV� )RU FHUWDLQ WLPH VHULHV UHJUHVVLRQV

�WKRVH XVLQJ LQWHJUDWHG YDULDEOHV�� WHVWV OLNH WKH DERYH UHVXOW LQ D 'LFNH\�)XOOHU WHVW� UDWKHU WKDQ D W�WHVW��6HH 6HFWLRQ ������

7�WHVWV FDQ DOVR EH FRPSXWHG DQG GLVSOD\HG IRU HVWLPDWRUV \RX KDYH SURJUDPPHG ZLWK PDWUL[ SURFHGXUHV� -XVW VXSSO\

WKH 767$76 FRPPDQG ZLWK WKH QDPHV RI WKH FRHIILFLHQW YHFWRU DQG WKH YDULDQFH�FRYDULDQFH PDWUL[� DQG 767$76 ZLOO

SULQW D VWDQGDUG UHJUHVVLRQ RXWSXW WDEOH� )RU H[DPSOH�

767$76�1$0(6 �%(7$��%(7$��� %(7$ 9$5%�

SULQWV D WDEOH RI WKH VHYHQ %(7$ FRHIILFLHQWV� WRJHWKHU ZLWK WKHLU VWDQGDUG HUURUV �WKH VTXDUH URRWV RI WKH GLDJRQDO

HOHPHQWV RI 9$5%� DQG W�VWDWLVWLFV IRU WKH K\SRWKHVLV WKDW HDFK RI WKHP LV ]HUR�

���� )�WHVWV

)�WHVWV DUH FRPPRQO\ XVHG WR WHVW OLQHDU K\SRWKHVHV ZKLFK LQYROYH PRUH WKDQ RQH FRHIILFLHQW� 7KH VLPSOHVW ZD\ WR

FRPSXWH )�WHVWV LV WR XVH WKH $1$/<= FRPPDQG� ZKHUH \RX ZULWH RQH )50/ IRU HDFK UHVWULFWLRQ� $1$/<= ZLOO

FRPSXWH WKH YDOXH RI HDFK UHVWULFWLRQ� WKH )�VWDWLVWLF IRU DOO WKH UHVWULFWLRQV DV D MRLQW WHVW� DQG WKH LPSOLHG FRQVWUDLQHG

YDOXHV RI WKH RULJLQDO FRHIILFLHQWV� �1RWH� $1$/<= RQO\ FRPSXWHV DQ )�VWDWLVWLF IRU OLQHDU UHVWULFWLRQV IROORZLQJ DQ

2/64 FRPPDQG �� IROORZLQJ RWKHU SURFHGXUHV $1$/<= FRPSXWHV DQ DV\PSWRWLF FKL�VTXDUHG WHVW�� )RU H[DPSOH� WR

WHVW WKDW WKH VXP RI WKH FRHIILFLHQWV RQ ;� DQG ;� HTXDOV RQH� XVH WKH IROORZLQJ FRPPDQGV�

2/64 < & ;� ;� ;��

)50/ 680� ;��;� � �� " ZULWH WKH UHVWULFWLRQ VR WKDW WKH YDOXH ZRXOG EH ]HUR LI WKH UHVWULFWLRQ LV WUXH

$1$/<= 680��

$QRWKHU ZD\ WR WHVW OLQHDU K\SRWKHVHV LV WR HVWLPDWH WKH XQFRQVWUDLQHG PRGHO� WKHQ LPSRVH WKH QXOO K\SRWKHVLV DQG

HVWLPDWH D FRQVWUDLQHG YHUVLRQ RI WKH PRGHO� ,Q WKLV FDVH DQ )�VWDWLVWLF �ZLWK QXPHUDWRU GHJUHHV RI IUHHGRP HTXDO WR WKH

QXPEHU RI FRQVWUDLQWV DQG GHQRPLQDWRU GHJUHHV RI IUHHGRP HTXDO WR WKH GHJUHHV RI IUHHGRP LQ WKH XQFRQVWUDLQHG PRGHO�

FDQ EH FRPSXWHG IURP WKH VXP RI VTXDUHG UHVLGXDOV RI WKH WZR PRGHOV� 2XU H[DPSOH DERYH KDG RQH FRQVWUDLQW� WKDW WKH

VXP RI E DQG E ZDV XQLW\ �ZKHUH E DQG E DUH WKH FRHIILFLHQWV RI ;� DQG ;�� UHVSHFWLYHO\�� :H FDQ ZULWH WKLV FRQVWUDLQW
� � � �

DV E  ���E �� VR ZH FDQ LPSRVH WKLV E\ UHJUHVVLQJ �<�;�� RQ &� �;��;��� DQG ;�� 7KH FRPPDQGV IRU WKLV WHVW DUH�
� �

2/64 < & ;� ;� ;� � " 8QUHVWULFWHG 0RGHO

6(7 6658  #665 � 6(7 ')8  #12%�#1&,' � " 6XP RI VTXDUHV DQG GHJUHHV RI IUHHGRP

*(15 <;�  <�;� � *(15 ';  ;��;� � " IRU XQUHVWULFWHG PRGHO�

2/64 <;� & '; ;� � " 5HVWULFWHG 0RGHO�

6(7 )67$7  ��#665�6658������6658�')8� �

&')�)�')� ��')� ')8� )67$7 � " 3ULQW RXW S�YDOXH IRU )�VWDWLVWLF�

763
V LQWHUQDO YDULDEOH #12% FRQWDLQV WKH QXPEHU RI REVHUYDWLRQV LQ WKH FXUUHQW 603/ DQG LV DOZD\V DYDLODEOH IRU XVH

LQ FRPSXWDWLRQV� #1&,' LV WKH QXPEHU RI HVWLPDWHG FRHIILFLHQWV� 1RWH WKH XVH RI &') WR SULQW RXW WKH VLJQLILFDQFH OHYHO

DVVRFLDWHG ZLWK WKLV )�VWDWLVWLF�

2QH DGYDQWDJH RI WKLV ODVW WHFKQLTXH LV WKDW LW HDVLO\ HQFRPSDVVHV VLWXDWLRQV ZKHUH WKHUH PD\ EH PDQ\ FRQVWUDLQWV�

SDUWLFXODUO\ VLWXDWLRQV FRQVLVWLQJ RI VHYHUDO ]HUR UHVWULFWLRQV RQ YDULDEOHV� ,W LV D YDULDWLRQ RQ WKH TXDVL�OLNHOLKRRG UDWLR

WHFKQLTXHV GLVFXVVHG LQ WKH VHFWLRQ RQ QRQOLQHDU WZR� DQG WKUHH�VWDJH OHDVW VTXDUHV�
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���� &KRZ WHVWV

&KRZ WHVWV DUH D VSHFLDO IRUP RI )�WHVW WKDW FKHFN WKH VWDELOLW\ RI UHJUHVVLRQ FRHIILFLHQWV RYHU WZR RU PRUH VXEVDPSOHV

RI WKH GDWD� 7KLV LV QRUPDOO\ GRQH E\ UXQQLQJ D UHJUHVVLRQ IRU WKH ZKROH VDPSOH� WKHQ UXQQLQJ WKH VDPH UHJUHVVLRQ IRU

VXEVDPSOHV� DQG FRPSDULQJ WKH VXPV RI VTXDUHG UHVLGXDOV �665V�� $Q )�WHVW IRU WKH FRQVWUDLQW WKDW WKH WZR VHWV RI

FRHIILFLHQWV DUH HTXDO FDQ EH FRPSXWHG IURP WKH 665V� +RZHYHU� 763 DXWRPDWHV WKLV SDUWLFXODU IRUP RI WKH )�WHVW� XVLQJ

WKH RSWLRQV &+2: DQG &+2:'$7( LQ WKH 5(*237 SURFHGXUH� +HUH LV D VLPSOH H[DPSOH RI D &KRZ WHVW� ERWK

DXWRPDWHG DQG PDQXDO�

603/ ���� �����

5(*237�&+2:'$7( ����� &+2:� " 7KH WZR SHULRGV DUH ���������� ���������

2/64 < & ;�

7R FRPSXWH WKLV )�VWDWLVWLF ¦E\ KDQG§� UXQ WKH XQFRQVWUDLQHG DQG FRQVWUDLQHG UHJUHVVLRQV� DQG WKHQ IRUP WKH ) UDWLR�

" HVWLPDWH IRU WKH ZKROH VDPSOH�

603/ ���� ���� �

6(7 ')  #12%�� �

2/64 < & ; �

6(7 665�  #665 �

" HVWLPDWH IRU VXESHULRG ��

603/ ���� ���� �

2/64 < & ; �

6(7 665�  #665 �

" HVWLPDWH IRU VXESHULRG ��

603/ ���� ���� �

2/64 < & ; �

6(7 665�  #665 �

" FRPSXWH DQG SULQW WKH &KRZ WHVW�

6(7 &+2:  �665��665��665��
')���
�665��665��� �

&') �)�')� ��')� ')� &+2: �

���� 3VHXGR�) WHVWV IRU �6/6

7KH �6/6 UHVLGXDOV DUH DV\PSWRWLFDOO\ QRUPDO� DQG FDQ EH XVHG WR IRUP D SVHXGR�) WHVW WKDW KDV DQ DSSUR[LPDWH )

