Economics 204 Summer /Fall 2017
Final Exam — Suggested Solutions

Answer all of the questions below. Be as complete, correct, and concise as possible. There are
6 questions for a total of 165 points possible; point values for each problem are in parentheses.
For questions with subparts, each subpart is worth the same number of points. You have
180 minutes to complete the exam. Use the points as a guide to allocating your time. You
may use any result from class with appropriate references unless you are specifically being
asked to prove it.

1. (15) Define or state each of the following.

)
(a) continuous function f : X — Y from a metric space (X, d) to a metric space (Y, p)
(b) eigenvalue of a linear transformation

(c) Separating Hyperplane Theorem

Solution: See notes.
2. (30) Prove that for every n € N ={1,2,3,...},

i n
z:: k:—l—l T+l

Solution: The proof is by induction. For the base case, let n = 1. Then
111
(1+1) 2 1+1

Thus the claim is true for n = 1. For the induction hypothesis, assume that for some
n>1,

"z—:l 1 n-1 n-1
—k(k+1) n—-1+1 n

Now consider n:

z“: 1 o= L1
= k(k+1) N i k(k+1)  nn+1)
n—1 1
= he i ion h hesi
- + Y by the induction hypothesis
_ (mn—1)(n+1)+1
n(n +1)
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Thus by induction, the claim holds for every n € N.

. (30) Let X and Y be vector spaces over the same field F. Let T : X — Y be a linear
transformation such that ker "= {0}. Show that if the set V' is a basis of X, then the
set T(V)={T(v) :v € V}is a basis of Im7T.

Solution: V is a basis of X, so V is linearly independent and V' spans X. To show
that T'(V) is a basis of Im 7', we must show that 7'(V) is linearly independent and that
T (V) spans ImT.

First, T'(V) spans ImT'. To show this, let y € span T'(V), so y = >r, ;T (v;) for
some aq,...,q, € F and some vy,...,v, € V. Then

Yy = ilOéZT(’UZ) = T(il Oéi’Ui)

since T' is linear. Then >, a;v; € X, so y = T(X", a;v;) € Im T by definition. So
span T'(V) C ImT. Now let y € Im7T. Then by definition, there exists © € X such
that y = T'(x). Since V is a basis of X, there exist f1,...,0, € F and vq,...,0,, €V
such that x = >_", Biv;. Then

y=T(x) = T()_Bwi)
i=1
= Y BiT(v;) since T is linear
i=1

Thus y € span T (V). So ImT C span T, which implies that Im7T" = span T'(V).

Then T'(V) is linearly independent. To see this, suppose Y. ; T (v;) = 0 for some
Y1y .- ., Ve € F and some vy,...,v, € V. Then

> 7T (vi) =0
=1

n

= T(Z viv;) =0 since T is linear

i=1
= Z%U@' =0 since kerT = {0}

i=1
= v =0Vi=1,...,n since V is linearly independent

Thus 7'(V) is linearly independent.



Therefore T'(V) is a basis of ImT".

Note that since X is not necessarily finite-dimensional, V' need not be a finite set, and
the Rank-Nullity Theorem cannot be applied (these were common mistakes).

4. (30) Let f: R" x R? — R"™ be continuous.

(a)

Let C' C R"™ be compact. Let ¥ : R? — 2% be given by
VU(a)={z e C: f(x,a) =0}

Show that W is upper hemicontinuous.

Solution: First note that since C' is compact and W(a) C C for each a, it suffices
to show that W has closed graph. To that end, suppose (a,,z,) € graph ¥ for
each n and (an,x,) — (a,z) € R? x C. Then since (a,,x,) € graph ¥ for each
n, f(zn,a,) =0 for each n. Since f is continuous,

(@) =l fn,00) = 0

Thus = € ¥(a), that is, (a,x) € graph W. This shows that U has closed graph,
which implies that ¥ is uhc.

Here is an argument using the definition of uhc. Fix a € R? and let V' C R" be an
open set such that ¥(a) C V. We must show that there exists an open set U C RP
such that a € U and for all «’ € U, ¥(a’) C V. If not, then for each n there exists
a, € B%(a) and z, € ¥(a,) such that =, ¢ V. By construction, a, — a and
{z,} C C. Since C is compact, {x,} has a subsequence {z,, } converging to an
element z € C. Thus z,, — x and a,, — a, and by construction z,, € ¥(a,,)
for each k. Then by definition, f(x,,,an,) = 0 for each k. Since f is continuous,

f(z,a) = lilgnf(atnk,ank) =0

Thus z € ¥(a) C V. But V is open and z,, — z, so there exists K sufficiently
large so that for all K > K, x,, € V. This is a contradiction, since x,, ¢ V for all
k by construction. Thus there exists an open set U C R? with a € U such that
for all @ € U, ¥(a') C V. Thus VU is uhc at a. Since a was arbitrary, ¥ is uhc.

Let X C R® and A C R? be open sets, and let f : X x A — R"” be C'. Let
U : A — 2% be given by

VU(a)={x € X : f(z,a) =0}

Suppose 0 is a regular value of f(-,a*), that is, for each x* such that f(z* a*) =0,
det(D, f(z*,a*)) # 0. Show that ¥ is lower hemicontinuous at a*.

