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ABSTRACT. This paper establishes the existence of equilibrium in an economy with pro-
duction and a continuum of consumers, each of whose incomplete and price-dependent
preferences are defined on commodities they may consider deleterious, bads which cannot
be freely disposed of, and each of whom takes into account the productions of all firms
and the consumptions of all other consumers. This result has proved elusive since Hara
(2005) presented an example of an atomless measure-theoretic exchange economy with bads
(but no externalities) that has no equilibrium. The result circumvents Hara’s example by
showing that, in the presence of bads and externalities, natural economic considerations
imply an integrable bound on the consumption of bads. The proofs make an essential
use of nonstandard analysis, and the novel techniques we offer to handle comprehensive
externalities expressed as an equivalence class of integrable functions may be of independent

methodological interest. (144 words)
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Unlike the case of economies consisting of finitely many consumers, no equi-
librium existence theorem without monotone preference relations and free
disposability has been provided for continuum economies. [An] example of
the nonexistence of a competitive equilibrium shows that even the simplest
model of a continuum economy with bads cannot pass the most basic internal

consistency test for economic models.' Hara (2005)

1. INTRODUCTION

The General Equilibrium (GE) model is the benchmark for perfect competition. The
measure-theoretic GE modelintroduced by Aumann (1964) and Vind (1964) justifies price-
taking behavior: each consumer is negligible and thus unable to exercise market power to
influence prices.” Hara (2005) demonstrated that when bads are present, this canonical model
fails its most basic consistency test. He shows that in a measure-theoretic exchange economy
with bads, non-free-disposal equilibria may not exist because the candidate equilibrium
allocation involves nonintegrable consumption of bads. Moreover, in finite approximations,
the non-free-disposal equilibrium allocations of bads may not be uniformly integrable, i.e. an
asymptotically negligible group of agents may end up absorbing a nonneglible portion of the
bads.” The continuum model cannot, as it stands, accommodate bads.

This paper closes the critical gap revealed by Hara. We establish the existence of equilib-
rium in measure-theoretic production economies with bads and comprehensive externalities,
dispensing with two long-standing assumptions of the literature: monotonic preferences and
free disposal in production. Both assumptions are incompatible with the control of bads.*

Our model has eight key economic ingredients:

(1) Individualistic approach: Our model uses the individualistic approach based on a measure
space of consumers, rather than the distributional approach in which the distributions of

preferences, agents and endowments are modeled rather than the space of consumers.

1See pages 648-649 in Hara (2005).

ZRoberts and Postlewaite (1976) showed that the demand of each consumer has some impact on the price
formation as long as there are finitely many consumers.

3Hara (2005) explicitly singles out Manelli (1991) on the failure of uniform integrability in sequences of core
allocations with nonmonotonic preferences.

4The assumptions of monotonic preferences, free disposal in production, and free disposal in equilibrium, have
been relaxed in finite economies. See McKenzie (1959) and McKenzie (1981), Hart and Kuhn (1975), Shafer
(1976), Bergstrom (1976), Gay (1979), Polemarchakis and Siconolfi (1993), and others.
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(2) Categorization of commodities into goods and bads:We categorize the commodities into
goods and bads. Preferences need not be monotonic over bads.”

(3) Simultaneous consideration of externalities and bads: In the absence of externalities,
every free-disposal equilibrium with nonnegative prices is Pareto optimal;® bads are freely
disposed at zero price. In the absence of externalities, non-free-disposal equilibrium prices
of bads are typically negative and non-free-disposal equilibria are often Pareto dominated
by free-disposal equilibria.” Thus, in the absence of externalities, free-disposal equilibrium
rather than non-free-disposal equilibrium is the right equilibrium notion. In the presence
of externalities, negative prices provide incentives to control bads. For this reason, a
measure-theoretic general equilibrium model that is compatible with externalities and
the control of bads must consider non-free-disposal equilibrium.

(4) No free disposal: Free disposal can occur at three stages in the Arrow-Debreu model,*
so we exclude free disposal at each of the three stages. This paper focus on non-free-
disposal equilibrium. No previous paper has established the existence of non-free-disposal
equilibrium in a measure-theoretic economy with both bads and externalities.”

(5) Consumption sets integrably bounded: Clearly, an integrable bound on the consumption

10

of bads suffices to rule out Hara’s nonexistence example (Example 1)," but can it be

This classification into goods and bads need not be universally agreed upon by consumers. A particular
individual may consider a commodity to be a bad when another individual may consider it to be a good, or
may be indifferent to it. In other words, commodities are “mixed manna” as defined by Bogomolnaia et al.
(2017). This partitioning of the commodity space is due originally to Foley (1970) in the context of public and
private commodities, and was followed in subsequent work as in Khan and Vohra (1985) and their followers.
6See Theorem B.9 in Section B.3.

"Consider an exchange economy with one agent. The agent’s endowment is (1,1) and her/his utility function
is u(x1,x2) = x1 — x2. Then the allocation (1,1) with the price (0.5, —0.5) is the only non-free-disposal
equilibrium. This equilibrium is Pareto dominated by the free-disposal equilibrium (1,0) with price (1,0).
8In free-disposal equilibrium, the market clearing condition is that demand is no greater than supply; the
excess is disposed freely. Free disposal in production is a standard assumption in production economies;
the difference between the amount produced by a firm and the amount sold to consumers or other firms is
disposed freely, and disappears from the accounting. Finally, consumers are not required to use up all the
commodities they purchase; the excess is disposed freely, and disappears from the accounting.

9 Cornet, Topuzu, and Yildiz (2003) consider production economies with possibly satiated consumers, but no
externalities; they establish the existence of individualistic free-disposal equilibrium, or the closely related
concept of equilibrium with slack. Cornet and Topuzu (2005) consider exchange economies with externalities.
Their Theorem 4 establishes the existence of free-disposal individualistic equilibrium with nonnegative prices,
S0 negative prices cannot provide incentives to control the externalities arising from bads. Their other results
require monotonic preferences. Noguchi and Zame (2006) consider production economies with externalities.
They prove the existence of distributional equilibrium, but they require monotonic preferences and free
disposal in production. Martins-da-Rocha and Monteiro (2006) and Inoue (2022) consider exchange economies
with no externalities. They impose conditions to imply that the candidate non-free-disposal equilibrium
allocation is integrable.

101t is not obvious that an integrable bound on the consumption of bads alone is sufficient to ensure the
existence of non-free-disposal equilibrium in the context of our paper. Noguchi and Zame (2006) write (page
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economically justified? Hara (2005) considers an exchange economy without externalities;
the nonexistence is driven by the fact that the marginal rate of substitution from the
good to the bad goes to infinity."" However, as we argued in Item 3, in the abence of
externalities, free-disposal equilibrium is the right equilibrium notion. Indeed, as we
demonstrate in Remark 3.1, Hara’s sequential example has a sequence of free-disposal
equilibria with transfers that Pareto dominate the non-free-disposal equilibria.

In the presence of externalities, we should focus on non-free-disposal equilibrium.
Typically, it is the emussion of the bad, such as CO,, rather than its consumption, that
creates a negative externality. We rule out free disposal in consumption and require
that a consumer who purchases a unit of the bad must absorb or eliminate it. But the
capacity of a given consumer to absorb the bad is clearly limited. This is a constraint on
the physical abilities of the consumer, analogous to labor supply in the classical model:
just as no consumer can supply more than 24 hours of labor per day, no consumer can
absorb an unbounded amount of bads. In order to control bads, we must rule out free
disposal in consumption, and our integrable bound on consumption of bads is a natural
assumption reflecting the physical capabilities of consumers.

(6) Comprehensive externalities:'* In Definition 4.2, consumers’ preferences may depend not
only on their own consumption bundles but also on the allocation, firms’ production
plans, and equilibrium prices. This allows the model to capture both global externalities
(e.g. CO, affecting climate) and local ones (e.g. wastewater affecting nearby households).
Earlier measure-theoretic models restricted externalities to others’ consumption.’® Our
framework instead acknowledges that most bads originate as by-products of production,
and thus extends the literature to cover the externalities that matter most. Crucially,
consumers’ preferences may depend on emissions, commodity bundles that are produced
but not consumed. Since there are multiple technologies for generating electricity, the

CO4 emissions cannot be recovered from the total electricity consumption alone.

144), “as we show by examples, if we were to insist on an individualistic description of equilibrium then we
would quickly be confronted with simple economies that admit no equilibrium at all.” Their nonexistence
examples involve nonconvex preferences.

"Martins-da-Rocha and Monteiro (2006) and Inoue (2022) explore conditions on marginal utility that resolve
Hara’s example by making the candidate equilibrium integrable.

2For recent work on general equilibrium theory with externalities, see del Mercato and Platino (2017),
Bonnisseau, del Mercato, and Siconolfi (2023), and del Mercato and Nguyen (2023).

13Gee for example Hammond, Kaneko, and Wooders (1989); Cornet and Topuzu (2005); Noguchi (2005);
Balder (2008); and Nieto-Barthaburu (2021) which treat only exchange economies. The model in Noguchi
and Zame (2006) has a production sector, but consumers’ preferences do not depend on the production.
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(7) Convex preferences: Aumann (1966) showed that in an exchange economy with an
atomless measure space of consumers, convex preferences are not required for existence
of equlibrium. However, it is well understood that this is no longer possible with
comprehensive externalities.'* For this reason, we assume peferences are convex.

(8) Quota equilibrium: Anderson and Duanmu (2025) define the notion of quota equilibrium
and establish the existence of quota equilibrium in finite production economies. Theorem 3

in the Supplementary Material extends our results to quota equilibrium.

We now turn to the technical contribution: the development of nonstandard analysis

techniques'® to handle externalities. This implementation requires the following steps:

(1) Adapt results of Florenzano (2003) to prove the existence of equilibrium in weighted
finite production economies with externalities (Theorem 1);

(2) Take any standard'® measure-theoretic production economy with externalities, and con-
struct a lifting,'” embedding our standard economy in a hyperfinite economy (Section A.1);

(3) Use the transfer principle of nonstandard analysis to obtain the theorem for the hyperfinite
economy, essentially for free (Theorem A.10);

(4) Push down the theorem for the hyperfinite economy to obtain the existence of equilibrium
in the corresponding Loeb measure economy (Theorem A.20)."" Theorem A.20 is of
economic interest in its own right, because it allows a broader class of externalities.

However, understanding it requires a detailed knowledge of nonstandard analysis."’

14Gee Greenberg, Shitovitz, and Wieczorek (1979); Cornet, Topuzu, and Yildiz (2003); Cornet and Topuzu
(2005); Balder (2008); and Nieto-Barthaburu (2021). Noguchi and Zame (2006) shows that individualistic
equilibrium may fail to exist in a model related to ours, when preferences are not convex.

15Previous applications of nonstandard analysis to economics include Brown and Robinson (1975), Khan
(1976), Anderson (1985), Anderson (1991), Simon and Stinchcombe (1995), Khan and Sun (2001), Duffie and
Sun (2007), Anderson and Raimondo (2008), Duffie, Qiao, and Sun (2018), and Anderson et al. (2024).
16The consumer space is a complete separable metric space endowed with the Borel g-algebra, e.g., the
Lebesgue measure space.

"Emmons (1984) does a simpler form of lifting. As a result, he obtains existence of Lindahl equilibrium
only in measure-theoretic economies with a hyperfinite Loeb space of consumers, while our result is valid for
standard measure spaces of consumers.

¥Many authors have shown the richness of the Loeb o-algebra allows the existence of solutions when, due to
a lack of measurable sets, no solution exists in the original measure. See e.g., Keisler (1984), Emmons (1984),
Khan and Sun (1996), Duffie and Sun (2007). Keisler and Sun (2009) and He and Sun (2018) established the
necessity of using spaces with rich measure-theoretic structure to model economies with many agents.
When consumers’ preferences maps are only continuous with respect to the £* norm topology on £1(Q,RY),
equilibrium need not exist in €. This failure is due to the lack of sufficiently many measurable sets in €:
the candidate equilibrium allocation may not be measurable. The Loeb measure space has a much richer
collection of measurable sets, and this allows us, in Theorem A.20, to show the existence of equilibrium of the
Loeb production economy & associated with £. The allocation of the equilibrium of & lies outside the domain
of the preferences in the original economy &£, but the Loeb production economy & extends the preferences
from £ in a way that preserves all of their essential properties. Thus, when consumers’ preferences are only
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(5) If consumers’ preferences are weakly continuous,” we push down the equilibrium of the

Loeb economy to an equilibrium of the original measure space economy (Theorem 2).%'

2. PROBLEMATIC ASSUMPTIONS IN THE EXISTING MEASURE-THEORETIC LITERATURE

Assumptions relating to bads and externalities have been relaxed in finite economies, but
are still imposed in state-of-the-art papers on measure-theoretic economies. In this section,

we explain why these familiar assumptions are problematic in the presence of bads.

2.1. Monotonic Preferences. All but one of the papers establishing existence of equilib-
rium in measure-theoretic production economies assumes strong monotonicity of consumers’
preferences.”” Strong monotonicity implies that the candidate equilibrium prices are positive,
and hence that the candidate equilibrium allocation is integrable. This defeats the goal of

obtaining possibly negative equilibrium prices, providing incentives for controlling bads.

2.2. Free Disposal in Consumption. In the presence of externalities, the imposition of
non-free-disposal in equilibrium®® is necessary but not sufficient to control bads. We need, in
addition, to rule out free disposal in consumption. The classical general equilibrium model
tacitly assumes free disposal in consumption: commodity ownership conveys the right, but
not the obligation, to use up the commodity: a consumer might purchase a commodity, then
leave it unconsumed.”* This will not happen if preferences are strictly monotonic. However,
if the price of a bad is negative, and a consumer is allowed free disposal in consumption, the
consumer has a strong incentive to buy (but not consume) an unbounded amount of the bad
to generate income to purchase other commodities. As a result, the consumer’s demand set
is empty. Thus, free disposal in consumption is inconsistent with negative equilibrium prices.

In order to ensure that negative prices can exist in equilibrium and provide incentives for

the proper stewardship of bads, we rule out free disposal in consumption for bads. This has

continuous with respect to the £! norm on £1(, Réo), we view the Loeb production economy as a better
modelling alternative, and its equilibrium as the most natural solution.

20For a previous application of the weak topology to externalities, see Cornet and Topuzu (2005).

21The push down makes use of a nonstandard characterization of the standard part with respect to the
weak topology that, to our knowledge, has not previously appeared in the literature. It involves taking a
conditional expectation in the Loeb measure space with respect to the o-algebra of inverse images of sets
that are measurable in the original measure space.

%2The one exception, Hildenbrand (1970), allows for nonmonotonic preferences but assumes free disposal in
production. As in Section 2.3, free disposal in production implies that the equilibrium prices are nonnegative.
23The existence of non-free-disposal equilibrium in economies with a finite number of agents has a long history
dating to McKenzie (1955) and culminating in the papers of Hart and Kuhn (1975), Bergstrom (1976), Gay
(1979) and Shafer (1976). Florenzano (2003) offers a comprehensive treatment. Polemarchakis and Siconolfi
(1993) deals with bads, while the works of Shafer and Florenzano cited above deal with bads and externalities.
24No one forces you to eat out-of-date food rotting in the refrigerator.
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an important implication for consumers’ consumption sets: the capacity of a consumer to
render a bad harmless to others is limited, and the consumption set must reflect that limit.

Note finally the distinction between the externalities generated by consumption and those
generated by production. The climate change externality generated by CO,y emissions does
not arise from the consumption of CO,. Instead, it arises from the COy which is produced but

not consumed, and is emitted into the atmosphere as a result.?

2.3. Free Disposal in Production. Free disposal in production asserts that, if y is a

feasible production vector and z < y, then z is also a feasible production vector.

(1) Free disposal in production is unrealistic. Suppose we have three commodities: COq,
coal and electricity. Suppose that (1,—1,1) is a feasible production vector: burning one
unit of coal generates one unit of electricity and one unit of CO,, as a byproduct. Under
free disposal in production, (0, —1,1) must also be a feasible production vector: one can
burn one unit of coal to produce one unit of electricity and zero CO,. This is physically
impossible; the unit of CO, has to go somewhere, most likely the atmosphere. Under
free disposal in production, it simply disappears from the accounting.

(2) Free disposal in production implies that the equilibrium price is nonnegative, precluding
taxes on bads to provide incentives for controlling emissions; see Proposition 1;

(3) Proposition 2 shows that, with free disposal in production, a free-disposal equilibrium

can be disguised as a non-free-disposal equilibrium.

