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Esponda et al. (2021) (henceforth, EPY) consider a Bayesian learning problem
by a misspecified agent, and characterize the asymptotic motion of the action
frequency by using a stochastic approximation technique developed by Benaı̈m
et al. (2005) (henceforth, BHS). Unfortunately, it turns out that some theorems of
BHS involve minor errors, which affect the main characterization result of EPY,
Theorem 2. In this note, we will explain what the problem is and how to fix the
statement of Theorem 2. Many of the subsequent results in the paper relied on
Theorem 2. With the corrected version of Theorem 2, all of the existing results
are valid, except the results establishing lack of convergence to unstable equilibria
(Propositions 3 and 9).
Consider a differential inclusion
ẋ(t) ∈ A(x(t))
∗

(1)

Address: Department of Economics, UC Santa Barbara, 2127 North Hall Santa Barbara, CA
93106. Email: iesponda at ucsb edu
†
Address: Department of Economics, 508-1 Evans Hall, Berkeley, California 94720-3880.
Email: dpouzo@econ.berkeley.edu
‡
Address: 2-1 Naka, Kunitachi Tokyo 186-8603 Japan. Email: yyamamoto@ier.hit-u.ac.jp

1

where A(b) ⊂ Rm for all b ∈ Rm . A function x : R+ → Rm is a solution to this
differential inclusion if it is absolutely continuous and (1) holds for almost all
t ∈ [0, ∞). Let Sx(0) denote the set of solutions to this differential inclusion given
S
an initial value x(0) ∈ Rm , and let S = x(0) Sx(0) denote the set of all solutions.
Given t ≥ 0 and z : R+ → Rm , let f t (z) denote a translation flow which is defined
as
f t (z)[s] = z(t + s) ∀s ≥ 0.
Theorem 4.1 of BHS claims that the following two statements are equivalent:
(i) A bounded continuous function z : R+ → Rm is an asymptotic pseudo trajectory of the differential inclusion (1) in that given any T ,
lim inf

sup kz(t + s) − x(s)k = 0

t→∞ x∈Sz(t) s∈[0,T ]

(2)

(ii) A bounded function z is uniformly continuous and any limit point of the
translation flows { f t (z)}t solves the differential inclusion (1).
It turns out that this theorem is incorrect; (i) implies (ii) as stated, but the converse
is not true. Indeed, BHS prove only that (ii) implies
lim inf sup kz(t + s) − x(s)k = 0,

t→∞ x∈S s∈[0,T ]

(3)

which need not imply (2).
This influences their Theorem 4.2, which claims that if a bounded function z
is a perturbed solution of the differential inclusion (1) in the sense of BHS, then
it is an asymptotic pseudo trajectory. In the proof of this theorem, BHS show that
any bounded perturbed solution z satisfies the property (ii) of Theorem 4.1. But
as noted above, this implies only (3), rather than (2).
Now, we will explain how this error affects EPY’s result. Consider a misspecified Bayesian learning problem studied by EPY. Following their notation, let X denote the set of actions, F denote the policy correspondence (i.e., when the agent’s
belief is µ, she chooses an action from the set F(µ) ⊆ X), and w : R+ → 4X
denote the continuous-time interpolation of the sequence of action frequencies
∞ . Theorem 2 claims that almost surely, w is an asymptotic pseudo trajec{σt }t=1
tory of the differential inclusion
σ̇ (t) ∈ 4F(4Θ(σ (t))) − σ (t).
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(4)

The proof shows that condition (ii) in Theorem 4.1 of BHS is satisfied. As noted
above, this implies that expression (3), but not necessarily expression (2), is satisfied. Accordingly, the statement of the theorem should be modified as follows.
With an abuse of notation, let Sσ (0) denote the set of all solutions to the differenS
tial inclusion (4) for an initial value σ (0), and let S = σ (0) Sσ (0) denote the set
of all solutions.
Theorem 1 (Correct version of Theorem 2 in EPY). Almost surely, given any
T > 0, we have
lim inf sup kw(t + s) − σ (s)k = 0
t→∞ σ ∈S s∈[0,T ]