GLVWULEXWLRQ� IROORZLQJ 6WDUW] ������� 7KH PDLQ GLIIHUHQFH LV WKDW WKH �6/6 REMHFWLYH IXQFWLRQ #3+, �H
3 H� LV XVHG LQ
=

WKH QXPHUDWRU LQVWHDG RI #665� 7KH SUHYLRXV ) WHVW H[DPSOH FDQ EH XVHG WR LOOXVWUDWH WKH SVHXGR�) WHVW�

�6/6 < & ;� ;� ;� _ & =��=� � " 8QUHVWULFWHG PRGHO

6(7 3+,8  #3+, � 6(7 6�8  #6� � 6(7 ')8  #12%�#1&,' �

*(15 <;�  <�;� � *(15 ';  ;��;� �

�6/6 <;� & '; ;� _ & =��=� � " 5HVWULFWHG PRGHO

6(7 36(8'2)  ��#3+,�3+,8�����6�8 �

&')�)�')� ��')� ')8� 36(8'2) �

&KRZ WHVWV FDQ DOVR EH SHUIRUPHG ZLWK WKLV PHWKRGRORJ\� EXW EH FDUHIXO WR H[SDQG WKH LQVWUXPHQW OLVW IRU WKH UHVWULFWHG

PRGHO �WKH RQH HVWLPDWHG RQ WKH ZKROH SHULRG� E\ PXOWLSO\LQJ LW E\ VXEVDPSOH GXPPLHV� 7KLV PDNHV WKH LQVWUXPHQWV

WKH VDPH IRU DOO PRGHOV EHLQJ FRPSDUHG�

" VHW XS WKH VXEVDPSOH GXPPLHV�

603/ ���� ���� � /2:  � � +,*+  � �

" HVWLPDWH IRU VXESHULRG ��

603/ ���� ���� � /2:  � �

�6/6 < & ; _ & = �

6(7 3+,�  #3+, � 6(7 665�  #665 �

" HVWLPDWH IRU VXESHULRG ��
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603/ ���� ���� � +,*+  � �

�6/6 < & ; _ & = �

6(7 3+,�  #3+, � 6(7 665�  #665 �

" HVWLPDWH RYHU WKH ZKROH VDPSOH �UHVWULFWHG PRGHO�

603/ ���� ���� �

=/2:  =
/2: � =+,*+  =
+,*+ �

�6/6 < & ; _ /2: +,*+ =/2: =+,*+ �

6(7 3+,�  #3+, �

" FRPSXWH DQG SULQW WKH SVHXGR�) YHUVLRQ RI WKH &KRZ WHVW�

6(7 ')  #12%�� �

6(7 3)&+2:  ��3+,��3+,��3+,����� � ��665��665�� � ')� �

&') �)�')� ��')� ')� 3)&+2: �

���� /LNHOLKRRG UDWLR WHVWV

,Q PDQ\ ZD\V� WKH OLNHOLKRRG UDWLR WHVW LV FRQFHSWXDOO\ WKH HDVLHVW RI WKH WHVWV ZH FRQVLGHU LQ WKLV FKDSWHU� ,W FDQ EH XVHG