3. AN EXAMPLE OF EQUILIBRIUM NON-EXISTENCE

In this section, we study an example by Hara (2005) of the non-existence of equilibrium of

free-disposal equilibrium in measure-theoretic exchange economies with bads.

Example 1. (Hara, 2005, Example 1) Let £ = {(Xw, Uy, e(w))

economy such that:

weQ’ (Qa %7 M)} be an exchange

e there are two commodities, a good and a bad, and negative prices are allowed;
e the consumer space (€2, %, 1) is the Lebesgue measure space on (0, 1);
e consumer w € § has consumption set X, = R%,, endowment e(w) = (2,1), and utility

function u, (1, r9) = 11 — w(x2)?.

25Carbon sequestration may emerge as a practical technology for eliminating CO5 emissions. If so, it will be
an industrial production process, not a consumption activity.
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By the first-order conditions for utility maximization, any non-free-disposal equilibrium
allocation f must satisfy fo(w) = % for almost all w € Q. As the function f5 is not

integrable, the exchange economy £ has no non-free-disposal equilibrium.?

In the next example, we consider a sequence of finite economies that converges to the

measure-theoretic economy in Example 1.

Example 2. (Hara, 2005, Example 2) Consider a sequence {&, },en of finite economies with

En = {(X,,u?, e(w))weﬂn, (Qpy By pin) }

e there are two commodities, a good and a bad, and negative prices are allowed;

e the set of consumers is ,, = {%, %, R S

e consumer w € €, has consumption set X,, = R%,, endowment e(w) = (2,1), and utility
function u™ (1, x9) = 11 — w(T2)?;

The sequence {&, }nen of economies converges to the economy € in Example 1, in the sense

of Hildenbrand (1974).?" However, the sequence of non-free-disposal equilibria of {&, }nen

does not converge to an allocation, much less an equilibrium, of €. Let S" = Y""_, % For

n € N, &, has a unique non-free-disposal equilibrium (p", f™), where p" = (1, —%) and

fM(w) = (2+ & (32 — 1), 52). The sequence {f,} is not uniformly integrable.”® Hence,

S"w 7 Snhw

an asymptotically negligible portion of the population consumes almost all of the bad.
Economically, it is physically impossible for the group to absorb the bad. Mathematically,

the sequence {f,,} has no limit in the limit economy €&.

Remark 3.1. Hara’s examples have no externalities. We argued above that, in the absence of
externalities, the right notion is free-disposal equilibrium, rather than non-free-disposal equilib-
rium. Indeed, we now show that there is a free-disposal equilibrium with transfers that Pareto
dominates (p”, f). Let p = (1,0), T"(w) = & (g — 1) and f*(w) = (2+ & (5 — 1),0).
Since Y, cq, T"(w) =0, (p, f™) is a free-disposal equilibrium with transfers for &,. Since the

first components of f"(w) and f"(w) are the same, f Pareto dominates f". From the welfare

perspective, free-disposal equilibrium is the right notion of equilibrium in this example.?

261f £ is a non-free-disposal equilibrium allocation, then fQ (f(w) - e(w))u(dw) =0, so f must be integrable.
2TBecause the sequence of distributions of the economies converge weakly, and the sequence of endowments is
uniformly integrable, the sequence is “purely competitive” and has limit £.

Z8There exists a sequence {a"}nen of positive integers such that ™ <n for all n € N, lim,,_, % =0, and
hmn—><>o % (51:1 fg(%) =1L _
2INote that the value - Y wea f(w) of the free-disposal equilibrium allocation is the same as the value

"> eq f"(w) of the non-free-disposal equilibrium. From a utilitarian perspective, the aggregate utility of

f is strictly larger than the aggregate utility of f™, even without transfers.



4. THE MODEL

In this section, we present a measure-theoretic GE model with bads and general externalities.

Definition 4.1. (Hildenbrand (1974)) The set P of strict preferences on R is the set of pairs
(X, >), where the consumption set X C ]RZZO is closed and convex; and > is a continuous,

irreflexive and acyclic®” binary relation defined on X.

Note that we require neither completeness nor transitivity of > in Definition 4.1. P is
a compact metric space in the closed convergence topology (Hildenbrand (1974)). For two
elements x,, 7, € RY, we abuse notation and write (z1,72) € (X, =) if 21,2, € X and 2, = 5.
A preference P = (X, ) is convez if {y € X : y = x} is convex for every x € X. Let Py C P
denote the set of convex preferences from P. Then Py is a closed subset of P with respect
to the closed convergence topology. Let A = {p € R’ : ||p|| = 32t _, |px| = 1} be the set of all
prices. Note that we allow negative prices. IC(RZZO) denotes the set of all closed and convex

subsets of RKZO, which is a compact metric space under the closed convergence topology.

Definition 4.2. A measure-theoretic production economy is a list
E={(X,>uw, Py, ew,0)ueca, (Yj)jes, (2, AB, 1)} such that

(i) (2,2, u) is a probability space of consumers;

(ii) J is a finite set of producers;

(ili) X : Q — K(RY,) is a measurable function such that X (w) # 0 for all w € Q. X (w) is
the consumption set for consumer w. We sometimes write X, for X (w);

(iv) A producer j € J has a non-empty production set Y; C R Let Y = HjeJ Y;;

(v) the set of allocations is A = {2 € L1(Q,R,,) : #(w) € X,, almost surely}, which is
equipped with the £ norm topology;

(vi) Let M, = LY(Q,RY)) X Y x A x X,,. The global preference relation of agent w is
=oC M, x M,. For m,m’ € M,, m =, m' means that the agent w strictly prefers
m over m'. =, represents the agent’s preference on the other agents’ consumption,
production, prices, and own-consumption. > is essential for studying welfare properties

and Pareto rankings among equilibria;

30A preference > on X is continuous if {(z,y) € X x X : x > y} is relatively open in X x X. Irreflexive
means that a ¥ a. Acyclic means that if a > b, then b ¥ a.
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vii e preference map P, : , XY XA —=>{X,} X w X X, )7 is derived from
(vii) Th f P, : LY Réo) Y x A {X,} x 2(X X)gl' derived f

the global preference relation > :

Bo(@,y,p) = (Xo, {(a, ) € Xy X Xo|(z,y,p,0) =0 (2, 4,0, 0)})-

For every w € ), P, satisfies:
e The range of P, is P. By Definition 4.1, we can write P,(z,y,p) = (Xuw, ™2ywp);
e P, is continuous in the norm topology on £'(Q,Ry) x ¥ x A;
(viil) 6 € El(Q,R;')) is the density of shareholdings of firms by consumers such that
Jo 0(@)(j)pu(dw) = 1 for all j € J, where §(w)(j) is the j-th coordinate of §(w).
We sometimes write 6,,; for 8(w)(j):
(ix) e € L1, RE,) is the initial endowment map. Hence, e(w) is the density of the initial

endowment of the consumer w.
Remark 4.3. Our model, defined in Definition 4.2, has the following features:

(1) Ttems (vi) and (vii) characterize each consumer’s preference through the global preference
relation >, and the preference map P,. The global preference relation >, represents
the consumer’s preference on the choices of all consumers, production, prices and her
own consumption bundles. The consumer, however, has no control over other consumers’
choices, production and prices. Hence, given all other consumers’ choices, production
and prices, the consumer chooses her bundle according to the preference map F,. For
the existence of equilibrium, one only needs the preference map P,. Hence, we impose
regularity conditions directly on P,. However, the preference relation >, is essential for
studying welfare properties and potential Pareto improvements of the equilibrium;

(2) We do not require (2, %, 1) to be atomless, so finite weighted production economies are

special cases of measure-theoretic production economies defined in Definition 4.2.

For each w € Q and (z,y,p) € /jl(Q,REZO) XY x A, the budget set B, (y,p), demand set
D, (x,y,p) and quasi-demand set D, (x,y,p) are defined as:

Bu(y,p) = {Z €Xyip-2<p-e(w) +29wjp'y(j)} )
JjeJ
Du(,y,p) = {2 € Bu(y,p) i w raywpz = p-w>p-e(w) + > Oup-y(j)},
Jj€J

Dw<xayvp) = {Z € Bw(y7p) - w >'w,y,w,p 2 = p-w Z D 6(&)) + Zewjp : y(])}
jeJ

31p(X,, x X,) is the power set of X, x X,,.
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For each j € J, let S;(p) = argmaxp - z denote the (possibly empty) supply set at p € A.
2€Yj

Note that producers are profit maximizers and their profits depend only on prices and their

own production.” We now give the definition of (quasi)-equilibrium.

Definition 4.4. Let & = {(X, >, P., €w, 0)weq, (Yj)jes, (2, B, 1)} be a measure theoretic
production economy. A quasi-equilibrium is (Z,7,p) € A X Y x A such that:
(i) z(w) € D, (7,7,p) for p-almost all w € Q;
(i) 9) € 5,(p) for all j € J;
(i) [o Z(w)p(dw) = [qe(w)p(dw) =32 ,c;7(5) = 0.
An equilibrium (z,9,p) € A XY x A is a quasi-equilibrium with z(w) € D, (Z,y,p) for
p~almost all w € Q.

4.1. Free Disposal in Production. In this section, we provide a rigorous treatment of the
problematic aspects of the free disposal in production assumption, discussed in Section 2.3.

Recall a firm j € J has free disposal in production if, given y € Y; and 2z <y, then z € Y;.

Proposition 1. Let € = {(X, =, P, €u, 0u)wea, (Yj)jes, (2, B, 1)} be a measure-theoretic
production economy. If there is a firm j € J that has free disposal in production, then the

equilibrium price is non-negative.

Proof. Let p denote the equilibrium price. Suppose p has a negative coordinate. Without loss
of generality, we assume that p; < 0. Note that each producer is profit maximizing. As firm

7 has free disposal in production, firm j’s profit is unbounded, which is a contradiction. [J

The next theorem shows that, with free disposal in production, free-disposal equilibria can

often be disguised as non-free-disposal equilibria.

Proposition 2. Let &€ = {(X, =, P, €y, 0u)weq, (Yj)jes, (2, B, 1)} be a measure-theoretic

economy with production. Suppose

(1) For all w € Q, the preference map P, is independent of the production;

(i1) There is a firm jo € J that has free disposal in production.
If (Z,7,p) is a free-disposal (quasi)-equilibrium and the value of the excess supply is 0,>° then
there exists y' such that (z,y',p) is a non-free-disposal (quasi)-equilibrium.

32We assume producers are profit maximizers. Makarov (1981) established a general equilibrium existence
theorem which allows for objectives other than profit maximization.

33The value of the excess supply is 0 if and only if the value of almost all consumers’ consumption bundle is
on the budget line, which is implied by assuming locally non-satiated preferences.
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Proof. Suppose (Z,%,p) is a free-disposal equilibrium.** Let

w [ @)+ i) - [t =0

jGJ weN

Without loss of generality, assume that firm 1 has free disposal in production and let
7'(1) = y(1) — w. Since firm 1 has free disposal in production, we have ¢'(1) € Y;. Form ¢’
from g by substituting ¢'(1) for g(1). We show that (z, ¢, p) is a non-free-disposal equilibrium.

(1) Clearly, we have [ o #(w)pu(dw) =32, 7' (1) = [, cq e(w)p(dw) = 0;

(2) As the value of the excess supply is 0, we have p-w = 0. So B,(y,p) = B,(y,p) for
w € €. As the preference map is independent of the production, we conclude that
Z(w) € D,(Z,y,p) for almost all w € Q;

(3) As p-w =0, we have p- ; = p- 7. Hence, all firms are profit maximizing.

Hence, (z,9', p) is a non-free-disposal equilibrium. O

5. MAIN RESULTS AND EXAMPLES

In this section, we show that the production economy in Definition 4.2 has an equilibrium.
We first establish the existence of equilibrium for finite weighted production economies in
Theorem 1, which is closely related to Proposition 3.2.3 in Florenzano (2003). Furthermore,
in Theorem 2, we prove the existence of equilibrium in measure-theoretic economies with

bads and preference externalities under moderate regularity conditions.

Assumption 1. Let £ be a measure-theoretic production economy as in Definition 4.2:

(i) there exists a set Qy C € of positive measure such that, for every w € €, the set
X, — Z].EJ 0.,;Y; has non-empty interior U, C R’ and e(w) € U,;
(ii) there exists a commodity s € {1,2,...,¢} such that:
e for every w € (), the projection m4(X,) of X, to the s-th coordinate is unbounded,
and the consumer w has a strongly monotone preference on the commodity s;*
e for almost all w € Q, there is an open set V,, containing the s-th coordinate e(w)s of
e(w) such that (e(w) s, v) € X, — 3,0, 0.,;Y;" for all v € V.

3We only prove the case where (Z, 7, p) is a free-disposal equilibrium. The proof of the quasi-equilibrium
case is essentially the same.

$Given any (r,y,p) € L1(Q,RL,) x Y x A, for every a,a’ € X,, such that a, > a/, and a; = a} for all t # s,
we have (a,a’) € P, (z,y,p).

36(e(w)_s,v) is the vector such that its s-th coordinate is v, and its ¢-th coordinate is the same as the the
t-th coordinate of e(w) for all ¢ # s.
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Assumption 1 is closely related to the classical survival assumption e,, € X, —>_ jed ijYj.W
Following the literature, we could have assumed e, € int (Xw > ieJ ijYj) ,%® but this stronger

assumption is economically restrictive; it fails if there is a consumer with no shareholding
of any firm and the projection of the consumer’s consumption set to some coordinate is
{0}.” Assumption 1 allows for consumers who are not endowed with certain commodities,
have no shareholdings of private firms and are unable to consume certain bads. Item (i) in
Assumption 1 requires there be a positive measure set of consumers {2, whose endowments

are in the interior of X, — > _._;0,,;Y;," which implies that every consumer from the group

jeJ
Qo has a strictly positive budget at every quasi-equilibrium. Item (i) in Assumption 1
and the first bullet of Item (ii) in Assumption 1 imply that the quota quasi-equilibrium
price of the commodity s is strictly positive. Hence, by the second bullet of Item (ii) in
Assumption 1, every consumer has a positive budget at every quasi-equilibrium, implying

that every quasi-equilibrium is an equilibrium,;

Definition 5.1. The set of attainable consumption-production pairs is

0=1(r.y) € LR, x Y : /

Q

(o) — [ elw)n(de) = Yo uli) =0
Q jed
Theorem 1. Let & = {(X, >, P, €w, 0)wea, (Yj)jes, (2, P(Q), 1)} be a weighted production

economy as in Definition /.2. Suppose € satisfies Assumption 1, and the following conditions:

(i) for almost all w € Q, P, takes value in Pg;*

(1) for almost all w € Q, for each (z,y) € O with x,, € X, there exists u € X, such that
(u, 7) € Npea Pol®,y,p);

3TThe survival assumption implies that a consumer can survive without participating in any exchanges
using her initial endowment and shares in production. In particular, a consumer who supplies labor in an
equilibrium is able to survive, and hence supply that labor.

38As in the previous literature, the interior is taken with respect to the topology of R¢, not with respect to the
subspace topology. Hence, the strengthened survival assumption implies the set X, — >"._; 6,,;Y; has non-

0.0;Y5)-

je€J
empty interior in R¢. There exist, however, a few papers relaxing the assumption e,, € int (XuJ ->
See Florenzano (2003) for a detailed discussion.

39Poor people generally do not have any shareholdings of private firms. Moreover, individuals may be
incapable of consuming certain bads. Thus, it is reasonable to assume that the projections of consumers’
consumption sets to some commodities are {0}.

40tem (i) in Assumption 1 is generally satisfied if there is a group of rich consumers such that, for each
commodity, every consumer in the group is either endowed with a positive amount of the commodity or has a
positive shareholding of a firm that is capable of producing the commodity.

41As noted in Florenzano (2003), this condition can be weakened to the following condition: for each
(z,y,p) € O x A and all w € Q, (z(w), z(w)) & conv(P,(z,y,p)), where conv(P, (z,y,p)) denotes the convex
hull of P,(x,y,p).

jeJ
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(iii) Y is closed, convez, and Y N (=Y) =Y NRY, = {0}, where ¥ = {EjeJy(j) ty € Y}

15 the aggregate production set.

Then, £ has an equilibrium.