The difference from the original statement is that now the infimum is taken
over the set S, rather than Sw(t) . The theorem still implies that the asymptotic motion of the action frequency w is approximated by a solution σ to the differential
inclusion, but now the initial value of the solution σ can be (slightly) different
from the actual action frequency w(t).
EPY used Theorem 2 to prove several convergence results. All results stating
convergence to a point or more generally a set continue to be true under the correct version of Theorem 2, with minor changes to the proofs and the definition of
a robustly attracting set.1 The reason is that these results look at the case in which
the limit point (or the limit set) is attracting, in the sense that any solution to the
differential inclusion converges to the equilibrium, as long as the initial value is
in a neighborhood of the equilibrium; this means that starting from this neighborhood, even if the initial value is slightly perturbed as stated in the correct theorem
above, the solution to the differential inclusion still converges to the same point.
On the other hand, the proofs of results establishing lack of convergence to
unstable equilibria (Propositions 3 and 9) relied importantly on the fact that the
initial condition of the differential inclusion is exactly w(t). This is because we
used the fact that the solutions to the differential inclusion starting at a point w(t)
1 The

definition of a robustly attracting set should be modified as follows: A set A is robustly
attracting if it is attracting and there is ζ > 0 and ε > 0 such that for any initial value σ(0) ∈ Bζ (A),
any solution σ ∈ S∞,ε
to the perturbed differential inclusion never leaves the basin UA and do not
σ(0)
approach its boundary; formally, Bζ (σ(t)) ∈ UA for all t ≥ 0. The difference from the original
definition is that now we need that the perturbed solution does not approach the boundary of the
basin.
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in the neighborhood of an unstable equilibrium move away from this equilibrium
to conclude that the action frequency cannot converge to the unstable equilibrium.
But with the correct version of Theorem 2, one should also consider solutions to
the differential inclusion that start at points near the point w(t), and, in particular, one such point is the unstable equilibrium itself, with a solution that forever
remains at the unstable equilibrium. Therefore, the correct version of Theorem 2
alone cannot help establish that there is zero probability of convergence to unstable equilibria.
We have argued that the proof of Theorem 2 in EPY and of the results establishing lack of convergence to unstable equilibria are incorrect. We now use an
example to show that the statement of Theorem 2 in EPY is indeed incorrect.
Example 1. Consider a bandit problem where there are two arms, a “safe arm”
and a “risky arm.” The safe arm always gives a payoff of zero. The risky arm
gives a random payoff of either −1 (fail) or 1 (success) randomly. The success
probability is θ ∗ = 0.8. The agent does not know this success probability θ ∗ , and
she believes that is is uniformly distributed on Θ = [0.3, 0.9].
In period one, the agent chooses the risky arm, because E[θ ] = 0.6 > 0.5.
Suppose that the agent had a payoff of -1 (fail) in the first few periods, and her
posterior mean of θ becomes lower than 0.5. She then starts to choose the safe
arm and does so forever. In this case, the action frequency σ (t), which represents
the share of the risky arm up to time t, decreases over time and converges to zero.
Let w denote the continuous-time interpolation of this particular path.
Obviously this path w satisfies the condition stated in Theorem 2 of EPY, so
the theorem suggests that this path w be an asymptotic pseudo trajectory of the
differential inclusion (4). However, this is not the case. Indeed, in this example,
the differential inclusion (4) reduces to
(
1 − σ (t) > 0 if σ (t) > 0
dσ (t)
=
,
dt
[0, 1]
if σ (t) = 0
so any solution starting from an initial value σ > 0 converges to σ = 1 as time
goes to infinity. This means that the path w above is not an asymptotic pseudo
trajectory; since σ (t) > 0 for all t, any solution with an initial value σ (t) converges
to σ = 1, and it is very different from the actual path w which converges to zero.
So this bandit problem is a counterexample to EPY’s Theorem 2.
4

Note also that this bandit problem is a counterexample to Theorem 4.1 of BHS.
Take a path w as stated. Then the limit point of the translation flows { f t (w)}t is
a constant function w∗ (t) = 1 for all t, which obviously solves the differential
inclusion (4). So this path w satisfies the property (ii) in Theorem 4.1 of BHS.
However this w is not an asymptotic pseudo trajectory, as explained above.
On the other hand, the statement in the corrected version of Theorem 2 provided in this note is valid in this example. The point is that in a later period t, the
share σ (t) of the risky arm is very close to zero. So if we consider the differential
inclusion with the “perturbed” initial value σ = 0, its solution can stay at σ = 0,
which approximates the actual path w.
To conclude, it is an open question what conditions need to be satisfied for the
action frequency to converge or not to unstable equilibria. This is a question that
unfortunately cannot be answered with the tools developed by EPY.
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