Solution: Let V C X be open and ¥(a*) NV # (). Then Ja* € ¥(a*) NV, so
x* € V and f(z*,a*) = 0. By assumption, det(D, f(xz*,a*)) # 0. Then by the



Implicit Function Theorem, 3 open sets U 3 z* and W > a* and a C! function
g : W — U such that

V(z,a) e U X W f(z,a) =0 <= z = g(a)

Then g(a*) =2* € UNV. Since U NV is an open set and g is continuous, there
exists an open set W’ 3 a* such that a € W/ = g(a) € UN V. By definition,
f(g(a),a) =0 for each a € W', that is, g(a) € ¥(a) for each a € W’. So

U(a)NV £DVaec W

Therefore U is lhe at a*.

5. (30) Let X C R™ be open and f : X — R be differentiable. Let C' C X be a compact,
convex set such that for each x € C, there exists ¢, > 0 and M, > 0 such that
|Df(y)|]| < M, for all y € B.,(x). Show that f is Lipschitz continuous on C.

(Hint: Use the open cover definition of compactness.)

Solution: The collection {B., (z) : x € C'} is an open cover of C, and C is compact,
so there exists x1,...,x, € C such that

CCB., (r)U---UB., (zn)

Then let x,y € C'. By the Mean Value Theorem, there exists z € {(x,y) = {az + (1 —
a)y : a € [0,1]} such that

f(@) = fly) = Df(z)(x —y)

Since C'is convex and z,y € C, z € C. Thus z € B., (;) for some i = 1,...,n, which
implies

IDf(2)] < Mo,
Set M = max{1, M,,,..., M, }. Then M is defined (that is, M is finite), and M > 0.
Then

1f(x) = fWI = [IDf(z)(x—y)l
< [[Df2)[lllz -yl
< M,z — vy
< Mz -yl

Since z,y € C' were arbitrary, f is Lipschitz continuous on C'.



6. (30) Let (X,d) be a metric space, and C' C X be a nonempty compact set. Let
f: C — C be a function such that

d(f(x), f(y)) < d(x,y) Y,y € C such that @ # y
Show that f has a unique fixed point in C'.

(Hint: No theorem from class will immediately imply this result. )

Solution: First, note that f is continuous, as for e > 0, set § = €. Then d(z,y) < 6 =
either x = y, in which case d(f(x), f(y)) =0, or x # y and

d(f(x), f(y)) <dz,y) <d=¢

Thus
d(z,y) <d=d(f(z), fly) <e

Now note that f can have at most one fixed point in C', as if z*, y* € C' are both fixed
points of f but x* # y*, then f(z*) = 2* and f(y*) = y*, so

0 <d(@”,y") =d(f(2"), f(y")) < d(z",y")

which is a contradiction.

Then note that z* = f(z*) <= d(z*, f(2*)) = 0. Since f is continuous, the function
g : C — R given by

g(x) = d(z, f(z))
is continuous. Since C' is compact, by the Extreme Value Theorem ¢ achieves its
minimum on C', that is, dx* € C' such that

g9(x7) = d(z7, f(27)) < d(x, f(x)) = g(z) Vz el

Now claim d(z*, f(z*)) = 0 (so that z* is the unique fixed point of f). To see this,
suppose not. Then d(z*, f(z*)) > 0, so z* # f(z*). But then

d(f(z"), f(f(27))) < d(z”, f(2z7)) and f(z") € C

This is a contradiction. Therefore d(z*, f(x*)) = 0, that is, z* = f(z*).

Here is a second argument that is constructive, along the lines of the proof of the
Contraction Mapping Theorem. The Contraction Mapping Theorem does not apply,
and the conditions of the problem are not sufficient to imply that f is a contraction
(these were both common mistakes). But the same algorithm used in the proof of
the Contraction Mapping Theorem yields a sequence that converges to the fixed point
from any initial point.

Fix 2o € C. Let =, = f"(xo) for each n > 1. Then {z,} C C, and C' is compact, so
there is a subsequence {z,, } such that z,, — z* for some 2* € C'. Note by definition

Tnp+1 = f(Ink) = fnk+1(I0) Vk
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and since f is continuous,

Tnprr = fxn,) = [ (o) — f(27)

Now claim z* = f(z*). To see this, suppose not. Then d(z*, f(z*)) = ¢ > 0, and since
x* # f(z7),
d(f ("), f(f(z7))) <d(z", f(z"))

So
d(f ("), f(f(z")))
0< <r<1 forsomere (0,1
=G @) 01
Let D = {(x,y) € C x C : x = y}; note that D is a closed set, and z* # f(z*) =
(z*, f(z*)) € D. Since f is continuous, there is an open set U C (C' x C) \ D with

(z*, f(z*)) € U and R € (0, 1) such that V(z,y) € U,

d(f(z), f(y))
U= d(z,y)

Then choose ¢ > 0 sufficiently small so that ¢ < £ and such that

<R<1

Be(x") x Be(f(z%)) €U
Since x,, — z* and f(x,, ) — f(z*), there exists K > 0 such that k > K =
f™(x0) = @, € Be(2") and ™ (wo) = f(2n,) € Be(f(2"))

Thus for all £ > K,
>0

d(f™ (o), [ (o)) >
Then note that V{ > k > K,

d(f™(zo), ™ (0))

N O

d(fm= " (wo), f " (w0))
Rd(f™= (wo), [~ (o))

AN VANRVAR VAN

REd(f™ (o), ™+ (20))

This holds V¢ > K, so
lign d(f™ (o), [+ (20)) = 0

But this is a contradiction, as for all £ > K,

>0

d(f™ (o), [ (x0)) =

N O

Therefore z* = f(z*).

From this it can also be shown that x, — z* (that is, the original sequence {z,}
converges to z*, not just some subsequence {z,, }). This is a good exercise.