Remark 5.2. Theorem 1 is the weighted version of Proposition 3.2.3 in Florenzano (2003)
with Florenzano’s disposal cone being the singleton {0}, and it plays a key role in the proof
of existence of equilibrium for measure-theoretic production economies. Our formulation
allows for quite general externalities in consumers’ preferences. The consumers’ preference
maps P, are assumed to be continuous with respect to the closed convergence topology, hence
lower hemicontinuous if viewed as correspondences. If the preferences are price-independent,

Item (ii) of Theorem 1 is non-satiation at every attainable consumption-production pair.

5.1. Equilibrium in Measure-theoretic Production Economies. Fix a measure-theoretic

production economy £ = {(X, >, P, €w, O)wea, (Y))jes, (2, B, 1)} as in Definition 4.2.

Assumption 2. The consumer space §) of £ is a Polish space®® endowed with the Borel

o-algebra B[Q)] and p is a Borel probability measure on .

For € > 0, the set of e-attainable consumption-production pairs is

|t - [ i) -3y

Q jeJ

O, = {(x’,y’) € El(Q,RKZO) xY :

<e}.

(i) Let proj, denote the projection onto the first k-th coordinates. For every w € Q, we
have X (w) = projk(X(w)) X Rggok;
(i) The mapping proj, o X : Q — K(R%,) is integrably bounded, i.e., there exists an

Assumption 3. There is some k& < ¢ such that:

integrable function v : 0 — Rgo such that for every = € projk(X(w)), r < P(w);
(iii) For every s € {k +1,...,(}, there exists some €5 > 0 such that the set

Q2 = {w € Qo : (V(z,y,p) € O, x A)(Fu(2,y,p) € M)}

has positive measure, where 0y C €2 is the set in Item (i) of Assumption 1 and M; is
the set of preferences that are strongly monotonic in commodity s.%*
2That is, Q is a complete separable metric space.

437 consumer has a strongly monotonic preference in commodity s if, holding the consumption of all other
commodities fixed, the consumer strictly prefers having more of commodity s.
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Remark 5.3. Recall that there are, in total, £ commodities. We divide commodities into two

categories: bads and goods. The economic interpretation of Assumption 3 is:

(1) The first 0 < k < ¢ commodities are bads. As discussed in the Introduction, the integrable
bound reflects consumers’ limited capacities to absorb bads. Note that we do not impose
a uniform bound on consumers’ consumption of bads. We also do not require consumers
to be unanimous in the designation of commodities as goods or bads.

(2) The commodities k + 1,...,¢ are goods. We allow for arbitrarily large consumption of
goods. Furthermore, for every good, there is a set of consumers with positive measure
whose preferences for that good are strongly monotonic. We do not require any consumer
to have a preference that is monotonic over multiple goods. Our formulation allows, for
example, individuals who derive no utility from a subset of the goods, and thus whose

demands are zero for that subset of goods, regardless of the prices of those goods.

As in Cornet and Topuzu (2005), we assume that consumers’ preferences are continuous

with respect to the weak topology on £(, ]Réo).

Assumption 4. For w € €, the preference map P, : L}(, Réo) XY x A — P is continuous
with respect to the product of weak topology on £(€, Réo) and the norm topology on Y x A.

The main result of this section is:

Theorem 2. Let £ be a measure-theoretic production economy as in Definition 4.2. Suppose

E satisfies Assumptions 1, 2, 3, 4, and the following conditions:

(1) for almost all w € Q, P, takes value in Py, the set of transitive, negatively transitive
and convex preferences from P;
(i1) for some € > 0, for almost all w € Q and all (x,y) € O, such that x(w) € X,,, there
exists u € X, such that (u,z(w)) € yen Fol®,y,p);
(i4i) The aggregate production set Y is closed and conver, Y N (=Y) =Y N RZZO = {0}, and
Y; is closed for all j € J.*

Then, £ has an equilibrium.

Remark 5.4. Theorem 2 is the first equilibrium existence theorem for measure-theoretic GE

models with bads and externalities. We briefly discuss Assumptions 3, 4 and Item (ii):

44We do not need Y; to be closed if consumers’ preferences only depend on allocations, aggregate production
and prices.
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(1) Assumption 3 reflects that consumers typically have limited capacity to absorb bads. We
do not rule out the possibility that firms have the capacity to eliminate bads as part
of the production process.”” Item (ii) of Assumption 3 ensures the integrability of the
consumption of bads at the candidate equilibrium. Item (iii) of Assumption 3 implies
the equilibrium price on goods are positive, hence guarantees the integrability of the
equilibrium allocation of goods. Thus, Assumption 3 allows us to overcome the failure of
uniform integrability in Hara (2005);

(2) Assumption 4 is stronger than assuming the preference map is continuous with respect
to the £' norm topology on £!(,R,). Assumption 4 allows us to push down an
S-integrable function to construct an allocation in the original standard economy;

(3) To ensure convexity of the quasi-demand set, we restrict ourselves to transitive, negatively
transitive and convex preferences from P in Item (i).

(4) Ttem (ii) of Theorem 2 is stronger than Item (ii) of Theorem 1, since (x,y) € O, may not
be an attainable consumption-production pair. The proof of the equilibrium existence
result for measure-theoretic production economies requires this strengthening.*® Item (ii)

of Theorem 2 is implied by non-satiation at every consumption-production pair.

We conclude this subsection with the following example in which consumers have limited
capability to consume bads. Note that, although consumers disagree on which commodities

are bads, the example satisfies the assumptions of Theorem 2.

Example 3. Let F = {(X, >y, Po, €uw, O)wea, (Y)jers, (2, B, 1)} be:

(1) The economy & has three commodities: garbage, human capital and consumption good,
which we denote by c;, ¢ and cs;

(2) The consumer space is the Lebesgue measure space on [0, 1]. For each w € ), consumer w’s
consumption set is [0, w| xR%, the endowment is e(w) = (0, 2w, 0). Forw € [0,0.5]U[0.6, 1],
the utility function is wu,(cy, ¢o,¢3) = In(c3) — ¢;. For w € (0.5,0.6), the utility function
is u,(c1, ca, c3) = In(c3) + c1; these consumers have hoarding disorder;*”

(3) There are two producers with production sets Y; = {(r,—r,r) : r € Rso} and Y5 =
{(=r,—r,0) : 7 € Rxo};

451 Example 3, consumers have limited capability to consume garbage and there is a firm with the technology

to eliminate garbage. At the equilibrium, all consumers consume a small quantity of garbage in aggregate

while a firm eliminates a large quantity of garbage.

46T s stronger condition is needed since a hyperfinite attainable consumption-production pair may not be

an exact *attainable consumption-production pair.
471.5% — 6% of the population has hoarding disorder; see Postlethwaite, Kellett, and Mataix-Cols (2019).



17

(4) The shareholding 6 € L'(Q,R2,) is f(w) = (1, 1) for all w € Q.

In this example, consumers have limited capacity to absorb garbage, some consumers have
hoarding disorder, and the second firm has a technology to use human capital to eliminate
garbage. Hence, consumers disagree on the designation of commodities as goods or bads. We
show that F has a unique equilibrium, in which the price of garbage is negative even though

some consumers have strongly monotone preferences over garbage.
Claim 5.5. If equilibrium exists, then the equilibrium price must be (—}1, i, %)

Proof. Let p = (p1,P2,P3) € A be an equilibrium price. As both firms have linear technology,
both firms’ profits must be 0 at equilibrium.

Suppose the equilibrium price ps of human capital is non-positive. The second firm’s
production set implies that the equilibrium price p; of garbage must be non-negative. The
consumers’ utility functions and consumption sets imply that the equilibrium price ps of
consumption good is non-negative. As p € A, the first firm’s profit at equilibrium is infinite,
a contradiction. Hence, the equilibrium price py must be positive.

Since consumers do not acquire utility from human capital and the equilibrium price of
human capital is positive, all human capital must be consumed by firms. The non-free
disposal of garbage implies that both firm must operate at equilibrium.*® Hence we have

p1— P2+ p3 =0and —p; — py = 0. SinceﬁEA,p:(—%,}L,%). O

Since no consumer obtains utility from human capital and the price of human capital
is positive, no consumer consumes human capital at equilibrium. Suppose consumer w’s

consumption is (z,(1),0,z,(3)). The budget constraint implies:

1 1 1 z,(1)
atw - T Hw 1 S a w S .
5% (3) 17 (1) iand (3) <w+ )

For w € (0.5,0.6), the consumer’s garbage consumption is w. For w € [0,0.5] U [0.6, 1], the

consumer’s utility is given by In(w + x“T(l)) — z,(1). By taking the derivative, we conclude

481f the first firm consumes all the human capital, it generates 1 unit of garbage. However, the consumers are
only capable of consuming % unit of garbage in aggregate. If the second firm consumes all the human capital,
then there is no garbage for the second firm to eliminate.
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that consumer w’s equilibrium consumption is:

(w,0,%) for w € [0, 5]
1—2w,0,1) forwe (il
(2(1),0,2,(3)) = ( 2) (a2
(w,0,%) for w € (3,0.6]
(0,0,w) for w € (0.6, 1]

Consumers with low human capital are willing to consume as much garbage as their consump-
tion sets allow in order to generate income to purchase the consumption good. Consumers
with medium human capital are willing to consume some garbage, but less than their con-
sumption sets allow. Consumers with hoarding disorder consume as much garbage as their
consumption sets allow. Note that the equilibrium price for garbage is negative, even though
there is a positive measure set of consumers whose preferences over garbage are strongly
monotonic. Consumers with high human capital and without hoarding disorder are not willing
to consume garbage at all; even though these consumers have high capacity to consume bads,
they choose not to do so.” Among consumers without hoarding disorder, the income effect is

the main factor driving different consumptions of bads.

The aggregate consumption of the consumption good by consumers is %, and the
aggregate garbage consumption by consumers is %. Since we require non-free disposal at

equilibrium, we conclude that the first firm’s equilibrium production is (%, —%, %) while

the second firm’s equilibrium production is (—152—1070, —152—1070, ). This is the unique equilibrium.
At equilibrium, consumers absorb, and the second firm eliminates, garbage, but the second

firm eliminates much more garbage than all consumers absorb collectively.

6. SKETCH OF PROOFS

To ease the burden on readers who are not familiar with nonstandard analysis, we provide
a sketch of the proof of our main results, Theorems 1, 2, and 3 in this section.

Let £ = {(X, >, Po, €w, bu)wea, (Y))jes, (2,7, 11)} be a measure-theoretic production
economy satisfying the assumptions of Theorem 2. The proof of Theorem 2 is broken into

the following steps:

49Note that the integrable bound on consumption sets is not binding for non-hoarding-disorder consumers
with medium and high human capital, and hence is only needed in this example for consumers with low
human capital or hoarding disorder.
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In Theorem 1, we establish the existence of equilibrium for finite weighted production
economies which exhibit general global/local externalities on consumers’ preferences.
Theorem 1 is the finite weighted version of Proposition 3.2.3 in Florenzano (2003);

Let *Q be the nonstandard extension of the consumer space 2. Section A.1 presents a
technical result (Theorem A.4) on the existence of a desirable hyperfinite partition of
*(. For almost all partition sets and all consumers in the same partition set, consumers’
consumption sets, preferences, endowments, and shareholdings are infinitely close;

In Section A.2, we construct a hyperfinite production economy &. We first choose a
hyperfinite set .7, by picking one element from each partition set. The weight of each
consumer in & is derived from the probability measure p on the standard consumer
space §2. Consumers’ consumption sets, preferences, endowments, and shareholdings in &
preserve all the essential properties of their standard counterparts in £. By the transfer
of Theorem 1, there exists a hyperfinite equilibrium (Z,y,p) for &;

Every hyperfinite probability space can be extended to the associated Loeb space. In
Section A.3, we construct a Loeb production economy & from the hyperfinite production
economy & by taking the Loeb space generated by the hyperfinite probability space
defined on J,. As is shown in Theorem A.16, (st(z),st(y),st(p)) is a Loeb equilibrium
for & if and only if Z is S-integrable and 7 is near-standard.”® The near-standardness of
y follows from Theorem 2 on page 77 of Debreu (1959). Assumption 3 asserts integrable
bounds for consumption of bads and implies strictly positive equilibrium prices for goods,
and hence guarantees the S-integrability of z."!

Since 7 is S-integrable, Z is near-standard with respect to the weak topology on £(€, RZZO).
The standard part st,,(Z)" of Z with respect to the weak topology is an allocation for the
original measure-theoretic production economy £. Assumption 4 asserts that consumers’
preference maps are continuous with respect to the weak topology on £(€, RZZO). The
assumption that consumers’ preferences are continuous, transitive, negatively transitive,

irreflexive, and convex implies that consumers’ quasi-demand sets are convex. Continuity

50A nonstandard element is near-standard if it is infinitely close to a standard element, which is called the
standard part of the nonstandard element. The standard part map st maps near-standard elements to their
standard parts. T is S-integrable if no infinitesimal group of consumers consumes a non-infinitesimal amount
of any commodity. We provide rigorous definitions of these nonstandard objects in Section B.4.

SUIf Z is not S-integrable, then (st(Z), st(7)) involves strictly more free disposal than (z,7). The associated
Loeb allocation is a free-disposal equilibrium if consumers’ preferences do not depend on the allocation, but
need not be an equilibrium in general.

2st,,(Z) is the conditional expectation of Z with respect to the o-algebra {st~'(B) : B € %}. Informally, we
obtain st,,(Z) by taking average of Z over monads.
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of preferences with respect to the weak topology and convexity of quasi-demand sets
jointly imply that st,(Z)(w) is in the quasi-demand set for almost all w € €, and
hence (stw (7)(w), st(gj),st(ﬁ)) is a quasi-equilibrium for £. Assumption 1 implies that
(stw(Z)(w),st(y), st(p)) is an equilibrium for &.

(6) We derive Theorem 3 from Theorem 2 by shifting the production set of each firm by the
firm’s pre-assigned quota. Thus, every measure-theoretic quota economy with a feasible

quota has a quota equilibrium.

7. CONCLUDING REMARKS

In this paper, under natural assumptions, we establish the existence of equilibrium for
measure-theoretic production economies with bads and externalities. Our main result,
Theorem 2, addresses the open problem raised in Hara (2005), and is the first equilibrium
existence theorem for measure-theoretic GE models with bads and externalities. Theorem 2
assumes consumers’ preferences are weakly continuous on £!(€, RZZO)F“ Our proof relies on a
novel application of nonstandard analysis.

In the Supplementary Material, we formulate the notion of measure-theoretic quota economy
by incorporating the quota regulatory scheme, developed in Anderson and Duanmu (2025),
into measure-theoretic production economies. We establish, in Theorem 3, the existence of

quota equilibrium for all feasible quotas.

A. EQUILIBRIUM EXISTENCE FOR MEASURE-THEORETIC PRODUCTION ECONOMY

The primary goal of this section is to give a rigorous proof to our main result, Theorem 2.

To do this, we fix a measure-theoretic production economy
&= {(Xv ~w; Pw’ €w, 0)we§27 (Y})JEJ? (Qa B[Q]v :u)} (‘_\'1)

as in Definition 4.2, where the consumer space (2 is equipped with the Borel o-algebra B[]
and a probability measure pu. The proof of Theorem 2 makes use of nonstandard analysis

and is broken into the following steps:

(1) Construct a suitable hyperfinite partition T of *2. We then construct an associated
hyperfinite production economy & on Tg;
(2) The existence of equilibrium for & follows from transferring Theorem 1;

93When consumers’ preferences are only continuous with respect to the £' norm topology on £1(Q, RZZO), we

show, in Theorem A.20, the existence of an equilibrium in the Loeb production economy &, but equilibrium
need not exist in the original measure-theoretic production economy &.
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(3) We further construct a Loeb production economy & from &. We then prove the existence
of equilibrium in & under moderate regularity assumptions;

(4) Under the assumptions of Theorem 2, we construct a standard allocation from an
equilibrium allocation of & and show that the standard allocation is an equilibrium of

the original measure-theoretic production economy &.

A.1. Construction of Hyperfinite Partition. This section is devoted to a technical result
establishing the existence of a desired hyperfinite partition of the nonstandard extension *2
of the consumer space €). In particular, we wish to construct a hyperfinite partition 7¢ of *(2
such that consumers within the same element of the partition have similar consumption sets,
preferences, endowments and shareholdings of firms.

Recall that, in Assumption 2, we assume the consumer space 2 is a Polish space endowed
with Borel o-algebra B[Q)] and p is a probability measure on Q. The concept of Lusin

measurable function is of cruicial importance.