IRU DQ\ PRGHO WKDW LV HVWLPDWHG E\ PD[LPXP OLNHOLKRRG� ,Q 763� WKLV LQFOXGHV 2/64� $5�� /64 ZLWKRXW LQVWUXPHQWDO

YDULDEOHV �QRQOLQHDU OHDVW VTXDUHV RU PXOWLYDULDWH UHJUHVVLRQ�� ),0/� 352%,7� 72%,7� 6$036(/� /2*,7� DQG 0/�

)RU WKHVH PHWKRGV� 763 SULQWV RXW D YDOXH RI WKH ORJDULWKP RI WKH OLNHOLKRRG HYDOXDWHG DW WKH HVWLPDWHG SDUDPHWHUV DQG

VWRUHV LW XQGHU WKH QDPH #/2*/�

,I / LV WKH YDOXH RI WKH OLNHOLKRRG IXQFWLRQ IRU WKH PD[LPXP RI WKH XQFRQVWUDLQHG PRGHO DQG / LV WKH YDOXH ZKHQ WKH
� �

FRQVWUDLQWV DUH LPSRVHG� WKHQ WKH OLNHOLKRRG UDWLR WHVW LV FRPSXWHG DV

/5  ��/ �/ �
� �

7KLV WHVW LV DOZD\V SRVLWLYH �RU ]HUR� VLQFH WKH OLNHOLKRRG RI WKH XQFRQVWUDLQHG PRGHO LV DW OHDVW DV KLJK DV WKDW RI WKH

FRQVWUDLQHG PRGHO� 7KH /5 VWDWLVWLF LV GLVWULEXWHG DV\PSWRWLFDOO\ DV D FKL�VTXDUHG YDULDEOH ZLWK GHJUHHV RI IUHHGRP HTXDO

WR WKH QXPEHU RI FRQVWUDLQWV� )RU IXUWKHU LQIRUPDWLRQ RQ WKH DV\PSWRWLF SURSHUWLHV RI WKLV VWDWLVWLF LQ QRQOLQHDU PRGHOV

HVWLPDWHG E\ PD[LPXP OLNHOLKRRG� VHH *DOODQW DQG +ROO\ �������

7R FRPSXWH WKLV WHVW LQ 763� VDYH WKH WZR YDOXHV RI #/2*/ IRU WKH XQFRQVWUDLQHG DQG FRQVWUDLQHG HVWLPDWHV� GLIIHUHQFH

WKHP� DQG PXOWLSO\ E\ �� <RX FDQ XVH &') ZLWK WKH FKL�VTXDUHG GLVWULEXWLRQ WR REWDLQ WKH DVVRFLDWHG S�YDOXH�

���� 1RQOLQHDU WZR� DQG WKUHH�VWDJH OHDVW VTXDUHV �� WKH 4/5 WHVW

$ TXDVL�OLNHOLKRRG UDWLR WHVW FDQ EH XVHG IRU K\SRWKHVLV WHVWLQJ LQ D QRQOLQHDU PRGHO HVWLPDWHG E\ WZR� RU WKUHH�VWDJH OHDVW

VTXDUHV� 7KLV W\SH RI WHVW LV GLVFXVVHG LQ *DOODQW DQG -RUJHQVRQ ������� 7KH WHVWV DUH EDVHG RQ WKH SULQFLSOH WKDW LI DQ

HVWLPDWHG IXQFWLRQ RI WKH GDWD LV DV\PSWRWLFDOO\ QRUPDOO\ GLVWULEXWHG ZLWK D YDULDQFH�FRYDULDQFH PDWUL[ WKDW FDQ EH

FRQVLVWHQWO\ HVWLPDWHG� LW LV SRVVLEOH WR FRQVWUXFW D YDULDEOH WKDW LV FKL�VTXDUHG GLVWULEXWHG IURP WKLV IXQFWLRQ RI WKH GDWD�

,Q WKH FDVHV GLVFXVVHG KHUH� WKH IXQFWLRQ LQ TXHVWLRQ LV WKH YHFWRU RI GLIIHUHQFHV EHWZHHQ WKH UHVLGXDOV XQGHU WKH QXOO DQG

WKH UHVLGXDOV XQGHU WKH DOWHUQDWLYH� ZKLFK KDV H[SHFWDWLRQ ]HUR XQGHU WKH QXOO� 7KH DSSURSULDWH FRYDULDQFH PDWUL[ HVWLPDWH

LV WKH PLQLPXP GLVWDQFH ZHLJKWLQJ PDWUL[ XQGHU WKH PRVW XQUHVWULFWHG PRGHO�

7KH 4/5 WHVW ZKLFK *DOODQW DQG -RUJHQVRQ SURSRVH IRU WKUHH�VWDJH OHDVW VTXDUHV LV

7  Q �4 � 4 �
� �

ZKHUH 4 LV WKH YDOXH RI WKH PLQLPXP GLVWDQFH FULWHULRQ IRU WKH QXOO K\SRWKHVLV� 4 LWV YDOXH IRU WKH PDLQWDLQHG
� �

K\SRWKHVLV� DQG Q WKH QXPEHU RI REVHUYDWLRQV�

7KH IRUPXOD IRU WKH PLQLPXP GLVWDQFH IXQFWLRQ 4�E�� E D YHFWRU RI SDUDPHWHUV� LV

4  I�E�
�6 �3 �I�E���

=
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ZKHUH I�E� LV WKH VWDFNHG YHFWRU RI UHVLGXDOV IURP WKH PRGHO� 6 D FRQVLVWHQW HVWLPDWH RI WKH FRYDULDQFH RI WKH GLVWXUEDQFHV�

DQG 3 WKH SURMHFWLRQ PDWUL[ RI WKH LQVWUXPHQWV� =�=
=� =
� /64 PLQLPL]HV Q4�E� ZKHQ LW LV GRLQJ WKUHH�VWDJH OHDVW
=

��

VTXDUHV DQG SULQWV LW DV )  � )1(:  � DQG (
++
(� ,W PD\ EH UHWULHYHG XQGHU WKH QDPH #3+, DIWHU FRQYHUJHQFH�

$ FDXWLRQDU\ QRWH RQ WHVWLQJ ZLWK D PLQLPXP GLVWDQFH FULWHULRQ� WKH VWDWLVWLF FDQ EH LOO�EHKDYHG �KDYH WKH ZURQJ VLJQ�

LI WKH HVWLPDWH RI 6 LV QRW KHOG FRQVWDQW DFURVV WKH QXOO DQG PDLQWDLQHG K\SRWKHVHV� 7R GR VR� REWDLQ D FRQVLVWHQW HVWLPDWH

RI 6 XVLQJ QRQOLQHDU WZR�VWDJH OHDVW VTXDUHV DQG WKHQ PDLQWDLQ WKDW HVWLPDWH DV D FRQVWDQW ZHLJKWLQJ PDWUL[ ZKLOH GRLQJ

WKUHH�VWDJH OHDVW VTXDUHV RQ WKH WZR PRGHOV� )RU H[DPSOH�
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4� LV WKH REMHFWLYH IXQFWLRQ IRU WKH QXOO K\SRWKHVLV DQG 4� LV WKH PDLQWDLQHG K\SRWKHVLV� 7KH ILUVW HVWLPDWRU LV QHVWHG

ZLWKLQ WKH VHFRQG� KHQFH 4� � 4�� DQG WKH WHVW LV QHFHVVDULO\ SRVLWLYH� 7KLV WHVW LV DV\PSWRWLFDOO\ FKL�VTXDUHG ZLWK

GHJUHHV RI IUHHGRP HTXDO WR WKH QXPEHU RI UHVWULFWLRQV LPSRVHG� WKDW LV� WKH QXPEHU RI SDUDPHWHUV LQ WKH VHFRQG PRGHO

PLQXV WKH QXPEHU LQ WKH ILUVW�

)RU WZR�VWDJH OHDVW VTXDUHV WKH REMHFWLYH IXQFWLRQ XVHG E\ 763 LV
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=

,Q WKLV FDVH� WKH VDPH NLQG RI WHVW FDQ EH FRPSXWHG DV
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ZKHUH V LV D FRQVLVWHQW HVWLPDWH RI WKH YDULDQFH RI WKH GLVWXUEDQFH �LQ SDUWLFXODU� RQH PD\ XVH WKH VWDQGDUG HUURU VTXDUHG�

RI WKH WZR VWDJH HVWLPDWH RI WKH PDLQWDLQHG K\SRWKHVLV�� ,Q 763� Q4�E� LV VWRUHG DV #3+, ZKHQ WZR VWDJH OHDVW VTXDUHV

HVWLPDWHV DUH REWDLQHG ZLWK /64� VR WKDW D 4/5 WHVW IRU WZR�VWDJH OHDVW VTXDUHV FDQ EH GRQH LQ WKH IROORZLQJ ZD\�

/64�,167 �=��=�� ����� 0(4� �

6(7 6�  #6
#6 � 6(7 4�  #3+, �

/64�,167 �=��=�� ����� (4� �

6(7 4�  #3+, �

6(7 7(67  �4��4���6� �

&') �&+,64�') � FRQVWUDLQWV� 7(67 �

���� :DOG WHVWV �� WHVWLQJ OLQHDU DQG QRQOLQHDU UHVWULFWLRQV� $1$/<=

7KH OLNHOLKRRG UDWLR DQG TXDVL�OLNHOLKRRG UDWLR WHVWV� ZKLFK FRPSDUH WKH HVWLPDWHV RI D FRQVWUDLQHG DQG XQFRQVWUDLQHG

YHUVLRQ RI WKH PRGHO� DUH EHVW VXLWHG WR WHVWLQJ K\SRWKHVHV RI WKH IRUP

E  I�J�

WKDW LV� VRPH ODUJHU VHW RI SDUDPHWHUV E LV H[SUHVVHG DV D VHW RI QRQOLQHDU IXQFWLRQV RI D VPDOOHU VHW J� :KHQ WKH FRQVWUDLQW

LV H[SUHVVHG WKLV ZD\� LW LV XVXDOO\ HDV\ WR ZULWH WKH HTXDWLRQV IRU ERWK WKH XQFRQVWUDLQHG DQG FRQVWUDLQHG PRGHOV�

+RZHYHU� OLNHOLKRRG UDWLR WHVWV KDYH WKH GLVDGYDQWDJH RI UHTXLULQJ WKH HVWLPDWLRQ RI ERWK IRUPV RI WKH PRGHO� ZKLFK FDQ

EHFRPH H[SHQVLYH �LQ WHUPV RI &38 WLPH� IRU ODUJH QRQOLQHDU PRGHOV�

7KH :DOG WHVW SURYLGHV DQ DOWHUQDWH PHWKRG IRU SHUIRUPLQJ WKH VDPH WHVW� $V\PSWRWLFDOO\ LW LV WKH VDPH DV WKH OLNHOLKRRG
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UDWLR WHVW LI WKH QXOO K\SRWKHVLV LV WUXH� DOWKRXJK LW PD\ GLIIHU TXLWH D ELW LQ SUDFWLFH� &KRRVLQJ DPRQJ WKHVH WHVWV LV QRW

VWUDLJKWIRUZDUG� 6HH *DOODQW DQG +ROO\ ������ DQG %HUQGW DQG 6DYLQ ������ IRU IXUWKHU GLVFXVVLRQ�

,Q 763� WKH :DOG WHVW FDQ EH GRQH ZLWK $1$/<=� LW LV D JHQHUDOL]DWLRQ RI WKH W� DQG )�WHVWV GHVFULEHG DERYH� 7KLV WHVW

LV DOVR NQRZQ DV WKH GHOWD PHWKRG LQ QRQOLQHDU FRQWH[WV� 6XSSRVH WKH K\SRWKHVLV WR EH WHVWHG FDQ EH ZULWWHQ DV

K�E�  �

ZKHUH E LV WKH YHFWRU RI SDUDPHWHUV RI WKH XQFRQVWUDLQHG PRGHO DQG K�E� LV D VHW RI P QRQOLQHDU FRQVWUDLQWV RQ WKRVH

SDUDPHWHUV� *LYHQ D VHW RI HVWLPDWHV E DQG WKH DVVRFLDWHG FRYDULDQFH HVWLPDWH 9�E�� $1$/<= FRPSXWHV WKH FRQVWUDLQWV

K�E� �D URZ YHFWRU� DQG WKHLU FRYDULDQFH PDWUL[�

9�K�E��  �0K�0E�
 9�E� �0K�0E�

DOO HYDOXDWHG DW WKH HVWLPDWHG E YHFWRU� )URP K�E� DQG LWV YDULDQFH ZH IRUP D WHVW VWDWLVWLF

7  K�E� 9>K�E�@ >K�E�@
��

7KLV WHVW VWDWLVWLF LV GLVWULEXWHG DV\PSWRWLFDOO\ DV D FKL�VTXDUHG YDULDEOH ZLWK GHJUHHV RI IUHHGRP HTXDO WR P XQGHU WKH

QXOO K\SRWKHVLV �ZKHQ WKH FRQVWUDLQWV KROG�� 7KH S�YDOXH RI 3 �P� LV SULQWHG� LI \RX DUH WHVWLQJ DW WKH ��� VLJQLILFDQFH�

OHYHO� DQG WKH S�YDOXH LV OHVV WKDQ ���� WKH QXOO K\SRWKHVLV LV UHMHFWHG�

$1$/<= FRPSXWHV WKLV WHVW LI \RX VSHFLI\ WKH FRQVWUDLQWV K�E� DV )50/V LQ XQQRUPDOL]HG IRUP �QR OHIW�KDQG VLGH

YDULDEOH RU HTXDO VLJQ�� HVWLPDWH WKH XQFRQVWUDLQHG PRGHO� DQG WKHQ LVVXH DQ $1$/<= FRPPDQG ZLWK WKH QDPHV RI

)50/V DV DUJXPHQWV�

*DOODQW DQG -RUJHQVRQ JLYH DQ H[DPSOH RI WHVWLQJ IRU V\PPHWU\ LQ D WUDQVORJ FRQVXPHU GHPDQG V\VWHP ZLWK WKUHH JRRGV

�WZR HTXDWLRQV WR EH HVWLPDWHG�� 7KH 763 FRPPDQGV WR FRPSXWH WKLV H[DPSOH DUH�
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$1$/<= 6<0� 6<0� 6<0� �

$1$/<= UHVXOWV FRQVLVW RI D WDEOH ZLWK WKH FRPSXWHG GLIIHUHQFHV RI WKH V\PPHWU\ SDUDPHWHUV DQG WKHLU LPSOLHG VWDQGDUG

HUURUV� 7KH YDOXH RI WKH :DOG WHVW� GHJUHHV RI IUHHGRP� DQG S�YDOXH IROORZ�

���� /DJUDQJH 0XOWLSOLHU 7HVWV �6FRUH 7HVWV�

7KH /DJUDQJH 0XOWLSOLHU WHVW LV JHQHUDOO\ EDVHG RQ WKH PDJQLWXGH RI WKH GHULYDWLYHV RI WKH OLNHOLKRRG IXQFWLRQ ZLWK

UHVSHFW WR WKH FRQVWUDLQWV HYDOXDWHG DW WKH FRQVWUDLQHG HVWLPDWHV� 6RPHWLPHV \RX PD\ ILQG WKLV WHVW HDVLHU WR FRPSXWH�

SDUWLFXODUO\ ZKHQ WKH DOWHUQDWH K\SRWKHVLV LV QRW ZHOO VSHFLILHG� �6HH (QJOH ������ IRU EDFNJURXQG��

$V %UHXVFK DQG 3DJDQ ������ DPRQJ RWKHUV KDYH VKRZQ� PDQ\ /0 WHVWV FDQ EH FRPSXWHG DV WKH QXPEHU RI REVHUYDWLRQV

WLPHV WKH 5 IURP D SDUWLFXODU UHJUHVVLRQ GHSHQGLQJ RQ WKH K\SRWKHVLV WR EH WHVWHG� )RU H[DPSOH� VXSSRVH \RX KDYH�

HVWLPDWHG DQ HTXDWLRQ �OLQHDU RU QRQOLQHDU� XQGHU WKH DVVXPSWLRQ WKDW WKH GLVWXUEDQFHV DUH KRPRVNHGDVWLF DQG ZLVK WR

WHVW IRU KHWHURVNHGDVWLFLW\ DV DQ XQNQRZQ IXQFWLRQ RI WKH H[RJHQRXV YDULDEOHV� 7KLV XQNQRZQ KHWHURVNHGDVWLFLW\ FDQ

EH PRGHOHG DV D SRO\QRPLDO IXQFWLRQ RI WKH ;V�
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7KLV SDUWLFXODU /0 WHVW KDV EHHQ DXWRPDWHG DQG LV PRUH HDVLO\ FRPSXWHG DV IROORZV�
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,Q WKH FDVH RI TXDOLWDWLYH GHSHQGHQW YDULDEOH PRGHOV� WKH VDPH PHWKRG FDQ EH XVHG ZLWK WKH GHULYDWLYH RI WKH PRGHO ZLWK

UHVSHFW WR ) VXEVWLWXWHG IRU WKH GHSHQGHQW YDULDEOH 864� +HUH LV D PRUH FRPSOH[ H[DPSOH EDVHG RQ WKH VDPSOH VHOHFWLRQ�

PRGHO GHVFULEHG LQ 6HFWLRQ ��� RI WKLV PDQXDO�

6XSSRVH WKDW \RX ZLVK WR WHVW IRU KHWHURVNHGDVWLFLW\ RI WKH GLVWXUEDQFH H LQ WKH VDPSOH VHOHFWLRQ PRGHO� XVLQJ WKH IRUP
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ZKHUH * LV DQ DUELWUDU\ PRQRWRQLF WUDQVIRUPDWLRQ� 7KHQ �VHH /HH DQG 0DGGDOD ����� 3RLULHU DQG 5XXG ����� D VLPSOH

