Econ 204 — Problem Set 3
Due August 7 !

1. Let (X,d) be a metric space:

(a) Let y € X be given. Define the function d, : X — R by

dy(x) = d(z,y) (1)

Show that d, is a continuous function on X for each y € X.

(b) Let A be a subset of X and x € X. Recall that the distance from the point z to
the set A is defined as:

p(z, A) = inf {d(z,a) : a € A} (2)

Show that the closure of set A is the set of all points with zero distance to A,
that is:
A={ze X :p(z,A) =0} (3)

(c) Now let A C X be a compact subset. Show that p(x, A) = d(z,a) for some a € A.

2. Let D be the space of all functions f : [0,1] — R such that f is continuous and such
that for some € > 0, f : (—e,1+ ¢) — R is differentiable and f': (—e,14+¢) — R is
continuous. For each f € D, let

||f||m:sup{‘f(t)|:te[O,l]} and Hf’HOO:sup{|f’(t)|:tG[O,l]}. (4)
Define the function ||-|| : D — R by

A =11F 1l + 11l (5)

(a) Show that (D,||-||) is a normed vector space.

(b) Define the function J : D — R as
1
. [
J(f) = R S 6
= [ e )
Prove that J is continuous.

3. Let X be a connected space. Let R be an equivalence relation on X such that for
each © € X, there exists an open set O, containing = such that O, C [z]. Show that
R has only one (distinct) equivalence class.

'In case of any problems with the exercises please email farzad@berkeley.edu
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4. Define the correspondence T : [0, 1] — 2[%1 by:

Fa) [0 NQ ifeepaQ -
0,1\Q ifzef0,1]nQ

Show that I' is not continuous, but it is lower-hemicontinuous. Is I" upper-hemicontinuous
at any rational? At any irrational? Does this correspondence have a closed graph?

5. Let X be a metric space, and I : X — R, be a lower semi-continuous function *

(a) Prove that for every given € > 0 there exists an open set U, containing = € X
such that
inf{I(y) :y € U.} > I(x) —e. (8)

(b) Let x € X. For each n € N let

=inf {I(y) : y € Bin(z)} . 9)
Show that {m,} is an increasing sequence and that m,, — I(z).

6. Let  and y be moving objects in R. Time is discrete, namely t € Z, = {0} UN.
In addition, § > 1 is a fixed parameter. For a,b € R, let p(a,b) := |a —b| A1 (as
mentioned in the section, the symbol A is sometimes used to refer to the minimum of
two elements). Then for any z,y € R ?, let

Z /B xtayt (10)

tEZ+

denotes the distance between = = (xg,z1,...) and ¥ = (yo,¥1,.-.), where x; is the
position of x at time ¢ on the real line.

(a) Show that d is a metric on R¥.

(b
(c
(d

)
) Show that (R“,d) is a bounded metric space.

) Is [0,1]* an open or closed subset of R“? (in either case present a proof)

) Is (R¥,d) a complete metric space? (prove if yes, otherwise provide a counterex-
ample)

(e) Is [0,1]* a totally bounded subset under d? Is it a compact subset?

2A function I : X — R is called lower semi-continuous iff for every a the set {z : I(x) > a} is open
in X.
3For the definition of R¥ please refer to Q2 of ps.1