Definition A.1. Let (X, B[X], ) be a Radon probability space and Y be a topological space
endowed with the Borel og-algebras. A function f: X — Y is Lusin measurable if, for every

€ > 0. there is a compact set K. C X such that f is continuous on K.

For second countable range space, measurability is equivalent to Lusin measurability. In

particular, we have the following result from the nonstandard measure theory:

Theorem A.2 ((Cutland et al., 1995, Page. 167, Theorem. 5.3)). Let (X, B[X],u) be a
Radon probability space, Y be a second countable Hausdorff space endowed with the Borel
o-algebra, and f : X — Y be measurable. Then, there is a set Z C NS(*X) of full Loeb
measure such that * f(z) = f(st(z)) for all z € Z. Consequently, for all z1,2zy € Z, we have

n Rz = “fla) = f(z).

Recall from Definition 4.2 that the preference map P, : El(Q,REZO) XY XA — Pis
continuous in the norm topology on £(T, Rlzo) XY x A for every w € ) and measurable
in Q. Let C[L'(,RE,) x YV x A, P] denote the collection of all continuous functions from
L1, RZZO) XY x A to P, equipped with the sup-norm topology. C[L£!(€, RZZO) XY x A P]
is a complete metric space, but it is not separable, and hence not a Polish space. Let
X Q= CILYQ,RE)) XYV x A, P] be the map x(w) = P,. To deduce the tightness of the

induced measure™ 1, = o x~! on C[LY((, Réo) XY x A, P], we need the following lemma:

et X be a Hausdorff space equipped with Borel o-algebra B[X]. A probability measure P on (X, B[X]) is
tight if, for any € > 0, there is a compact set K. C X such that P(K,) > 1 —e.
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Lemma A.3 ((Billingsley, 1968, Page. 235)). Let X be a complete metric space endowed
with the Borel o-algebra B[X]|. Let P be a probability measure on (X, B[X]) such that the
support of P is separable. Then P is tight.

The support of every probability measure is separable unless the measurable cardinal
exist.” In any case, the support of a probability measure is separable for any reasonable

metric space. By Lemma A.3, i, is tight on C[L(Q,RE) x ¥ x A, P].

Theorem A.4. Let € be the measure-theoretic production economy which we fix in Eq. (A.1).
Suppose that E satisfies Assumption 2. Then there exists a hyperfinite partition T = {B; €
*BQ] :i < K} oof *Q with T' C T such that, fory e |JT":
(1) UT" is *pu-measurable and *u(JT') = 1;
(it) | JT' € NS(*Q) and the diameter of each element of T is infinitesimal;
(iir) "e(y) =~ e(st(y)), "x(y) = x(st(y)), "0(y) ~ O(st(y)) and "X (y) = X(st(y)).
Proof. By Theorem A.2, there exists a Y7 C *Q with *u(Y]) = 1 such that for all y € Y}

(1) "e(y) ~ e(st(y));

(2) “0(y) =~ 0(st(y));

(3) "X(y) = X(st(y))-

For every € > 0, there exists a compact set C. C C[L'(Q,R%)) X Y x A, P] such that
,u(x_l(CE)) > 1 — €. As every compact metric space is second countable, by Theorem A.2,
there exists Q. C *(x*(C.)) such that

(1) Q) > 1

(2) For z € Q, *x(z) = x(st(z)).

Construct such 1 for every n € N and consider | J, . €21, the set is Loeb measurable with

neN

respect to *u and we have *u(lJ, Q1) = 1. Moreover, for every a € |J, €21, we have

neN neN
*x(a) = x(st(a)). We use Y to denote the set J,.y21. Then the set Y =Y, NY; is a

*p-measurable set with *p(Y") = 1 such that for all y € Y=

(1) “e(y) = e(st(y)). "X (y) = X(st(y)), "0(y) ~ O(st(y)), and *x(y) = x(st(y)).

Let § € *R be a positive infinitesimal. Let d denote the metric on C(R%,) and dyy, denote
the metric generated from the sup-norm on C[L'(Q,R%)) X Y x A, P]. For each n € N, let
&n(Tn, T.) be the conjunction of the following formulas:

55A necessary and sufficient condition that each probability measure’s support be separable is that each
discrete subset of the sample space has non-measurable cardinality, see Theorem 2 on page 235 of Billingsley
(1968). Billingsley (1968) points out that, if measurable cardinals exist, they must be so large as never to
arise in a natural way in mathematics.



23

(1)

(2) » is internal and the diameter of every element in 7! is no greater than J;
(3) (UT') >1=3

(4) For every element V e T, wehave [*e(a)—*e(b)] < %, [*0(a)—*0(b)| < £,*d(*X (a),*X (b)) <
L and *dgp(*x(a), *x(b)) < L for all a,b € V.

n

C*B [ | is a hyperfinite partition of *(;

= ﬁ\ ﬁ

To show that {¢,(7,,7,) : n € N} is finitely satisfiable, it is sufficient to show that each
on(Tn, T,)) is satisfiable. As (2, B[], 1) is a Radon probability space, there exists a compact
set K, C Q such that p(K,) > 1—5-. Pick Y, € *B[Q] such that ¥, C Y and *u(Y,,) > 1— 5.
Let K], = *K, NY,. Then *u(K}) > 1 —+. So there is a mutually disjoint hyperfinite
collection {V; : i < M} C *B[f] such that:

(1) the diameter of each V; is no greater than §;

(2) K, = U< Vi

Let T, ={V; : i < MYU{*Q\ K]} and let 7,) = {V; : i < M}. Clearly, ¢,(T,,7,) is satisfied.
By saturation, there exist 7 and T such that oOn(Ta, T') holds simultaneously for all n € N:

(1) T C *B[Q?] is a hyperfinite partition of *(;

(2)

(3) *uUT) =~ L;

(4) For V e T, *e(a) = *e(b), *0(a) =~ *0(b), *X (a) ~ *X (b) and *x(a) ~ *x(b) for a,b € V.

7 C T is internal and the diameter of every element in 7 is no greater than 4

Let us consider the set 7/ = {V € T : VANS(*Q)NY # 0}. Clearly, 7" is Loeb measurable
and *u(|J77) = 1. Moreover, the diameter of every element of 7" is infinitesimal. Pick some
element Vy € T'. As VoNNS(*Q) # 0, we have Vo € NS(*Q). As VuNY # (), then there exists
an element ay € V; such that *e(ag) ~ e(st(ayp)), *0(ag) ~ 6(st(ap)), *X (ap) ~ X(st(ap)) and
*X(ap) = x(st(ap)). For every b € Vj, we have

Thus, 7 and T satisfy all conditions of the theorem, hence completing the proof. O

In the next section, we will construct an associated hyperfinite production economy & of £
via the hyperfinite partition 7 and establish the existence of equilibrium of &. The proof of

which follows from applying the transfer principle to Theorem 1.
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A.2. Existence of Equilibrium in Hyperfinite Production Economy. A hyperfinite
production economy is a nonstandard economy but satisfies all the first-order logic properties
of a weighted production economy. Hence, the existence of equilibrium for a hyperfinite
weighted economy follows from Theorem 1 via the transfer principle.

We first establish some basic properties on standard partitions of the measure-theoretic
production economy £. Let s = {H; : i € N} C B[Q] be a countable partition of Q. Let
6 = {h; - i € N} be a countable subset of 2 such that h; € H; for each i € N. Define u” to
be the probability measure on %, such that u” ({h;}) = u(H;) for all i € N. For a function
[t — RE,, define E(f) : Q — RE, by letting E(f)(x) = f(hs), where h, is the unique
point in %, such that x is in the element of J# that associates with h,. Let £!(g,RS,)
denote the set of integrable functions on %, with respect to u”. It is easy to see that, for
every f € L'(,RE,), E(f) is an element of £1(Q,R,).

Definition A.5. Let ¢ : Ll(Q,]RKZO) XY x A — P and & be a countable partition of 2.
The restriction ¢ : El(%,RéO) XY xA—Pofgiso” (f,y,p)=eEf)y,p).

Recall that the set Py of convex preferences is a closed subset of P, hence is also compact.

Lemma A.6. Suppose ¢ : L(Q,RE)) x Y x A — Py. Let S be a countable partition of .

Then ¢”* also maps to Py. Moreover, if ¢ is continuous then so is ¢” .

Proof. We view L'(,RE,) as a subset of £'(©,RE,) by associating f € L!(H#0,RE,) with
E(f) € LY(Q,RY,). Thus, ¢” is a restriction of ¢, completing the proof. O

Under Assumption 2, let . = {11, Ts,..., Tk} C *B[Q] be a hyperfinite partition of *Q as
in Theorem A.4. Let J = {t; : 1 < K} C *Q be a hyperfinite set such that:
(1) QC I and t; € T; for every i < K;
(2) If T, N *Qg # 0, then t; € *Qy.
Our hyperfinite production economy

~

é[) = {(*X’ * >‘tya *Ptya ét7 Q)te(%), (*Y])jEJ7 *,u } (A_\Z)

is defined to be:
(i) Jg is the hyperfinite consumer space and *u” ({t;}) = *u(T);
(ii) J is the same finite set of firms;
(ili) For every t € Jo, *X(t) : Jo — *K(*RY,) is the *consumption set of consumer ¢. By
the transfer principle, *X (¢) # ) for all t € J5. We sometimes write * X, for * X (¢);
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(iv) *Y; C *R® is the nonstandard extension of Y}, denoting the *production set of producer
j € J. Note that *Y =[], Y ;

(v) the set of *allocations is @ = {z € *L}( T, RY,) : 2(t) € *X; *u”-almost surely},
which is equipped with the *£! strong topology;

(vi) Let "M = *LY(Jo,*REg) x *Y x *A x *X; and * =7 = (*M] x *M])N* =, for
t € Ty Let *P7 - * LY Ty, *RE,) X *Y X *A — *P be the preference map induced from

~7 . *P/ is the restriction of *P; to F for each t € °;
(vii) As .7 satisfies Theorem A .4, for all j € J, we have

S0 ()7 ({1:) ~ / () () () =

<K

Let aj = >, "0(t:) (1) 1 7({t;}) for all j € J. For each t € F, and j € J, define
0(t)(j) = ai]*e( )(j), which is the consumer t’s shareholding on firm j. Note that
0(t) ~ *6(t) for all t € Ty, We sometimes write 8 for 6(t)(j);

(viii) For each t € g, é(t) =~ *e(t) is to be determined later in this section, and it represents

the initial endowment of consumer t.

For every t € T, p € *A and y € *Y, the *budget set %, (y, p) is defined to be:

Py, p) = {z €' Xiip-z<p-ét) +Z@tjp~y(j)} :
jeJ
For each t € J, and (z,y,p) € "L Ta,"REy) X Y x *A, let Zy(z,y,p) and Zi(z,y, p)
denote the *demand set and *quasi-demand set, respectively. That is:

D(x,y,p) = {2 € Buy,p) : (w,2) € P/ (x,y,p) = p-w>p-é(t)+ Y bup-y(j)}
jeJ

Di(x,y,p) = {2 € Buly,p) : (w,2) € P/ (x,y,p) = p-w=p-e(t)+ Y buyp-y(j)}
jeJ
For each j € J, let S;(p) = argmaxp - z denote the (possibly empty) *supply set at p € *A.
ZE*Yj
We now give the definition of hyperfinite (quasi)-equilibrium for &.

Definition A.7. A hyperfinite quasi-equilibrium for & is (Z,y,p) € & x *Y x *A such that
the following conditions are satisfied:
(i) z(t) € 2,(z,7, p) for all t € T such that *u” ({t}) > 0;

56T hat is, *P;? is an internal mapping such that *P,‘? (z,y,p) = *P:(*E(x),y,p), where E(x) is the extension
of x defined at the beginning of Section A.
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(i) g(j) € S;(p) for all j € J;

(i) Do iem T 17 ({t}) = Ciez €)1 ({t}) = X,e,9(5) = 0.
A hyperfinite equilibrium (Z,7,p) € &/ x *Y x *A is a hyperfinite quasi-equilibrium with
Z(t) € D(z,7,p) for all t € T such that *u” ({t}) > 0.

We now specify é for the hyperfinite production economy &.

Lemma A.8. Suppose £ satisfies Assumption 1. Then, there exists an internal function
e: 90 — *Réo such that:

(1) é(t) = *e(t) for almost all t € To;
(i) Let To, = U{T; : TN *Q # 0} N T Then *u” (Fo,) > 0 and, for every t € T, the
set *X; — ZjeJ étj*Yj has non-empty *interior % C *R and é(t) € U;
(111) there exists a commodity s € {1,2,...,¢} such that:
o for every t € I, the *projection *ms(*X;) is unbounded, and the consumert has a
strongly monotone preference on the commodity s;

e for almost all t € T, there is an *open set ¥; containing the s-th coordinate é(t)s of
e(t) such that (é(t)-s,v) € "Xy — > i, 0,,*Y; for allv € ¥.

Proof. By the second bullet of Item (ii) in Assumption 1, we have e(w) = X, — >, ;0.;Y]
for almost all w € Q. By the transfer principle, for almost all t € 75, we have *e(t) =

Ty — Y iy 01y for some xp € Xy and y; € *Y ;. Let é(t) = a, — 3, étjyj-. As O(t) =~ *0(t)
for all t € T, é(t) = *e(t) for almost all t € Tj,.

As 1(Qo) > 0, we have *1u” (Jg,) > 0. By the construction of .Z, every t € Fo, is also an
element of *Qy. Thus, by the transfer principle, the set *X; — jed *0;;°Y ; has non-empty
“interior U;. Note that, for every u € U, we have u = z} — ZjEJ *Qtjyj(-u’t) for ' € *X, and
yj(u’t) € *Y;. For u € Uy, define 4 = zy — ZJEJ étjyj“’t), and let %, be the collection of all
such points 4. It is clear that % is *open subset of *X,; — Zjej 0,;°Y ;, and é(t) € %.

As every t € T, is an element of *Q)y, by the transfer principle, the *projection *my(*X}) is
unbounded, and the consumer t has a strongly monotone preference on the commodity s. By
the transfer principle, there is an *open set V; containing the s-th coordinate *e(t)s of *e(t) such
that (*e(t)_s,v) € *Xt_ZjGJ *0,;*Y ; for all v € V,. Thus, for each v € V,, there exist z*(t) €
*X; and y](-v’t) € *Y; such that ("e(t)—s,v) = 2°(t) = >_,c; *Htjyj(»v’t), which further implies that
v =*m, (m”(t)) —ZJEJ Oy s (y](-v’t)).57 For v € V,, define © = *r, (m”(t)) —Z]EJ étj*ws (y](-v’t)),

5Tr, is the projection onto the s-th coordinate, and *m is the nonstandard extension of 7.
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and let 7 be the collection of all such points 0. It is clear that ¥; is an *open set containing
the s-th coordinate é(t)s of é(t), and (é(t)-s,v) € * Xy — > ., 0,*Y ; for all v € ¥, O

We fix é as the initial endowment for the hyperfinite production economy &. The set & of

hyperfinite attainable consumption-production pairs for & is:

{(as’,y'>e*ﬁl<%,*Réo VST () - S e (1) - Sy G) }

teJn tegn jeJ

Lemma A.9. Suppose for some € > 0, almost all w € Q and all (z,y) € O, with x(w) € X,,
there exists u € Xy, such that (u,r(w)) € (ea Po(2,y,p). Then, for almost all t € Ty, all
(f,y) € O with f(t) € "Xy, there exists z € *X, such that (2, f(t)) € (yeea “P/(f,y,p).

Proof. Pick t € Jg with *u” ({t}) > 0 and (f,y) € € with f(t) € *X,. Note that *E(f) :
“ = *RY, is an internal function such that *E(f)(x) = f(t;) for every z € T;. We have

S £s)n” ({s]) / E(f)(w)" ().

s€ET
We also know that Zse%é(s)*uy({s}) ~ J.o e(w) u(dw). So we can conclude that
(*E(f),y) € *O.. As *E(f)(t) = f(t), by the transfer principle, there exists z € *X; such

(
that (2, f(t)) € Nyeen “PiCE(f),y,0). As *P/(f,y,p) = *Pi(*E(f),y,p) for all p € *A, we
have the desired result. 0

We now present our main result in this section:

Theorem A.10. Suppose that the measure-theoretic production economy & satisfies Assump-

tion 1, Assumption 2 and:

(1) for almost all w € Q, P, takes value in Py;
(ii) Y is closed, convex, and Y N (=Y) = {0} =Y NRY,, where Y = {ZjeJy(j) Yy € Y};
(1i1) for some € > 0, for almost all w € Q and all (z,y) € O, with x(w) € X, there ezists
u € X, such that (u,z(w)) € yen Pul,y,p)-

The hyperfinite production economy & has a hyperfinite equilibrium.
Proof. By the transfer principle, *Y is *closed, *convex, and *Y N —*Y = {0} =*Y N *Rézo-

By the transfer of Lemma A.6, Lemma A.8, Lemma A.9 and the transfer of Theorem 1, there

exists a hyperfinite equilibrium. O
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A.3. Loeb Production Economy. In this section, we construct a special type of measure
theoretic production economy &, called the Loeb production economy, from the hyperfinite
production economy & defined in Eq. (A.2). A Loeb production economy is a measure-
theoretic production economy where the consumer space is a hyperfinite Loeb probability
space. Under suitable regularity conditions, we establish the existence of a quasi-equilibrium

for the Loeb production economy &.

A.3.1. Standard Parts of (Quasi)-Demand Set. We present two general results on pushing
down nonstandard (quasi)-demand set. In particular, we show that, under moderate regularity
conditions, if a near-standard point is an element of a nonstandard (quasi)-demand set, then
its standard part is an element of the standard part of the nonstandard (quasi)-demand set.
Recall that P is compact with respect to the closed convergence topology. Thus, every
(S,>=) € *P is near-standard. In particular, we have st((S,>)) = (st(S),st(>)), where
(a,b) € (st(S),st(>)) if a,b € st(S) and u > w for all u,w € S such that u ~ a and w ~ b.

Lemma A.11. Suppose that S € *K(*R%,), e € NS(*R%,), 0 € NS(*R'EJ(L) and y(j) €

NS(*]RZZO) for all j € J. Suppose p € *A such that p % 0, and (S,>) € *P. Let

D(p,e,0,y,(S,>=)) be

{z€8:p-z2<p-et+ Y 0()p-y(i)A(w,2) €(S,=) = p-u>p-e+ Y 0()p-y(i)}
jeJ jed

If s € D(p,e,0,y,(S,=)) NNS(*RL,), then st(s) € D(st(p),st(e),st(f),st(y), (st(S),st(>))).

Proof. Clearly, we have st(p) - st(s) < st(p) -st(e) + >, st(0)(j)st(p) - st(y)(j). Suppose that
there exists u € st(S) such that (u,st(s)) € (st(S),st(>)), but

st(p) - u < st(p) -st(e) + > _ st(0)(j)st(p) - st(y)(j).

jedJ

There is v € S with v ~ u such that (v, s) € (S, >). Note that st(p) - u~ p-v and

e)+ > _st(0)(j)st(p) - st(y)(j) = p-e+ D> 0()p-y(j)

Asst(p)-u~p-v, wehave p-v < p-e+ > ;0(j)p y(j). This is a contradiction, so
st(s) € D(st(p), st(e), st(f),st(y), (st(S),st(>))). O

The following result is a slight modification of Lemma A.11, simply replacing nonstandard

quasi-demand set by nonstandard demand set.
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Lemma A.12. Suppose that S € *K(*R%,), e € NS(*RYy), 6 € NS(*R'ZJJ)) and y(j) €
NS(*R@O) for all j € J. Suppose p € *A such that p % 0. Moreover, suppose (S, =) € *P,
and x € S for all x € *R* such that x ~e+>.._,0(5)y(j). Let D(p,e,0,y,(S,=)) be

JjeJ

{zeS:ipzspetd 0G)p-y() A (u2) €(S-) = pru>p-e+d 0()p-y(i)}
If s € D(p,e,0,y,(S,>=))N NS(*REEO), then st(s) € D(st(p),st(e),st(@),st(y), (st(.S), st(>))).
Proof. Clearly, we have st(p) - st(s) < st(p) -st(e) +>_,c;st(0)(j)st(p) - st(y)(j). Suppose that
there exists u € st(S) such that (u,st(s)) € (st(S),st(>)), but

st(p) - u < st(p )+ Zst ) - st(y)(4)-

Since u € st(X), we can choose v € S with v &~ u. Since [|p|| = 1, we have e+ . ; 0(7)y(j) —
Ap € S for all A ~ 0. As S is convex, we have vy = (1 = Av+ e+, 0(5)y(j) — Ap) € S.

Note that vy &~ v &~ u so we have (vy,s) € (S, >).

prox=(1=Np-v+Ap-(e+ > 00G)y(i) — Npll)

JjeJ
gmax{p-v,p-e—i—ze(j)p‘y(j)}_)‘QHPH
jed
~poet+ > 0()p-yG) — Npll.

JjeJ

Since [|p|| = 1, so for A a sufficiently large infinitesimal, p- vy < p-e+ > ;c;00)p-y(j),
which contradicts with s € D(p, e, 0,y, (S, >)). d

A.3.2. Existence of Quasi-FEquilibrium in the Loeb Production Economy. The endowment e
and the sharcholdings 0 are integrable. As é(t) & *e(t) and 0(t) ~ *0(t) for all t € F,, both
é and @ are S-integrable. Recall that the set K(R%,) of closed and convex subsets of R,
is a compact metric space under the closed convergence topology. For each t € T', we have
“X(t) € *K(*RL,). Let st(*X(t)) be the standard part of *X (¢) under the closed convergence
topology. The Loeb production economy

E = {(St(*Xt)’Wa St(*Piﬂ)? St(ét)v St(ét))teeﬁw (}/})jer (‘%27 ]<‘7Q)7 *My)} (_\)’)

is defined as:

(i) (o, 1(Za),*1u” ) is the Loeb probability space generated from (Jg, I(Z,), *1”), where

I(7) is the collection of all internal subsets of Jg;
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(ii) J is the same finite set of firms;

(ili) A Loeb measurable mapping st(*X) : o — K(RY,) given by st(*X)(t) = st(*X(¢)).
We sometimes use st(*X); to denote st(*X)(t);

(iv) Y; € RY S0 is non-empty, denoting the production set of j. Note that ¥ =[] ies Yis

(v) The set of Loeb allocations .7 is:

{f € L'((Zo I(T0),*1” ), RS,) : f(t) € st(*X)(t) almost surely};

(vi) For each f € £'((0. 1(Zn), "1 u7), R%,), pick and fix F € *L'(Tn, *R.,) such that F
is an S-integrable lifting of f*%. For t € J, let *M{ = L1((Ja, (), 17), R%y) x
Y x A x X;. Let W C W X W be: For (fi1,y1,p1,21), (fa, Y2, D2, T2) € *Mtg,
let F, Fy denote the S-integrable liftings associated with fi, fo, respectively. Then

(f1,y1, 01, 21)* =7 (f2, Y2, P2, x2) if (F1,y1,p1,01)" >§7(F2,y2,pz,az) for all a; ~ z; and

Ay = To. Let

stCP)) : L'((Fa, 1(Ta), 17 ), REy) X Y x A — P

be its induced preference map. Note that st(*P})(f,y,p) = st(*P} (F,*y,*p));

(vii) For each t € Fy, st(0)(t) represents consumer t’s shareholdings. As 6 is S-integrable,
st(9)(t) exists *17-almost surely and fgﬂ st(9)(t)(j)*u7 (dt) = 1 for all j € J. We
sometimes write st(6),; for st(0)(t)(j);

(viil) For each t € g, st(é)(t) represents consumer t’s endowment. As é is S-integrable, st(é)
is an element of £!((J, 1(F0),*n”), R%)-

For every t € T, p € A and y € Y, the Loeb budget set B;(y, p) is defined to be:
Bi(y,p) = {z est(*Xy) :p-z<p-st(é)(t) + Zst )i - y(J }
jeJ

For each t € Fg, let Dy(x,y,p) and Dy(z,y,p) denote the (possibly empty) Loeb demand

and Loeb quasi-demand set, respectively. That is

Di(z,y,p) = {2 € By(y,p) : (w,2) € st("P/)(w,y,p) = p-w>p-st(e)(t) + > _st(0);p-y(j
jeJ

Di(z,y,p) = {z € By(y,p) : (w,2) € st("P/)(w,y,p) = p-w >p-st(e)(t)+ Y _st(B)yp-y(i)}
jeJ

BFor f € L' (T, 1 1(Z),* ) Réo) it may have more than one S-integrable lifting. We simply fix one
S-integrable lifting for every Loeb integrable function.
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at (z,y,p) € L' (0, [(Ta),*17),REy) x Y x A. For j € J, let S;(p) = arglgaxp - z denote
z€Y;

the (possibly empty) Loeb supply set at p € A. We now give the definition of a Loeb

(quasi)-equilibrium for the Loeb production economy &.

Definition A.13. A Loeb quasi-equilibrium for & is a tuple (Z, 7, p) € &/ x Y x A such that
the following conditions are satisfied:
(i) Z(t) € Dy(z,7,p) for *pn7-almost all t € Fy;
(i) 57) € S;(p) for all j € J;
(iii) [, 2(8)17 (dt) = [, st(@)(t) 7 (dt) = 305, 5(4) = 0.
A Loeb equilibrium (Z,7,p) € & x Y x A for & is a Loeb quasi-equilibrium with Z(t) €
Dy(z,y,p) for *p_y—almost all t € T.

To establish the existence of quasi-equilibrium in &, we assume:
Assumption 5. For each w € (2, the preference map
P, LR XY x A= P
is uniformly continuous in the norm topology on £*(€2,RS;) x ¥ x A%

Remark A.14. Let V be the collection of all functions v : Ry — Rs g such that lim,_,,v(z) = 0.
For each v € V), let:

L, ={f € LYQR,) : (Ve > 0)(VE € BIQ])(u(E) < v(e) = /Ef(W)u(dw) <o}

In fact, to obtain the main result of this section, we only need *P,, to be S-continuous at
S-integrable allocations. That is, we only need to assume that: For each w € Q2 and v € V,
the preference map P, : El(Q,REZO) XY x A — P is uniformly continuous in the norm

topology on L} x Y x A.

Lemma A.15. Suppose £ satisfies Assumption 2 and Assumption 5. Let Fy, Fy € *L(*Q, *Réo)
be such that Fy =~ F5, y1,y2 € *Y be such that y, = ys and p1,ps € *A be such that p; =~ ps.
Then, for *u” almost all w € *Q, *P(F1,y1,p1) = *P(Fy, Yo, p2).

Proof. Pick Fy, Fy € *El(*Q,*RKZO), Y1,Y2 € *Y and p1,py € *A such that Fy =~ Fy, y1 = 9
and p; &~ po. Recall that x : Q — C[El(Q,RZZO) x Y x A,P| is a measurable function. By
59Uniform continuity depends on the underlying metric. However, as P is a compact metric space, if P, is

uniformly continuous with respect to one metric on P, then P, is uniformly continuous with respect to any
metric that generates the same topology on P.
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Theorem A.4, there exists a *u” -measurable set U with *u7 (U) = 1 such that *x(u) &~ x(st(u))
for all u € U. Pick w € U. By Assumption 5, we have

"Pu(Fi,y1,01) = " Py (F1, y1,01) = " Pst(w)(Fa, Yo, D2) & “Po(Fs, Yo, p2),

completing the proof. O

Theorem A.16. Suppose that the measure-theoretic production economy & satisfies As-
sumption 2 and Assumption 5. If the hyperfinite production economy & has a hyperfinite

quasi-equilibrium (T, y, p) such that

(1) the quasi-equilibrium allocation T is S-integrable;

(i) the quasi-equilibrium production y is near-standard, and st(y) € Y.

Then (st(z),st(),st(p)) is a Loeb quasi-equilibrium for &.

Proof. Let (z,y,p) be a hyperfinite quasi-equilibrium for & such that z is S-integrable and
st(g) €Y. As p € *A, we have st(p) € A. Note that we have Z(t) € *X, for *;i”-almost all
te . As X, € K(RY,) for all w € Q and Z is S-integrable, we have st(z) € «/.

Claim A.17. st(z)(t) € D,(st(z), st(7), st(p)) for *u” -almost all t € Fg.

Proof. By Theorem A .4, there exists a set Z C g with *u” (Z) = 1 such that *e(z) ~ e(st(z)),
*X(z) = x(st(2)), *0(2) =~ 0(st(z)) and *X(2) =~ X(st(z)) for all z € Z. In particular, we
know that é(z) ~ *e(z) € NS("RL,), 0(z) ~ *0(z) € NS("R}) and st(*X)(z) € K(RL,) is
non-empty for all z € Z. By moving to a subset of Z with *,u_y—measure 1 if necessary, we
can assume that Z(z) is near-standard for all z € Z.

We first show that st(z)(z) € B.(st(y),st(p)) for all z € Z. We have

st(p) - st(7)(2) ~ p- @(2) < p-é(2) + > _ 0.0 §(j)
jed
~ st(p) - st(e)(2) + Y st(9)st(p) - st(y)(4)-
jeJ

Hence, we conclude that st(z)(z) € B,(st(y),st(p)) for all z € Z.

Let F' € *L'(Jo,"RY,) be the S-integrable lifting associated with st(z) as specified in

Item (vi) in the construction of &. Hence, we have:

st("P; ) (st(z),st(y), st(p)) = st(*P; (F,st(y),st(p)))
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for all t € Jq. For every z € Z, by Lemma A.15, we have

st(*P/ (F,st(y),st(p))) = st(*P.("E(F),st(y),st(p))) = st(* P.(*E(z),st(y),st(p)))
= st("P/ (,9,D)).

By Lemma A.11, we have st(z)(z) = st(z(z)) € D,(st(z), st(y),st(p)) for all z € Z. O
Claim A.18. st(y)(j) € S;(st(p)) for all j € J.

Proof. Pick j € J. By assumption, st(y)(j) is an element of Y;. As y; € S;(p), we have

y; € argmax p - z. Thus, we conclude that st(y)(j) € argmaxst(p) - 2. O
ZG*YJ‘ ZGY}'

Note that [, st(Z)(t)*u” (dt) = 3,4, z(t)* pn” ({t}) and

Yo ey {t) + ) gl = / st(e)(t)* 1”7 (dt) + Y st()())-

teTa jeJ = jeJ

We have Y, 2007 ({£]) = Shes 6017 (18)) = X,c,30) = 0 since (7,7,5) is a
hyperfinite quasi-equilibrium. Hence, we conclude that

[ s@eiaTan - [ @i - s =o

jedJ

Combining Claims A.17 and A.18, (st(Z),st(),st(p)) is a Loeb quasi-equilibrium for &. O

We now show that Assumption 3 implies the assumptions of Theorem A.16.

Lemma A.19. Suppose & satisfies Assumption 2, Assumption 53 and Assumption 5. Let
(Z,y,p) be a hyperfinite quasi-equilibrium for the hyperfinite production economy &. If Item (i)

in Assumption 1 is satisfied, and y is near-standard, then T is S-integrable.

Proof. By Item (ii) of Assumption 3, proj, oz is S-integrable. We now show that p; is positive
and non-infinitesimal for all j > k. Suppose not. Without loss of generality, we assume that
P+ 1s infinitesimal or negative. As (Z,y,p) is a hyperfinite quasi-equilibrium, by the same

argument in Lemma A.9, (*E(z),y) € *O,,, for the same €, in Item (iii) of Assumption 3.

€k+1

Thus, there exists tg € T N *Qp such that

(1) *u” ({to}) > 0 and st(z(ty)) exists;

(2) *Pi(fagaﬁ) € "Mpy1.

Note that Z(ty) € %,,(Z,7,p). By Lemma A8, the fact that t, € *(2y and the same proof as
in Claim B.3, we have Z(ty) € %,(Z,y,p). Hence, by Item (i) in Assumption 1, Lemma A.8
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and Lemma A.12, there is no w with st(p) - w < st(p) - st(é(to)) + > e, 0,055t(P) - st(G(5))
such that (w,st(Z(ty))) € st(* Py(;v y,p)). By Proposition 2 of Grodal (1974), My is
compact. Hence, the preference st(* P;Z (Z,y,p)) is strongly monotonic on the commodity
k + 1. As the price of commodity k + 1 is infinitesimal or negative, we can pick v’ to be
st(Z(ty)) plus one extra unit of good k + 1. We then have (w',st(Z(to))) € st(*Pi(f,g,ﬁ))
and st(p) - w’ <st(p) - st(é(to)) +D_;cs 0,0;5t(P) - st(7(7)). This is a contradiction, hence f; is
strictly positive and non-infinitesimal for all j > k.

Let proj_y) be the projection onto the coordinates k£ + 1,...,¢. Recall that ¢ is the
integrable function in Item (ii) of Assumption 3. As g is near-standard, there are r € R
and n < k such that ||proj,_s (2(2)) | < rlle(®)]| + [[*4,(¢)[|* for all ¢ with *u” ({t}) > 0.

As é and *1 are S-integrable, so is T. O

We now present the main result of this section:

Theorem A.20. Suppose & satisfies Assumption 1, Assumption 2, Assumption 3, Assump-

tion 5, and the following conditions:

(1) for almost all w € Q, P, takes value in Py;
(i1) for some € > 0, for almost allw € Q and all (x,y) € O, such that x(w) € X,,, there
exists u € X, such that (u,z(w)) € yen Fol®, Y, p);

(iii) Y is closed and conver, Y N (=Y) =Y NRE, = {0};

() Y; is closed for all j € J.
Then, & has a Loeb quasi-equilibrium.%"
Proof. By Theorem A.10, the hyperfinite weighted production economy & has a hyperfinite
equilibrium (f, 7, ). Hence,we have:

ST RO - Y ey n (1) - 3 90)

teTn teTn JjeJ

Since Y, 5 F@®*u” ({t}) and > e, et y*u” ({t}) are near-standard, by Theorem 2 in Page
77 of Debreu (1959), ¢ is near-standard. By Lemma A.19, f is S-integrable. As Y;’s are closed,
we have st(3) € Y. By Theorem A.16, (st(f),st(y),st(p)) is a Loeb quasi-equilibrium. [

60As usual, *1p,,(t) is the n-th coordinate of *t(t).

61Using a similar argument as in Lemma B.1, we can in fact establish the existence of a Loeb equilibrium unde
the same set of assumptions. On the other hand, we do not need the full strength of Item (ii) in Assumption 1
to establish the existence of a Loeb quasi-equilibrium. In fact, if we instead assume e(w) € X, — > jerbuiY;
for almost all w € €2, then we can establish the existence of a hyperfinite quasi-equilibrium in the hyperfinite
production economy &, which, by Lemma A.19, implies & has a Loeb quasi-equilibrium.
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A.4. Measure-theoretic Production Economy. In this section, we establish equilibrium
existence for the measure-theoretic production economy &, by constructing an equilibrium

from a Loeb quasi-equilibrium of the Loeb production economy &.

A.4.1. Convexity of the Quasi-Demand Set. In this section, we provide sufficient conditions
on the preference map under which the quasi-demand set is convex. The convexity of the
quasi-demand is needed for the push down of Loeb quasi-equilibrium allocation to be in the
quasi-demand set of the measure theoretic economy. For (C,>) € P, let 7 be the derived

weak preference on C.% The following result is stated in Debreu (1959) without a proof.

Lemma A.21 ((Debreu, 1959, Page. 59)). Let (C,>) € Py be a preference. Then the derived

weak preference - is convexr.

Proof. Assume that - is not convex. Then there exist z,y,z € C with y # z and A € (0,1)
such that y, z 77  but Ay + (1 — A\)z Z x. By the definition of 77, = = Ay + (1 — \)z.

Claim A.22. y,z > Ay + (1 — N)z.

Proof. 1t is sufficient to show that y > Ay+(1—\)z. Suppose not. Then we have A\y+(1—X)z 7
y. By the negative transitivity of =, we have x 2~ y. If Ay 4+ (1 — A\)z > y, by the transitivity
of >, we have x > y, which is a contradiction. If Ay + (1 — A)z ~ y, by the transitivity of ~,

we have z ~ Ay + (1 — \)z, which is also a contradiction. O

By Claim A.22 and the convexity of >, Ay + (1 — A)z = Ay + (1 — A)z, which yields a

contradiction. Hence, 7~ is convex. O

Theorem A.23. Suppose the preference map P, takes value in Py. Then, the quasi-demand
set D,,(z,y,p) is convex for every (x,y,p) € El(Q,RZZO) XY x A.

Proof. Fix (x,y,p) € L', RS,) x Y x A. Suppose z1, 2, are two elements of D, (z,y,p).
Pick A € (0,1). For every w € X,, such that p-w < p-e(w) + > .c;0up y(j), we have
21,22 Taeywp W. By Lemma A .21, we have Az; + (1 — A\)22 Zaywp w. Hence, we have

21 + (1 — N)zo € D(z,y, p), completing the proof. O

62For a,b € C, we say a is weakly preferred to b and write a Z bif b a. It is easy to verify that 77 is
complete and reflexive. 27 is in addition transitive if > is negatively transitive.
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A.4.2. Eztension of the Strong Lusin Theorem. The strong Lusin theorem is equivalent to the
Lusin theorem if the Tietze extension theorem holds. The classical Tietze extension theorem
assumes that the range space is a Euclidean space.’® In this section, we present an extension
of the strong Lusin Theorem when the range is a space of subsets of RZZO.

Dugundji (1951) provides the following generalization of the Tietze extension theorem:

Theorem A.24 ((Dugundji, 1951, Theorem. 4.1)). Let X be an arbitrary metric space, X' a
closed subset of X, L a locally convex topological vector space, and [ : X' — L a continuous
map. Then there exists a continuous extension F : X — L of f. Further more, the range of

F is a subset of the convex hull of the range of f.

We are particularly interested in the case where the range space is the set of bounded, closed
and convex subsets of RS, which we denote by Kna(R%,). However, Knq(RE,) equipped with
the Minkowski sum and the scalar multiplication is not a vector space since there does not
exist an additive inverse for a generic element of led(RZZO). On the other hand, it is easy to

verify that Kpq(RS,) satisfies the following conditions:

° Ide(REZO) is closed under the Minkowski sum and non-negative scalar multiplication;

o If A€ Kpa(RYy) and S is the unit sphere of RS, then A+ S is closed;
o Kpa(R%,) is metrized by the Hausdorff metric.

Theorem 2 in Radstrom (1952) implies that Kypa(RS,) can be embedded as a convex cone in

a real normed vector space N such that:

e the embedding is isometric;
e addition in NV induces addition in Kp,q(R%,);

e multiplication by non-negative scalars induces the corresponding operation in Kpq (Rzzo)-

Theorem A.25. Suppose (M, B[M], P) is a Borel probability space where M is Polish. Let
led(Réo) be endowed with the closed convergence topology, and ® : M — /de(Rgo) be a
measurable mapping. Then, for every e > 0, there is a compact set K C M and a continuous

function @ : M — Kya(RS,) such that P(K) >1—¢€ and ® = @ on K.

Proof. Pick € > 0. By the Lusin theorem, there is a compact set K C M such that ® is
continuous on K and P(K) > 1 —e. Let x be the isometric embedding in Theorem 2 of
Radstrom (1952). Then ko ® : M — r(Kpa(R%,)) is continuous on K. By Theorem A.24,

63The Tietze extension theorem can fail if the domain is connected while the range is disconnected.
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there is a continuous function Z : M — £(Kpa(R%,))® such that £ = ko ® on K. Let

9’ = k' o 2. Then @’ is continuous from M to Kpq(RE,) such that &' = & on K. O

A.4.3. Existence of Equilibrium in the Original Measure-theoretic Economy. We start with

the following technical result on S-integrable functions and the weak topology.

Lemma A.26. Let F' € *L'(*Q, *REZO) be S-integrable. Then F' is a near-standard element
in *L1(*Q, *Rgzo) under the weak topology.

Proof. Let F € *L1(*Q,*R%,) be S-integrable. Then st(F) : *Q — RY is Loeb measurable.
Let G denote the o-algebra generated by {st™*(B) : B € B[Q]}. Let F = E(st(F)|G) : *Q —
]RZZO be the conditional expectation of st(F') with respect to the o-algebra G. Note that F is
constants over monads. Define f : Q@ — R to be f(w) = F(w). Since we have
[ s = [ Permde) = [ P,
0 NS(*Q) NS(*)

we conclude that f € £1(Q,RE,).

Pick any g € ﬁOO(Q,REZO). As g is essentially uniformly bounded, by Theorem A.2, we
have st(*g(w)) = g(st(w)) for *p-almost all w € *Q2. Then we have

[ Fersern) s [ sE@sCoe) = [ B 90T

NS(*Q)

~ [ P @) = [ fgnlde)
NS(*Q) Q
Thus, F is in the monad of f with respect to the weak topology on £'(€, Réo). O

We use st,, to denote the standard part map from *£'(*Q, *R%,) to £1(Q, RE,)) with respect
to the weak topology. In particular, for an S-integrable function F, st (F') is the standard
function f € L£'(Q,RY,) such that f(w) = E(st(F)|G)(w) for all w € Q, where G is the
o-algebra generated by {st™'(B) : B € B[Q]}.

Lemma A.27. Suppose that the measure-theoretic production economy & satisfies As-
sumption 2 and Assumption 3. Let f be an element in the Loeb allocation set o/ and
F e LY T, *szo) be the S-integrable lifting associated with f specified in Item (vi) in the
construction of &. Let G = {st™'(B) : B € B[Q]}. Then f is an element of the allocation set
A, where f(w) = st,(*E(F)) = E(st(*E(F))|G)(w) for every w € Q.

64By Theorem 2 of Radstrom (1952), the set H(]de(RZZO)) is convex.
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Proof. Let g = proj,of be the projection of f to the first k coordinates. Let g = st,, (*E(projko
F)) = E(st(*E(proj, o F))|G) (w). Note that g = proj, o f. By Item (i) of Assumption 3, it
is sufficient to show that g(w) € proj, (X (w)) for almost all w € Q.

By Theorem A.4, there exists a *u7 -measurable set V C Z5, with *,u_?(V) = 1 such that
*X(v) = X(st(v)) for all v € V. Hence, we have *(proj, o X)(v) ~ proj, o X (st(v)) for all
v € V. By Item (ii) of Assumption 3, the map proj, o X maps from 2 to Ide(Rgo), and is
integrably bounded. Pick € > 0. By Theorem A.25, there exists a compact set K. C {2 with
w(K.) >1—¢€and amap X¢:Q — led(]Réo) such that:

(1) X©is continuous, hence is upper hemicontinuous as a correspondence;"’
(2) X(w) = proj, o X (w) for all w € K..
(3) By Theorem A.24, the range of X is a subset of the convex hull of proj, o X (w), hence

X¢ is also integrably bounded.

Define the map X¢ : Jh — Kupa(RE) by letting X(t) = X(st(t)) for t € NS(J,) and
Xe(t) = {0} otherwise. Let V. = {v € V : T(v) Nst™(K,) # 0}, where T'(v) is the
unique element in the hyperfinite partition 7 that contains v. For every v € V., we
have X¢(st(v)) = projj, o X(st(v)) = st(*(proj, o X)(v)) = st(*(proj, o X))(v). Hence, as
17 (V) = u(K.) > 1 — ¢, we have *uZ ({t € T : X<(t) = st(*(proj, o X))(£)}) > 1 —e. As
X°© is integrably bounded, we can find a Loeb integrable function [’ : 7 — ]R’goz

(1) f'(t) € X(¢) for all t € T;

(2) f'=gonV,, hence *n7 ({t € Ty : f'(t) = g(t)}) > 1 —e.

By Assumption 2, the consumer space €2 is second countable. For each n € N, we can

construct a countable partition B,, of {2 such that:

(1) B, C B[Q)], and the diameter of each element in B, is no greater than
(2) B,11 is a refinement of B,;

(3) the o-algebra generated by |, .y Bn equals B[]

neN
For each n € N, let F,, be the o-algebra generated by B,,. Let G, be the o-algebra generated by
{st™}(A) : A € F,}, note that G, is the same as the o-algebra generated by {st™!(A) : A € B,}.
Let F’ be an S-integrable lifting of f'. As f'(t) € X¢(t) for all t € T, F'(t) is in the monad of
X<(st(t)) for almost all t € T. Let f/,(w) = E(st(* E(F"))|G,)(w) and f'(w) = st,(*E(F")) =
E(st(*E(F"))|G)(w) for w € Q. Note that *E(F’) = *E(proj, o F') on a Loeb measure 1 subset
of st™'(K,). Since u(K.) > 1 — ¢, we conclude that u({w : f'(w) = g(w)}) > 1 — 2e.

65For every w € Q and every ' € *Q with w’ &~ w, we have st(*X¢(w)) = st(*X“(w’)). The result follows
from the nonstandard characterization of upper hemicontinuity from Anderson et al. (2022).
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Claim A.28. lim, .. f,(w) = f'(w) for almost all w € €.

Proof. By the Martingale convergence theorem, f’, converges pointwise to some function h

almost surely. For every element A € (J, oy Fn, we have [, h(w)u = [, f . As
U,.en F 1s & m-system that generates B[], we have [, h(w),u( = fB f(w ) for all
B € B[], hence lim,, . f',(w) = f'(w) for almost all w € Q. O

We now show that g(w) € proj,(X(w)) for almost all w € Q. Pick wy € Q such that
lim,, ., f',(wo) = f'(wo) and let O be an open set that contains X(wg) as a subset. Note
that X¢(w) is convex for every w € ). By the upper hemicontinuity of X(wy), there exists
some ng € N such that the closed convex hull of [J{X(w) : |w — wo| < nio} is contained

in O. By the construction of f’ we know that f’no (wp) is in the closed convex hull of

UH{X (W) @ |w—wo| < n—o}, hence is in O. Thus, f’(wp) is in X¢(wp). As our choice of wy is
arbitrary, we have f/(w) € X¢(w) for almost all w € €. As our choice of € is arbitrary, we

have g(w) € proj, (X (w)) for almost all w € Q. Hence, f is an element of A. O

Lemma A.29. Suppose the measure-theoretic production economy & satisfies Assumption 2
and Assumption /. Then, for every g € El((%, IHEART ) RQO) and every (y,p) € Y x A,
we have st(*P; )(g,y,p) = Py (stw(*E(G)), y,p) for *p “u” -almost all t € T, where G is the
S-integrable lifting associated with g specified in Item (vi) in the construction of &.

Proof Pick g € L' (0, I(T0), "1 u7), R%y), y € Y and p € A. By Theorem A .4, there exists
a *7 -measurable set U C 5, with *u7 (U) = 1 such that *y(u) &~ x(st(u)) for all u € U.
For every t € U, we have st(* Pf)(g,y,p) = st(*Pty(G,y,p)) = st(*Pt(*E(G),y,p)) =
st(* Pty ("E(G),y,p)) = Pao)(stu(*E(G)), y, p)- m

Theorem A.30. Suppose that the measure theoretic production economy & satisfies Assump-
tion 2, Assumption 3 and Assumption 4. Suppose F,, takes value in Py for almost all w € Q.
Then, if the Loeb production economy & has a Loeb quasi-equilibrium such that the equilibrium

prices of the commodities k + 1,...,¢ are positive, then £ has a quasi-equilibrium.

Proof. Let (f,4, D) be a Loeb quasi-equilibrium for & such that every coordinate of proj, ,(p)
is positive. Let F' be the S-integrable lifting associated with f specified in Item (vi) in the
construction of &. Hence, we have st(*P;{)(f,y,p) = st(*P{ (F,y,p)) for all t € F, and all
(y,p) € Y xA. Let f = st,(*E(F)) and G be the o-algebra generated by {st™(B) : B € B[Q)]}.
By construction in Lemma A.26, we have f(w) = E(st(*E(F))|G)(w) for every w € Q. By
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Lemma A.27, f is in the standard allocation set A. We shall show that (f,7,p) is a

quasi-equilibrium for &.
Claim A.31. For almost allw € Q, f(w) € Du(f,7,p).

Proof. For almost all w € , P, is a function from £1(Q,RS,) X Y x A to Py. As every
coordinate of proj,_,(p) is positive, by Assumption 3 and Theorem A.23, the quasi-demand
set Dy, (f,7,P) is a measurable map on €, taking values almost surely in Kpq(R%,).% Pick
e > 0. By the same proof as in Lemma A.27, there exists a compact set K, C €0 with
u(K.) > 1— e and a map D5(f,7,p) : @ — Kpa(R%,) such that:

1) D<(f,9,p) is continuous, hence is upper hemicontinuous as a correspondence;

2) Dy(f,

3) D(f,4,p) = Du(f,,p) for all w € K.

Define the correspondence D(f,4,p) by letting D$(f,4,p) = D;t(t)(f,gj,p) for t € NS(%)
and D$(f, 7, p) = {0} otherwise. Note that f(t) € D:(f,¥,p)°" for *u”-almost all t € F. By
Theorem A.4, Lemma A.29 and Lemma A.11, there exists a W—measurable set U C T

with m_y(U) = 1 such that D,(f, 7, p) = Dst(t)(f, y,p) for all t € U. Using a similar argument

¥,p) is integrably bounded;

(
(
(

as in Lemma A .27, we can find a Loeb integrable function f’: 7% — RZZO such that:
(1) f'(t) € D§(f,,p) for all t € To;
(2) w7 ({teT: f(t)=fH)}) >1—e
For each n € N, we can construct a countable partition B,, of €2 such that:
(1) B, C B[Q)], and the diameter of each element in B, is no greater than +;
B, is B[].
Let G,, be the o-algebra generated by {st™*(A) : A € B, }. Let F’ be the S-integrable lifting

(2) Bpny1 is a refinement of B, and the o-algebra generated by J, oy

associated with f’ specified in Item (vi) in the construction of &. Then F'(t) is in the
monad of D;t(t)(f,gj,p) for almost all t € F. Note that we also have st(*P{)(f',y,p) =
st(*P/ (F',y,p)) for all t € T and all (y,p) € Y x A. Let f'(w) = E(st(* E(F"))|G,)(w) and
f'(w) = E(st(*E(F"))|G)(w) for all w € Q. By the same argument as in Lemma A.27, we

have p({w : f(w) = f'(w)}) > 1 — 2e. By the same argument as in Claim A.28, we have
lim,, o0 fr(w) =
Pick wy € Q such that lim, . f’'(wy) = f'(wo) and let O be an open set such that

f'(w) for almost all w € Q.

D¢, (f,y,p) C O. As D¢, (f,y,p) is convex, by the upper hemicontinuity of D (f,¥,p), there

66 By the same argument in Lemma A.19, the projection PrOj (o) (Dw (f, gj,ﬁ)) of D, (f,%,p) onto coordinates
{k+1,...,¢} is bounded for all w.
67Recall that Dy (f, 7, p) is the Loeb quasi-demand set at (f,9,D)-
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is some ny € N such that the closed convex hull of |J{ D% (f,7,p) : |w —wo| < n—lo} is contained
in O. By construction, f, (wp) is in the closed convex hull of (J{Dg(f,¥,p) : |w — wo| < nio},
hence is in O. Thus, f(wp) is in Dfuo( f,9,p). As our choice of wy is arbitrary, we have f'(w) €

D¢ (f,u,p) for almost all w € Q. As our choice of € is arbitrary, we have f(w) € D,(f,7,D)

O

for almost all w € €2, completing the proof.

As the Loeb supply set is the same as the supply set, we have g(j) € S;(p). We now show

that market clears at the candidate quasi-equilibrium. Note that:

[ Femt@) = [ B BN @) = [ st BE) @)

NS(*Q)

= [ steBr) ) ~ [

F(ty'p? (dt) ~ [ f(t)u” (dt).
To Ta

We also have [ e(w)pu(dw) = [, st(*e)(t)u”(dt) = [, st(é)(t)*n”(dt). As (f,7,p) is a
Loeb quasi-equilibrium, we have

/Q Fw)u(dw) — / e(w)n(de) - 3 5(7)

jedJ

— x, T _ é x ., T _ (1) = 0.
- [ sy /%su (O 7 (A1) — S 5(5) = 0

jeJ
Combining with Claim A.31 and the fact that g(j) € S;(p) for all j € J, (f,4,p) is a

quasi-equilibrium for the original measure-theoretic production economy &. 0
We are now at the place to prove our main result, Theorem 2.

Proof of Theorem 2. As we have pointed out in Remark A.14, Theorem A.20 follows from
the condition in Remark A.14, which is implied by Assumption 4. As stated in the proof of

Lemma A.19, all equilibrium prices of the commodities k£ + 1, ..., ¢ are positive. Theorem 2
follows from Theorem A.20, Theorem A.30 and Lemma B.1. U
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B. SUPPLEMENTARY MATERIAL - FOR ONLINE PUBLICATION

The supplementary material consists of promoting quasi-equilibrium to equilibrium, the
proof of Theorem 1, the first welfare theorem for free-disposal equilibrium, and the existence

of equilibrium in measure-theoretic quota economy.

B.1. From Quasi-equilibrium to Equilibrium. At a quasi-equilibrium, no consumer
could be strictly better spending strictly less than her budget constraint. Unlike equilibrium,
quasi-equilibrium is not stable since consumers could do better within their budget sets. Thus,
the interest of the quasi-equilibrium concept is purely mathematical, hence it is much more
desirable to establish the existence of equilibrium than the existence of quasi-equilibrium. In

this section, we show that, under Assumption 1, every quasi-equilibrium is an equilibrium.

Lemma B.1. Let £ = {(X, >, P,, €w, 0u)wea, (Y))jes, (2, B, 1)} be a measure-theoretic
production economy satisfying Assumption 1, and (x,y,p) be a quasi-equilibrium. Then

(x,y,p) is an equilibrium.

Proof. Let (Z,y,p) be a quasi-equilibrium. For each consumer w, define a correspondence
0w : A — X, as

0u(p) = {10 € Xy ip-wy <p-ew)+ Y buysup{p-y:y e Vi)
jeJ

We start by establishing the following claim:
Claim B.2. For every w € Qy, 0,(p) # 0.

Proof. Note that, for every w € €, the set X, — >
and e(w) € U,. Hence, we can pick u, € R® such that p-u, < 0 and that (e(w) + u,) €

ied 0.,;Y; has non-empty interior U,

(Xo =2 jes 0uiYs). As (Z,9,P) is a quasi-equilibrium, we have p-Z,, < p-e(w)+>_ ;0P 7(7)

for some 7, € X,,. So we have 4,,(p) # 0. dJ
Claim B.2 leads to the following result:

Claim B.3. For almost all w € Qo, if € X, with (,z(w)) € P,(Z,y,p), then p- T >

]7 : e(w) + Zjej ewjp ' g(])

Proof. Let € C Qg be the set of consumers such that their quasi-equilibrium consumption
is in their quasi-demand set. Note that () = (). Fix some w € Q. Let & € X,
be such that (z,z(w)) € P,(Z,y,p). By Claim B.2, pick z, € d,(p). Thus, we have
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pri>p-e(w)+ Y ;000 Y(j) since (Z,7,p) is a quasi-equilibrium. As P, (Z,9,p) is
continuous, there exists A € (0, 1) such that (Az, + (1 — \)Z,z(w)) € P,(Z,7,p).

Assume that p-2 = pre(w)+_ e ; 0uip7(j). Then we have (Az,+(1-A)Z, Z(w)) € Pu(Z, 7, P)
and Az, + (1 — A\)@ € 6,(p). This furnishes us a contradiction since (z,y,p) is a quasi-

equilibrium. So we have p-& > p-e(w) + > c; 0u;p - 4(J)- O

As each consumer w € )y has a strongly monotone preference on the commodity s and the

projection 7y(X,) is unbounded, by Claim B.3, we conclude that p, > 0.
Claim B.4. For almost all w € 2, 6,(p) # 0.

Proof. Note that, for almost all w € €2, there is an open set V,, containing the s-th coordinate
e(w)s of e(w) such that (e(w)-s,v) € Xy — > ¢, 0u;Y; for all v € V. As ps > 0, for almost
all w € Q, we can pick u,, € R® such that p-u, < 0 and that (e(w) +uy) € (X =, 0u;Y5)-
Thus, for almost all w € €2, we have
p-Fy <Pre(w)+ Y 0up - 4()
jed
for some 7, € X,,. So we have 9,(p) # 0 for almost all w € €. O

We now show that (z, g, p) is an equilibrium. The proof is similar to the proof of Claim B.3.
For almost all w € Q, by Claim B.4, pick z, € d,(p) and z, € X,, such that (Z,,7(w)) €
P,(z,9,p). Hence, we have p-&, > pre(w)+) . ; 0uip-y(j) since (Z, ¥, p) is a quasi-equilibrium.
As P,(z,y,p) is continuous, there exists A € (0,1) such that (Az, + (1 — \)Z,,Z(w)) €

Py(Z,y,p). Assume that p- 2, = p-e(w) + > ;000 - 4(j). Then we have (Az, + (1 —
Ny, T(w)) € Py(Z,y,p) and Az, + (1 — N)Z,, € d,(p). This furnishes us a contradiction since
(Z,9,Dp) is a quasi-equilibrium. Therefore, we have p- &, > p-e(w) + > ;0P - ¥(j). Hence,
(Z,y,p) is an equilibrium. O

B.2. Equilibrium Existence for Weighted Production Economy. In this section, we
provide a rigorous proof of Theorem 1, hence establishing the existence of equilibrium for
weight production economies. We first recall the definitions of attainable production plans

and attainable consumption sets.

Definition B.5. The set }7] of attainable production plans for the j-th producer is the

projection of the set O of the attainable consumption-production pairs to Y;:

ffj:{yjeYj:H(:c,y’)e TR x JT¥2 D won({w}) = e(w)n({w}) =y — > _v/(4)

weN 1#£] we weN 1#£]
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The set X; of attainable consumption for the i-th consumer is the projection of the set O to

X;. In particular, X; is given by:

&ﬁx-axy TTEL % TLVa(ih) + 3 aluatfer)) - 3 etwtied) - 3 vl

w1l jeJ w#i weN jeJ

Theorem 1 is closely related to Proposition 3.2.3 in Florenzano (2003). The proof of

Theorem 1 is broken into the following three steps:

(1) We first consider the unweighted production economy;
(2) We then consider weighted production economies with positive weights;

(3) We finally prove Theorem 1 for general weighted production economy.

Proof of the Unweighted Case. We first consider the unweighted production economy F =
{(X, >, Py €w, bu)weq, (Yj)jes}- In this case, Theorem 1 is similar to Proposition 3.2.3 in
Florenzano (2003). For every w € Q, let P, : [[,cq RSy x Y x A — X, be

P/ (z,y,p) = {a € X,|(a,z,) € P,(x,y,p)}.

Note that P/ is lower hemicontinuous since P, is continuous. As P, takes value in Py, we
have x,, & conv(P,(z,y,p)) for all (z,y,p) € [T;cq RS X Y x A and all w € Q. By Item (ii),

we have () ca PL(z,y,p) # 0 for all (z,y) € O with x, € X,. By the second bullet of
Item (ii) in Assumption 1, e(w) € X, — >, ; 0.,;Y; for all w € Q.

Claim B.6. X, is compact for all w € Q) and Yj 15 relatively compact for all j € J.

Proof. For any set B C R’, let C(B) denote the recession cone of B. Note that X = Y owea Xw
is a convex subset of RS, hence C(X) C RE,. Thus, we have C(X) N (—C(X)) = {0}. As
Y NRE, = {0}, we have C(X) NC(Y) = {0}. By Proposition 2.2.4 in Florenzano (2003), X,
is compact for every w € Q. Note that Y N (=Y) = {0} implies that C(Y") N (=C(Y")) = {0}.
By Proposition 2.2.4 in Florenzano (2003) again, YJ is relatively compact for every j € J. [

By Proposition 3.2.3 in Florenzano (2003), we conclude that F has a quasi-equilibrium
(7.9.7) € Ax Y x A -

We consider weighted production economies such that each consumer’s weight is positive:

Positive weighted production economy: Let p, = u({w}) for w € Q. Note that u, > 0. We
consider the unweighted production economy & = {(X', >/, P/, €/, 0 )weca, (Y;)jes}:

w? w7 w

e () is a finite set of consumers, and J is a finite set of producers;
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o for w € Q, X/, = p,X,, is the consumption set. Let A" =[] ., X!

e Y} is the production set for producer j;

e We only provide a rigorous definition of the induced preference map P,.%* P, : [[,.q RS, %
Y x A — P is the preference map for consumer w such that P/ (z',y,p) = pu,P.(x,y,p)
where z; = % for all i € Q. Then P, is a continuous function from [, RS, X ¥V X A to
Ph;

e 0 = p.,b, is the share for consumer w. It is clear that 6§/, € Rlz‘](‘) and Y ot =
Y weq Mibe; = 1 for all j € J;

o ¢/ = u,e, is the initial endowment of consumer w. In addition, we have
€, = oty € X — Y bV = X, =D 0L
jeJ jeJ
Clearly, Y is closed, convex, and Y N (=Y) = {0} = Y NRY,. Let
O = {(x',y') € HRZZO XY : Zx’w - Ze'(w) — Zy’(j) = 0} :
weQ we weN jeJ

Note that P/ takes value in Py for all w € Q.

Claim B.7. For each (2',y') € O with x/, € X/, there exists u € X/ such that (u,x]) €
anA PolJ(xlv y/’p)'

Proof. Pick («',y) € O" with 2/, € X/. Let z, = M%ZB’ . Then, we have (z,y') € O with

w

z, € X,. There exists v € X, such that (v,z,) € [\,ca Po(z,¥,p). Let u = pyv. Then
we X0 and (u,2) € Myen PLT D). n

Hence, there is a quasi—equilibrium (7', 9, p) for the unweighted production economy &’. Let

T € X be such that z,, = Z=. Clearly, we have (z,7,p) € AXY x A, where A =] ., Xo
Claim B.8. 7, € D, (z,9,p) for all w € Q

Proof. Clearly, we have 7, € X, and

porg=p- o <p U Sy gy b @) Y 0 0)

jeJ

68The consumer’s global preference relation >/ is defined similarly. To establish the existence of an equilibrium,
it is sufficient to work with the preference map P.,.
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Hence, we conclude that z,, € B, (y,p). Suppose (w, Z,) € P,(Z,y,p). Let w' = p,w. Then,

we have (v, 7)) € P/ (Z',y,p). Hence, we have
_ NS Wi~
prw= —Jp y(j (W) + Y 0D 5(j
'uw jeJ Heo JjeJ
completing the proof. O
We now show that (Z,y,p) is a quasi-equilibrium for &:
e By Claim B.8, Z(w) € D,(%,%,p) for all w € Q;
y(j) € S;(p) for all j € J;
. Zweﬂ T(w)p{w}) = Xpeq ew)n{w}) = 325, 90) = 0.
Thus, (z,y,p) is a Z-disposal quasi-equilibrium for £. O

We now prove the general weighted case, hence proving Theorem 1.

Proof of Theorem 1. Let ' = {w € Q : p({w}) > 0}. For every w € Q\ ', pick ¢, € X,,.
For a € [],cqp X = A, let E(a) € A=1]],cqXw be:

a, forallwe Y

E(a), =

€, forallw¢ Y
Consider the weighted production economy & = {(X, =¥, P ey, 0.,)weqr, (Y})jes, 11} Where
P (x,y,p) = P,(E(x),y,p). It is easy to verify that &£ satisfies all the conditions of
Theorem 1 and every consumer in £ has positive weight. Hence, there is a quasi-equilibrium
(z,y,p) € A/ xY x A for & Then, (E(Z),y,p) € AXY x A is a quasi-equilibrium for £.
By Lemma B.1, (E(Z),7,p) is an equilibrium. O

B.3. First Welfare Theorem for Free-disposal Equilibrium. In this section, we show
that, in the absence of externalities, free-disposal equilibria associated with nonnegative
equilibrium prices are Pareto optimal even with the presence of bads. For simplicity, we
prove the result for economies with finitely many consumers. Note that it is straightforward

to generalize the following result to economies with a measure-theoretic space of consumers.

Theorem B.9. Let £ be a finite production economy such that each consumer’s preference
exhibits no externality, is negatively transitive and locally non-satiated. Let (Z,y,p) be a

free-disposal equilibrium such that p > 0. Then T is Pareto optimal.
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Proof. Since consumers’ preferences exhibit no externality, we use >, to denote consumer w’s
preference. Suppose that there is an attainable allocation & that Pareto dominates . Since &
is attainable, we can choose § € Y such that > o #(w) —>_ cqe(w) =D, 9(j) < 0. That
is, (Z,9) is an attainable consumption-production pair. Then Z(w) ¥, Z(w) for every w, and
there is some wy € 2 such that Z(wy) =, Z(wo). As (Z,7,p) is a free-disposal equilibrium,
we have p - #(wo) > P - e(wo) + 3¢ 7 buosD - 9(4)-

Claim B.10. For every w € , we have p- #(w) > p-e(w) + > c; 0D - Y(j)-

Proof. Suppose there is aw; € 2 so that p-2(w1) < pre(wi)+_ e 0w D-y(d). As =, islocally
non-satiated, there is a u € Xy, such that u >, #(wi) and p-u < p-e(w1) + ;¢ ;0D U(4)-
Note that we have Z(wq) ¥, #(w1). If u %, T(w1), by negative transitivity of >, , we have
u ¥, T(wr), a contradiction. Hence, we must have u >, Z(w;). This leads to a contradiction

since (Z, 9y, p) is a free-disposal equilibrium. d

By Claim B.10, p - #(w) > p-e(w) + D000 - §(j) for all w € Q. So, we have
(Y en W) — Y cqelw) — > ics U )) > 0. But this is impossible since p > 0 and
Y wen T(W) =3 cqelw) — 22, 0(J) <0, contradiction. Hence, 7 is Pareto optimal. O

B.4. Notation from Non-standard Analysis. In this section, we give a gentle introduction
to nonstandard analysis. We use * to denote the nonstandard extension map taking elements,
sets, functions, relations, etc., to their nonstandard counterparts. In particular, *R and *N
denote the nonstandard extensions of the reals and natural numbers, respectively. An element
r € *R is infinite if |r| > n for every n € N and is finite otherwise. An element r € *R with

~1 is infinite. For r,s € *R, we use the notation r ~ s as shorthand

r > 0 is infinitesimal if r
for the statement “|r — s| is infinitesimal,” and use use r £ s as shorthand for the statement
“either r > sorr ~ s.”

Given a topological space (X, T ), the monad of a point x € X is the set (), or.,c *U. An
element x € *X is near-standard if it is in the monad of some y € X. We say y is the standard
part of x and write y = st(z). Note that such y is unique provided that X is a Hausdorff
space. The near-standard part NS(*X') of *X is the collection of all near-standard elements
of *X. The standard part map st is a function from NS(*X) to X, taking near-standard
elements to their standard parts. In both cases, the notation elides the underlying space Y

and the topology 7T, because the space and topology will always be clear from context. For a

metric space (X, d), two elements x,y € *X are infinitely close if *d(x,y) ~ 0. An element
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x € *X is near-standard if and only if it is infinitely close to some y € X. An element z € *X
is finite if there exists y € X such that *d(z,y) < co and is infinite otherwise.

Let X be a topological space endowed with Borel o-algebra B[X]| and let M(X) denote
the collection of all finitely additive probability measures on (X, B[X]). An internal prob-
ability measure p on (*X,*B[X]) is an element of *M(X). The Loeb space of the internal
probability space (*X,*B[X], u) is a countably additive probability space (*X ,W, 11) such
that *B[X] = {A C *X|(Ve > 0)(34;, A, € *B[X])(A; C A C A, A (A, \ 4;) < €)} and
Ti(A) = sup{st(u(A;))|A; C A, A; € *B[X]} = inf{st(u(A,))| 4, D A, A, € *B[X]}.

Every standard model is connected to its nonstandard extension via the transfer principle,
which asserts that a first order statement is true in the standard model if and only if it is true
in the nonstandard model. Given a cardinal number k, a nonstandard model is x-saturated
if the following condition holds: Let F be a family of internal sets with cardinality less than

k. If F has the finite intersection property, then the total intersection of F is non-empty. In

this paper, we assume our nonstandard model is as saturated as we need.®”

B.4.1. Loeb Probability Space. In this section, we provide a brief introduction of Loeb spaces
introduced by Loeb (1975). We focus on hyperfinite probability spaces and their corresponding
Loeb spaces.

A hyperfinite set S is equipped with the internal algebra I(.S), consisting of all internal

subsets of S. Let P be an internal probability measure on S. We use (S, 1(S), P) to denote
the Loeb probability space generated from (S, I(5), P).

Definition B.11. Let (S, (S), P) be a hyperfinite probability space, and (S, I(S), P) be the
Loeb space. Let X be a Hausdorff topological space, and f be a Loeb measurable function
from S to X. An internal function F': S — *X is a lifting of f provided that f(s) = st(F(s))
for P-almost all s € S.

Lemma B.12 ((Arkeryd, Cutland, and Henson, 1997, Section. 4, Corollary. 5.1)). Fvery

Loeb measurable function into a second countable topological space has a lifting.

We now introduce the S-integrability notion, which guarantees that the Loeb integral of a

Loeb integrable function almost agrees with the internal integral of its lifting.

Definition B.13. Let (S, I(S), P) be a hyperfinite probability space, and (S, I(S), P) be
the corresponding Loeb space. Let F' : S — *R be an internally integrable function such

69see e. g. Arkeryd, Cutland, and Henson (1997, Thm. 1.7.3) for the existence of x-saturated nonstandard
models for any uncountable cardinal .
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that st(F ) exists P-almost surely. F is said to be S-integrable if st(F)) is P-integrable and

J1F|(s)P(ds) = [ st(|F])(s)P(ds).

Theorem B.14 ((Arkeryd, Cutland, and Henson, 1997, Section. 4, Theorem. 6.2)). Let
(S,1(S), P) be a hyperfinite probability space, and (S, 1(S), P) be the Loeb space. Let F : S —
*R be an internally integrable function such that st(F) exists P-almost surely. The following
are equivalent:
(i) F is S-integrable;
(ii) st([ |F(s)|P(ds)) ewxists and equals to lim,_, st( [ |F,(s)|P(ds)) (where for n € N,
F, = min{F,n} when F >0 and F,, = max{F,—n} when F' <0);
(iii) For every infinite K > 0, f|F|>K |F(s)|P(ds) =~ 0;
(w) st( [ |F(s)|P(ds)) exists, and [, |F(s)|P(ds) ~ 0 for all B with P(B) ~ 0.

We conclude this section with the following theorem which guarantees the existence of an

S-integrable lifting for every real-valued Loeb integrable function.

Theorem B.15 ((Arkeryd, Cutland, and Henson, 1997, Section. 4, Theorem. 6.4)). Let
(S,I(S), P) be a hyperfinite probability space, and (S, 1(S), P) be the Loeb space. Let f: S —
R be Loeb measurable. Then f is integrable if and only if it has an S-integrable lifting.

B.5. Existence of Equilibrium in Measure-theoretic Quota Economy. Both Theo-
rem 1 and Theorem 2 consider non-free-disposal equilibrium, which requires that demand
exactly equals supply for each commodity. In this section, we incorporate the quota regula-
tory scheme, developed in Anderson and Duanmu (2025), into measure-theoretic production
economies. Doing so allows one to limit the total amount of bads disposed to a prespecified

positive level.

Definition B.16. A measure-theoretic quota economy

5 = {(X7 > ws Pw; Cws 0)0.)697 (}/})jEJu (Qa %7 /1’)7 (m(J))]€J7 Z<m>}

is a list such that:

(1) (X, >w, Py, €w, 0)weq and (2, B, 1) are defined the same as in Definition 4.2;

(ii) As in Definition 4.2, J is a finite set of firms. However, firms are categorized into two
types: private firms and a single government firm. The government firm, denoted as
firm 0, has the production set {0}. For each private firm j € J, its production set

Y; C R is a non-empty subset. We write Y = ngJ fE
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(iii) The government chooses to regulate the first ¢ < ¢ commodities and assigns quotas
on regulated commodities to the firms. For each j € J, define m¥) e Rtgo to be the
negative of the quota for the firm j. Let m = Zjej mY. The quota-compliance region

Z(m) = {m} x {0}*"" is a convex subset of R%,.

Definition B.16 is the measure-theoretic version of the quota equilibrium model in Anderson
and Duanmu (2025). We note that the set of regulated commodities need not be the same as
the set of bads in Assumption 3, since the society may choose to tolerate certain bads.

For every w € 2, p € A and y € Y, the quota budget set B (y,p) is defined as

{zeX,ip-2<pew) + Y 0u(p-y() + proj,(p) - m¥)}.
jeJ
For each private firm j € J, since the firm can emit the first ¢ commodities freely up to its
quota m), the firm’s profit at a given price p is p - y(j) + proj,(p) - m¥.™ The government
firm’s profit comes solely from selling its quota. In particular, the government firm’s profit

at a given price p is p - y(0) + proj,(p) - m® = proj,(p) - m©.

Hence, the consumer’s
budget consists of the value of her endowment and dividend from firms. For w € €2 and

(z,y,p) € LYQ,RE) x Y x A, the quota demand set DI (x,y, p) is

{ze B} (y,p):w —rywp 2 = WE B (y,p)}

Given a price p, the firm j’s supply set S"(p) is argmax (p-z—l—projt(p) ~m(j)). As proj,(p)-mW)
2€Yj

does not depend on the firm’s production plan, S7*(p) = argmaxp - 2. All firms’ profits
2€Y;

depend only on prices and their own production.
Definition B.17. Let & = {(X, >, P, €u,0)uwea, (Yi)jer, (2, B, 1), (mY)) ;e 5, Z(m)} be
a measure-theoretic quota economy. A Z(m)-compliant quota equilibrium is (z,y,p) €
A XY x A such that the following conditions are satisfied:

(i) Z(w) € D (Z,y,p) for almost all w € Q;

(ii) (j) € Sj*(p) for all j € J. Every firm is profit maximizing given the price p;

(iii) fo Z(w)pu(dw) = [o e(w)u(dw) = 32;c;5(7) € Z(m).

The quota-compliance region Z(m) and the feasibility constraint ) Z(w)—=>" cqe(w)—
>_ics U(j) € Z(m) jointly imply that, at equilibrium, the total net emission of the regulated
701f a private firm emits less than its quota, then the firm generates additional revenue by selling its remaining

quota to other firms. If a private firm emits more than its quota, then the firm needs to purchase quota from
other firms.
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commodities equals the pre-specified total quota, which is the aggregation of the government
firm’s quota and private firms’ quota. The set of quota-compliant consumption-production

pair of & is

o - {@:,y) € OB XY [ alwn(do) - [ elwln(do) = 3 u) € z<m>} .
fQ @ jeJ
For € > 0, let Z(m). be the e-neighborhood of {m} x {0}*~t. The set of e-quota-compliant

consumption-production pair for the measure-theoretic quota economy & is

on = {(:C,y) € LYQ,RE) x Y : /

Q

s)ulds) — [ ewids) - 3 y() € Z<m>e} .

@ jed
Our main result of this section establishes the existence of a quota equilibrium for measure-

theoretic quota economies:

Theorem 3. Let £ be a measure-theoretic quota economy as in Definition B.16. Suppose &€

satisfies Assumption 2, Assumption 3,"% Assumption /4, and the following conditions:

(1) for almost all w € Q, P, takes value in Py;
(i1) there exists Qy C § of positive measure such that, for every w € §y, the set X, —
> jer (Y + {E(mY)Y})™ has non-empty interior U, C R and e(w) € U,;
(1i1) there exists a commodity s € {1,2,...,¢} such that:
o for every w € g, the projection ms(X,) is unbounded, and the consumer w has a
strongly monotone preference on the commodity s;
o for almost all w € Q, there is an open set V,, containing the s-th coordinate e(w)s of
e(w) such that (e(w)-s,v) € Xy — > i 0ui(Y; + {E(mUN)}) for allv €V,
(iv) for some € > 0, for almost all w € Q and all (z,y) € O such that x(w) € X, there
exists u € X, such that (u,z(w)) € yen Pol®,y,p);
(v) The aggregate production set'Y is closed and conver, Y N (=Y) =Y NRY, = {0}, and
Y; is closed for all j € J.

Then, O™ is non-empty, i.e., it is feasible to achieve the quota, and £ has a quota equilibrium.

Since firms obtain profit from the property right of pre-assigned quota, the relevant
production set for firm j is Y; + E(m)). Thus, Item (ii) and Item (iii) of Theorem 3
are similar, and play the same role as our survival assumption Assumption 1. The proof

"IThe set O, in Item (iii) of Assumption 3 needs to be replaced by or.
For all j € J, BE(mWY)) € ]RZSO is the vector such that its projection to the first ¢-th coordinates is m¥) and
its other coordinates are 0.
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of Theorem 3 follows from Theorem 2 and shifting the production set of each firm by its

pre-assigned quota.

Proof of Theorem 3. By Item (ii) and the second bullet of Item (iii) in the assumptions of
Theorem 3, we have e(w) € Xy, — i, 0u;(Y; + {E(mU))}) for almost all w € . So the
set O™ of quota-compliant consumption-production pairs is non-empty, hence is feasible to
achieve the quota. Let & = {(X, >, P, eu, 0)wecq; (Y])jers, (%, B, 1)} be a measure-theoretic

production economy with quota:

(1) Y/ =Y;+{E(m)} forall j € J. Let Y’ = [Lics Ys
(2) We only provide a rigorous definition of the induced preference map P’ ™. For y € Y,
let y(€) € Y be such that y(€); = y; — E(mW) for all j € J. For w € €, the preference

map P, : L1(Q,R,) x Y’ x A — P is given by

P(x,y,p) = (Xu, {(a,0) € Xy x X,|(z,y(E),p,a) =u (2,y(E),p,0)}) = Pu(z,y(E),p).

To show that the derived economy &’ has an equilibrium, we must verify that £ satisfies the

assumptions of Theorem 2. It is easy to see that:

(1) Assumption 2, Assumption 3 and Assumption 4 are satisfied;
(2) By the construction of P, P! takes value in Py for almost all w € Q;
(3) there exists Qp C 2 of positive measure such that, for every w € g, the set X, —
> ;e 0u;Y] has non-empty interior U, C R® and e(w) € Ul;
(4) there exists a commodity s € {1,2,...,¢} such that:
e for every w € §Qy, the projection m4(X,) is unbounded, and the consumer w has a
strongly monotone preference on the commodity s;
e for almost all w € Q, there is an open set V,, containing the s-th coordinate e(w), of
e(w) such that (e(w)-s,v) € Xy — 3¢, 0u;Y] for all v € V;
(5) Y is closed and convex, and Y] is closed for all j € J.

Let O be the set of attainable consumption-production pairs for £'. For € > 0, let O’ be

the set of e-attainable consumption-production pairs for £’.

Claim B.18. For some ¢ > 0, almost all w € 2 and all (x,y) € O such that z(w) € X,,,
there exists u € X, such that (u, x(w)) € ycp Lol y,p)-

"The consumer’s global preference relation >/, is defined similarly. To establish the existence of a quota
equilibrium, one only needs to work with the preference map P,,.
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Proof. Pick the same € as in Item (iv) of Theorem 3. For almost all w € Q and all (z,y) € O
such that z(w) € X,,, we have (z,y(£)) € O and z(w) € X,,, hence there exists u € X,,
such that (u, z(w)) € Nyea Po(z,y(E),p). As P (x,y,p) = Po(z,y(€),p) for all p € A, we
have (u, z(w)) € M,ea Pu(@,y,p). O

Recall that, for any set B C Rf, C(B) denote the recession cone of B. By the proof
of Claim B.6, it is sufficient to show that C(X) N (-C(X)) = {0}, C(X) N C(Y’) = {0}
and Y’ N (=Y") = {0}. As C(X) C RY,, we have C(X) N (—C(X)) = {0}. Note that
Y' =Y +{E(m)}. As C(X)NC(Y) = {0} and Y N(=Y") = {0}, we have C(X)NC(Y’) = {0}
and Y’ N (=Y’) = {0}.

By Theorem 2, there is an equilibrium (z, g, p) for €. We now show that (z,7(£),p) is a
quota equilibrium for &:

(1) Note that we have p - §(j) = p - 9(E)(j) + proj,(p) - mY. For every j € J, we have

y(j) € argmaxp - z. As proj,(p) - m\ is a constant over Y;, we have 3(£)(j) € S(p) for
zEYj/

all j € J;
(2) As [, 2 (@)p(dw) — [ e(@)p(dw) = ¥,e,7(7) = 0, we have
[ #tmt) = [ ewmias) - L @)
= [ #ntan) - [ () = 3 a() + Bm) € Z(m).

Q jed

Claim B.19. z(w) € D' (Z,y(E),p) for almost all w € Q.

Proof. Note that p- 5(j) = p - 9(£)(j) + proj,(p) - m\¥ for all j € J. Thus, for all w € €, the

budget set B/,(g,p) for consumer w of the economy & can be written as:

{Z € Xy pr 2 <pre(w) ) (P 5(E)() + proju(p) - m“))} :

which is the same as the quota budget set B (¢(€), p) of the economy E. As P,(z,y(E),p) =
P! (z,y,p) for all w € Q, the quota demand set D! (z,y, p) for consumer w of the economy
&' is the same as the quota demand set D (z,y(E),p) of the economy €. We conclude that
zT(w) € D™z, y(E),p) for almost all w € €. O

By Claim B.19, (z,5(£),p) is a quota equilibrium for £. O
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