/0 WHVW FDQ EH REWDLQHG E\ UHJUHVVLQJ WKH SDUWLDO RI WKH OLNHOLKRRG IXQFWLRQ ZLWK UHVSHFW WR ) �HYDOXDWHG DW WKH PD[LPXP�

OLNHOLKRRG HVWLPDWHV REWDLQHG XQGHU KRPRVNHGDVWLFLW\� RQ WKH ; 
V DQG WKHLU SRZHUV DQG H[DPLQLQJ WKH 75 IURP WKDW
W
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UHJUHVVLRQ� ,Q WKLV FDVH� WKH SDUWLDO RI WKH ORJ OLNHOLKRRG IXQFWLRQ IRU D VLQJOH REVHUYDWLRQ ZLWK UHVSHFW WR ) FDQ EH VKRZQ�

WR EH SURSRUWLRQDO WR�
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ZKHUH � LV WKH LQYHUVH 0LOOV UDWLR IRU WKH REVHUYDWLRQ� VWRUHG E\ WKH 6$036(/ SURFHGXUH DV D VHULHV� 7KH /0 WHVW IRU
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ZKHUH WKH GHJUHHV RI IUHHGRP IRU WKH WHVW DUH WKH QXPEHU RI UHJUHVVRUV LQ ; DQG DOO TXDQWLWLHV DUH HYDOXDWHG DW WKH
W

PD[LPXP OLNHOLKRRG HVWLPDWHV REWDLQHG XQGHU WKH QXOO K\SRWKHVLV� 1RWH WKDW VLQFH *
��� GRHV QRW YDU\ DFURVV

REVHUYDWLRQV� LW GURSV RXW RI WKH 5 LQ WKH WHVW� VR WKDW WKH H[DFW PRQRWRQLF WUDQVIRUPDWLRQ GRHV QRW PDWWHU� 7KH WHVW LV�

REWDLQHG E\ UHJUHVVLQJ 7 RQ ; DQG ; DQG H[DPLQLQJ WKH 75 IURP WKDW UHJUHVVLRQ� +HUH LV DQ H[DPSOH RI KRZ WR FRGH
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���� +DXVPDQ 6SHFLILFDWLRQ 7HVWV

7KH +DXVPDQ VSHFLILFDWLRQ WHVW LV EDVHG RQ WKH FRPSDULVRQ RI DQ HVWLPDWRU ZKLFK LV HIILFLHQW �RU PRUH HIILFLHQW� XQGHU

WKH QXOO K\SRWKHVLV EXW LQFRQVLVWHQW XQGHU WKH DOWHUQDWLYH ZLWK DQ HVWLPDWRU ZKLFK LV FRQVLVWHQW �DQG OHVV HIILFLHQW� XQGHU

ERWK K\SRWKHVHV� 7KLV SULQFLSOH PD\ EH DSSOLHG LQ PDQ\ VHWWLQJV� XVHIXO DSSOLFDWLRQV DUH WHVWLQJ IRU WKH H[RJHQHLW\ RI

LQVWUXPHQWV RU WHVWLQJ IRU UDQGRP YHUVXV IL[HG HIIHFWV LQ SDQHO GDWD� :KHQ DSSOLHG WR WKH VLPXOWDQHRXV HTXDWLRQV VHWWLQJ

WR WHVW IRU H[RJHQHLW\� LW LV RIWHQ FDOOHG D +DXVPDQ�:X WHVW�

$ JHQHUDO H[DPSOH RI D +DXVPDQ WHVW LQ 763 LV JLYHQ LQ 6HFWLRQ ������� DIWHU ZH KDYH SUHVHQWHG PDWUL[ RSHUDWLRQV DQG

PDWULFHV� 6RPH FODVVLF DSSOLFDWLRQV RI WKH +DXVPDQ WHVW DUH WHVWV IRU UDQGRP YHUVXV IL[HG HIIHFWV LQ SDQHO GDWD QRZ

DXWRPDWHG LQ WKH 3$1(/ SURFHGXUH� DQG WHVWV IRU WKH LQGHSHQGHQFH RI LUUHOHYDQW DOWHUQDWLYHV LQ WKH /RJLW PRGHO

�+DXVPDQ�0F)DGGHQ ��������


