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About these notes

These are lecture notes for the first half of Econ 201b, which is devoted to non-cooperative
game theory. The notes mirror the content in my lectures, so the organization and content
are a better match for the lectures than any existing textbook. I still encourage you to read
the same material in Osborne and Rubinstein. They present a slightly different perspective,
and it is useful to see the same material from different perspectives.

In writing these notes, I used notes and material written by others. Very few of the ideas
expressed here are mine originally. In particular, I'm repeating what I learned here from
reading the books by Osborne and Rubinstein and Fudenberg and Tirole. I have also used
Omer Tamuz’s lecture notes and borrowed his ideas for proving some of the results.

Use of AI: 1 used Chat GPT and Gemini to correct the writing in this notes.
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Chapter 1

Uncertainty and strategic uncertainty

First, some terminology. We want to distinguish between uncertainty and strategic uncer-
tainty. Decision theory (broadly speaking) deals with uncertainty. Game theory is the realm
of strategic uncertainty.

Uncertainty is what we don’t know about future “acts of nature.” Will it rain tomorrow?
Will there be a big earthquake in California this year? Do I have a cold, or is it Covid?

Strategic uncertainty is what we don’t know about the actions taken by other (rational)
agents. For example, when we play rock-paper-scissors, which gesture will your hand form?
For a more elaborate and economic example, imagine that I am considering buying something
from you and we are negotiating the price. We are each going to write a number on a piece
of paper and put it in a sealed envelope. When we open the envelopes, if my number exceeds
yours, we will trade at a price that equals the average of the two numbers. Otherwise, there
is no trade. In this example, I face uncertainty about the price that you will propose in your
envelope. That is strategic uncertainty.

Strategic uncertainty is different from uncertainty in that it is resolved through the actions
of another person. This person reasons about their decision in (perhaps) similar terms to
those that I follow in reasoning about my decision. This fact may allow me to gain some
insights into what the other person will do.

For students of game theory, the idea that we may resolve, or partially resolve, strategic
uncertainty by putting ourselves in the shoes of other decision makers raises a methodological
challenge. A theory of how one person chooses may depend on that person’s theory of how
other people choose (in fact, it has to, as strategic uncertainty means that choice depends
on beliefs regarding others’ choices). To an outside analyst of these choices, it is natural for
such theories to be mutually consistent. That is one of the challenges we will deal with in
the class.

1.1 Choice

Before we discuss uncertainty, let’s briefly review our starting point. Economics and game
theory are about humans who have agency. So we call them agents. Their behavior involves
making choices. In this class, however, we often call agents players to emphasize that they
are engaged in a strategic interaction.
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Let O be a set of possible objects that can be chosen by an agent. A preference (a
binary relation) describes their choices. We say a > b when the agent would choose a from
the set {a,b}. The preference is rational if there is a utility function U : O — R such
that a = b iff U(a) > U(b). This > is complete and transitive.

The choice behavior > is observable. The utility function U is not. The model of
utility maximization is what we call an “as if” model. When economists say that agents
maximize utility, they do not mean that agents literally maximize a function when they make
choices. Only that their behavior can be rationalized as if agents were maximizing a utility
function. The theory is therefore an empirical statement: assuming choices are observable,
the hypothesis of utility maximization posits that an agent’s behavior is consistent with the
maximization of some underlying utility function.

1.2 Risk and uncertainty

We speak of risk when the relevant uncertainty has known, objectively quantifiable, prob-
abilistic assessments. Otherwise, we say uncertainty. In the real world, risk is quite rare.
For example, we face risk when betting on the outcome of a coin toss or a roulette wheel.
But most of the situations we can imagine involve uncertainty: Will it rain tomorrow? Will
the S&P 500 reach a certain threshold? Who will win the next elections? We may attach
subjective probabilistic assessments to these events, but there is no objectively specified
mechanism from which one could construct (frequentist) probabilities.

First, let us discuss risk. How do we model an agent choosing among risky bets? Suppose
that the agent chooses between actions a or b. The consequences of each action are unknown
but depend on random outcomes that have known probabilities.

Suppose, in particular, that the consequences of each action depend on a coin toss. The
probability of H is p, and the probability of T is 1 — p.

H(p) TQ-p)
Action a u(m% u(y)

Action b wu(z u(w)

Here x, y, z and w are physical outcomes, while u(0) is the utility of outcome o, for
o€ {z,y,z,w}
The agent chooses a from {a,b}, meaning a = b, iff

E,u(a) = pu(z) + (1 — p)u(y) > E,u(b) = pu(z) + (1 — p)u(w)

Note that > and p are observable, but u is not. The utility of action a, for example, is
U(a) = pu(x) + (1 — p)u(y). So U is the utility function over actions. The “little” u is called
a von Neumann—-Morgenstern or Bernoulli utility function.

We now turn to uncertainty. Imagine our agent choosing among actions a or b. The
consequences of each action are unknown because they depend on the occurrence of some
unknown events. These events are modeled as some states of the world. For example:
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w1 Wo
Qa Yy
b z w

There are two possible states of the world, wy and w;. The physical outcome that results
from each of the two actions is different in each state of the world. Our agent’s behavior
is as if they had a (von Neumann—Morgenstern or vNM for short) utility u and subjective
beliefs over the state of the world. The agent chooses a from {a, b}, or a = b, iff

pu(z) + (1 = pluly) = pu(z) + (1 = pu(w),

where p is the subjective probability of state w; and u(o) is the utility of outcome o, for
o € {z,y,z,w}. Note that > is observable, but u and p are not. Again, the model is “as
if.”

In third place, consider strategic uncertainty: uncertainty in which the state of the world
depends on other agents’ choices. The outcome of an agent’s choices depends on what other
agents choose to do. Strategic uncertainty is the realm of game theory.

For example, in our table, imagine that another agent — a second “player” — chooses an
action from the set {c,d} .

c d
a u(x) u(y)
b u(z) wu(w)

Our agent chooses a over b iff

pu(z) + (1 = pluly) = pu(z) + (1 — p)u(w),

where p is their subjective belief that the second player chooses c¢. Note how the role of the
states of the world is taken by the second player’s choices.

Where can these subjective beliefs come from? When the uncertainty refers to some
unknown but exogenous state of the world, there is not much we can say about where these
beliefs come from. But when it comes to strategic uncertainty, we can try to understand
and predict what an agent will, and should, believe about other players’ actions. There’s a
descriptive and a normative side to this question.

A basic idea is that, by thinking about the other players, their motives and experiences,
as well as conventions that may exist in society, one player may be able to specify some
beliefs about their actions. For example, when you are playing a board game like chess or
Monopoly, you are constantly making predictions about how your opponents will act: what
they will choose to do. In these predictions, you are guided by what you would do if you
were in the shoes of your opponents, as well as your experiences playing these games in the
past.

EXAMPLE 1. Here is a very simple version of a game like chess. There are two players. Player
1 moves first, choosing between actions a and b. Then , having observed 1’s choice, player
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2 moves by choosing between ¢ and d. If 1 chooses a, then 2’s choice does not matter and
the outcome is determined by 1’s choice of a. If 1 chooses b, then 2’s choice will determine
which of two outcomes is obtained. The resulting utilities are at the bottom of the diagram.
The first number is 1’s utility and the second is 2’s.

Player 1

Player 2
(07 2) C d

(1,1) (—1,-1)

Here 1 faces strategic uncertainty. By choosing a they can obtain a utility of 0, but if
they choose b then they are gambling on 2 choosing ¢ instead of d. So 1’s choice should
depend on what they believe that 2 would do when given a chance to make a choice. Now,
of course, there is a simple solution in this example. Player 1 can predict that, if they choose
b then 2 will choose ¢ because 2’s utility is higher from that choice. If 1 were in 2’s place,
1 would choose ¢. So we have pinned down 1’s beliefs and therefore their choice: 1 should
choose b.

In the diagram above we have utility numbers for each outcome, but I've been stressing
that these are unobservable. Unfortunately, throughout this class I will treat utilities as
observable. When there is a physical outcome, we will impute some value for each player to
this outcome. The value is expressed in “utils,” in the units of the relevant vNM utility. This
way of proceeding is common in game theory. My excuse is that this allows me to focus on
determining beliefs, and beliefs are the most interesting part of the problem.



Chapter 2

Domination and justifiability

Before we start talking about games, I want to give you a general result on beliefs. The
model involves the choices of a single agent in the face of uncertainty.
A choice environment is described by a tuple (A, Q,u), in which

e A is a finite set of possible actions;

() is a finite set of possible states of the world;

e u: A xS — Ris a utility function.
e So each action a € A has a state-contingent payoff, or utility, u(a,w) for each w € .

For notational convenience, we may represent the payoffs from an action a € A as a
vector i(a) = (u(a,w))wen € R[]

We imagine agents who may choose an action at random. They “mix.” Why? Because if
I am indifferent between two different actions, the theory should not assume that I always
choose one of the two. It should let me choose one or the other, in whatever frequencies I
may wish. For example, if I am indifferent between drinking black coffee or decaf soymilk
matcha tea, then maybe I will drink coffee on Mondays and matcha every other day of the
week. This can be represented as o(coffee) = 1/7 and o(matcha) = 6/7. It is possible that
this randomization reflects a minor and changing inclination that I have each day that makes
me go for coffee or matcha. So I am on average indifferent, but a small “preference shock”
resolves these indifferences

Let A(A) be the set of probability distributions over A. The elements of o € A(A) are
called mixzed actions. The utility, or payoff, from choosing a mixed action is its expectation.
Say I flip a coin between actions a and b. Then the expected (state-contingent) payoffs is
tu(a,w) + Ju(b,w). Or 1d(a) + u(b).

To distinguish them from the elements of A(A), we refer to the original actions in A as
pure. So A contains all the pure actions and A(A) the mixed actions. Of course, there are

'Tf this notation is confusing, you may want to stop here and sketch a simple example. You can let
A=Q=1{1,2} and u(a,w) = a x w. Then draw @(a) in R

2This argument is proposed and formalized by (Harsanyi, [1973)). The authors of the textbook (Osborne
and Rubinstein, [1994) argue about this issue at length, but I don’t find that the question of mixing is worth
further discussion.

11
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mixed actions that choose a pure action with probability one; these are degenerate probability
distributions. We also refer to them as pure actions and, in an abuse of notation, regard A
as a subset of A(A) by identifying each a € A with the degenerate mixed action choosing a
with probability one.

If T just say “action,” I mean a mixed action.

Domination. As we have discussed, the best action may depend on the state that is
realized. For example, action a may be better than b if we are in state wy, but not if we are
in state wy. There are some circumstances, though, when one action is unambiguously better
than another — no matter what the state is. We call such actions dominant. Formally: A
mixed action o € A(A) is dominant if

u(o,w) > u(o’,w)

for all w € Q, 0’ € A(A), o' # 0.

When a dominant action exists, beliefs and uncertainty do not matter. If most situations
admitted a dominant action, the world would be a very different place. Dominant actions
are rare. When they don’t exist, we may still be able to rule out some actions because there
are alternatives that are unambiguously better. Such actions are called dominated: A mixed
action o € A(A) is dominated if there exists o’ € A(A) such that

u(o,w) < u(o’,w)

for all w € €. In this case, we say that ¢’ dominates o.

Dominant actions are uncommon. It is much more common that we can make progress
on a choice problem by establishing that some actions dominate other actions. We can then
rule out the dominated actions from our analysis and simplify the problem. Of course, we
don’t get the final solution to the problem that we obtain when there exists a dominant
action.

Beliefs. An agent’s beliefs are their probabilistic assessment of the uncertainty that they
face. In the present model, the uncertainty concerns the state w € ). A belief is a
probability distribution p € A(Q).

Given the belief € A(Q), the expected utility from a pure action a is

E, u(a,) Z p(w
weN
The expected utility of a mixed action o € A(A) is

E,u(0,0) = B,E,u(a,0) = > o(a)E,u(a,&)

a€A

:Za Z,u =E, E,u(a,).

acA weN



13

Optimality. A mixed action o € A(A) is optimal given beliefs € A(Q) if
E, u(o,0) > E,u(o’, @)

for all o' € A(A). We may also say that o is a best response to beliefs p.
A mixed action is justifiable if it is optimal given some beliefs.

Domination theorem.
Theorem 2. A mized action is justifiable if and only if it is not dominated.

Think for a moment about what the theorem implies. To say that ¢ is not dominated
seems like a weaker statement than saying that o is a best response to some belief. The
domination theorem says that it is not; being undominated is not actually a weaker property
than being justifiable.

What I call the domination theorem can be found in Osborne and Rubinstein as Lemma
60.1. Their proof uses the minimax theorem, which we are going to prove later in this class.
I am going to prove the theorem using the separating hyperplane theorem, which is also how
I will prove the minimax theorem ]

Separating Hyperplane Theorem. Let A, B C R™ be non-empty, disjoint, convex sets.
There is p € R™, and o € R, such that

p-b<a<p-a

for alla € A and b € B, and at least one of the inequalities is strict for some a € A and
b € B (in particular, p # 0).

Here, the set H(p,a) == {z : p-x = a} is a hyperplane. It defines two half-spaces:
Ht(p,a)={z:p-z>a}and H (p,a) ={x:p -z < a}.

30sborne and Rubinstein’s proof of the minimax theorem uses Nash’s theorem, which we are also going
to prove. But these proofs are fundamentally different in nature. Nash’s theorem relies on the existence of
a fixed point for a certain function, while the minimax theorem and the domination theorem do not.
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u(a,ws)

u(a,w)

Figure 2.1: Separation of U from C.

2.1 Proof of the domination theorem

Let 0* € A(A) be an undominated action. For any action & € A(A), denote the vector of
expected utilities in each state by

U(0) = (ui(0,w)) yeq € RY.

Figure illustrates the situation. In the figure, there are two states: Q = {w;,ws} and
eight pure actions.
Let

U={iu(o):0€A(A)}.
Observe that (%) U is the convex hull of the points i(a), a € A. So it is convex. In
Figure U is depicted with a blue shading.

Consider the set C = {x € R? : ii(6*) < z}. Note that C' is convex and nonempty.
Now, ¢* is undominated, so (%)

cCnu =0.

By the Separating Hyperplane Theorem, there is v € R® such that v # 0, and @(5) - v <
x-vforall & € A(A), and z € C. Rewriting, 0 < (x —u(5)) - v for all 6 € A(A) and z € C.
Now we shall prove that, in fact, v > 0. Suppose, by way of contradiction, that there is
some w €  such that v(w) < 0. Fix any 6 € A(A) and x € C, and let 2™ € C be defined by

n To+n fw=w
Ty ifw#w

Clearly, 2™ € C.
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Note that

(" =) v= (25 +n—u(d,0))rw)

+ ) (@ — u(6,w))r(w).

Then, (%) for n large enough, (z" — (7)) - v < 0. A contradiction, as 0 < (2™ — u(5)) - v
because & € A(A) and 2™ € C. This contradiction implies that our assumption was false, so
we must have v > 0.

Since v # 0, there must be some w such that v(w) > 0. Then, ) ., v(w) > 0. Now, we
can get a new vector p by multiplying every component of v by the same positive scalar:

v(@)

ZwEQ v(w)

Since ¢ > 0 and ). o (@) = 1, the vector y is a belief over {: € A(Q).

Note that 0 < (z — @(5))- u, for all & € A(A), and x € C, must hold because we obtained
1 by multiplying v by a positive scalar. By continuity of linear functions, this inequality
holds (¥) for all 6 € A(A) and x = u(c™").

So 0 < (u(o*) —u(d))-pforall 6 € A(A). But d(c*)-u = u(o*, u) and () - p = u(a, ).
Hence o* is optimal for beliefs p. O

@) =

Exercise. Prove every statement in the proof that was preceded by a .

2.2 Application: Statistical decision theory

The domination theorem is an important result in Bayesian statistics. A statistical decision
problem is given by a tuple ((€2, P), A, L) in which: Q is a parameter space and P =
(P,)wen, where for each w € Q there is a probability distribution P, on a sample space X
(say X C R™ and P, € A(X)); A is a set of possible actions, and L : Q x A — R is a loss
function. For example, when Q, A C R the squared error loss is L(w,a) = (w — a)?. Yet
another example is regret: given some underlying loss function ¢, let

L(w,a) = l(w,a) — min{l(w,d’) : ' € A}.

Regret measures loss relative to the action that a perfectly informed “oracle” would choose.

A decision rule is a function d : X — A. The interpretation of d is that a decision
maker (a statistician) observes an element x € X in the sample space and takes action d(x).
Often, A = , and the decision is to estimate a parameter: the underlying w is unknown,
but the statistician observes x and decides on an estimate d(z). A decision rule d can be
evaluated according to its risk if the parameter is w: R(w,d) = [y L(w,d(Z)) dP,(Z). In the
previous example with the squared error loss, the resulting risk is the mean squared error
that you are familiar with from econometrics.

The theory we have developed is now applicable. We just need to account for wanting to
minimize risk and loss, instead of maximizing utility. For historical reasons, an undominated
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action is called an admissible decision rule in statistics. Dominated actions are called inad-
missible. The domination theorem says that a decision rule is undominated iff it is optimal
for some prior distribution over parameters. Such decision rules are called Bayes optimal
rules. The prior is what we have called beliefs. The domination theorem, which in statistics
is called the complete class theorem, provides a justification for Bayesian statisticsE]

Statistical decision theory provides important foundations for empirical work, and some
surprising insights. For example, the maximum likelihood estimate of the mean of a mul-
tivariate normal is inadmissible, meaning that it’s dominated, in three or more dimensions
and for a quadratic loss function.

4A detailed discussion of the complete class theorem and related results can be found in (Ferguson, 1967).



Chapter 3

Perfect Information Games

We start our formal analysis of strategic uncertainty by looking at some games where the
problem of strategic uncertainty has a very simple solution. Each player will think through
how all the other players who move after them will behave. This requires a kind of game
in which the players take turns to move: perfect information games (PIGs for short). In
such games, a player can “backwards induct” to infer how everyone who plays after them will
choose, for each of the actions they may take. The idea was already illustrated in Example[I]

First, we need to agree on some basic definitions. Now is a good time to review the initial
handout on bCourses, if you haven’t already.

Let A be a set. A function mapping [n] = {1,...,n} — A is a sequence of length n in
A. We write it as

h=(ay,...,a,).

A™ denotes the set of all sequences of length n and U,,cnA™ denotes all finite sequences in A.
A function from N to A is an infinite sequence. We also define a special case: the history
of length zero, denoted ). Thus, the set of all histories consists of sequences of actions plus
this null history.

When
. /.
b= (d,...,a,,a,.4,...)
is a sequence (finite or infinite), and h = (ay, . .., a,) is a sequence with a, = a;, for 1 <i <n,

then we call i’ a continuation of h, and we say that h is a prefiz of h/. By assumption, ()
is a prefix of any history. If we write A" = (a;,,,a,,5,...) then A’ is the concatenation of
the prefix h and h”. We may then write h’' as hh”.

Our first model of a game takes as primitives the sequences of actions that the players
may engage in. These sequences are the possible histories in the game. Specifically, the
elements of A will be called actions, and sequences of actions are called histories. We
shall have a set H of histories as primitives. By convention, H always contains the length-
zero history (), called the null history. A history h is a subhistory of b’ if it is a prefix of
h'. The null history is, by definition, a subhistory of all histories. A history in H is terminal
if it has no continuation in H: Z denotes the set of terminal histories in H.

A collection of histories H is well behaved if it satisfies the following properties:

1. If h € H then every prefix of h is also in H.

17
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2. If H contains every prefix of some infinite sequence h then it also contains h.
3. Any infinite history in H is terminal.

Many of the examples we discuss in class involve only finite histories; in which case, the last
two requirements are irrelevant.

By the first requirement of a well-behaved set of histories, we can describe H by specifying
Z. Given Z, H is the set of prefixes of sequences in Z. By convention, this always includes
the null history, 0.

Definition 3. A perfect information game (a PIG) G isatuple G = (N, A, H, P, {u;}ien)
where

1. N is the set of players.

2. A is the set of actions.

3. H is a set of well-behaved histories, with Z its set of terminal histories.
4. P is a function from H \ Z to N.

5. For each player i € N, u; : Z — R is ¢’s utility or payoff function.

A PIG is called a finite horizon game if there is a bound on the length of histories in
H. A PIG is called finite if H is finite.

Recall Example : We have the two players, N = {1,2}. The set of all actions is
A ={a,b,c,d}, with histories H = {0, (a), (), (b,c), (b,d)}, of which the terminal histories
are Z = {(a), (b,c), (b,d)}. Player 1 moves at the initial history, so P(()) = 1, while 2 only
moves if Player 1 chooses b: P(b) = 2. The payoffs u;, uy are as described. So uj(a) = 0,
ug(a) =2, uy(b,c¢) =1, and so on.

EXAMPLE 4. Here is a second, slightly more elaborate, example.

Player 1

Player 2

(3,-1) (—1,7)

To write this situation as a PIG, we can let: N = {1,2}, A = {a,b,¢,d,d’,V'}, H =
1

{0, (a), (b), (b,c), (b,d), (b,d,a'), (b,d,¥)}, Z = {(a), (b,c), (b,d,a’), (b, d, 1)}, P(0) = 1, P(b) =
2,P(bd) = 1, and read the payoffs from the diagram above.
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In Example [} we have that Player 1 moves after the null history and after bd. Since
A(D) = {a,b} and A(bd) = {da’,b'}, the set of all strategies for Player 1 is

S ={(a,d"), (a,b), (b,a’), (b,b)}.

. The set of all strategies for Player 2 is Sy = {c, d}.

Now, you may find it strange that we distinguish between (a,a’) and (a, ). If Player 1
chooses a, then their choice after history bd becomes irrelevant. Indeed, this seems redundant;
however, we will not bother to refine the notion of strategy further.

Strategies Strategies are a crucial concept in game theory. A strategy for a player rep-
resents a complete plan of action. It is a set of instructions for how to play the game and
prescribes an action for any situation in which the player may be asked to make a choice.

First, we need to lay down some notation. Denote by A(h) the actions available to player
P(h) after history h:

Ah)={a€ A : ha € H}.
For each player i € N, let
Hi={he H\Z:i=P(h)}

be the set of histories at which ¢ moves.
A strategy for player 7 is a function s; : H; — A for which

si(h) € A(h) for all h € H;.

Let S; be the set of all strategies available to player ¢, and denote by S = [[,S; the
Cartesian product of the players’ sets of strategies. A strategy profile is a tuple s =
(s;)ien € S of strategies for each of the players.

Given a strategy profile s in game G, we have an associated terminal history h(s) € Z.
We may then extend the definition of u; to S, by defining u;(s) = u;(h(s)).

Recall Example [I} Player 1 moves after the null history and faces a choice from A(0) =
{a, b}, while Player 2 moves after the history b and chooses from A(b) = {c¢,d}. Hence,
S1 = {a,b} and Sy = {¢,d}, where, for example, a € S; should be interpreted as “a if h = ()"
and ¢ € Sy means “c if h = (b).”

ExXAMPLE 5. The ultimatum game.

The ultimatum game is popular in experimental explorations of pro-social behavior.
It refers to splitting some amount of money between two players. One proposes a split,
which the other can accept or reject. In the ultimatum game, player 1 makes an offer
a€{0,1,2,...,9,10} to player 2. Player 2 sees the offer and either accepts or rejects. If
player 2 accepts, then she receives a dollars while Player 1 receives 10 —a dollars. If 2 rejects,
then both get nothing.

The ultimatum game can be modeled as a PIG. Indeed:

N ={1,2}
A=1{0,1,2,3,4,5,6,7,8,9,10,a,}
Z ={0a, la, 2a, 3a, 4a, 5a, 6a, 7a, 8a, 9a, 10a, Or, 1r, 2r, 3r, 4r, 5r, 61, 7r, 8r,9r, 101}
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with us(xa) = x, uy(xa) = 10 — ug(za), and uy(zr) = ug(z,r) = 0, for x € {0,1,...,10}.

A strategy for Player 1 is just a choice among {0,1,...,9,10}. A strategy for Player 2
is a map from {0,1,...,9,10} to {a,r}. Player 2’s strategy simply describes whether she
accepts or rejects any given offer from Player 1.

Mixed and behavioral strategies. In our discussion of individual choice, we allowed our
decision makers to choose at random. In choosing strategies, we also want to allow players
to randomize, but we are now presented with two alternatives:

e A mixed strategy for a player i is a probability distribution over strategies, that is:
an element of A(S;).

e A behavioral strategy for player ¢ is a collection of probability distributions over
actions, one for each history at which ¢ may be called to play. That is, a function
o; : H; — A(A) with the property that, for each h € H;, o(+|h) is supported on A(h).

An analogy due to Harold Kuhn is useful[] Think of a strategy as a manual that provides
instructions for how to play the game. Each page in the manual corresponds to a history and
lists an action to take. When in history h, player ¢, who is using a particular manual, can
look up what to do for that history. The library of all manuals is the set of pure strategies
available to a player. Then, a mixed strategy is like choosing a manual at random and
sticking to its instructions. A behavioral strategy is a different kind of manual. One that,
on each of its pages, describes a random choice over actions. The set of behavioral strategies
is then a library of such manuals.

In all the games that we are going to analyze, and certainly for the PIGs we are discussing
now, we may adopt either way of choosing at random. Our analysis will be independent of
which of the two models of random strategies we adopt. The reason is not obvious, and you
are not expected to intuitively understand why these two models are equivalent [

3.1 Backward induction

EXAMPLE 6. The Centipede

In The Centipede, two players take turns choosing to either Pass or Take. If a player
chooses Take, the game ends, and the two players receive some payoffs. If the player chooses
to Pass, it becomes the other player’s turn to choose. Importantly, in this game, the payoffs
to either player increase as they choose to Pass, but each player has an immediate benefit
from choosing Take.

The following diagram describes the game:

!This analogy appears in an old but highly recommended book on game theory: (Luce and Raiffa, [1957).
2If you are curious, you can find a few details in (Mas-Colell et al. [1995). In particular, see problem
7.E.1.
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1 Pass 2 Pass 1 Pass 2 Pass 1 Pass

(5,6)

Take | Take | Take | Take | Take

(2,0) (1,3) (4,2) (3,5) (6,4)

In The Centipede, the first player might want to Pass if they think that the other player
will pass once it’s their turn to move. But it is clear that the last player to move will choose
to Take. This means that the next-to-last player will prefer to Take. And so on. The game
unravels, and all players plan to Take if it becomes their turn to move. The first player to
move, Player 1 at the beginning of the game (at the null history) will prefer to Take because
they predict that Player 2 will plan to Take.

The Centipede is one of many examples we will see where selfish and rational behavior
leads to an inefficient outcome.

Subgames. To formalize and generalize the analysis we conducted for The Centipede,
we introduce the notion of backward induction. It’s a completely intuitive procedure, and
you can probably work it out on any given (finite) PIG that you might be presented with.
Unfortunately, backward induction is somewhat cumbersome to describe formally, but the
work we put in now will pay off when we consider more general extensive-form games in the
class.
First, we need the notion of a subgame. A subgame of a PIG G = (N, A, H, P, {u;}ien)
is a game (a PIG) that starts after a given finite history h € H.
Formally, the subgame G(h) associated with h = (hy, ..., h,) € His G(h) = (N, A, Hy, Py, {u; }ien),
where

Hh = {(al,a2,...) : (hl,...,hn,al,GQ,...) S H}
Ph(h/) = P(hh/) for all h/ € Hh \ Zh

In words, Hj, consists of all the histories that, when concatenated with h, yield a valid history
in the original set of histories of the game.

A strategy s for a player in G defines a strategy s, of G(h) by s,(h') = s(hh).

Given a strategy profile s, we know how to compute the resulting terminal history z(s) €
Z. For a non-terminal history h € H, we can consider the terminal histories that would
result if we start playing according to s from the history h. This will be denoted by zj(s).
In other words, if we follow s from h, then the game will result in the continuation history
zn(s).

Observe that we may be considering histories that are not supposed to occur when the
players play according to the strategy profile s; these are “counterfactual” histories.

A simple example is again Example[ll Figure[3.I]illustrates the subgames in the example.
One subgame is the game itself: it starts at the null history. The second subgame, drawn on
the right of the figure, is a proper subgame and starts at history b. Roughly speaking, the
subgames are the game-like elements that are hanging down from the diagram of the game.

Here, the strategy profile s in which 1 plays a while 2 plans to choose ¢ upon the history b
has as terminal history z,(s) = bc in the subgame following the history . This is, of course,
a counterfactual terminal history.
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Player 1

a b
Player 2 Player 2

(0,2) c d A

(1,1) (—1,-1) (1,1) (—-1,-1)

Figure 3.1: Subgames in Example

Finally, observe that when the players use a mixed or behavioral strategy, they determine
a probability distribution over terminal histories. Here, for simplicity, we present the theory
of backward induction assuming pure strategies.

Backward induction equilibrium. A backward induction equilibrium (BIE) of G
is a strategy profile s* such that for every subgame G(h) it holds that A’ — sf(hh') is an
optimal strategy in G(h), given beliefs that the rest of the players behave according to s*;
(or its restriction to G(h)).

Note that a BIE is a strategy profile. It is not just the outcome that you could observe,
the so-called path of play. For example, in The Centipede, the path of play is just the
first player choosing Take. The BIE is the complete plan of action for each of the players,
including what they would do at counterfactual events.

We prove Kuhn’s Theorem, which states that every finite PIG has a backward induction
equilibrium.

Profitable deviations. Let s be a strategy profile in G. We say that s, is a profitable
deviation from s for player ¢ at history h if s} is a strategy for G such that

wi(2n(s3, 5-i)) > i(zn(s))

Note that a strategy profile has no profitable deviations for any player at any history iff it’s
a BIE.

3.2 The one-stage deviation principle.

A PIG is finite horizon if there is a bound on the length of its histories.
Note that a finite horizon does not just mean that all the histories are finite. It means
that there is some M such that the length of any history h € H is at most M.

Theorem 7 (The one-stage deviation principle). Let G = (N, A, H, P, {u;}ien) be a finite
horizon PIG. Let s be a strategy profile that is not a backward induction equilibrium. Then

there exists some history h and a profitable deviation s; for player i = P(h) in G(h) such
that 5;(k) = s;(k) for all k # h.
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The one-stage deviation principle is a convenient test for a BIE. In checking whether a
strategy profile is a BIE, we would, in principle, have to check for very complicated deviations.
The one-stage deviation principle states that it’s enough to check whether there is some player
who would benefit from deviating exactly once, at one particular history, and then reverting
back to playing according to the strategy profile| Note that the deviation itself could change
the actual play, as it puts the game on an alternative history. However, in this alternative
history, the player’s behavior is as prescribed in the strategy profile. Using Kuhn’s manual
analogy, a one-stage deviation amounts to ripping out a single page from the manual that
describes the player’s strategy and gluing in a substitute page with a different action as a
replacement.

The proof of the one-stage deviation principle is short and simple, but it may seem a
bit too slick. As you read the proof, keep in mind what it’s doing. It’s establishing that
U(One-Shot) > U(Full Deviation) > U(Original). Think about why it is sufficient to prove
this sequence of inequalities.

Proof. Suppose that s is not a BIE. Then there is at least one history h, with a corresponding
subgame G(h), in which a player ¢ has a strategy s. that is better for ¢ than playing s;. This
means that u;(z, (s, s-;)) > u;(zn(9)).

Choose a maximal history with this property (so there is no history with this property
that has a strictly longer length). Such a history exists because the game has a finite horizon.

Now consider a strategy s; that coincides with s; on all histories except at history A, in
which 5;(h) = si(h) = a.

Then 2,,(5;,5_;) = zna(Si, s—;). But,

Ui(zha(siv S—’)) > ui(zha(327 S—i))

by the maximality of h.
But zp.(s}, s—;) = zn(sh, s_;) and

wi(zn (s, 5-4)) > wi(zn(si,5-7))

by assumption. Thus,
wi (2155, 5—3)) > ui(2n(si,5-4)),

and §; is a profitable one-stage deviation. O

Let G = (N, A, H, P,{u; }icn) be a PIG. Let A(0) be the set of allowed initial actions for
player i = P((}). For each b € A(), let s5®) be some strategy profile for the subgame G (b).

Given a € A((), we denote by s a strategy profile that is defined by combining a and
s@®) Tt’s the strategy profile for G in which player i = P()) chooses the initial action a,
and for each action b € A(()) the subgame G/(b) is played according to s%®).

So 5¢() = a and for every player j, b € A(()) and bh € H \ Z, s4(bh) = sf(b)(h).
Lemma 8 (Backward Induction). Let G = (N, A, H, P, {u;}ien) be a finite PIG. Assume
that for each b € A(D) the subgame G(b) has a backward induction equilibrium s®). Let

i = P(0) and let a be an action in A(Q) that mazimizes player i’s payoff from the resulting
outcome, z,(s%@). Then s% is a backward induction equilibrium of G.

3The one-stage deviation principle is the game-theoretic equivalent of the principle of dynamic program-
ming (which is expressed through the Bellman equation) that you have seen in macroeconomics.
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Proof. The proof follows from the one-stage deviation principle. Let s be as in the statement
of Lemma |8 Consider a one-stage deviation s, from s; after a history h.

First, suppose that h = (. By the definition of s;, u;(s;(0)) > u;(s5(0)), as s;(bh) =
si(bh) = s for all G(b) and all b € A(D).

Second, suppose that h # (). So h = bh/. Then s, is a one-deviation from s; in subgame
G(b), which cannot be profitable as s; restricted to G(b) forms part of a BIE, and we know
there are no profitable one-deviations in this subgame by hypothesis. O]

Lemma [§ implies our next theorem, called Kuhn’s theorem.
Theorem 9. Fvery finite extensive form game with perfect information has a backward

duction equilibrium.

Punchline. In (finite-horizon) PIGs, strategic uncertainty can be directly addressed: back-
ward induction sequentially determines the beliefs each player holds about the choices of
subsequent players in the game.



Chapter 4

Normal-form games

The normal form is a simple and parsimonious notion of a game that is based on taking
strategies and payoffs as the primitive objects in describing the game. Many important
strategic interactions can be captured by working with the normal form of a game.

A normal-form game (or strategic-form game) is a tuple

G = (N, (Si)ien, (Ui)ien),
where
e N is the set of players.

e S is the set of actions or strategies available to player i. We denote by S = [[,.y Si
the set of strategy profiles.

e u;: S — R is the utility, or payoff, function of player i.

A finite normal-form game is a normal-form game in which the set of players N is a
finite set, and the set of strategy profiles S is finite. We usually adopt the convention that
N = [n], meaning that the players are assigned labels that enumerate the set of players.

EXAMPLE 10. Guess two-thirds of the average.

In this game, there are n = 20 players, each of whom writes down a number between 0
and 100 on a piece of paper without seeing what any of the other players are writing down.

We think of such situations as “simultaneous move” games. Even if the players do not
make their choices literally at the same time, it is as if they were moving simultaneously
because each player chooses without knowing the others’ choices.

The players who are closest to 2/3rds of the average of the numbers chosen by all 20 will
receive a payment of 1. The others will receive a payment of 0.

We can describe the situation as a normal-form game. We have N = {1,...,20}, S; =
{0,1,...,99,100}, and

1 if
Ui(Sm S—i) = { '

0 otherwise

_ 21 20
320 £vj=1

_ 2120
320 £uj=1

<

Si Sj Sj Sj for allj eN

25
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ExAMPLE 11. Cournot oligopoly

Consider a market with n firms producing a homogeneous product. In Cournot’s original
writing, the product was spring water and n = 2[| The firms compete by choosing the
quantity that they produce and supply to the market: each firm chooses a quantity ¢; € R,
and has cost function ¢; : Ry — R. Demand is given through an inverse demand d : R, —
R. So d(Q) is the price in the market when the aggregate supply is Q. Firm ¢’s payoff
(profit) is

i (G q—i) = Qid(z q5) — ci(q:)

Here we see that the Cournot oligopoly is a special case of a normal-form game, with

N = [n]7 Sz = R+7 and ui(QIa s 7qn) = qzd(zyzl q]) - Cz(Qz)

Bimatrix games. A particularly simple class of normal-form game is the finite games with
two players and small numbers of strategies (often only two) for each player. These have a
very simple representation using a bimatrix: a matrix with a pair of numbers in each entry.

For a bimatrix game, we refer to Player 1 as the “row” player (or R) and Player 2 as the
“column” player (or player C). The game is represented via a payoff matrixz, showing for
each strategy profile s = (sg, s¢) the payoffs ug(s), uc(s) of the row player and the column
player.

EXAMPLE 12. The Game of Chicken.

In the movie “Rebel Without a Cause,” the game of chicken is a high-stakes car race where
two drivers speed toward a cliff. The first to jump out of their car is the “chicken,” while
the other is considered bravef| In our simplified version of the game, each player decides
simultaneously whether to stop or go. We may represent the game using the following
bimatrix.

Column
Go Stop
R Go | —100,—100 5, —20
oW
Stop —20,5 0,0
Chicken

Each player has two strategies: Stop or Go. The payoffs can be read from the bimatrix.
The convention is that the first number in each pair of payoffs is the payoff to the row player,
while the second number is the payoff to the column player.

PIGs. The normal form is a very general model of a game. We can model perfect-
information games (PIGs) as normal-form games, once we understand how to define strate-
gies in a PIG.

! Antoine Cournot, who was writing in the 1830s, was the first to introduce formal mathematical analysis
into economics. His model is not only an important precedent for game theory, Cournot was also the first
to talk about demand functions. Previously, economists had trouble conceiving of such objects because they
didn’t think in terms of functions ((Friedman, [2000)).

2If you are curious, here is the scene from the movie.


https://youtu.be/BGtEp7zFdrc?si=Rm6KedA5Sk5GWUF3
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Let (N, A, H, P,{u;}icn) be a PIG. The strategic form is given by (N, {S;}ien, {u}}ien),
where S; is the set of strategies of player i, and the payoffs u, are defined from u; as we
described earlier.

EXAMPLE 13. Recall the following diagram and the PIG that it describes.
Player 1

Player 2
(07 2) C d

(1,1) (—1,-1)

The normal form is a simple bimatrix game.

Player 2
c d
0,2 0,2
Player 1 ¢ ) )
R O T |

See how the normal form “forgets” aspects of the original extensive-form games. From
looking at the normal form, we could not immediately conclude that Player 1 would choose
b, which seemed an uncontroversial prediction when we analyzed the game as a PIG.

Strategy profiles. Recall the notational conventions from the handout you received. The
set of possible strategy profiles is the Cartesian product of the individual agents’ sets of
strategies. So we are going to use the conventions we introduced for such product sets.

For a fixed player ¢ € N, we may represent a strategy profile as

S = (817 ey Si—15 S0y Sit1y - - - 7Sn) — (Si7s—i)'

Given s, s_; is a profile of strategies for all players but i. This notation is convenient when
we want to change the strategy for i to, say s, € S;, and compare i’s change in utility from
w;i(8) = w8, 5—;) to ui (s}, s_;).

We also write S_; =[] ;i j for the set of all profiles of strategies for players other than
1. So s_; is a typical element of S_;. We may then write S = 5; x S_;.

Mixed strategies. A mixed strategy for player i is a probability distribution o; € A(S;).
The notion of A(S;) is subtle when S; is an infinite set, because typically not all subsets of
S; are measurable. For most of these notes (and of Econ201b), we work with finite sets of
strategies. When we do not, we will assume that S; is endowed with a natural measurability
structure: usually we have S; be a well-behaved subset of real numbers. You will know how
to work with probability distributions over such sets.

The elements of S; are called pure strategies. We abuse notation and identify s; € .5;
with a degenerate mixed strategy that assigns probability one to s;.
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A profile of mixed strategies o = (071, ...0,) specifies a mixed strategy for each player.
It determines a pure strategy profile s € S =[], S; at random, assuming that the individual
mixed strategies are independent. Formally, we identify o with the probability distribution in
A(]] S:) obtained from (o;);en by using independence. For example, in the game of chicken,
if oy (Stop) = 0.6 and 02(Go) = 0.5 , then o(Stop, Go) = 0.5 x 0.6 = 0.3.

Suppose that the set of players is N = [n]. Under the independence assumption, the
probability of a profile s € S is o(s) = x!_,0;(s;). Then ¢’s expected payoff is

ui(0) = Boui(s) = > D> 0> ou(s1) -+ onlsn)ui(sy, s, 50)

51€51 52€852 5nE€Sn

= Z o(s)u;(s).

seS

We shall abuse the notation and use lower-case u for expected utility. So we write u;(o)
for E,u;(s); this is never a cause for confusion. So, just to make all the tedious calculations
explicit, we have:

ui(0) = By ui(s,0-4) = Z oi(8i)ui(si, 0-4),

S, €S

where

Uz’(Sz‘,U—i) = Ea,iui(sz’, S—z‘) = Z 07i<57i)ui(3i7 S—i),

S_;€S5_;

and o_;(s_;) are the product of o;(s;) over j # i. Similarly,

wi(o) = ui(og,0_4) = Z o_i(s_i)ui(os, 5_4)

S_;ES_;

= Z oi(si)o_i(s_i)ui(si, 5—i).

SES

4.1 Strategic uncertainty again

Let’s recap a bit. What is our basic problem? We have n players in a game and we try
to predict their behavior. Which strategy will they choose? The problem is that they face
strategic uncertainty: Player ¢’s optimal choice depends on what ¢ believes the other players
will do. We'll make some progress on this question, beyond what we were able to say for
PIGs.

Consider a normal-form game G' = (N, (S;)ien, (4i)ien)

e In some special games, player ¢ has an optimal choice regardless of what i believes.

e In other special games, ¢ can use other players’ rationality to perfectly predict what
they will do.

¢ In many more games, ¢ can use other players’ rationality, and what other players infer
about others’ rationality, to narrow down what ¢’s opponents will do.
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Dominant strategies. Let (V, (S;)ien, (¢i)ien) be a finite normal-form game, with N =
[n]. A strategy a; € A(S;) is a dominant strategy (for player i) if

ui(@-, O'_i) > UZ(5“ O'_i>,
for all 6; € A(S;) with &; # 7;, and all 0_; € x,;,,A(S)).

EXAMPLE 14. Prisoner’s dilemma.

The story behind this game is that a crime was committed, and two suspects are asked to
confess to the crime. Each prisoner chooses between testifying against (and thus betraying)
the other and keeping her mouth shut. If she testifies, we say that the prisoner defected
(D), otherwise she cooperated (C; i.e., she cooperated with the other prisoner, not with
the police). If both cooperate, they will serve the remainder of their sentences, which are 2
years each. If both defect, each will serve 3 years. If one defects and the other cooperates,
the defector is released, and the cooperator serves 10 years.

D C
D [=3,-370,-10
C | —10,0 | —2,-2

In this game, defect is a dominant strategy for each player. They get a larger payoff from
playing D than from playing C', regardless of what each of them thinks the other player will
do. So we expect the outcome of this game to be (D, D).

Dominated strategies. A strategy o; € A(S;) is a dominated strategy (for player i) if
there exists a strategy &; € A(S;) such that

ui(@-, J—i) > UZ’(Ui, 0'_7;>,

for all 0_; € x;4,A(S;). We say that 7; dominates o;.

These definitions should be familiar from our discussion of the domination theorem.
Some books add the adjective “strong” to what I have called domination. I don’t, but I will
introduce weak domination: A strategy o; € A(S;) is a weakly dominated strategy if
there exists a strategy a; € A(S;) such that u;(6;,0_;) > u;(0;,0_;), for all o_;, and such
that there is some o_; for which w;(d;,0_;) > u;(0y,0_;).

EXAMPLE 15. Recall the PIG from Example [13] Consider the strategic form of the game.
When we considered the sequence of actions that the players could take, we concluded that
Player 2 would never choose d. We have defined domination for normal-form games, so we
need to write Example [L3|in normal form to be able to talk about dominant and dominated
strategies. Now, perhaps surprisingly, ¢ is not a dominant strategy for Player 2. And d is
not dominated.

Of course, d is weakly dominated by c. You could conclude that weak domination is the
more preferable notion. It turns out that weak domination has some issues which should
give us pause (and I will not get into those issues in this class).

ExXAMPLE 16. Consider the following game, called CrossPlay.
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L R
U [2,1]0,0
M [0,1]2,0
D [0,0]0,1

Note that D is dominated by ¢1(U) = o1(M) = 1/2 and o,(D) = 0 (observe that it is not
dominated by any pure strategy). We then conclude that Player 1 would not play D. But
if we can make this inference, then so can Player 2. Player 2, putting themselves in Player
1’s shoes, can infer that 1 will never play D. Then 2 should not play R. Now, of course, if
we can reason in this way, then so can Player 1. Therefore, Player 1 can infer that Player 2
will play L, because Player 1 anticipates that Player 2 will rule out Player 1 playing D.

The result of this reasoning is a resolution of the strategic uncertainty in this game. We
were able to uniquely predict the players’ beliefs about what their opponents would do by a
process of introspective reasoning. The outcome of the game is (U, L).

In the following, we will generalize this kind of reasoning. It will be called iterated
elimination of dominated strategies in Section [4.2]

Best responses. A belief for player i is a probability distribution u € A(S_;). The notion
of belief is consistent with our earlier discussion of the domination theorem. The relevant
uncertainty now is strategic uncertainty: player ¢ does not know what the rest of the players
will choose. Thus, a belief is now established over the possible strategies that the remaining
players may adopt.

A strategy o; € A(S;) is a best response to beliefs  if it solves the problem of maxi-
mizing E,u;(5;,s_;) over &; € A(S;). Denote the set of best responses to beliefs p by 3;(1).
Note that (3;(u) is always nonempty in finite games, but that it may not be a singleton, as
more than one strategy can be a best response to beliefs p.

Observation 17. A mixed strategy o; is in f;(u) iff every pure strategy in the support of o;
is in B;(p). In particular, every strategy in the support of o; yields the same payoff to i.

EXAMPLE 18. Recall CrossPlay, the game from Example [I6]
The following diagram shows the expected payoffs to the Row player from each of the
pure strategies sp € {U, M, D} as a function of their belief that Column plays R.

1 prob. of R

Note that D is not a best response to any beliefs. That is not a coincidence. We concluded
that D was dominated, so it cannot be a best response to any belief.

Now it is useful to recall our discussion of the domination theorem. For a given player i, we
treat the uncertainty about the other players’ strategies as the relevant state of the world:
2 = S_;. The notions of domination and optimality in our discussion of the domination
theorem are the same as we have just discussed for normal-form games. What we have
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called justifiable now means that there exists some belief to which a strategy is a best
response.
We may then rephrase the domination theorem:

Theorem 19. In a finite game, a strategy is dominated iff there is no belief to which it is a
best response.

In other words: if o; € A(S;) is not dominated, then there are beliefs u € A(S_;) such
that o; € /BZ(ILL)

Observation 20. You may be puzzled by one thing. We assume that players independently
mix their mixed strategies, but beliefs are general probability distributions over S_;, so they
may not assume that players choose a strategy independently. This is indeed puzzling, but
let me try to offer a justification. Imagine that the players are learning how to play this
game. So they are playing over time and looking at how past play can inform current play.
Then, because all players are reacting to past actions that they have taken, it is possible that
their past behavior seems correlated. Like, if three players are playing some sort of three-way
rock-paper-scissors, then two of them may react by choosing rock to the third having chosen
paper a few times. If the third player uses such data to forecast the other two’s strategies,
this forecast would be correlated.

4.2 Iterated Elimination of Dominated Strategies (IEDS)

When we check whether a strategy is dominated, we need to check one inequality for each
strategy of the other players. Therefore, when we rule out some strategies of the other
players because those strategies are dominated, there are fewer inequalities to check. Ruling
out strategies for the other players makes the property of being dominated easier to satisfy.
Consequently, by iterating the elimination of strategies, we can successively narrow down
the profiles of strategies that the players can choose.

Formally, we define an iterative algorithm. You can call this the IEDS algorithm. It
starts by taking a normal-form game (N, (S; : ¢ € N),(u; : i € N)) as input. Suppose that
N = [n], and let D) = A(S;) for all i € N. So, “initialize” the algorithm by having all players
start with all their mixed strategies.

We define (inductively) n sequences of sets of mixed strategies. Given

k—1 k—1
DE1 L DR

let
Df = {Ui : ﬂ&l : ui(ai,a,i) < Ui(a'i,a—i)vo'fi € Xj#iD;?il}'

The set D retains those strategies from Df‘l that are not dominated, once the remaining
players are constrained to choosing strategies from D]:-l. Note that D? D}, ... . DF ... isa
decreasing sequence of sets:

D?QDil---Df_l QDf---

Let D; = N, DF be the set of strategies that lie in all of these sets of strategies for player
1. The set D = xI'_, D, is the set of strategies that survive the iterated elimination of
dominated strategies.
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Recall, as an illustration, the game CrossPlay. First, D is dominated by o1(U) = 01(M) =
1/2. Once D is eliminated, R is dominated for Player 2. Once R is eliminated, M is
dominated for Player 1. Hence, D = {(U, L)}.

Definition 21. A game is called dominance-solvable if D is a singleton.

For example, we have already considered CrossPlay and Prisoners’ Dilemma. Both are
dominance solvable. As an exercise, you are going to prove that Cournot oligopoly with
linear demand and cost is dominance solvable as well. Unfortunately, many games that we
encounter in applications are not dominance solvable.

Finally, the definition of the IEDS algorithm that I gave you makes a choice as to the order
in which strategies are eliminated. In each step, the algorithm eliminates all the strategies
that can be eliminated, by any players, simultaneously. One can, however, envision other
orders of elimination. In each iteration, you could first eliminate all strategies by player
1, then player 2, etc. It turns out that, for finite games, such alternative versions of the
algorithm do not change the outcome.

How many steps of IEDS? The algorithm is defined with the number of iterations k
going to infinity, but in many examples you will see that after a finite number of iterations
the sets D* are all the same — we then say that the algorithm has terminated and we have
obtained the set of strategies that survive the IEDS procedure. Once the sets are unchanged
in two consecutive iterations, they will always remain the same for any additional iterations.
So it makes sense to say that the algorithm terminates when that happens.

Now, given these observations, it is natural to ask how many iterations we should expect.
You can call that the “run time” of the IEDS algorithm. For a finite game, we would hope
that the IEDS algorithm terminates in finitely many steps. Let’s discuss this issue a bit
further.

I am going to assume that we eliminate all dominated strategies in each step, as we have
done in our definition. Fix a finite game . You can adapt the definition of IEDS so that at
each step, you only eliminate pure strategies. This is what we did for Cross Play. Of course,
you have to take care to eliminate a strategy when it is dominated by a mixed strategy;
otherwise, with Cross Play, we wouldn’t even have gotten started. Let’s call this adapted
procedure the pure elimination IEDS. To be a bit more explicit, the pure elimination
IEDS is the IEDS-like algorithm where we have DZ’-C C S; in each iteration, and where we
check for domination by a mixed strategy. The rest of the strategies invovled in the definition
are pure.

Now wd?| can prove the following result:

Theorem 22. Let G be a finite game. Suppose that the pure elimination IEDS takes M
steps. Then IEDS takes at most M + 1 steps.

If there are n players and all players’ strategy spaces have K elements, then the pure
elimination IEDS will take at most nK steps. Therefore IEDS takes at most nK + 1 steps.

3By “we” I mean Amanda Friedenberg, who proved this theorem and told me about it.
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4.3 Rationalizability

Once some strategies are eliminated, the beliefs used in a justification are narrowed down as
they are no longer allowed to put positive weight on the strategies that were eliminated. The
formal definition is iterative and algorithmic, just as the definition of iterated elimination of
dominated strategies.

Let G be a normal-form game, and suppose that N = [n]. The input to the algorithm is
the game G. Initialize RY = A(S;).

Given sets of strategies R¥™!, ... , RF=1 for the n players, let

ZF = {s; € S; : 04(s;) > 0 for some o; € RF'}
RF={o; € A(S;) : 3 € A(Xj;AiZJI'C) st. o € Bi(p)}

This definition is a bit more cumbersome than IEDS, but it’s not too bad. We are keeping
some strategies and discarding others, just like in IEDS. As we start the k-th iteration, the
strategies that have survived are RF™'. The set ZF keeps track of all the pure strategies in
the support of some strategy that has made it so far. So these are the pure strategies that
the other players are allowed to entertain for ¢ as they form beliefs over what ¢ might play.
Then we keep in RF only those strategies that are best responses to some beliefs that are
concentrated on the pure strategies that have survived this far in the algorithm.

Again {RF}%°  is a decreasing sequence of sets. The reason is that, in each of the sets RF,
we are keeping the strategies that survive a certain test; the test is to be a best response to
certain kinds of beliefs. But, as we go from k to K + 1, the test gets harder to pass because
the set of beliefs that are allowed gets smaller and smaller.

Let R; = N2 RY. The rationalizable strategies for player i are the elements of R;.
The rationalizable strategy profiles are the elements of R = x7_| R;.

Rationalizability may be easier to wrap your head around than IEDS. A strategy is
rationalizable if, for every player’s choice, you can tell a coherent story that makes their
move look perfectly reasonable. Take the game of Chicken. The outcome (Go,Go) (a full-
on collision course) is actually rationalizable. Suppose we debrief the players afterward
(assuming they can still talk after this disastrous showdown). Each can give a crisp, internally
consistent account of why they chose Go. Player 1 might say: “I chose Go because I believed
Player 2 would choose Stop.” Press further: why did 1 believe that? Player 1 continues: “I
believed Player 2 would choose Stop because I believed that Player 2 believed I would choose
Go.” Push it one more level: why did Player 1 think Player 2 had those beliefs? Player 1
still has an answer: “I thought that 2 thought that I thought that 2 would choose Stop.”
Each step in this chain of beliefs neatly rationalizes the choice of Go. That’s the essence of
rationalizability: as long as you can build a logically consistent belief hierarchy that justifies
a strategy, that strategy counts as rationalizable.

Such a chain of reasoning, indeed a rationalization, always exists for any rationalizable
profile. Now, while intuitive, the sequential definition of rationalizability can be hard to work
with. There is an alternative characterization of rationalizable strategies that is often useful.
It states that the rationalizable strategies possess a sort of circular or fixed point property.
Any rationalizable strategy is justifiable (is a best response to) beliefs that are supported on
the set of pure strategies that are in the support of some rationalizable strategy.
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Proposition 23. o; € A(S;) is rationalizable iff there are sets Zy, ..., Z,, Z; C S; such that
1. 0; € Bi(pi) for some p; € A(Xpsi2)
2. for every s; € Z; there is p1; € A(Xpz;2Zp) such that s; € (1)

Proof. We start by proving the if direction. Let Z; = N2, ZF i =1,... ,n. These sets will
serve for any rationalizable strategy.

First we show that each o; € R; is a best response to beliefs that are supported on
Xh?giZh.

Each o; € R is a best response to beliefs 1/* that are supported on Z*; = x;+;Z¥, for each
k. We may take the supports C* of each p* to form a decreasing sequence of closed sets.
Let C = N, C*. Because A(S_;) is compact, we may take the sequence of beliefs p* to
be convergent (there exists a convergent subsequence; in an abuse of notation, we take this
subsequence to be {u*}). Let u = limy_,o *. Now for each £ < k, C* D C*, so u*(C*) = 1.
Hence ;(C*) = 1. Thus C* | C implies u(C) =1. And C C C* C Z*, for all k, so C C Z_;.
Thus p is supported on Z_;. That o; is a best response to p follows from the maximum
theorem — but we will see an explicit proof of this in Lemma 44| below.

Second, note that if s; € Z;, then s; € Zf“ and thus s; is a best response to some
beliefs p* supported on Z*,. Since this holds for any k, by repeating the arguments from
the previous paragraph, s; is a best response to beliefs that are supported on Z_;.

Now we turn to the only if direction. This proof follows by observing that if, for some
k and for all i, Z; C ZF, then the hypotheses on these sets imply that Z; C Zf“ for all 7.
Now, since Z; C S; = Z? for all i, it follows by induction that indeed Z; C ZF for all k and
1. Thus, if 0; is a best response to beliefs that are supported on Z_;, it is a best response to
beliefs that are supported on Z*;, and thus o; € R¥. This holds for any k, so o; € R;. n

—1

Observation 24. Proposition [23|is stated for games with infinite strategy sets. You may use
it, for example, to solve a homework problem involving Cournot oligopoly. As an exercise,
you may want to write a somewhat simpler proof assuming that the game is finite.

Finally, as a consequence of the domination theorem, we obtain:
Corollary 25. R=D

EXAMPLE 26. Consider the game of chicken, Example 2] Note that any mixed strategy
is a best response to some belief that the players may have. So all strategy profiles are
rationalizable. In particular, both (Stop, Stop) and (Go,Go) are rationalizable. It may be
useful to stop here and think through why this is the case.

Corollary 27. In a finite game, at least one pure strategy profile is rationalizable.
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Nash Equilibrium

We finally turn to Nash equilibrium, the most important solution concept in non-cooperative
game theory. A Nash equilibrium is a strategy profile in which each player is choosing
optimally (best responding) to some beliefs over their opponents’ strategies, and moreover,
these beliefs are correct.

Definition 28. Let G = (N, {S;}, {w;}) be a normal-form game. A Nash equilibrium in
G is a profile of strategies o = (0;)ien € XienA(S;) such that, for each player i € N,

1. o0; is a best response to beliefs p; € A(S_;),

2. and p; = O'_Z'EI

5.1 How do you find a Nash equilibrium?

I'm going to give you two answers. My first answer is: it’s easy; we do it all the time; here,
I’ll show you how. The second answer is that it’s hard and likely hopelessly hard.

Nash is easy. For many games that economists work on, it is often easy to find a Nash
equilibrium. We work with the specific functional forms assumed in the model that the
game comes from. In fact, economists are modelers. They formulate models to achieve some
substantive purpose and satisfy some desirable criteria. One of these criteria is tractability.
If you formulate a model and cannot find an equilibrium, it’s time to simplify your model.

To find a Nash equilibrium, we mostly just work with the definition. In finite games, we
exploit the idea that all pure strategies in the support of an optimal mixed strategy must
give the same payoffs. The following observations are useful in practice.

Given a strategy profile o, a profitable deviation for player i is a strategy o, such that

ui(oh, 0_;) > (o)

!Meaning that, if G is a finite game, f;(s1,...,8_1,8i41,---,50) = 0o1(s1)--0i_1(si-1) -
Ui+1(5i+1) s O'n(sn) for all s_; € S_;.

35
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A strategy profile o is a Nash equilibrium if no player has a profitable deviation. This
observation is, of course, immediate from the definition of Nash, but it can be useful in
practice.
Another observation is that ¢ is a Nash Equilibrium if and only if o; solves the linear
program
max  w;(o},0_;) (5.1)
st o, € A(S;).
Observation 29. A mixed strategy A mixed strategy o; € A(.S;) solves program iff every
pure strategy in its support solves it. As a consequence, all the pure strategies in support
of o; yield the same utility. The reason is that if there were pure strategies s;, s; € S; with
u;i(sh,0-;) > wi(s;,0-;) and o;(s;) > 0, then the mixed strategy o obtained from o; by
shifting o;(s;) to 023;) would achieve a strictly higher expected payoff to i. It would be a
profitable deviation.

The last observation is useful in solving for mixed equilibria in simple bimatrix games.
EXAMPLE 30. Where to meet for coffee?

Your calendar says to meet a friend for coffee at Yali’s on the Berkeley campus. But
there are twol?] Where do you go?

P2
Yali’s 1 Yali’s 2
P1 Yal%’s 1 1,1 0,0
Yali’s 2 0,0 1,1

Where to meet?

First, you can verify that there are two pure strategy Nash equilibria, (Y'1,Y1) and
(Y2,Y2). Are these the only two Nash equilibria of this game? You should also look for a
mixed strategy Nash equilibrium. Now, for a mixed strategy to be part of a Nash equilibrium
it has to be a best response for a player. And for a mixed strategy to be a best response, the
player has to be indifferent among the pure strategies in its support. In calculating mixed
equilibria, we use the indifference property to pin down the players’ strategies.

Formally, Player 1 chooses o; to maximize

o1 (Y1)uy (Y1, 09)
+(1 — 0'1(Y1))U1(Y2, 0'2).

We are looking for a solution to this problem that is not 0 or 1. This means that we need
o9 to satisfy that
u (Y1, 09) = u1(Y2,0).

This may be counterintuitive. Player 1’s maximization problem imposes a restriction on
Player 2’s strategy. But the reason is that we want Player 1’s maximization problem to have
a properly mixed strategy as a solution, and that requires 1 to be indifferent among the
pure strategies in the support of the mixed strategy. Indifference is, however, dependent on
Player 2’s strategy.

2 As of Spring 2026, there is a Yali’s in Sutardja Dai Hall, and one on Oxford St. There used to be a third
one in Stanley Hall, across from Evans.
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Say that 02(Y'1) = p then indifference for Player 1 requires that
px1l+(1—p)x0=px0+(1—p)x1.
So we find p = 1/2. Repeating these calculations for Player 2 we find that the third Nash
equilibrium is (o1, 09) with 0;(Y'1) = 0;(Y2) = 1/2.

EXAMPLE 31. Recall the game of chicken (Example . Note that there are two pure
strategy equilibria: (G, S) and (S, G).

To find any mixed strategy Nash equilibria in which Player 1 chooses a proper mixed
strategy we need to find oy so that u (G, 02) = ui(S,02). Say that o5(G) = p. Then the
indifference for Player 1 requires that

u1(G,02) = (—=100) x p+5x (1 —p) = (=20) x p+ 0 x (1 — p) = u1(S, 72).

Thus,
(—100) x p+5x (1 —p) = (—20) x p,
or
90 1
P=% ~1r

The calculations for Player 2 are analogous. Putting these together we obtain a Nash
equilibrium (oq, 03) with 0;(G) = 1/17.

EXAMPLE 32. Another famous game is Matching Pennies: Two players choose simultane-
ously to show either the heads or tails side of a coin. One player wants the two coins to
match and the other wants to mismatch.

H T
H [1,0]0,1
T [0,1]1,0

Now you may verify that Matching Pennies does not have a pure strategy Nash equi-
librium. There is a mixed equilibrium in which both players mix with equal probability
between heads and tails.

My next example is about finding symmetric pure equilibria.

ExaMPLE 33. Coordination failure. Consider a game with n players, each choosing a level
of effort e; € R, to aid in a common task. Effort is costly. The payoff to player i is

N

u;(e) = e ) — D)

n—1
Let’s focus on symmetric Nash equilibria in pure strategies. For any e* > 0, suppose
that player ¢ thinks that all other players will choose e* as their level of effort. Then ¢’s best
response results from solving the following problem:
(n—1)e* e?
max ¢; 1 2
s.t e; >0
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Note that it is optimal for ¢ to choose e; = ¢*. This means that there are infinitely many
Nash equilibria, one for each e*. The players’ payoffs in a symmetric equilibrium (e*, ... e*)
are:

These equilibria are Pareto ranked. The players are better off if they can coordinate on
high-effort equilibria, but once they expect others to exert a particular level of effort, they
find it optimal to conform. This theory of coordination failure offers a role for conventions
and culture in explaining how different groups end up stuck in better or worse situations.

Nash is hard. There is no efficient algorithm that is guaranteed to find a Nash equilibrium
in all games within a reasonably general class of games. Even for two-player games. And
it’s hard even to find an approximate equilibrium. In this sense, finding a Nash equilibrium
is computationally hard. I will try to explain what this means because it’s interesting and
relevant for economists, but the details are complicated and completely beyond the scope of
this class.

Here is the idea. Imagine a large graph, meaning a graph with many vertices. Each
vertex has at most one edge pointing to it, and at most one pointing away from it. Suppose
that each vertex has an address and that there is an efficient algorithm that, when we enter
the address of a vertex, tells us the address of a vertex that points out from it, if there is
one. Now, if there is a vertex with no edge pointing in, there exists one vertex with no edge
pointing out: do you see why this is true? Think about it, and draw some pictures if it helps.

The computational problem is to find this vertex with no edge pointing out. Is there
an efficient algorithm that can find such a vertex? Intuitively, the answer is “probably
not.” Efficient algorithms tend to use local information to arrive at a global answer. For
example, when you optimize a concave function, the gradient points (quite literally) the way.
So any moment you evaluate the function, by calculating the gradient and using this local
information, you know where to change in order to approach an optimum. Or if you know the
binary search algorithm, each step tells you at which half of the set of potential solutions the
real, global solution lies. In our graph, though, when we’re standing at a vertex and looking
at where it points, it doesn’t say much about where the global solution lies. Actually proving
this intuitive (but vague) fact is complicated, though (and this remains an open problem)
because, in principle, one might examine the code of the algorithm that tells us what the
edges are, and use this code to find the vertex we look for. Nobody knows how to actually
use the information in the code, but it is a theoretical possibility.

How is this related to Nash equilibria? It is related to Nash because the existence of Nash
equilibria is guaranteed from Brouwer’s fixed-point theorem, whose validity can be traced
to a topological result called Sperner’s lemma. Some of you may know what I mean. If you
do, then you may recognize that the long paths taken by the vertex-finding problem in large
graphs can be recreated for Sperner’s lemma. If you don’t know Sperner, try to imagine that
the lack of local insights in the graph problem is analogous to the lack of local insight in the
search for a Nash equilibrium.
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Computational complexity is a worst-case notion, and economists often dismiss hardness
results for this reason. It is true that, in specific applications, the sizes of the problems
and the power of modern computers can render tractable a problem that is computationally
hard. But the basic lack of local-to-global reasoning will often kick in, even for realistic
applications.

Generic games Most finite games have a finite and odd number of Nash equilibria. So
the examples of bimatrix games we have looked at, which have either one or three Nash
equilibria, are no coincidence.

Let me say a bit more about what I mean with “most.” I mean generically. Generic finite
games have a finite and odd number of equilibria. Economists like the idea of genericity and
it shows up a lot. You have already encountered this notion in Econ201A, when you proved
that “most” economies are regular. Fix a set of n players, and a set of strategies for each one
of them. To keep things simple, suppose that each player has k pure strategies available. To
specify a game, we just need to put down payoffs for each player and each strategy profile.
There are k" pure strategy profiles, so we can identify the payoffs with a vector in R"*". This
means that we can identify R™" with the set of all games, at least all games that share the
“template” of the n players and k pure strategies for each. A subset £ C R™" is generic if
its complement E° can be translated and fit inside of a subspace of strictly lower dimension.
The set E¢ is, then, arguably, small. This makes its complement, F, large — or “generic.”

If you consider now a game in £°, an arbitrarily small perturbation in the right dimension
would move it to a game in F. That’s because it lies in a lower dimensional space. This is
how economists usually, and informally, think of genericity. A property of a game is non-
generic if a small perturbation makes the property go away. You can certainly write down
examples of bimatrix games with infinitely many equilibria. Here is one:

L R
U [0,1]0,0
D [0,0]1,1

You can verify that this game has infinitely many equilibria. But you can also verify that
if you change the payoffs a little bit, then the property of having infinitely many equilibria
goes away. The perturbed game will have a finite, and odd, number of equilibria. This
informal perturbation argument is what people have in mind when they talk about genericity
in economics and game theory. The proof of the oddness theorem requires similar ideas to
the ones used in proving the oddness result that you studied in Econ201A. If you are curious,
a proof can be found in (Govindan and Wilson, [2001)).

5.2 Rationalizability and Nash equilibrium
As a consequence of Proposition [23] we obtain:
Corollary 34. Any Nash equilibrium is rationalizable.

There can, however, exist rationalizable strategy profiles that are not equilibria. Recall
our discussion of the game of chicken. The strategy profile (Go, Go) was rationalizable, if
catastrophic. Choosing Go is optimal for 1 (say) if they believe that 2 is choosing Stop, which
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in turn is consistent with 2 believing that 1 is choosing Go. These beliefs are “incorrect” in
the sense that in the strategy profile (Go, Go), 1’s prediction that 2 chooses Stop is wrong.
The discrepancy between rationalizability and Nash equilibrium is not a rare occurrence; the
two solution concepts are different in important ways.

Loosely speaking, rationalizability is the consequence of common knowledge of ratio-
nality. It is what you obtain from assuming that all players are rational, that they know
that the other players are rational, that they know that the other players know this, and so
on. We will formalize common knowledge later in this class, but it’s not easy to see how
to make that definition square with what I have just said. You could consider our rational-
izability algorithm as a sort of definition of common knowledge of rationality. If you think
about it, this makes sense. Rationality means best response to some beliefs, and these beliefs
have to in turn be justified in terms of other players’ beliefs, and so on[]

Contrast rationalizability, and common knowledge of rationality, with Nash equilibrium.
Equilibrium imposes that each player correctly predicts how the others will play: a property
that does not follow from common knowledge. This kind of truth in prediction seems to
require an empirical component. The players in a game can arrive at a rationalizable strategy
profile purely from a process of introspection. In contrast, Nash equilibrium requires some
external information, or empirical observation, that will correct the players’ beliefs and align
them with what other players are actually choosing.

How come that players have correct beliefs? Perhaps they have experience playing the
game, or there is some external convention that sets the correct expectations. For example,
think of the convention that we stop at a red light and drive with green. Once we expect
other drivers in traffic to follow the convention, it is in our interest to follow it as well. But
it’s an arbitrary convention and there is nothing inherent in physical street intersections
that would lead people to adopt it. People have, over the years, tried to formulate learning
theories that could justify Nash equilibrium. This effort has failed and produced largely
negative results. There simply is no general learning justification for Nash[f]

OK that’s a lot of trash talking Nash equilibrium. Isn’t there something good about it?
How did it emerge as the leading solution concept in economics?

One answer is suggested by the game of chicken. In chicken, all strategy profiles are
rationalizable. Rationalizability can be too vague and allow for too many outcomes. A
prediction is more useful the more precise it is. Ideally, it should be unique in every game,
which, of course, Nash is not. But equilibrium is certainly more precise than rationalizability.

A second answer is that a Nash equilibrium is self-enforcing. I mean, once everyone
expects an equilibrium, nobody has a reason to deviate from it. If a conventional behavior
is to emerge and be durable over time, it should be an equilibrium. Equivalently, using
the words of Richard McKelvey, Nash equilibrium is “publication proof.” If a paper is
published explaining some people’s behavior, and the paper uses equilibrium as prediction,
those who read the paper have no reason to change what they were doing before it was
written. McKelvey’s implicit suggestion is that non-equilibrium behavioral theories involve
patronizing those whose behavior is being explained [

3A formal version of this argument can be found in (Tan and da Costa Werlang, 1988).
4There are axiomatic characterizations. Here is a recent and particularly striking one: (Brandl and
Brandtl, [2024]).

°McKelvey’s argument was in defense of quantal response equilibrium, a notion we will discuss a it later
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5.3 Nash’s theorem
Let G = (N, (S;), (u;)) be a finite game and
Bi(p) = argmax{E,u;(c;,5_;) : 0; € A(S;)}

be player i’s best responses to any belief y. This defines 3; : A(S_;) — 220%) player i’s
best-response correspondence.

A Nash equilibrium is a strategy profile ¢ with the property that o; € g;(c0_;).

If we write 8(0) = X;enfi(0_;), then o is a Nash equilibrium if o € §(c). We term  the
best response correspondence of the game. The property that o € 5(0) means that o is
a fixed point of the correspondence (3, so the question of the existence of a Nash equilibrium
is a matter of the existence of a fixed point for particular correspondences.

The best-response correspondence of the game G is

B = XienBi: 8 — 2%,

where X = [[,cn A(S)).
Observation 35. o € [[; A(S;) is a Nash equilibrium iff it is a fixed point of f3.

Using these ideas, we shall discuss and prove
Nash’s Theorem. A finite normal-form game has a Nash equilibrium.

ExXAMPLE 36. Consider a game between two friends who are fans of K-pop and plan on
going to a concert. One (Player 1) prefers BTS over StrayKids. The other (Player 2) has the
opposite preference. The two bands play the same night, however, so they have to choose
one concert over the other. Players 1 and 2 are, however, good friends and want to go to a
concert together over going separate ways.
The game is therefore captured in the following bimatrix:
BTS StrayKids
BTS 2,1 0,0
StrayKids 0,0 1,2
Let p be the probability that 1 assigns to 2 playing BT'S. Then Player 1’s best response
correspondence is given by

{0} ifo<p<1/3
Bilp) =< [0,1] ifp=1/3
{1} if1>p>1/3

Its graph is:
{(p,0):0<p<1/3}U{(1/3,2):0<az<1}U{(p,1):1/3<p<1}.

Similarly, we can let ¢ denote the probability that 2 assigns to 1 playing BT'S.

on.
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Bi(p) B1(p)

52(61)

1/3 1 1/3 1

Exercise. Verify that the three points where the best response correspondences intersect
in the previous picture correspond to 1) Nash equilibria of the game, and 2) fixed points of

p =B x Ba.

5.4 Digression: fixed points

[ will briefly review the two fixed point theorems that we need. See (Border, [1985) for a very
elegant exposition of the theory of fixed points, with applications to economics and game
theory. In particular, the proof of the fixed point theorems relies on some topological results
(Sperner’s lemma and the KKM lemma) that are interesting in themselves, and find other
applications in economics. Border treats these results as well.

Let X be a set and f : X — X a function. A fized point of f is z* € X for which
x* = f(z*). For example, f : N — N defined by f(n) = n + 1 has no fixed points. In
contrast, f : R, — R, defined by f(x) = % + 7 has a fixed point that you may find by
solving for x = % + 4. The basic existence result for fixed points is:

Brouwer’s Fixed Point Theorem. Let X C R™ be a compact and convex set. If f: X —
X is continuous, then it has a fixed point.

In economics, we often work with functions that take values that are sets of points in the
domain of the function. There are some special definitions for these kinds of functions.

Definition 37. Let A and B be sets.

1. A function ¢ : A — 2B with p(x) # 0 for all z € A, is a correspondence from A to
B.

2. Suppose that A = B. A fixed point of ¢ is an element z* € A for which z* € ¢(z*).
3. The graph of ¢ is the set
{(z,y) e Ax By € p(x)}
EXAMPLE 38. Let f: B — A be surjective. Then
p(r)=f2)={ye B:x=f(y)}

is a correspondence.
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pr(x) — ¥2(x)

3/2 3/2
Figure 5.1: Example 42} ¢, and ¢s.

EXAMPLE 39. If G = (N, (S)), (u;)) is a finite game, then 3; : A(S_;) — 2265 is a corre-
spondence with
Bi(p) = argmax {E,u;(04,s—;) : 0, € A(S;)}

B; is called player ¢’s best-response correspondence. We write = X,;cn/[3; for the game’s
best-response correspondence.

The notion of continuity can be formulated for correspondences. To understand the first
definition, recall that a function is continuous if the preimage of any open set is open.

Definition 40. Let A C R™ and B C R"™.

1. A correspondence ¢ : A — 28 is upper hemi-continuous (uhc) at x € A if for all
open V' D p(x) there exists a neighborhood N of x such that if ' € N then p(z') C V.

2. ¢ is upper hemi-continuous (uhc) if it is uhc at all the elements of A.

Thanks to Lemma[d], we can work with the closed graph property instead of the definition
of upper hemi continuity. The closed graph property is usually much more convenient.

Lemma 41. Let A C R™ and B C R". Suppose B is compact. A correspondence p : A —
2B is upper hemi-continuous (uhc) if its graph is a closed subset of A x B.

Exercise. Let ¢ = f~! as in the first example. Suppose that B = A = [0, 1]. Show that if
f is continuous then ¢ is uhc.

ExAMPLE 42. Consider two correspondences, ¢ and ¢, with domain R.

{1/2} if v < 3/2 {1/2} if v < 3/2
p1(r) = [1/2,3/2] ifx=3/2 o) =  {1/2,3/2} ifx =3/2
{3/2} if > 3/2 {3/2} if > 3/2

The graphs of these two correspondences are depicted in Figure [5.1]

EXAMPLE 43. One more example of a correspondence is illustrated in Figure [5.2] This one
is uhc at zg but not at z; (here p(z;) consists of the two points).

Exercise. Let A C R™ and B C R". Suppose that B is compact, and let , ) : A — 28 be
uhc correspondences.
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1. Show that the composition ¢ o % is uhc, where
porp(x) =U{p(y) 1y € P(z)}
2. Show that the union ¢ U is uhc, where
pUY(x) = p(r) U(x)
The generalization of Brouwer’s fixed point theorem for correspondences is:

Kakutani’s Fixed Point Theorem. Let X C R™ be a compact and convex set, and
0 : X — 2% a correspondence. If

1. ¢ is uhc,
2. forallx € X, p(x) is conver,
then ¢ has a fived point.

5.5 Proof of Nash’s theorem

Recall the definitions from Example 39 Given a finite game, we can define a best-response
correspondence for each player, 5;. And we can define a best response for the game: b =
Xienfi- Then a strategy profile o is a Nash equilibrium iff o; € §;(0_;). This is the same
as saying that o € (o). So the Nash equilibria correspond to the strategy profiles that are
fixed points of the game’s best response correspondence.

Lemma 44. The best response correspondence of a finite game is uhc.
Proof. Let (0], 0,) be a sequence in the graph of 5. Suppose that it is convergent, so there
is (0/,0) € X;enA(S;) X X;enA(S;) with
(0',0) = lim (o), 0,).
n—oo
We want to show that (¢/,0) is in the graph of §. That is, o} € f;(c_;) for all i
Let o/ € A(S;). Then, for all n,
ui(07,0_in) < U070, 0_in).
By continuity of w;, then,
ui(o], o) < ui(oy,04).
Since o] was arbitrary, o, € 5;(0_;). O

Exercise. Using Kakutani’s fixed-point theorem and Lemma [44] prove Nash’s theorem.

.\

To 1

Figure 5.2: A correspondence that is uhc at zy but not at ;.
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5.6 Proof using Brouwer’s fixed-point theorem

Let
mi(0},0) = wi(o,0-;) = ||oj — oi|*
define a function m; : A(S;) X (X;enA(S;)) = R.

Note that m;, as a function of o;, is strictly concave. I mean that the function o} —
m; (o}, o) is the sum of a concave function (actually an affine function) o} — u;(0},0_;) and
a strictly concave function o — — ||} — 0;]|*. So it’s strictly concave. As a consequence, the
problem of maximizing m; by choosing o, for fixed o, has a unique solution.

Let ¢;(0) = argmax{m;(o},0) : o, € A(S;)}. Since the maximization problem in its defi-
nition has a unique solution, ¢;(o) is a singleton. So it defines a function ¢; : X ;eNA(S;) —
A(S;). Moreover, by the maximum theorem, this function is continuous (actually, you can
prove this statement using a similar proof to what we did for Lemma )

Define by ¢(0) = (pi(0));jen the (vector valued) function ¢ : X;enA(S;) = X;enA(S;).
So if N = [n], this is

p(0) = (¢1(0),92(0), ..., 00 (0)).

By Brouwer’s fixed point theorem, there exists 0* € X ;enyA(S;) with o* = ¢(c*). I claim
that ¢* is a Nash equilibrium.

Suppose, towards a contradiction, that it is not. Then there is i and o} with u;(o},0*;) >
w;i(0*).

Now:

mi(Aol + (1 — N)ol, o) —my(of,0") = u;(Mo, + (1 — N)oF,0",)
—wi(07,0%;) = Ao+ (1= Aoy — o7 |”

= Aui(07,0-3) — ui(07, o)) = |Ao} — Ao7|*

= M| [wil0},0-1) — ui(0], 0" )] = Ao} — o7 |
Vv

>0

Note that, even though the term —\||o} — o7||? is < 0, we can choose A > 0 small enough
so that the whole expression within parentheses is > 0. But this would mean that m;(Ao} +
(1 —=X)of,0*) > m;(of,0"), which is absurd.

5.7 Remarks on Nash’s theorem

Most books on game theory use the simple proof based on Kakutani’s fixed-point theorem.
The challenge in using Brouwer is that best responses are not everywhere singleton-valued
(they are correspondences, not functions). The proof I gave in using Brouwer’s fixed-
point theorem is due to (Geanakoplos, 2003). Nash actually provided three different proofs:
One in his PhD thesis, which relies on Brouwer. One in a very short paper published in 1950
in PNAS, using Kakutani. And one using Brouwer, published in a 1951 paper in the Annals
of Mathematics. The latter uses a different technique for working with a function instead of
the best-response correspondences than what we used in Section [5.6]
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Anecdotally, you can find an interview by the actor and film director Ron Howard in
which John Nash explains the approach in his PhD thesis on YouTube. See this link. Howard
directed the film “A Beautiful Mind” about Nash’s life; a film that famously gets the notion
of Nash equilibrium completely wrong.

5.8 Pure strategies

Nash’s theorem established the existence of Nash equilibria in finite games. A mathematical
answer to the question of why we needed mixed strategies is that they provide the necessary
linear structure (meaning convexity of the right objects) in order to use one of the fixed-point
theorems, be it Brouwer or Kakutani.

Very similar ideas can be used to ensure the existence of Nash equilibrium in pure strate-
gies. We need to impose the relevant linear structure on the set of pure strategies and payoffs.
The following result can be shown using the maximum theorem and Kakutani’s fixed-point
theorem.

Theorem 45. Let G = (N, {S;},{u;}) be a normal form game in which N = [n], S; C R% is
compact and convex, u; : HieN S; — R is continuous, and s; — u;(s;, S_;) is quasi-concave
forall s_; € H#i S;. Then G has a Nash equilibrium in pure strategies.

Games of strategic complements. Consider a normal-form game G = (N, {S;}, {u;})
in which strategy spaces are

S;=la,d ={r €eR*:a <z <c} CRY,

where a,c € R? are two vectors with a < ¢. Many economic models feature such strategy
spaces, with players who choose vectors of quantities, prices, qualities, etc.

Say that G is a game of strategic complements if there are functions b; : [ | it S; = S;
with the properties that:

1. b;(s—;) is a best response by i to (degenerate) beliefs that the other players select the
pure strategies s_;; b;(s_;) € Bi(s_;).

2. s_; < s, implies that b;(s_;) < b;(s";).

The first requirement says that the functions b; are best response functions for the players.
These functions are selections from the best-response correspondence. The second require-
ment says that the best responses are increasing monotonically. This only makes sense here
because we restrict attention to strategies that are vectors in R%. So it is meaningful to
speak of larger or smaller strategies.

Theorem 46. If G = (N,{S;},{u;}) is a game of strategic complements, then it has a Nash
equilibrium in pure strategies.

Proof. Let b:S — S be defined by

b(S) = (51(8_1), Ce ,bn(sn_l)).


https://youtu.be/YCrKHsrPrE8?si=pgJ1utYsJnu5a3TU
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Then b is monotonically increasing.
The set {s € S: s < b(s)} is non-empty as it contains (a,...,a), the least element in S.

So we may define
s* =sup{s € S :s<b(s)}f]

For any s € S with s < b(s), s < s*. Hence s < b(s) < b(s*) by the monotonicity of b.
This means that b(s*) is an upper bound on the set that s* is the supremum of, hence that
s* < b(s*). But that means, again by monotonicity, that b(s*) < b(b(s*)). Hence that b(s*)
belongs to the set, and hence that b(s*) < s*, as s* is an upper bound. But then s* = b(s*).

This means that s* is a fixed point of the best response function b. So it is a Nash
equilibrium. O

Two remarks are worth making here.

1. There are no continuity assumptions needed in Theorem That’s pretty remarkable.
The proof I provided here is essentially a special case of the proof of Tarski’s fixed
point theorem.

2. My definition of games of strategic complements puts assumptions on best responses.
If you want to know the assumptions needed on the primitives of the game in order
for my definition to be satisfied, see (Milgrom and Shannon, (1994)).

Potential games A normal-form game G = (N, {S;},{u;}) is an ordinal potential game
if there exists a function f : S — R with the property that for all ¢, s;, s, € S; and s_; € S_;,

wi(si, 5-i) — wi(sy, s—) and f(si, ;) — f(s}, 5-4)

have the same sign.
In the problem set, you are going to prove that a finite ordinal potential game has a pure
strategy Nash equilibrium.

6For a bounded set A C RY, sup A is the smallest upper bound on the set A. You can verify that
this corresponds to taking the component-wise supremum of the vectors in A. For example, sup{z,y} =
(max{z;,y;})L, for z,y € R%
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Chapter 6

Zero-sum games

One way. Or another. I'm gonna find ya.
I'm gonna getcha getcha getcha getcha.
One way or another I'm gonna win ya.
I'll getcha. I'll getchall]

Let G = ({1,2}, (S1, S2), (u1,u2)) be a two-player normal-form game. We say that G is
a zero-sum game if u; + uy = 0.

Zero-sum games are special. They assume that there are only two players and that they
are in some kind of adversarial interaction. A fight or a contest. In fact, we will describe
the game using the payoff function u = wu;, which we interpret as a payment (in “utils”) from
player 2 to player 1.

Aside from situations where players are in a contest for common resources, or in, say,
political competition, zero-sum games arise naturally when two players care about relative
rather than absolute payoffs. In a two-player game with payoffs v; and wvs, if each player
tries to maximize their relative payoffs, u; = v; — vy and uy = v — vy, then they are in a
ZEero-sum game.

Finally, we may think of any game in which there is a constant ¢ for which u; + us = ¢
as a zero-sum game. Some people call them constant-sum games instead of zero-sum games.

6.1 Minimax

Minimax Theorem. Let G be a finite zero-sum game. There is a strategy profile (o7, 03)
such that
max min wu(oy,09) =u(o],05) = min  max u(oy,03).
01EA(S1) o2€A(S2) 02€A(S2) 01€A(S1)

The number v = u(o7, 03) is the value of the game. You may view v as a payoff that each
player can guarantee themselves through the use of their minimaz strategy o;. Player 1,
for example, is sure to get a payoff of at least v when choosing o}, no matter what strategy
Player 2 chooses.

Observe that if the profile (o7, 0%) is as in the theorem, then

U(O’l, U;) < U(O-T’ O-;) < u(ai‘, 02)

“One way or another,” Blondie.

49
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for all o7 € A(S) and o5 € A(S2). This means that (o7, 0%) is a saddle point of u. In
particular, (o7, 0%) is a Nash equilibrium of G.

6.2 Proof of the theorem.
Observe first that

max min u(oy,09) < min  max u(oy, o) (6.1)
01€A(S1) 02€A(S2) 02€A(S2) 01€A(S1)

which we may describe as “moving second confers an advantage.” To show inequality (6.1)),
note that for any oy € A(S;) and oy € A(Sy) we have

u(oq,09) < Ullrenf()él)u(a'l, 02).

Since this inequality holds for all o5, we obtain that

min  u(oy,02) < min  max u(oy,09).
O'QEA(SQ) UQEA(SQ)U&GA(Sl)

And since this inequality holds for all oy, we obtain inequality .
The main point of the Minimax Theorem is that inequality is, in fact, an equality.
We will now prove this by establishing the reverse inequality.
Let n; = |S;| and write, for each fixed o9 € A(S), the function s, — u(s1, 02) as a vector
ﬁ(O‘ 2) e R™ E|
Let
C == {6(0'2) 109 € A(Sz)} Q Rnl,

and observe that C is a compact and convex set.
Define the function m : R™ — R by m(z) = max{z; : 1 <i < n;} and define

v=inf{m(z): z € C} = inf{max{u(sy,02) : s1 € S1} : 09 € A(S2)}.
Because C is compact, there exists o5 € A(Sy) for which
v =m(u(os)) = max{u(sy,o5) : s1 € S1}
Note that u(sy,03) < wv for all s; € S;. Hence, for any o1 € A(S}),
u(oy,05) = oy - U(oy) < w. (6.2)

Consider the set A = {x € R™ : z < (v,...,v)}. Then by definition of v, ANC = 0.
The set A is convex so there exists, by the separating hyperplane theorem, a vector p € R,
p # 0, so that

p-x<p-io)

2The notation here should remind you of our proof of the domination theorem. Other aspects of the proof
will also remind you of the proof of the domination theorem.



6.2. PROOF OF THE THEOREM. 51

for all x € A and o5 € A(Ss).

Now, the set A contains vectors with arbitrarily small entries in any dimension. So we
must in fact have p > ().E| Since p # 0 we conclude that p > 0. Thus

1
O'T = Tp < A(Sl)

> ie1 Di

is well-defined because ), p; > 0.
Given that o} is a positive scalar multiple of p, we have that

oy -z <oy -i(og) = u(oy,09)

for all x € A and 05 € A(S,).
Note that (v,...,v) —e(1,...,1) € A for any € > 0. Hence, for any o, € A(S,),

o [(vy...,v) —e(1,...,1)] < oy -i(og).
Since this inequality holds for arbitrarily small €, we conclude that
v=o7-(v,...,v) <oy U(o). (6.3)
If we use 01 = o7 in Equation (6.2]) we see that u(o7, 05) < v, while 0y = 0} in Equation (6.3))
yields v < u(o7,03).
Hence, v = u(o7, 03%), and
u(o1,03) < v =wu(oy,03) < uloy,09)

for any o1 € A(S1) and oy € A(S2). The first inequality is due to Equation (6.2) and the
second to Equation (6.3)).
Finally, we claim that

max min u(oy,09) > min  max u(oy, o).
01E€A(S1) 02€A(S2) 02€A(S2) 01€A(S1)

Indeed, o7 € A(S)) implies that

max min u(oy,09) > min (o], 09) = u(oy,03).
01EA(S1) 02€A(S2) o2€A(S2)

And o} € A(S,) implies that

min = max u(oy,09) < max u(oy,0;) = u(oy,0}).
UQGA(SQ) UleA(Sl) 0'16A(Sl)

]

3You should write down a formal proof of p > 0. Remind yourself of the analogous property in the proof
of the domination theorem.
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Wait, what happened?

The key idea in this proof is the work done by oj. We started by looking at the function
m, which provides a worst-case scenario for player 2 for each o5. You could think of m by
imagining that player 1 moves second, after a choice of o9 by player 2 that fixes a vector
t(og). Then o} is optimal for player 2 when player 2 imagines that player 1 moves after
them.

When we get the o] vector from the SHT, we can substitute the “player 1 moves second”
idea implicit in the function m with the expected payoff oy +— o} - @(02). The level curves
of this expected payoff function are the parallel lines to the hyperplane that separate A
and C. The function with these linear level curves is minimized by choosing oo = ¢3. But
that function is player 2’s expected payoff even when 1’s strategy is fixed at o] before 2’s
choice of strategy. In other words, if “player 1 moves first” by setting o; = o} then it is still
optimal for player 2 to choose 09 = ¢3. So o} is optimal for 2 regardless of whether they
worry that 1 chooses second or they know that 1 moved first and chose o7.

6.2.1 Examples

Matching Pennies.

H |1 |-1
T | —-1]1

The next figure represents C as the blue set: a blue line segment in this case, obtained as
the convex combinations of (1, —1) and (—1,1). In green are two level sets for the function m
in the proof. We see that v = 0 and the separating hyperplane will be parallel to C (actually
it will contain C) and feature p proportional to (1,1).

’LL(H7 02) U(H702)
u(H) u(H)
N b
\\ U(L, O'Q) U(Lv 02)
(L) A (L)
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Rock-Paper-Scissors ['m sure you are familiar with the game of Rock-Paper-Scissors/]
We can represent the game in bimatrix form as follows:

R P S

R 0 |—-1]1

P 1 0 | -1

S | —-1]1 0

Unfortunately, the sets that we used in the proof of the minimax theorem now live in

R3. The following diagram is an attempt at representing the set C in blue (on the left), and
the sets A (in pink) and C on the right.

You can stare at these sets and exercise your geometric intuition to visualize how o7
emerges from the separation argument. You should see that the separating hyperplane
features p that is orthogonal to the plane spanned by the three vectors in the figure. Such a
p must be proportional to (1, 1, 1), which after a normalization becomes o} = (1/3,1/3,1/3).
The picture also illustrates that the value of the game is v = 0.

I am going to simplify the problem, however, so that I can use a picture in R2. To this
end, consider the following game in which Player 1 has only two strategies. Note that Player
1 is at a disadvantage here in this version of the game because she cannot play Scissors.

R P S
R |10 |-1]1
P 1 0 | -1

In the picture, the blue set is C and the pink set is A. It’s easy to see that v = —1/3
because if we take a convex combination of the payoffs from when Player 2 plays P and S
(clearly Player 2 is not going to play R, which can only win against the strategy for Player
1 that we eliminated from the original RPS) we get

a(l, -1)+ (1 —a)(—-1,0) = (a— (1 —a),—a) = (2a — 1,—a)

So if we set 2a — 1 = a then we get a = 1/3 and therefore

Player 1’s disadvantage is reflected in the game’s value being negative.

4People use it in place of an objective randomization device, for example to determine who has to carry
out some chore. This is an interesting substitution of an objective lottery for a game-theoretic mechanism
that is presumed to be fair due to the randomness in outcomes. But there are people who at least seem to
take the game more seriously: There are international tournaments in Rock-Paper-Scissor (RPS), see herel
This link also contains advise on strategies for playing RPS (or “Roshambo”) and statistical information on
how often people choose Rock, Paper and Scissor.


https://wrpsa.com/rock-paper-scissors-tournaments/
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u(P,o9)

i(R)
ﬁ(/ aey’ ¢

=
=
S~—

=
N

Off the diagonal. In the previous two examples, the vector (v,...,v) that indicates the
value of the game lies on the main diagonal. You might wonder if that is always the case.
Here is one example where it is not:

L M R
2 | 4] 4
111 ]2

U
D

In this example, all payoffs are positive, so the value of the game will obviously be
positive. It should not be too hard to see that the value must be 2, but let us in any case
look at the objects in the proof of the minimax theorem to understand how they are related

in this case.

@(R) u(R)
2 P
) i a(L
] A -
! (L) an | (M)
2 4

The figure on the left shows three level curves of the function m in the proof of the
theorem. The smallest of these is where the value of the game is achieved. The figure on the
right shows the set A and the separating hyperplane, which is achieved here for p = (1,0).
So o7 chooses U for sure. The minimax strategies are then pure: (U, L). Player 1 chooses U
for sure and Player 2 chooses L.

6.2.2 Values and the exchangeability property of Nash equilibrium.

The value of a game [ said earlier that the minimax payoff is the value of the game. Let’s
explore the meaning of the value further. We may think of “a” value as a payoff guarantee
for each of the players.
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A wvalue for a zero-sum game G is a number v € R for which there exists a strategy
profile (o7, 05) such that

{u(af,@) >wv  for all oy (6.4)

u(oy,03) <wv for all oy

Note that in this case, v = u(o}, 05). What does the value mean? Player 1 can guarantee
themselves to get at least the payoff v by sticking to the strategy of. At the same time,
Player 2, can guarantee to “pay” no more than v by sticking to ¢3. In this sense, the value
represents a simultaneous payoff guarantee for both players.

Remark 47. There is only one value in any given zero-sum game. Indeed, suppose that there
are two different values, v and v’. Without loss of generality, we may assume that v' > v.
Suppose that the two values are achieved by profiles o and ¢’. Then, when Player 2 plays o5
we have that u(o},02) > v’ because o] guarantees v'. And when Player 1 plays o} we have
v > u(o, 02) because oy guarantees v. So v’ > v leads to a contradiction.

The next result follows immediately from the definitions.

Proposition 48. Let G be a zero-sum game, and (G1,032) a strategy profile. The following
statements are equivalent:

1. (61,02) is a Nash eqm. of G

2. v =u(01,02) is a value of G, with (71,02) satisfying the inequalities in (6.4]).

Exchanging strategies Nash equilibria in zero-sum games have a mix/match kind of
exchangeability property. From any two Nash equilibria, we can create two more by taking
one strategy for each player from each of the two original profiles.

Corollary 49. Let G be a zero-sum game. If (o7,0%) and (61,69) are Nash equilibria of G,
then so are the profiles (07,02) and (61, 0%).

Proof. Recall that the value is unique, so
v=u(oy,05) > u(dy,05) > u(dy,07) = v.

Hence both inequalities must be equalities. Then &; is a best response to o3, and o} to
03. O

6.2.3 Remarks

The Minimax theorem seems magical. Most game theory textbooks for economists don’t
seem to include a “geometric” proof of the Minimax Theorem like the one I wrote above,
based on the separating hyperplane theorem. Instead, most books obtain the Minimax
Theorem as a consequence of the existence of Nash equilibria. This obscures, in my view,
how the rabbit gets into the hat. The proof based on the separation argument is not only
more transparent; it also helps illustrate yet another application of the separating hyperplane
theorem, which is so useful in many different contexts in economics.
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The Minimax theorem is integral to the history of game theory. It was proved by John
Von Neumann in a paper that arguably started the field (see (Kjeldsen), 2001]) for a discussion
of the history behind the theorem). Interestingly, Von Neumann’s original proof relies on a
fixed point argument; and Kakutani, in his paper with the famous generalization of Brouwer’s
fixed point theorem, includes an application to the Minimax theorem. It became clear,
however, that the theorem does not rely on the existence of fixed points and can be given
a “geometric” proof like the one I have included here. In fact, the book that Von Neumann
wrote with Morgenstern presents a geometric argument.

6.3 Computational questions

In our discussion of Nash equilibrium for general normal-form games, I argued that the

problem of finding a Nash equilibrium is computationally hard. For zero-sum games, the

problem of finding a Nash equilibrium (in the form of minimax strategies) is not hard.

It is easy. You can solve it by means of linear programming, which can be shown to be

easy. However, it is not just theoretically easy; it is also practically feasible. You can access

numerical LP solvers that can, in practice, find a minimax solution even for very large games.
Consider the following linear programming problem:

max (%

u(oy,82) > v Vsg € Sy
s.t. 8 o1 € A(ST)
veR

This is a linear programming problem with |Sy| constraints.

It is a good idea to pause here and think through why the linear programming problem
makes sense. Think of it from the perspective of Player 1. We are choosing a strategy o, and
we are concerned about the lower bound v on the payoff that Player 1 receives as a function
of s5. The optimization problem is trying to maximize this lower bound — a “worst case”
payoff that would be obtained if Player 2 moves after Player 1.

You may find a solution to the LP by setting up the Lagrangian:

Lv,o1,A) =v+ Y Asz)[u(or, 52) —v].

52€852

The Lagrange multipliers A are non-negative (by the KKT theorem) and strictly positive for
a binding constraint. Now, clearly, at a solution (v*, o7, \*) at least one constraint must be

binding. Otherwise, we could increase v*. So )  A*(s2) > 0 and we may normalize the \*

* A*
to o3 (s2) = =Stk

The Lagrangian then looks like:

L(v",07,05) =v"+ Y o3(sa)[u(of, s2) =] =" = Y of(sa)[v” — u(s1,03)].

52€852 51€851

In this formulation, the strategy of Player 1 becomes the Lagrange multiplier of a related op-
timization problem. In fact, of a minimization problem. The optimal value of the Lagrangian
is the same for both optimization problems (as the Lagrangians are the same).
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The minimization problem is:

min )

u(sy,09) <v Vs €5
5.£.3 a9 € A(SH)

veER

Also a linear programming problem. This time a minimization problem that has |S;| con-
straints. And you can check that the Lagrangian is indeed as I have written above. The
minimization problem should remind you of how we defined v in the proof of the minimax
theorem. In the proof, we picked oy to minimize the worst-case payment of 2 to 1, which is
what v is keeping track of in this LP.

These two optimization problems, the maximization problem and the minimization prob-
lem, achieve the same value at the optimum: v*. This observation is an instance of linear
programming duality. Proving duality involves an argument that is intimately tied to the
minimax theorem. You have done this already when you proved the Lagrangian or the KKT
theorems.

Anyway, the punchline is that to find the value of a zero-sum game you can solve one of
these linear programs. To find the minimax strategies, you can solve both.

6.4 Application: Expert Testing
Let € be a finite set of states of the world. For example,
2 = {rain, shine}"

could be a record of whether it will rain or not in the next n days. Today we are uncertain
about the weather in the next n days, and we may be interested in forecasting the weather.

Let A(€2) be the set of all possible probabilistic theories about the state of the world.
In the weather example, a theory u € A(Q) could describe the probabilistic law that governs
whether it rains or not in the next n days.

Nature chooses a “true” p € A(Q2) from which a state of the world will be drawn. Think
of p as the data generating process (dgp). Then theories are simply different possible dgps.

A putative expert claims to know the true data generating process. The expert may
actually know the correct p chosen by Nature, or they may be completely ignorant. A
charlatan.

An agent, or the public, proposes a test to determine whether the expert knows what
they claim. The test consists of a function T' : A(Q2) — 2. If the expert claims that the
true dgp is v, and the realized state of the world w € Q is in T'(v), then the expert passes
the test. Otherwise, the expert fails. Think of the complement of 7'(v) as a critical region,
to use the language of statistical testing. When the data (the weather record) lands in this
region the theory is rejected.

Let ¢ > 0. A test is e-accurate if, when the expert knows the true dgp, they are
guaranteed to pass the test with probability at least 1 — . Formally, this happens when
v(T'(v)) > 1—cforall v e A(Q).
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Theorem 50. Any e-accurate test can be passed with probability at least 1 — e by an expert
who does not know the dgp at all, and chooses randomly which theory to report. In symbols:
For any e-accurate test T, there exists £ € A(A(S2)) so that for every true dgp p,

E{reA®) pfweQweTW)}) >1—c

Proof. Fix an e-accurate test T. Since 29 is a finite set, there is a finite set V C A(Q) with
T(V)=T(A(R)), meaning that for any v € A(Q) there is v/ € V with T'(v') = T(v).

Consider then a zero-sum game between Player 1, the expert, choosing v € V while
Player 2, “Nature,” chooses w € €. Player 2 pays Player 1 one dollar (or one “util”) if w lies
in T'(v). The payment from 2 to 1 is then 17(,)(w). If 1 chooses a mixed strategy £ € A(V)
and 2 chooses the mixed strategy u € A(Q2), then the expected payment from 2 to 1 is

/V/le)(w) dudé:/vu(T(V))dé-

By the minimax theorem, there exists £* € A(Y) (and hence, £* € A(A(Q2))) and so that

min T(v))d(* = max  min T(v))dé = min max/ T(v))d¢,
min [ n(TE) e = max min [ p(T0) e~ min max | (7)) dg
But for any p that Nature might select, the expert (Player 1) can choose v € V with
T(v) = T'(n). Hence, by the assumption of the test being e-accurate, u(7'(v)) > 1 —e. This
implies that
min  max / p(T'(v))de >1—e.
1%

BHEA(Q) EEA(Y)
Thus,
min /u(T(I/))df*: min  max /,u(T(u))dﬁZl—a
Y Y

HEA(R) HEA(Q) EEA(Y)

Meaning that, when Player 1 (the expert) chooses mixed strategy £*, then for any dgp
€ A(Q) that Player 2 (Nature) may choose, the probability of 1 passing the test is at least
1 —e. O

Note: This proof is from (Sandroni, 2003). I learned about it from Eran Shmaya.

6.5 Application: Minimax estimators

Recall our discussion of statistical decision theory. A statistical decision problem is given by
a tuple ((2, P), A, L), where: ) is a (finite) parameter space, and for each w € € there
is a probability distribution P, on a sample space X; A is a finite set of possible actions,
and L: Q2 x A— Ris a loss function. A decision rule is a function d : X — A, and the
associated risk is

m¢@:4pwﬁwma@y

In statistical applications, usually there is an obvious connection between the sets of
actions and parameters, so that d(z) € A is a parameter estimate for each realized sample
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r € X. When X as well as A are finite, can let D = A¥ be the (finite) set of all decision
rules. We're going to allow our statistician to randomize between decision rules, so choose
o€ A(D).

We have discussed undominated and optimal decision rules, but one may also be con-
cerned with worst-case scenarios, which lead naturally to an application of the minimax
theorem. A (mixed) decision rule o* € A(D) is a minimaz rule if

max{R(c*,w):w € Q} = min max R(o,w).
oc€A(D) weR

The idea is that whatever decision rule the statistician decides one, an adversarial player,
“nature,” chooses a parameter to maximize the expected loss suffered by the statistician. By
choosing the best possible decision rule under this pessimistic assumption, the statistician
obtains a worst-case guarantee.

To apply the minimax theorem, we allow nature to choose at random as well. Then we
obtain the existence of (¢*, u*) with

min max R(o,u) = R(c",u") = max min R(o,pu).
o€A(D) peA(Q) (o, 1) (o, 1) HEA(Q) seA(D) (o, 1)
This means that ¢* is a minimax rule, but also that ¢* is an optimal Bayesian decision for
a particular worst-case prior u*.
If you wish to learn more about the use of the minimax theorem in econometrics, (Hirano,
2026) is a short and recent survey
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Chapter 7

Topics in Normal-form games

7.1 Correlated equilibrium

In a Nash equilibrium, each player’s pure strategy is determined independently of the rest
of the players. What if we introduce an element of coordination? For example, the players
could communicate and discuss how to play the game. How would we model the outcome of
such communication?

Think of a mixed strategy as a randomization device that spits out a recommendation to
each player. If it draws strategy s;, it tells player i “play strategy s;.” A common random-
ization device, or correlated individual randomization devices, may be used to coordinate
the players’ choices.ﬂ The coordination in question has to, however, respect each player’s
autonomy. It must be in each player’s interest to go along with the coordination effort. In a
Nash equilibrium, it is, by design, in each player’s interest to follow the pure strategy drawn
randomly from the player’s mixed strategy.

If there is some correlation between the devices, then the situation is more complicated
because each player may revise their beliefs about the pure strategy that others will play
after learning the recommendation they have received. If I am told “play s;,” then I may
use the fact that s; was recommended to me in order to form beliefs about what the other
players were told to play.

We start with a simple example.

ExXAMPLE 51. Consider the following bimatrix game:

Player 2
L R
U [5,1]0,0
Pl 1 - -
YD 4215

This game has three Nash equilibria: (U, L), (D, R) and a mixed equilibrium that you
should calculate. We can represent the possible payoffs that the players can obtain in the
game using the following figure on the left.

'He we use the word “correlated” loosely to mean non-independent.
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Uz
NE

Uy

The figure depicts the convex hull of the players’ payoffs in the game. The convex
hull represents all the expected payoffs that can be obtained through a correlated draw of
a pure strategy profile. Imagine the existence of some randomization device that deter-
mines a pure strategy profile at random: a probability distribution p € A({U, D} x {L, R}).
If this distribution determines a strategy profile then the players’ expected payoffs are
ZSQ{U7D}X{L7R}p(s)ui(5), i = 1,2. These expected payoffs, as we consider all possible distri-
butions p, constitute the convex hull that is depicted in the figure.

Now note that the convex hull ignores the players’ self-interested behavior. If we interpret
the randomization device as a random recommendation to play (if we draw (U, R) then we
are recommending U to Player 1 and R to Player 2), the convex hull assumes that the player
mechanically go along with the recommendation.

The situation is different is we randomize among Nash equilibria: the players will then
have an incentive to follow the recommendation. In the figure, we can see the payoffs from
the three Nash equilibria — MSNE stands for mixed strategy Nash equilibrium. These are,
of course, in the convex hull of the players’ payoffs.

Imagine that p only places positive probability on a Nash equilibrium strategy profile:
the players know p, we draw one Nash equilibrium at random and publicly reveal the draw
to the players as a recommended way to play the game. The players’ expected payoffs will
lie in the convex hull of the Nash equilibrium payoffs, drawn in light green in the figure
to the right. By definition of Nash equilibrium, it is in the players’ interest to follow the
recommendation, as long as each one expects the other to follow the recommendation. If
Player 1 received the recommendation to play U, they know for sure that Player 2 was told
to play L. So it is optimal for them, under such beliefs, to follow the recommendation and
play U.

With a public randomization among Nash equilibria, we can obtain any expected payoff
in the convex hull of the Nash equilibrium payoffs. For example, the players can achieve the
expected payoffs (3,3) by coordinating on either U, L or D, R depending on a coin flip.

Building on the idea in the example, we can accomplish much more than just the convex
hull of Nash equilibrium payoffs. This is achieved through a non-public randomization
process in which a pure strategy is randomly selected for execution. Players are individually
informed only of the pure strategy they are asked to use according to the strategy profile.
This mechanism can be visualized as a trusted mediator giving private advice to players — a
consigliere discreetly advising each player on their chosen action. For instance, consider the
probability distribution p € A({U, D} x {L, R}) shown on the right of Figure presented
alongside the original game on the left.
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L R L R
U [51]0,0 U [1/3] 0
D [4,4]1,5 D [1/3]1/3

Figure 7.1: A correlated equilibrium

The distribution simply chooses
(Sb 82) S {(U7 L)7 (D7 L>7 (D7 R>}

uniformly at random. When the pair (s, s2) is drawn, player i hears only “play s;” and
learns nothing about s_;. They do know, however, that the recommendation comes from the
randomization over strategy profiles just described.

So if Player 1 is told to play D, they infer that Player 2 is equally likely to have been
told L or R. Obeying and playing D gives them an expected payoff of

25=1-4+41-1.
If instead they defy the recommendation and play U, their expected payoff is
25=1.541.0,

exactly the same. In contrast, if Player 1 is told to play U, they can deduce with certainty
that Player 2 was told to play L. Given this, deviating from the recommendation cannot
improve their payoff, so they have no incentive to disobey.

In all, both players are incentivized to play according to the randomization in p. Such
a probability distribution is called a correlated equilibrium. Observe that, in this example,
the resulting expected payoffs are outside the convex hull of the Nash equilibrium payoffs in
the game.

Definition 52. A correlated equilibrium of G is any probability distribution p € A(S)
such that, for all < and s;, s, € S,

Z (i, s—i)ui(si, s—i) > Z p(si, s_i)ui(s;, s-;)

5-i€5-; s_;€S_;

To find all the correlated equilibria in Example think of the constraints imposed on
p € A({U,D} x {L, R}). When Player 1 receives the recommendation to play U, we need
that

5% p(U,L)+0xp(U,R) - 4xp(U,L)+1xp(U,R)
pU,L)+p(UR)  —  p(UL)+p(UR)

This simplifies to p(U, L) > p(U, R). Note that we are conditioning on the event Player 1 is
told to play U, so on both sides of the inequality we divide by p(U, L) + p(U, R). We can
just as well omit the denominator: so when Player 1 gets the recommendation to play D,
obedience requires that

4xp(D,L)+1xp(D,R))>5xp(D,L)+0x p(D,R)),
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or p(D,R) > p(D, L).
Carrying out the calculations for all possible recommendations, and for both players, we
obtain that p is a correlated equilibrium iff it satisfies:

p(U, L) > p(U, R)
p(U,L) > p(D, L)
p(D,R) > p(U, R)
p(D,R) > p(D, L),

a system of linear inequalities.
The following diagram on the left represents the set of correlated equilibrium payoffs
(shaded in light red). On the right, you can see how it differs from the convex hull of the
Nash equilibrium payoffs, which are indicated by the region inside the dotted lines.
U2 U2

U Uy

I state a few simple properties of correlated equilibria. You should prove Propositions
and [55] as an exercise.

Proposition 53. If we identify a Nash equilibrium o of G with a probability distribution on
A(S), then any Nash equilibrium of G is also a correlated equilibrium.

Proposition 54. The set of correlated equilibria is a non-empty, convex, compact subset of
A(S).

Proof. The set of correlated equilibria is the set of solutions to a finite system of weak linear
inequalities. Therefore, it is closed and convex. Since it is a subset of the compact set A(S),
it is also compact. Finally, it is non-empty because we proved that Nash equilibria exist,
and any Nash equilibrium is a correlated equilibrium [ n

For p € A(S), the marginal distribution on S; is
pilsi) = Z p(si, 5-i)
s_;€S_;

Proposition 55. A correlated equilibrium that is the independent mixture of its marginal
distributions is a Nash equiltbrium.

2You might ask if there is a proof of non-emptiness that does not rely on a fixed-point argument. The
answer is yes; see (Hart and Schmeidler; [1989)).
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Discussion. Correlated equilibria are seldom used in economic applications, while Nash
equilibria are ubiquitous. However, correlated equilibria have some appealing properties that
Nash equilibria lack. First, they are easy to compute because they are solutions to a simple
linear program. In contrast, Nash equilibria require solving a fixed-point problem and are
hard to compute. Second, while the details are beyond the scope of this class, one can obtain
a dynamic learning foundation for correlated equilibria. There is no analogous learning foun-
dation for Nash equilibria. As I emphasized when we were talking about Nash equilibrium
and rationalizability, the lack of a learning foundation is very problematic because, without
a learning theory, we are left with no explanation for how players come to correctly predict
the behavior of their opponents. We would like to say that they learned a conventional
way to play the game, but that would require a general result on learning that is not truef’
The situation for correlated equilibrium is better because there are well-studied “no regret”
dynamics that are guaranteed to converge to a correlated equilibrium.

The most obvious advantage of Nash over correlated equilibrium is that the multiplicity
of Nash is less than the multiplicity of correlated equilibria. The argument should be familiar
from the discussion of Nash and rationalizability: The quality of a prediction depends on
how sharp it is: how many outcomes are predicted for a given game. There are (weakly)
more correlated equilibria than Nash, so the problem is worse.

Communication and correlated equilibrium. The discussion of correlated equilibrium
involved stories about a mediator, a common consigliere, or some abstract randomization
devices. If these seem artificial, there is another possible interpretation. We may think of
correlated equilibrium as a way to model communication among the players in a game.

Definition 56. A communication protocol is a tuple ((My, X31),...,(M,, X,),g), where
M; is the messages available to player ¢, X; is the set of recommendations, and

g: X?:lMi — A(X;nlel)

The idea in Definition [56|is that when players send messages (my, ..., m,), they receive
the vector of recommendations (z1,...,z,) with probability g(z1,...,z,); however, when
that occurs, each individual player only sees x;, not the recommendations of others.

Given a communication protocol, we may envision another game. In the game, the players
choose messages that are fed into the communication protocol. So a pure strategy for player
i is a pair (my,r;), where m; € M; and r; : X; — S;. A communication protocol then defines
a normal-form game, in which agent i’s payoff from the strategy profile (my,r;)7_; is

Z G (miy i Jui (ri (), i (23))-

zeX

For any Nash equilibrium of the communication-protocol game, consider the induced
probability distribution on S. This is the distribution induced by the composition of g and
r. You can write this out explicitly; I will not do that here. I claim that this distribution
is a correlated equilibrium. The reason is that if one of the inequalities in the definition

3] mean, we don’t have such a result, and if it were true, then most likely it would also furnish an efficient
algorithm for computing Nash equilibria. We don’t think there exists one.
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of correlated equilibrium were violated, then some player would have an incentive to dis-
obey the recommendation implicit in the distribution over strategy profiles. But this act of
disobedience can be reproduced in the communication protocol game by changing how the
player sends messages and responds to the protocol recommendations. So the distribution
over pure strategies could not result from a Nash equilibrium of the communication protocol
game.

The observation that a player would have no reason to disobey the equilibrium recom-
mendations in the communication game is an instance of the revelation principle. You
will see other applications of the revelation principle later in the class when you discuss
mechanism design.

Further reading (Aumann| [1987) provides a Bayesian foundation for correlated equilib-
rium. The learning foundation I mentioned is from (Hart and Mas-Colell, 2000). A discussion
of communication and correlated equilibrium is in (Forges|, [1986)).

7.2 Information and Bayesian games

The ideas we have developed so far allow us to talk about information and its role in game
theoretic and economic models. Remember the definition of a Bayesian game: A (finite)
Bayesian game is a tuple

(N, Q, (04, Ais wi)ien, p)

where
1. N = [n] is the set of players.
2. The (finite) set € is the state space.

3. For each i, ©; is the (finite) set of types of player i, and A, is the (finite) set of available
actions. Denote © = x7 ,0; and A = x| A,.

4. For each i, u; : A x Q0 — R is i’s payoff function.
5. p € A(Q2 x ©) is the players’ prior.

We often interpret the types of agents as information. We have said that the type of
an agent is a “signal” that they receive. It provides players with probabilistic information
about the state of the world and about the signal that other players may have received. For
example, in our discussion of jury voting, the signal represented information gleaned during
the trial. (Of course, at the same time, the type comprises the whole hierarchy of beliefs, as
we have discussed earlier.)

In fact, we can isolate and specialize this aspect of the definition: an nformation
structure is a pair (Z,q), where Z is a (finite) set and ¢ is a probability distribution on
Z x Q for which the marginal probability on {2 coincides with the marginal of p on €.

Equivalently, you can think of the information structure (Z,q) as a collection of con-
ditional probability distributions ¢(-jw) € A(Z) for each w € 2. Information structures
presented in this way are often called a Blackwell experiment. The connection between
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these two representations is essentially Bayes rule: the probability of (z,w) € Z x ) satisfies
q(z,w) = p(w)q(z|w).

With n players, we can think of information as the tuple (Z,...,Z,,q). For each state
of the world w, ¢(-|w) € A(x!_,Z;) draws a profile of signals. Each player ¢ observes the
signal value z; € Z;.

Now, if we start from the Bayesian game (N, Q, (0;, A;, u;)ien, p) and provide the players
with extra information (Z1, ..., Z,, ¢), then each player gets to observe the pair (;, z;) € ©; x
Z;. Effectively, this is a new Bayesian game. This is a game with extra information provided
to all the players. A strategy for player ¢ in this game is a function o; : ©; X Z; — A(A;).
You already know how to think about Bayesian Nash equilibria in this new game: write
down the possible strategies for each player and evaluate payoffs ex-ante or interim.

OK, this is all very natural (I hope). But why am I bringing this up now and not when
we were talking about Bayesian games? The reason is the following definition:

Definition 57. Let G = (V, €, (0;, A;, u;)icn, p) be a Bayesian game and 7 € A(AxO x Q).
Then 7 is a Bayes correlated equilibrium (BCE) of G if

1. For each 7, 6; € ©; and a; € A;

Z m(ai, a—i; 03,05, w)ui(a;, a—i, 0, 0, w)
(G,i,a,i,w)EG,ixA,iXQ
> Z m(ai, ai, 0;, 0_;, w)ui(aj, a_;, 0;,0_;, w)

(G,i,a,i,w)EG,ixA,iXQ
for all a] € A;.

2. The marginal distribution of 7 on © x 2 coincides with the marginal distribution of p
on O x (.

This looks more complicated than the definition of correlated equilibrium, but not really.
The inequalities say that when player i is informed that their type is 6; and that they are
advised to play a;, they should not want to choose a different action a,. An obedience
constraint. The second part of the definition just says that 7 is consistent with the prior
p: It should not contradict the basic informational assumption we have hardwired into the
description of G.

What'’s interesting about Bayes correlated equilibrium (BCE) is that it exactly embodies
the outcomes that are possible through some amount of extra information. Meaning an
information structure that is added on top of what is already presumed by the specification
of types and their joint distribution with the set of states of the world.

Given a Bayesian game G, an information structure (7, ..., Z,,q), and a Bayes Nash
equilibrium of the resulting (new) Bayesian game o = (0y,...,0,), we can calculate the
joint probability of a profile of actions, types, and states (a,0,w) € A x © x €. Indeed, this
probability is:

/.L((l,e,(d) = Z Hgi(ai|9ivzi)q(zla"'7Zn|w)p(917"'79n7w)‘

(Z15eeey2n)€Z =1
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This probability distribution u € A(A x © x Q) may be called consistent with the infor-
mation structure (Z1,..., Z,,q), and the BNE o.

Theorem 58. A probability 1 € A(A x © x Q) is a BCE if and only if there exists an
information structure I = (Z1,...,Z,,q), and a Bayes Nash equilibrium of the resulting
Bayesian game o = (01, ...,0,), such that 7 is consistent with I and o.

The proof of this theorem is not difficult, but rather cumbersome to write down formally.
One direction of the theorem is really another instance of the revelation principle that I
alluded to earlier. The key idea in the theorem is that one can, without loss of generality,
consider information structures where signals are recommendations. The Z; for each player
coincides with A;. This is exactly what happens in a correlated equilibrium, where there is
no underlying uncertainty over the state of the world. The idea in the proof of Theorem
is that one can use a similar construction to connect a BCE to an information structure that
sustains it as a BNE.

The power of the theorem is that it lets us model information by focusing only on rec-
ommendations and obedience. Say you want to find the optimal amount of information to
reveal to some agents — optimal either from the perspective of an outside planner or in
terms of some efficiency criterion. Directly optimizing over all possible information struc-
tures is, in principle, a nightmare: the space is huge and unwieldy. A BCE cuts through that
complexity. Instead of wrestling with every possible information structure, we just have to
think of how we can recommend actions to each player so that they willingly follow those
recommendations, given the basic informational constraints of the environment (the state
space and the prior). That shift, from information structures to obedient recommendations,
makes the problem more tractable.

Bayesian persuasion Here is a simple application of how information can be used and
modeled through a BCE. Imagine a judge that has to decide on the innocence or guilt of a
person accused of a crime. Yes, this is reminiscent of the example on jury voting, but this
time there is a judge making the decision, not a jury. Let’s call her Judge Judy. The state
space is Q = {G, I'}: G means guilty, and I means innocent.

Suppose that Judge Judy wants to do the right thing: convict (C') a guilty person and
acquit (A) an innocent person. The payoff to the judge is 0 for a correct decision and —1 for
an incorrect one. The prior information (p) is that the person is guilty with probability 1/3.

There are no other players and there is no additional information. So, as a Bayesian
game, this is as simple as they come. There are no types (or, if you want, a single type)
and just one player. So a BCE is just a probability distribution over {G, I} x {C, A} that
satisfies obedience and consistencyff] We can write such a probability distribution as a table.

Here are two examples:

I G I G
Al2/3 1/3]1 Al2/3 0 |2/3
Clo 00 cl o 1/3]1/3

2/3 1/3 2/3 1/3

1To be very precise, the one agent would have a type space ©1 = {6} that is a singleton and the BCE
would be a distribution over {G, I} x {C, A} x {6}.
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The marginal distributions are displayed on the bottom row and the right-most column.
In both cases, the bottom row coincides with the prior. You can check that the obedience
inequality holds in both cases. The BCE on the left can be called “no information.” Judy’s
beliefs are always her prior, no matter the state. Since Judy can only decide based on the
prior, she chooses A for sure and makes a mistake with probability 1/3. The BCE on the
right can be called “full information.” Judge Judy never makes a mistake in this case. She
receives a perfectly informative signal about the state of the world and makes a perfect
decision each time.

Now suppose that an outsider wants to design an information structure to convict as
many people as possible. They would like to “persuade” Judge Judy to further this objective.
Judy’s preferences are what they are, however. She is just trying to get it right. What could
the outsider do? They could design Judy’s information structure. Consider the next table
shown on the left:

1 G l G
Al t 0 t Al1/3 0 |1/3
Cl r 1/3|1/3+r C|1/3 1/3|2/3
2/3 1/3 2/3 1/3

The table on the left is partially filled out. We need to determine the numbers r and
t, but I have already started by filling in the column under G: To manipulate Judy into
convicting people, it is clearly not a good idea to recommend A when the person is guilty.
So I have already filled in a 0 in the top right cell, which means that the bottom right must
be 1/3 because when I add the number below G they have to add to 1/3. OK, but then
when the state is G the information structure perfectly informs the judge. The flip side of
this is that when the judge receives an A recommendation, there is no uncertainty, and thus
Judy knows for sure that the person is innocent.

Now the trick is to load maximum uncertainty into the C' recommendation while ensuring
that Judy wants to convict when getting a C' recommendation. Obedience should still hold.
In particular, when getting the C' recommendation we need that

7’-(—1)4—5-(0)27“-(0)—1——-
So we need that » < 1/3. The largest r is 1/3; thus we get the BCE in the table on the
right. In this BCE, the judge convicts 2/3 of the accused, despite only 1/3 of them being
guilty.

With no information, the judge thinks that the person is more likely than not to be
innocent and therefore never convicts. With full information, the 1/3 who are guilty are
exactly those who are convicted. In the BCE we have just found, 1/2 of the people who
really are innocent are convicted. The trick is that when the BCE recommends “convict,”
the judge thinks that the person is equally likely to be innocent or guilty. So they are happy
to go along with the recommendation (of course, you could slightly tweak the numbers to
get her to strictly prefer to convict). When the BCE recommends “acquit,” in contrast, the
judge knows for sure that the person is innocent.

It might seem like we have cheated here, but in reality we have only moved probability
around to make Judy very uncertain about the state of the world when she is asked to
convict. In this case, the belief she has that she is making the right decision is very weak,
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but still enough to go along with the recommendation.

Further reading The approach to information I have just discussed has been used in a lot
of recent research. The material presented here is basic and drawn mostly from (Bergemann
and Morris, 2016). See (Forges, [1993) and (Forges, 2023) for a useful background discussion
on alternative notions of correlated equilibrium. The Bayesian persuasion example is taken
essentially from (Kamenica and Gentzkow, [2011]).

7.3 Quantal response equilibrium

So far, our as if model of choice is perfectly deliberate. In the games we’ve been discussing,
rational players choose an action that is optimal for their payoff function, given beliefs about
what the other players are choosing. We are now going to relax this assumption by allowing
for random deviations from optimality. As a consequence, we obtain a statistical model of
equilibrium that is particularly well suited to experimental work.

The players may not be choosing an exactly optimal strategy, but they are still responsive
to the payoffs that they would receive from each possible outcome of the game. In particular,
we imagine that a player chooses an action a € A at random. The randomness reflects a
mistake when they are about to implement the action that would be optimal, or some other
unexplained deviation from the optimal action. The random action will, however, depend
on payoffs in ways that qualitatively mimic rationality.

Definition 59. A quantal response is a function v : R — A(A) which satisfies that
e v(v) > 0 for all v (interior);
e 7 is continuous;
o v, < v; = Y,(v) <;(v) (7 is monotonic);
o v; < v = 7;(v) < ;(vj,v_;) (7 is responsive).

Interpret y(v) € A(A) as describing the probability of choosing each action a € A when
the vector of payoffs is v € R#. The random choice of an action follows similar principles
to standard models of discrete choice. The randomness in choice can be due to a “tremble,”
like a mistake. It can also be the consequence of random shocks to the utilities in the vector
v — the latter is the most common interpretation in discrete choice models.

In fact, if we adopt the logistic model of discrete choice (which arises from certain dis-
tributional assumptions on the random shocks that affect the utilities in v) then we obtain

the logistic function:
ez\vj

(v) = ETyyE—
’YJ( ) Z‘h A:‘ 1 o
for A > 0. The parameter A captures how close the quantal response is to choosing according
to the largest values of v. If X\ is large, then the probabilities in the logistic choice will
concentrate around the optimal choice according to the vector v. If X\ is small, then the
probabilities will approximate a uniform distribution over actions.
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OK, so how do we incorporate these ideas into game theory? Fix a normal-form game
G = (N,{S;:i€ N},{u; : i € N}), and let 7; : R% — A(S;) be a quantal response for
player <. I'm going to assume that each player chooses a strategy according to a certain
quantal response function, which (crucially) takes as input the expected payoff from playing
each pure strategy. As usual, the expected payoff depends on the player’s belief over the
strategies that the rest of the players will choose.

Definition 60. A quantal response equilibrium of G is a strategy profile ¢* such that
of = yi(ii(c*,)), where @i;(0*;) = (ui(5i,0%;))sics;-

Proposition 61. Every finite normal-form game, with any profile of quantal responses, has
a quantal-response equilibrium.

You should prove Proposition |[61{on your own. It’s an immediate application of Brouwer’s
fixed-point theorem.

Logistic QRE Logistic quantal responses are very common in experimental economics,
where they are used to fit a game theoretic model to data. You can think of these as a
statistical model of Nash equilibrium. Let’s flesh out this model a bit: We assume that
players have random variations in the utility that they obtain from playing each of their
actions.

In particular, suppose that the utility of player ¢ from the strategy profile s € S is

vi(s) = ui(s) + &7,

where (¢]') € R is a random preference perturbation and wu; is the primitive payoff in G.
The randomness in payoffs induces random choice behavior, a quantal response.

When the €] are i.i.d draws from an extreme-value (Gumbel) distribution, we obtain the
logistic QRE model. A QRE in that case is a profile o* such that

e)xui(si,aii)

. ! * .
Tejes, €T

Next, we observe that the parameter A\ serves to capture the distance between QRE and
Nash equilibrium.

Proposition 62. Let {\*} be a sequence such that limy_,o A¥ = 0o and o*(\¥) be a QRE
when the logistic quantal responses take parameter value \*. If {o*(\¥)} is a convergent
sequence, it converges to a Nash equilibrium.

Application. (Lieberman, 1960)) is an early experimental paper. His experiment is on the
following dominance-solvable zero-sum game:
Player 2
By By Bs
Ay 15 0 —2
Player 1 A, 0 —-15 1 —1
Az 1 2 0
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Figure 7.2: Lieberman experiment: QRE as function of A and data.

As usual for zero-sum games, we only show the payoff of Player 1. Here A3 dominates A,.
Once Aj is eliminated, B is dominated. Then (Ajg, Bs) is the unique rationalizable profile.

Lieberman’s design has each subject play the game 200 times, against the same opponent
(modern experimentalists would probably avoid such repeated play, for reasons that we will
discuss later in the class). He clusters the data in lumps of 10 periods, so as to obtain data
on 20 “experience levels.” His paper reports choice frequencies for each experience level.
The basic message of his experiment is that A; and B, are played relatively frequently by
subjects before they gain some experience.

Figure is taken from (McKelvey and Palfrey, |1995), who proposes QRE as an em-
pirical methodology for experimental economics. The graph depicts Logistic QRE choice
frequencies, as a function of A\. Note that QRE nicely mirrors the story told by Lieberman’s
data: Smaller values of A go along with higher frequencies of choices for A; and B,. As the
experimental subjects gain experience, the choice frequencies move towards the right of the
graph, getting closer to Nash equilibrium, and are captured by QRE with larger values of .
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Information and Blackwell’s theorem

Before we discuss Bayesian games, I am briefly going to talk about the meaning of informa-
tion. We'll model information through a system of random signals that are drawn from a
distribution that depends on the state of the world. To this end, I'll begin by focusing on a
single decision maker. The model is similar to the one in our discussion of the domination
theorem.

Consider a finite set of states Q with a prior p € A(Q2). Suppose that p(w) > 0 for all
w € (.

We need two basic definitions:

e A Blackwell experiment is a pair (S5,q) where S is a finite set of possible signal
values, and q : 0 — A(S) specifies a probability distribution over signal values for
each state of the world.

e A decision problem is a pair (A, u), where A is a finite set of possible actions, and
u:AxQ — Ris a utility function.

ExAMPLE 63. Consider a Blackwell experiment that maps each state of the world into a
signal value with certainty. For example, imagine that the possible states of the world are all
the outcomes from rolling a pair of dice; so 2 = {1,...,6} x {1,...,6}. Suppose that when
the state is w = (D5, D3) we get to observe the sum of the dice for sure. We are informed of
D1+ D,. Such a deterministic signal partitions the set of states {2 according to the states of
the world that map into the same signal value. So if we are told that the sum is 3 we infer
the state could be (1,2) or (2,1) but not (say) (3, 3).

These simple “partitional” information structures will be our focus when we discuss knowl-
edge and common knowledge a bit later in these notes (see Section .

A decision problem (A, u) describes an agent, and a Blackwell experiment (.5, ¢q) is the
information available to the agent. The agent wants to take an action that suits the state of
the world they are in, but has access to imperfect information about the state provided by
a Blackwell experiment. The agent therefore conditions the action on the signal values they
may observe.

A decision rule is a function d : S — A(A) that describes a mixed action for each

73
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possible signal value. We may then define a value function:

V«&q%OLw)—SWHE:pQOEZq@WﬁKﬂ$¢@rdG(A@QV}i

weN seS

This supremum is achieved by some decision rule, because (A(A))* is compact.

Now we say that an experiment (.5, ¢) is more informative than experiment (5, ¢') if,
for all decision problems (A, u), V((S,q); (A,u)) > V((S',¢); (A, u)).
The other definition we need is that experiment (S’,¢’) is a garbling of (S,
(s

q) if there
exists a function g : S — A(S’) with the property that ¢'(s'|w) = > . q(s|w)g(s']

[s).
Blackwell’s Theorem. (S,q) is more informative than (S’,q") iff (S',q’) is a garbling of
(S, q).

Proof. We first prove the only if direction, showing that if an experiment is more informative,
it must be a garbling of the other.

Let G be the set of all ¢ € (A(S))® for which the experiments (S, §) is a garbling of
(S,q). By Lemma G is convex and compact.

Now suppose that (S’,¢') is not a garbling of (S,¢q). Then ¢’ ¢ G. By the strict version
of the separating hyperplane theorem, there exists a vector 7 for which

E E Tw s’q § E Tw s’q |w
w s'es’ w s'es’

for all ¢ € G.
Define 7, , = }ﬁﬂwﬁl so that we obtain

Zp Z 7Tw s’q Zp Z 7TZ:J,S’qA(S/|("))7

s'es’ s'es’

for all ¢ € G.

Now define a decision problem with A* = S" and u*(w, a) = 7, ,. Then we may interpret
the functions g : S — A(S’) in the definition of garbling as decision functions g(-|s) € A(A*)
in the problem (A* u*).

Then, for any decision function g : S — A(S’), we have a garbling ¢, and the expected
utility from decision g is

Zp ) alskw) Y g(sls) Zp ) D u(w,8)q(s'|w)

seS s'es’ s'es’
V(S ), >§:p E: w,s')q (s'|w)
> max{Zp Zq |w Z | ) ( 73’) 1 g € A(S/)S}
ses s'es’

=V«&®4A7Wﬁ-

!By our usual notational abuse, u(d(s),w) = Y 4 d(a|s)u(a,w).




75

The first inequality obtains from d(s’) = s’ for all s’ € A* = S’. The second because each
function g : S — A(S’) defines a garbling, and because the maximum is achieved in the
compact set A(S’)%.

Now we proceed to show the converse.

Let (5',¢') a garbling of (5, ¢) and fix a problem (A, u). For any decision rule d' : S" —
A(A) we can consider the decision rule d : S — A(A) defined d(a|s) = > .o d'(als")g(s']s).

V((S.9); (A w) > pw) Y qlslw) Y dals)u(a,w)

wesd ses acA

= p@)Y alslw) Y Y d(als)g(s]s)ula,w)
we ses acAs'eS’

= pw) Y D dlals) ) alslw)g(ss)ula,w)
we s'eS’ acA seS

=D pw) Y D dlals)d(s'|w)ula,w)
weN s'eS’ acA

Since d' was arbitrary, we conclude that V((S,q); (4,u)) > V((5,¢); (A, u)). O

Lemma 64. The set GG is convex and compact.

Proof. First we show that G is convex. Let ¢ and ¢ be elements of G. So there is g, g with

q(s'lw) = > es a(s|w)g(s']s) and ¢(s'lw) = > cq a(s|w)g(s']s).
Then, for any A € (0,1),

Ad(s'lw) + (1= N)a(s'[w) =Y alslw)Ad(s']s)

sesS
+ 3 q(slw)(1 = X)g(s']s)
sesS
= q(slw)[\g(s']s) + (1 = X)g(s'|s)].
sesS

Hence the set G is convex.

In the second place, we show that G is compact. Since G is a subset of A(S")?, which
is compact, G is compact as long as it is closed. To show that G is closed, let ¢, be a
convergent sequence in G, and let ¢ = lim,,_o ¢,. Then there exists g, € A(S’)* for each n
with §(s'|w) = > ,c5 q(s|w)gn(s’|s). By compactness of A(S")® we may consider a convergent
subsequence of g,, and then conclude that ¢ € G. m

Information in games. Blackwell’s theorem explains what information means for single-
person decision making. More information is always preferable to less information, for any
agent who is making a decision in isolation. In a game, however, the situation can be very
different.

Think, for example, of a two-player game in which each player has two actions but where
the payoffs depend on the state of the world: w € {0,1}. See the games depicted below.
The two actions are C' and D for each of the players. If the state of the world is w = 0 then
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the payoffs make C' dominant for each player, and they both enjoy a payoff of 10 when they
play (C,C). The game is on the left below. If the state is w = 1, then they are playing a
version of the Prisoner’s dilemma: so D is dominant and they each get a payoff of —3 from
D, D. Suppose that both states are equally likely. Then in the absence of information, the
unique Nash equilibrium is to play C for an expected payoff of 4 (in fact C' is dominant for
each player).

D C D C
D | -10,-10 0,0 D | -3,-3]0,-10
C 0,0 10, 10 ¢ | —10,0 | —2,-2

Now if both players are informed about the state of the world, we expect them to play C'
if w=0and D if it is w = 1. Their expected payoffs in this case are 3.5 each. The players
are worse off with information than without.

The difference between this situation and Blackwell’s theorem is that when we are in a
strategic situation, less information allows players to “commit” to certain actions regardless
of the state of the world. In the example we just discussed, the players can commit to C'
even when the state of the world is w = 1. Such commitment can be beneficial.

Notes. The value of information, modeled as “comparisons of experiments,” was developed
by David Blackwell in two very influential papers: (Blackwell, |1951) and (Blackwell, |1953]).
See (Le Cam) |1986) for an overview of the literature in statistics.
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Bayesian games

Many economic models assume that players are asymmetrically informed. Players are privy
to information that other players do not have. Asymmetric information is ubiquitous. For
example, when a buyer and a seller meet, it’s very likely that the buyer knows better than
the seller how much she is willing to pay for what the seller sells; and the seller knows better
than the buyer how desperately she needs to sell.

To introduce the basic ideas, I will use a twist on the BTS vs StrayKids (BoS) game that
we used to illustrate Nash equilibria and best responses. Two friends are going to a concert:
either a BTS (B) or StrayKids (S) concert. Suppose that Player 1 has the same payoffs as
before: they prefer S over B, but would prefer to go to a concert with Player 2 over going
alone. Player 2, however, may or may not be the same good friend as they were before. It
is possible that Player 2’s payoff from going to BTS is larger than going to StrayKids, but
Player 2 still prefers joining Player 1 over going alone. It is also possible that Player 2 would
just rather go to the BTS concert, even if it means going alone.

There is then asymmetric information. Player 2 knows something about the game,
and about her payoffs, that Player 1 does not know.

StrayKids BTS StrayKids BTS
StrayKids 2,1 0,0 StrayKids 2,0 0,2
BTS 0,0 1,2 BTS 0,0 1,2
wo w1

We can capture the situation with a state space, as in our discussion of decision theory.
Suppose that there are two possible states of the world: Q = {wp,w;}. If the state of the
world is wq, then 2 has the “good friend” payoffs we assumed in our original formulation of
BoS. If the state is wy, then 2 has the my-way-or-the-highway, “BTS or nothing,” payoffs:
With a payoff of 2 from going B and 0 from S’; regardless of where Player 1 goes. Importantly,
Player 2 knows her payoffs and therefore knows the state of the world. Player 1 does not,
so we need to assign her some beliefs over €). Let’s assume she thinks that they are both
equally likely.

Now we proceed in a way that may seem counterintuitive. Player 2 actually knows what
the state of the world is, but when 2 thinks about 1, 2 has to think through 1’s reasoning
process. This requires some assumptions about 2’s beliefs regarding 1’s beliefs about the
state of the world. So 2 has to deal with the uncertainty that 1 faces, even though 2 does not

7
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face this uncertainty. Moreover, 2 has to think about what 1 thinks 2 would do if the state
of the world were different than what she knows it to be. Luckily, we already have a device
that can handle this kind of situation — it’s called a strateqy. We assume that 2 chooses a
strategy, a contingent plan, or function s, : Q@ — {B, S}, that specifies what 2 chooses in
either state.

OK, so what does 2 think about 27 In particular, what does 2 think about 1’s beliefs over
Q7 It is possible that 2 thinks that 1 believes that wy is more likely than w;. Alternatively,
2 could think that, with a probability of, say, 1/5, 1 is sure that the state of the world is wy,
and with a probability of 4/5, holds beliefs 1/2—1/2. Many other beliefs are possible, but we
are going to assume that 2 has correct beliefs about 1’s beliefs; thus, 2 assigns a probability
of 1 to 1 having the 1/2 — 1/2 beliefs that they actually possess. This assumption is called
a common prior.

Analysis. We’ll analyze the game and then use the analysis to infer a common and general
methodology. The bottom line is that we can reduce this seemingly novel situation with
asymmetric information to the standard theory of normal-form games that we have already
developed.

First, it is clear that in w; Player 2 will choose b, so we can pin down the strategy s, in
one state of the world, so(w;) = B. If the state of the world is wy, then 2’s choice depends
on what 2 thinks 1 will do. But if 1’s choice is B, then s3(w) = B, w = wy,w; is optimal.
If we denote by s; Player 1’s strategy, there is an equilibrium with s; = B and sy(w) = B,
W = Wo, W1-

Second, what if 2 in state wqy believes that 1 will choose S?7 In that case, it is optimal for
2 to choose sa(wp) = S. But is it optimal for 1 to choose S if she thinks that 2 will choose
sa(wg) = S and sg(wy) = B? This is a bet of sorts on the state of the world being wy, as 1
can’t condition her choice on the state of the world. We have:

1 1
U1(57 52) =-24-0=1

2 2
1 1 1
Ul(B,SQ) = 50 + 51 == 5

And we obtain a second equilibrium with s; = S, so(wp) = 5, se(w1) = B.
Finally, there is a mixed equilibrium in which 2 mixes in state wg. Obviously, 2 will not
mix in state wy. Let p = 09(S|wp). Then,

1 1
u1(S,09) = 52p + 50 =p

2
1 1 2—-p
uy(B,03) = 5(1—p)+§1 =5

So we obtain p = 2/3. For 2 to be indifferent, if we set ¢ = 01(.S), we need that ¢ = 2(1 — q)
so ¢ = 2/3. There is then a mixed equilibrium in which o4(S) = 2/3, 02(S|wo) = 2/3, and
O'Q(S|OJ1) = 0.
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The previous analysis is based on considering the players’ behavior from the perspective
of choosing strategies. The payoff from a strategy profile can then be obtained using the
prior over {2 and the players’ strategies. In other words, we reduced the situation to the
following bimatrix game:

SS SB BS BB
s [2,1/271,3/2] 1,0 | 0,1
B | 00 |1/2,1]1/2,1] 1,2

Here ab denotes the pure strategy for Player 2 of choosing action a in state wy and action
b in state w; (you could also write these as o3(ajwg) = 1 and o3(b|w;) = 1). The numbers in
the matrix are expected payoffs. Now you can replicate the previous analysis by looking at
the Nash equilibria of this normal-form game. In particular, it is clear that B.S and SS are
dominated for Player 2. You can then restrict attention to the resulting 2 x 2 game and find
three Nash equilibria.

When you look for a mixed-strategy Nash equilibrium in this bimatrix game, the players
will be mixing over pure strategies. When we discussed the example a little earlier, we found
an equilibrium in which Player 2 was mixing conditional on their type. Strictly speaking,
these are behavioral strategies for Player 2. The distinction is the same as the one we made
in our discussion of Perfect Information Games (PIGs). Similarly to PIGs, we will work with
the notion of mixing that is most convenient (for the games we consider, the two notions are
equivalent). Usually, the more convenient notion is that of a behavioral strategy.

The essential insight that we discover in our discussion of this Bayesian version of BoS is
that, using the notion of a strategy, we can apply the standard ideas that we have developed
so far in our analysis of games in which there are informational asymmetries. This will allow
us to greatly increase the scope of the theory that we have developed so far. It is usually
attributed to John Harsanyi, in a collection of papers starting from (Harsanyi, [1967). Many
economic applications are enabled by his methodological proposal, and you will see many
examples here and in the second half of Econ 201b.

Types. A crucial insight in the theory of Bayesian games is the notion of a type. Think
of the uncertainty over {wp,w;} and our two players 1 and 2. Player 1 has beliefs over €,
but they should also form beliefs over what Player 2 believes about €2, and what Player 2
believes that Player 1 believes, and so on. This seems impossible to get a handle on: In
general, Player 1 may have some “first order” beliefs over €2; and “second order” beliefs over
Player 2’s beliefs over €); “third order” beliefs over Player 2’s beliefs over Player 1’s beliefs
over €); and so on. This infinite sequence of beliefs, each over a more complex space, contains
all the information that we need to analyze the behavior of Player 1. Each such sequence is
called a type of Player 1. Similarly, we have types for Player 2.

In the BoS example, the players’ types are greatly simplified by the assumption of a
common prior. Player 1’s first order belief over (2 is that the two states are equally likely.
Player 1 knows that Player 2 knows the state of the world. Thus, Player 1’s second order
beliefs—Player 1’s beliefs over Player 2’s beliefs—are that, with probability 1/2, Player 2
knows the state to be wy (assigning then wy probability 1), and with probability 1/2, Player
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2 knows the state to be w;. And so on.

Player 2’s types are a little bit more interesting. If the state is wy, then they know this.
Thus, their first-order beliefs are degenerate, assigning a probability of 1 to wy. Their second-
order beliefs assign a probability of 1 to Player 1 giving each state equal probability. Their
third-order beliefs are that 1 will have the beliefs we described above regarding 2’s beliefs.
However, Player 2 has a sequence of beliefs that differ in their first-order belief (only) when
the state is wy, since they then believe this with a probability of 1. There are two types for
Player 2, each differing in their (correct) beliefs regarding the state of the world.

We can summarize the situation as follows: Think of 6 € €2 as a “type” of 2 who knows
that the state is w,. Player 1 has only one possible type, let’s call it 7. The key idea is
that each type also encodes players’ beliefs about the types of the other players.
Type 65 for Player 2 assigns probability 1 to state ws and to Player 1 having type 67. Type
07 of 1 believes that each (ws, 65) is equally likely.

A good analogy for types is a player’s hand in poker (or in most other card games).ﬂ
Suppose that each of four players gets five cards at random from a standard deck with 52
cards. The cards given to a player constitute that player’s “hand.” A player can have one
of many possible types or hands, and they choose what to play depending on the hand that
they were given. Given their hand, they form conditional beliefs about the other players’
hands. Given their beliefs about the others’ hands, they derive beliefs about what they may
play in the game. A player can also calculate second order beliefs about the other players’
beliefs regarding the different hands that each player may hold.

Bayesian games.
Definition 65. A (finite) Bayesian game is a tuple
(N, Q, (04, Ai, wi)ien, p)
1. N = [n] is the set of players.
2. The (finite) set € is the state space.

3. For each i, ©; is the (finite) set of types of player i, and A; is the (finite) set of available
actions. Denote © = x7,0; and A = x| A;.

4. For each i, u; : A x Q — R is i’s payoff function.
5. p € A(Q2 x ©) is the players’ prior.

The definition involves a common prior p. As we saw in the BoS example, a common
prior does not mean that players have the same beliefs about ) and others’ types. It does

'In fact, a good analogy of many things in life. To quote Kenny Rogers:
“You’ve got to know when to hold ’em, know when to fold ’em
Know when to walk away, and know when to run
You never count your money when you’re sittin’ at the table
There’ll be time enough for countin’ when the dealin’s done.”
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mean that, for example, if there are three players and player 1 has type 61, player 2 has 6,
and both of them know this, then they share the belief

p('|(91,62> - A(Q X @3)

about () and the type of player 3.

A strategy for player i in a Bayesian game (N, €2, (©;, A;, u;)ien, p) is a function s; : ©; —
A;. Let S; be the set of all strategies. Conceptually, strategies are analogous to the strategies
we discussed for PIGs. The strategy is a plan for which action to take depending on the
type that the agent may have. And, just like we had for PIGs, we have a choice in how we
model strategies and randomization: a mixed strategy is a probability distribution over S;,
an element o; € A(S;). A behavioral strategy is a function from types to randomizations
over actions, so o(-|0;) € A(4;) for each 6; € ©;. It is usually more convenient to work with
behavioral strategies, but the two approaches are equivalent.

Harsanyi doctrine The common prior assumption is usually defended on the basis of the
“Harsanyi doctrine,” which roughly says that any difference in beliefs should be attributed to
differences in information and can thus be modeled explicitly. Harsanyi says that we can take
a step back to a state before we acquired the information, and thus eliminate the disagreement
over the prior. For example, let’s say that you and I disagree on the temperature later today.
This, argues Harsanyi, should be attributed to our access to different sources of information.
Perhaps we looked at different news sources, source 1 for me and source 2 for you. However,
these can be incorporated as part of our type, with the disagreement over temperature traced
to the realization of different types for you and for me. I am of the type that gets my weather
prediction from source 1, and you are of the type that gets yours from source 2. As we go
back in this fashion, we would only stop when we have a common belief — a common prior [

9.1 Bayes Nash Equilibrium

We define a normal-form derived from a Bayesian game, just like the bimatrix game we
obtained in our BoS example. For simplicity, we assume a finite game, but many of our
applications are not finite. It will in any case be clear how to proceed.

Given a Bayesian game, the derived normal-form game is the game ([n], (S;, U;)icpn))
defined by letting S; be the set of all functions s; : ©; — A; and payoffs

Ui(s) =Y > pw, 01,0, )ui(s1(01), ., 50(0n),w),
w€e (01,...,0n)€EO
for all s € S.
Note how helpful the notions of type and strategy are here. They allow us to map
incomplete information games into the model that we have already been analyzing. The
notion of Nash equilibrium is then readily applicable:

2These points are discussed in (Harsanyi, 1968), who uses the word “attribute” instead of type. (Myerson,
2004) suggests instead that attributing differences in beliefs to differences in information, rather than a
non-common prior, just leads to more interesting economic conclusions. In any case, the common prior
hypothesis is not universally accepted ((Morris, |1995)), and there is ongoing interest in models without a
common prior.
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Definition 66. A Bayesian Nash equilibrium of a Bayesian game is a strategy profile
(01,...,0,) that is a Nash equilibrium of the derived normal-form game.

Interim payoffs. The payoffs U;(s) are calculated ex-ante: before the players’ types are
realized. For a player to choose a best-response to certain beliefs about other players’ strate-
gies involves selecting the function s;. Alternatively, we may view the problem of choosing
an optimal strategy as selecting an action for each possible type. Thus, choosing an optimal
action type-by-type, or “pointwise.” This is the interim perspective.

Player i’s tnterim payoff when their type is 6; and they plays a; is

E[Ui(ai,s—i(é—i),wﬂ@i]ZZ Z (p(w7é—i|0i>ui(31(0~1)a"~7

weN éiieeii

Si—l(éi—l)a Z3 3i+1(0~i+1)7 R sn(én)a W))
So s; is a best response to s_; iff for all 6;, s;(6;) maximizes the interim payoff of player i.

States, types and “signals.” In many examples, we may take {2 = x' ,0,. In fact, you
can think of this situation as being without loss of generality. For any profile of types 6,
consider the payoff function v;(a, ) = E[u;(a,w)|0] obtained by using the distribution of w
conditional on #. The analysis of the game can be carried out using these v; payoff functions
instead.

In many economic models, types 6; are interpreted as “signals.” Each player has access to
some source of information that communicates with the player by displaying a signal. The
source could be news, the outcome of some fact-finding effort, or it could be the result of
an experiment that sheds light on what the players do not know. The signal terminology
is consistent with our interpretation of types as embodying the players’ higher-order beliefs,
but this is often lost in the practical discussion of applied economic models.
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9.2 Applications

Many of the most important economic applications of game theory involve Bayesian games.
I will briefly discuss three of them.

9.2.1 A market for lemons

Consider a game between a seller (Player 1) and a buyer (Player 2) of a used car. The seller
is the current owner of the car and knows its true quality. The buyer is completely ignorant
about the quality of the car and thinks that all possible qualities are equally likely. Each
of the two players names a price simultaneously — or, if you want, each submits a sealed
bid (a sealed envelope with the bid written inside) and the bids are revealed after both have
been submitted. If the price named by the buyer exceeds the price named by the seller,
then the transaction takes place at the mid-point of the two prices. Otherwise, there is no
transaction. The seller drives home in the car, and the buyer continues on foot.

We model quality as the state of the world, so quality is w € [0, 1] = Q. The price named
by each player is a;, i = 1,2. This gives then rise to a Bayesian game: N = {1,2}. A, =R,
i=1,20Q=10,1], ©; = Q and O, = {#*}. The players’ payoffs are:

MTO‘Q—(.U if&l SG/Q
uy(a,w) =

0 if a; > a9

and

w—uFe2if gy < ap
us(a,w) =

0 if(Ll > Qo

The common prior p is obtained as the uniform distribution on
{(w,91,92) e x @1 X @2 W= 91,02 = 9*}

This is a game-theoretic version of the model in (Akerlof, 1970), one of the first papers to
study asymmetric information in economics.

The players’ strategies describe the choice of a price a; as a function of the player’s type.
So, S; consists of functions from [0,1] to R, and S, consists of numbers sy € R,. These
numbers are functions from 2’s only one possible type into R fJ

Fix a strategy ss for Player 2. We can calculate a best response strategy s; for Player 1
by considering the problem at the interim stage. Indeed, for a fixed #; = w, the seller can
achieve the payoff % — w by setting s1(#1) = a; < sy or 0 by choosing s1(61) = a; > ss.
Clearly it is optimal for 1 to choose s1(f) = s when s, > w and choose any s1(6) > sy when
So < W.

30ne difficulty we avoided by focusing on finite games is that we need to be able to calculation expected
payoffs. This was always possible in a finite game. But now there could be some measurability and inte-
grability issues. So implicit in S; is an additional restriction that ensures that we can calculate expected
payoffs: this will not really matter for our subsequent analysis.
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Lets consider then a pure strategy Bayes Nash equilibrium (sq,s2). Since s; is a best
response to sy, it must adhere to the behavior we have just described. Player 2’s payoff is
then

S2 _Sg

/052[91 - %(81(91) + 89)] df)y + /00d91 = / (01 — s5)doy = -

S92 0

Note that %"g < 0 when sy > 0, while 2 can always choose s; = 0 to ensure a payoff of
0. So (s1, $2) can only be a Bayes Nash equilibrium if s, = 0. It is also easy to see that, for
example, (s1,0) in which s1(6;) = 1 for all §; € ©; is a Bayes Nash equilibrium. In other
words, there are pure strategy Bayes Nash equilibria of this game, but none in which the car
is sold with strictly positive probabilityﬂ

What is going on? This example illustrates the phenomenon of adverse selection. The
buyer reasons, “I don’t want to buy a car from a seller who’d be willing to sell one to me.”
Any given price attracts adversely selected sellers: those types of sellers that have relatively
low-quality cars.

9.2.2 Voting in juries

A person is on trial for a crime. The jury is composed of n people, who have to vote on the
innocence or guilt of the accused person. We model the situation as a Bayesian game, by
assuming that there are two states of the world: w € Q = {I,G}. When w = G, the accused
is guilty. Otherwise, she is innocent. We assume a common prior on 2, according to which
each state is equally likely. The model is taken from (Feddersen and Pesendorfer, [1998)).

Each juror i observes a signal 6; € {i, g} regarding the innocence or guilt of the accused.
Suppose that

Pr(0; =glw=yg)=Pr(t, =ilw=1i)=p>1/2

and
Pr(6; = glw =1) =Pr(¢, =ilw=9)=1—p.

The signals are independent conditional on the state.

The jury operates under a unanimity rule for conviction. In criminal trials in the US,
a unanimous jury is required for a conviction. In particular, each juror votes for innocence
or guilt, choosing v; € {I,G}, and the decision is that the accused is convicted iff v; = G,
v =G,...,v, =G.

The jurors obtain a payoff given by the utility function u(vy, ..., v,,w), the same for all
jurors. Assume that this function takes the value 0 if the decision taken is correct: if a guilty
person is convicted or an innocent person is set free, and —1 if the decision is incorrectE]

Now, to analyze this game, we have each juror choose a strategy s; : {i,h} — {I,G}.
A natural conjecture is that we would obtain an outcome in which the jurors “vote their
signals,” meaning that s;(i) = I and s;(¢g) = G. This would ensure that the information the
jurors have regarding the state of the world is taken into account in the aggregate decision.

4Not all (81,82) with so = 0 are BNE. Make sure you see why.
5You can try modifying the model on your own so that the utility penalty is worse for the conviction of
an innocent person than for the release of a guilty person.
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Interestingly, the profile in which the jurors vote their signals is not a Bayesian Nash
equilibrium. The reason is that, when a juror evaluates how to vote, they need to realize
that the decision only makes a difference when they may break a unanimous decision. If
all the other jurors are voting their signal, this event means that all the rest of the jurors
obtained a guilty signal. So when an individual juror conditions on breaking unanimity, even
with an innocent signal, they are conditioning on n — 1 guilty signals. Hence, they should
vote guilty.

Let’s show this formally. Consider a juror i’s decision at the interim stage, and suppose
all other jurors vote their signal. When does ¢’s vote make a difference? In other words,
when is a juror “pivotal?” Well, given the unanimity rule, that only happens when all the
other jurors are voting ¢g. So in deciding which way to vote, the juror should calculate the
effects of voting one way or the other in the event that the other jurors are all voting guilty.
If 7 conditions on this event, the event that ¢ is pivotal, what is the posterior probability of
the person being guilty or innocent?

i ne g P p)y
Prlew = gl # (65 = 900 =1) = S T A i

p(l—p)n'1

(1 =p)g +p(l—p)" 'y

To compare these two probabilities, it’s convenient to divide one by the other:

Pr(w = g|(Vj #i)(0; = 9)0i =) _ p""'(1—p)
Pr(w =i|(Vj #i)(6; = 9)0; =4) ~ p(1—p)"!
— (L

1—p

Pr(w=1i|(Vj #1i)(0; =g)0; =1) =

)n—2 > 1

when n > 3.

After getting signal #; = ¢, and conditioning on the event on which i’s vote makes a
difference, voting v; = g gives a higher expected utility than v; = i. Therefore, the strategy
profile s;(0;) = 60; is not a BNE.

The previous argument shows that jurors voting their signals is not a BNE. So what is
one? It is easy to come up with (arguably) silly asymmetric equilibria. For example, imagine
that two jurors always vote to acquit regardless of their signal. You may check that this is a
BNE. But if we insist on a symmetric equilibrium, then it has to be in mixed strategies, and
we need to do some calculations in order to see what this is. It is actually a good exercise
to calculate a BNE because it involves using the indifference calculation to find a mixed
equilibrium in a situation that is more involved than the usual bimatrix game.

So let’s calculate a symmetric mixed strategy equilibrium. The first observation to make
is that someone who receives a guilty signal would never mix in equilibrium. The reason is
that mixing would require that the juror who received a guilty signal is indifferent between
voting to convict or voting to acquit. But then everyone who has received an innocent signal
would strictly prefer to acquit. If that is the case, when juror ¢ considers voting, and they
make the pivotality calculation about the probability of innocence or guilt in the event that
everyone else has voted to convict, the calculations are going to be the same as we made
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above for the putative “vote your signal” strategy profile. The juror will not want to vote to
acquit in that case.

OK so the only candidate for mixing involves the jurors who received an innocence signal
to mix, while they vote to convict for sure when getting the guilty signal. Let o(i) = n be
the probability of voting to convict after getting signal . There is no subindex on ¢ because
we consider a symmetric equilibrium and don’t want to confuse the label i for innocence
with the label of the player.

If a juror is to mix, they have to be indifferent. Consider the probability that they assign
to the accused being guilty conditional on the juror being pivotal (and on getting the i
signal):

Pr(w = g[(Vj # 1) (j votes C') and 6, = i) =

p+ (1 —=pn" (1 —p);
o+ (1 —p)n"t(1 —p)5 + [pn+ (1 — p)]"~'p3

Similarly,
Pr(w =i|(Vj # i) (j votes C) and 0; = i) =
[pn + (1= p))" 'p3
[p+ 1 =p)nl" (1 = p)5 + [pn+ (1 = p)]"'p3
For the juror to be indifferent, we need these two to be equal:

[p+ (1 —p)y" (1 -p)
[pn+ (1 —=p)]"~'p

=1

Y

or

p__pt-phn
I—p IL—p+pn

Note that a > 1 as p > 1/2, but as n grows a converges to 1. These calculations give us:

o= n7l

_p—a(l—-p) (+ap—-a
= (1+a)p—1 (I+a)p-—1 T

as n — 0.

So for a large jury, the probability that a juror who receives an innocent signal votes to
convict approaches one. It is, in fact, possible to show that in a large jury the probabil-
ity of convicting an innocent defendand converges to one as n grows (see (Feddersen and
Pesendorfer; (1998))).

9.2.3 Auctions

The basic model of an auction involves n possible buyers, termed bidders, and one seller of
a single, indivisible good. Each bidder i has a value 6; € [0, 1] for the good and quasilinear
utility for money. This means that her utility is 6; — p; if she gets the good and pays p;.
Importantly, the valuation of bidder 7 is known only to the bidder. It is their private
information. If the seller could know a bidder’s valuation, she could charge them this amount
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for the good (and would sell the good to the bidder with the highest valuation). Since she
does not know the valuations, she runs an auction. Suppose that all agents believe (according
to their common prior) that each valuation is drawn independently and uniformly from [0, 1].

You could, for example, imagine the seller just fixing a price p for the good and selling
it to the first buyer who is willing to pay p for the good. Then the good would be sold
with probability 1 — p™ (under our uniform assumption, with probability p a single buyer’s
valuation is so low that they do not want to buy; this happens for all buyers with probability

p™). Then the highest revenue that the seller can get is by setting price p = {/ n%l We'll see

that the revenue from an auction is higher: the auction is sort of a price discovery device.

I will discuss the two best-known auction formats: the first- and second-price auctions.
My aim here is just to illustrate how one applies the ideas we have developed for Bayesian
games. For a detailed exposition of auction theory, you may consult (Krishnal 2009).

First-price auctions. The first-price auction asks each bidder to submit a “sealed” bid
b; > 0 (sealed means that it is hidden from the other bidders). We can think of a profile
of bids b = (b1, ...,b,) as submitted simultaneously. The highest bidder gets the good and
pays her bid. The payoff to bidder 7 is therefore

0 otherwise

Here w = 6 = (04, ...,6,). These payoffs do not make sense when there is a tie, but ties will
happen with probability zero. You can modify the payoffs by assuming a tie-breaking rule
and verify that the analysis does not change.

To analyze this Bayesian game, we have each bidder choose a strategy s; : [0,1] — R,.
So b; = s;(6;) is i’s bid when her type is ;. Note that when the strategies are strictly
increasing, the good will go to the bidder who values it the most. The outcome is Pareto
efficient: for each realized profile of valuations, there is no way to re-allocate the good and
the money spent by the bidders in a way that makes all bidders better off.

We can consider the choice of a bid at the interim stage. So, fix a bidder 7 and a valuation
0;. Consider the choice of b; = s;(6;). Then ¢’s interim utility when bidding b; is:

where we are using the independence of bidders’ types when we use the unconditional dis-
tribution of #_;. Note the tension here between the two components of ¢’s expected pay-
off: 6; — b; is 7 payoff when winning the auction, which is decreasing in the bid; while
Pr{6_; : (Vj # i)s;(8;) < b;} is the probability of winning, which is increasing in the bid.
It is obvious that ¢ will not want to bid b; = ;. Bidders will “shade” their bids, choosing
b; < 6.

How do we find a BNE? We'll use a trick: guess and verify. We guess a linear and
symmetric equilibrium. In particular, we conjecture that

si(0;) = a + ;.
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Then

b — )nfl
v

So the interim problem becomes to choose b; < 6; in order to maximize

Pr({0-: : (V) # 1)s;(6;) < b:}) = (

bi — Ck)n—l

(0; — bi)(

The first-order condition is

b — o, b, — « 1
— " +91—bz n—l n2—:O
( 5 ) ( )(n = 1)( 5 ) 5
This gives
1bi—04 _9
— " Oé—b—i‘gi—bi n—1 :O,
7( S )" (@ = b1+ ( )(n—1))
or
— 10
n

Note that for this b;, it holds that b; > «. The objective function is locally concave at such
b;, and therefore the second-order condition is satisfied. You can also verify that it is never
optimal to set b; < « as that would guarantee the bidder that they never win the auction.

Now we need to verify that this coincides with our conjecture form for the bidding
functions. Indeed, ar/n = « requires ae = 0. Hence:

(n—1)6;

Si(ei) = n

and we are done verifying the conjecture.
We can calculate the amount of shading as

Bidders bid below their valuation, and the seller earns less than what they would if they
knew the bidders’ valuations. The bidders get away with an “informational rent” that is the
result of their private information. As n grows, however, the competition among bidders
decreases the amount of shading, and the revenue earned by the seller approximates what it
would be when valuations are known.

How would we go about figuring this out if we didn’t use the guess and verify trick? We
would consider a general strategy for each player. Assume that it is smooth and consider
the resulting first-order condition. This gives us a system of differential equations to work
with.

Second-price auctions. We can try to address bid shading by telling a winning bidder
that they only have to pay the second-highest bid: that’s the idea in the second-price auction.
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Each bidder submits a sealed bid b; > 0. The highest bidder gets the good, and pays the
second-highest bid. The payoff to bidder ¢ is therefore:

0; — max{b; : j #1} if by = max{b; :<j <n}
w;(b,w) = .
0 otherwise

Again, this formulation ignores ties.

In the second-price auction, there are good reasons to bid b; = ;. There is no strictly
better bid, regardless of how the rest of the bidders bid. We would say that bidding b; = 6;
is a “weakly dominant” strategy, meaning that any other bid cannot be better and may be
worse.

There are two cases to consider. These are illustrated in the next diagram, where b*, =
max{b; : j # i}.

b, b,

0 b; 0; b; 1

First, if ¢ chooses b; > 6;, what would change relative to bidding 6;7 Well, in the second
price auction, ¢ can’t affect what they pay when they win the auction. They can only affect
whether they win. If they win by choosing b; > 6; but would have won by bidding 6;, then
they were not hurt by bidding more, but didn’t gain anything either. If bidder « would not
win by bidding 6;, then it must be that the second highest bid b* is in between 6; and b; > 6;.
But that means paying b* > 6; for a good that is only worth 6,.

The second case to consider is to choose b; < 6;. But all that this can accomplish is to
lose an auction that they would have won (for a strictly positive gain) when bidding 6;.

So s;(6;) = 0; is weakly dominant. Hence a BNE.

As an exercise, you can look for other BNE of the second-price auction. These are kind
of silly, like the asymmetric equilibria that we discussed briefly in the model of voting in
juries.

Now from the perspective of the seller, what is best: the first or the second price auction.
The second price auction features no shading, but of course the price is not the highest bid.
It turns out that the revenue to the seller is the same in either format. This is an instance
of a general result, the revenue equivalence theorem.
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Chapter 10

Knowledge

10.1 States, knowledge and information

A friend of yours is playing a board game in a distant location. She throws two dice and
texts you their sum. So you receive a number between 2 and 12, but you face uncertainty
over the outcome of each individual die. You have received some information in the form
of the sum, but the information is not perfect. How can we model the knowledge that you
have?

In this example, we can take the set of states of the world to be

Q={1,...,6} x {1,...,6}.

The set of all possible outcomes from the roll of two dice. For any event £ C €2, when will
you know that E is true? For example, when will you know that the first die is = 17 Well,
only when the sum is 2. It is perfectly possible that the first die is 1 and the sum is 5, but
the sum being 5 is also compatible with the first die being 2. What about other numbers,
can you know that the first die is 57 No, because any sum that is compatible with the first
die being 5 is also compatible with other states of the world.

So, what can you know, and when do you know it?

®@00eeeoO
ee000®
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eeeeO®
eeeeeO
eeeeee®

123456

The figure illustrates the situation. In the figure, I have clustered together all the states
(dy,ds) € € that have the same sum by coloring them with the same color. These clusters of
states are the basic units, or atoms, of information that you have; anything you know has to
be formed from these basic atoms. For example, you can obviously know whether the sum
of the dice is 7, and you can also know whether the sum of the dice is an odd number. Such
events are, in fact, special because they can only happen if you know that they happen. We
shall call them self evident.

=N Wk OO

91
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You can know that the number on the first die is 1 (in state (1,1) and you are told 2),
or when this die is 4 or higher, which happens when the sum is 10 or higher; however, these
two events can also happen without you knowing.

State space. Let (2 be a (finite) set of possible states of the world. 1 will sometimes call
Q) the state space, or set of states. Subsets EF C (2 are called events. In the dice example,
the event that the first die is 1 is Fy = {1} x {1,...,6}. The event that the number in the
first die is divisible by the number in the second die is

Ey = {(17 1)7 (27 1)’ (27 2)7 (37 1)7 (37 3)7 (47 1)7 (47 2)a (47 4)7 (57 1)? (5a 5)7
(6,1), (6, 2), (6, 3), (6, 6)} .

Interpretation. We work with sets of states of the world as abstract sets, but we can think
of a state as a collection of statements about the world. For example, imagine a collection
S of statements such as “the inflation rate is above 4%),” “the democrats control the senate,”
“Liverpool wins the UEFA Champions League.” Each statement can be true or false. Then
the set of states of the world can be taken to be 2 = {True, False}® (or, more generally,
Q C {True, False}”).

Similarly, we can think of set containment as logical implication. If A and B are two
events, meaning that both are subsets of €2, then A C B means that A implies B. In the
example above, A could be the event that inflation is above 4% and Liverpool wins the
Champions League, while B is the event that Liverpool wins the Champions League. If we
know that A is true, then necessarily B is true.

10.2 A model of knowledge

We use a function K to describe what an agent knows: when E is an event, K(E) is the
event that the agent knows that the event E has occurred. So the agent’s knowledge is
summarized by a function

K: 2% — 2%
We often omit the parentheses and write K(£) as K E.

For each event E, K E is the set of states at which the agent knows that the event E has
occurred. Note that K F is an event as well, and we can talk, for example, about knowing
the event F' U K(FE), which would be the event K(FF UK E).

In the dice example, if we use K to describe the knowledge of an agent who learns the
sum of the two dice, then K £y = {(1,1)} and K Ey = {(1,1),(6,6)}. If Ej is the event that
the sum of the dice is less than or equal to 7, then K F5 = Ej.

Axioms for knowledge. The following five properties of a knowledge operator K are
called S5.

S0 KQ = Q.
S1 KANKB=K(ANB).
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S2 Aziom of knowledge. KA C A.
S3 Axiom of positive introspection. KK A = K A.
S4 Axiom of negative introspection. (K A)® = K((K A)).

To interpret these, imagine that K describes the knowledge of an agent named Alice.
Property S0 says that Alice knows that some state of the world has happened. Property
S1 says that Alice knows A and knows B iff she knows A and B. The axiom of knowledge,
S2 says that if Alice knows A, then A has indeed occurred. In this model, knowledge is
fundamentally deterministic, and Alice cannot be wrong in her knowledge. The axiom of
knowledge also says that the K operator “shrinks” sets: the event that Alice knows A is
always a smaller event than A itself.

The axiom of positive introspection, S3, says that Alice knows A iff she knows that she
knows A. Now, S3 puts a limit to the shrinking done by K, because once we shrink A by
applying K, the K operator does not shrink it further. In mathematics, this property is called
tdempotency. It has very important consequences for our study of knowledge because it
means that the range of K will be left invariant by K; in other words, these are fixed points
of the operator K.

The axiom of negative introspection, S4, says that Alice doesn’t know A iff she knows
that she doesn’t know A.

In your homework, you are going to prove that the properties in S5 are not indepen-
dent. In particular, that the axiom of negative introspection implies the axiom of positive
introspection.

Information functions. Given the knowledge function K, we may define an associated
information function P : Q) — 29 by

Pw)=({ECQ:KE>w}

The idea in this definition of P from K is that P(w) is the most basic, atomistic, event
that I know at w. In the dice example, when the sum is 3 I also know that the sum is odd,
but the knowledge that it is 3 is somehow more basic — “atomistic.”

In particular, if w’ € P(w) then when the state is w information doesn’t allow one to
distinguish between w and w’, even when w # '. If at w I could know that w’ has not
occurred, then there would be an event I know at w that does not contain w’, which would
contradict w’ € P(w). In this sense, P(w) is an atom, or the pixels that make up what we
can see and distinguish; P(w) cannot be broken up into smaller parts.

The two functions K and P are, in a sense, dual objects. I can obtain P from K, but I
can also recover K from P by letting

KE={weQ: Pw)C E}.

The idea here in getting to K from P is that the states in which the agent knows E are
those in which the agent knows an atomistic event that implies E. It is like knowing that
the sum of the dice is odd when I know that it is 1, 3, 5, etc.
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Think of the information function as a signal, as in our discussion of information and
Bayes correlated equilibrium. Recall that an information structure provides a random signal
for each possible state of the world. For example, in our model of jury voting, an inno-
cent /guilty signal is drawn with probabilities that depend on whether the state is innocence
or guilt. In an information structure, the signal depends deterministically on the state of
the world. Each set P(w) is a possible signal value that may be observed. The signal in an
information function is a simpler object than the information structures we discussed earlier:
If the state of the world is w, then the signal is P(w) with probability one.

When you think of the information function as a signal, then a prior belief over €2 results in
posterior beliefs for each possible signal value that may be received. Suppose that p € A(Q)
is a prior belief of an agent over the states of the world, and that the agent’s knowledge and
information is given by an information function P. Then when the state is w, the agent is
informed that the state lies in P(w). So the agent’s posterior belief is 11| p(.) with

_ MENPW))
M’P(W)(E) - ,u(P(w)) )
if u(P(w)) > 0, and arbitrary if pu(P(w)) = 0.

Partitional knowledge.

Definition 67. A collection of nonempty subsets E1, ..., Ex of € is a partition of () if:
Q= JfEr:1<k <K}
and E, N Ey = 0 for k # k' (pairwise disjoint).

When a collection IT = (E, ..., Ex) of subsets of Q is a partition, we call each element
E; a cell of the partition. For each w € () there is a unique cell of Il that contains w, which
we denote by IT(w).

A partition is a coarsening of {2 and a natural way to model knowledge. For example,
if €2 is the set of all countries in the world, one partition is provided by the classification of
countries into continents. Imagine that you are playing a geolocation game, and all you know
is which continent you are in. Then the partition into continents is a representation of your
knowledge. If, instead, you are provided with the last four letters of the name of the country
you are in, then you have different knowledge. Now you can’t distinguish, say, Uruguay from
Paraguay. But you can make some distinctions that you could not make before. Would you
have more information? Strictly speaking, no, because now you can’t distinguish Colombia
from Zambia; two countries that you could distinguish with continental knowledge.

Another analogy is visual. A partition P represents a “pixelated” view of the states of the
world. Someone with very good information will get close to identifying individual states
when they occur. They have an HD view of the world. Someone with less information
will lump together states into a coarse representation of state space. Think of the heavily
pixelated graphics of an Atari 2600 vs. a modern PlayStation.
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Definition 68. The information function P (and associated knowledge operator K) is par-
titional if the collection of events

{P(w) :w € Q}
constitutes a partition of 2.

When P is partitional, we abuse notation and denote the partition by P as well.

EXAMPLE 69. Suppose that a card is drawn from a standard deck. Player 1 is informed of
the suit and Player 2 of the number. Then Player 1’s information partition consists of four
elements, each containing all cards of a particular suit. Player 2’s information consists of 13
elements, each containing the four cards of each suit that feature a particular number.

ExXAMPLE 70. What does non-partitional knowledge look like? One example is drawn from
the Sherlock Holmes story “The Adventure of Silver Blaze” (written by Arthur Conan Doyle).
Holmes is of course a legendary astute detective. In this story, a mystery revolves around
the disappearance of a famous racehorse named Silver Blaze and the murder of its trainer,
John Straker. Holmes deduces a key clue from the behavior of a dog at the crime scene:
the dog did not bark during the night, indicating that the perpetrator was someone the dog
knew. This observation helps Holmes solve the case. The punchline is that it takes someone
as smart as Holmes to make a useful inference from the absence of a clue.
Here is a representation of the situation. The set of states of the world is

Q) = {bark, don’t bark},

and the information function

Plw) = {bark} if w = bark
{bark,don’t bark} if w = don’t bark

Note that this knowledge is not partitional because bark is viewed as possible whether the
dog barked or not. When the dog doesn’t bark, the agent considers it possible that the dog did
bark, as they cannot distinguish the “don’t bark” state from the "bark” state in that scenario.
In terms of knowledge, we have (K{bark})¢ = {don’t bark} and K((K{bark})) = (. So that
K fails the axiom (K A)¢ = K((K A)°).

Theorem 71. K satisfies S5 iff it s partitional

Proof. First, let K satisfy the axioms and define the information function P as P(w) =
({E C Q:KE > w}. We're going to show that the properties of S5 imply that the sets
P(w) are either identical or disjoint, thus forming a partition.

Note that for each F with KE > w, if w' ¢ KE, then K E is an event that contains w
and not w’. This would imply that w’ ¢ P(w). So

Pw)=({KE:ECQand KE> w}.
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In words, P(w) is the smallest element in the range of K that contains w. In particular, w €
P(w). By S1 (applied repeatedly), P(w) = K P(w). This implies that P(w)® = (K P(w))°
and thus by 54

K[P(w)] = K[(KP(w))] = (KP(w))* = P(w)".

For any w,w’ € Q, if w' ¢ P(w) then o’ € P(w)¢ = K P(w). So P(w)* is one of the events
in the definition of P(w'). Thus P(w') C P(w)®. Similarly, if w ¢ P(w’) then P(w) C P(w')°.

In contrast, if w' € P(w) then P(w) is one of the sets in the definition of P(w’) as
P(w) = KP(w). So P(w') € P(w). But then we must also have w € P(w') because
otherwise we would conclude that P(w) C P(w')¢ as above. Then ' € P(w) means that
P(w) = P(W').

Conclude that the sets P(w) contain w and are either identical or disjoint. So they form
a partition of (2.

Second, let’s prove the converse. Recall that KE = {w : P(w) C E}, so K satisfies S0
and S2 immediately. To prove S1, note that w € KANKB iff w € KA and w € KB iff
Plw)CAand Plw) CBiff Plw) CANBiff we KANB).

To prove S3 w € KK A iff P(w) C KK A iff for all ' € P(w), P(w') € KA. But since
K is partitional, P(w') = P(w) for all w’ € P(w). So P(w) C K A, which is equivalent to
we KA.

For S4, we must show (K E)¢ C K(K E)¢. Let w € (K E)°. This means P(w) € E.

To show w € K(KE), let w € P(w). Since P is a partition, P(w') = P(w) ¢ E.
This means that w’ ¢ KE, or w' € (KE). Since every ' € P(w) is in (K E)¢, we have
P(w) € (KE)“. Thus w € K(K E)". O

For the rest of these notes, we assume that K satisfies the S5 axioms, and that knowledge
is partitional. The partition is

{A: A€ P} ={Pw):weQ}

Recall that KE = {w : P(w) C E}. So the cells of the partition P are the atoms that
make up the sets in the image of K. As a consequence, if A = P(w) for some w, then
KA=A.

10.3 Self-evident events.

You’ll know when it happens, you won’t have to guess, All at once you’ll find
your heart is filled with happiness/[T]

An event A C Q is self-evident if KA = A. In words, the event occurs if and only
if the agent with knowledge K knows that it has occurred. Recall that K shrinks sets, so
an event fails to be self-evident only when there exists some state of the world w € A with
w ¢ KA. In words, if you know that A has happened, then it has happened. If A is not
self-evident, then it can happen without you knowing. In our example with the dice, the
event that one die = 1 is not self-evident precisely because there are states in which the first

“You’ll know when it happens,” by Frank Sinatra.
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die is 1 while the agent does not know that the first die is 1. In the example, the events of
the form {(wy,ws) : w1 + wy = s} are self-evident.

By positive introspection, the events K A are self-evident, for any A. In fact, these are
exactly the self-evident events: those that are images through K of some event. We may
also connect self-evidence with the agent’s information partition:

Proposition 72. An event A is self-evident if and only if it is the union of elements of the
partition P.

Proof. A is self-evident iff A=K A ={w: P(w) C A}. O

Algebras of events We have discussed partitions, but we will want to consider richer
collections of events. Imagine that A; and A, are two cells in a partition P. In terms
of the information of an agent, each event A; is a piece of information that the agent can
receive /| They are different values that an informational signal can take. Then we may want
to consider the event A; U A,, because it says that the agent either learns A or As. In terms
of our die example, we may want to talk about the agent learning that the sum of the die
is odd, or that the sum of the die is less than five. Similarly, we may say that an agent has
not received a particular piece of information. If A is a cell in a partition, the complement
of A is a meaningful event for the agent with the information P.

If we start from a partition and build up a collection of sets by taking unions and com-
plements, we arrive at a structure called an algebra. This line of reasoning starts from P
and is tailored to the information modeled by P. We could imagine an even richer collection
of sets, one that for example “breaks up” a cell of P in two. But an agent with information
P can never learn such events.

Definition 73. A collection of events ¥ is an algebra if it satisfies:
1. Qe
2. If A€ X then A° € 3.
3. If A,Be ¥ then AUB € .
EXAMPLE 74. Let ) be a finite set and £ C ). The following are all algebras:
o {0.Q}
e {0,E, E°,Q}
o 29,

EXAMPLE 75. Let X be a finite set and f : 2 — X a function. Let X; be the collection of
sets of the form
1A ={weQ: flw) € A}, for AC X.

Then ¥ is an algebra.

20f course, these are mutually exclusive. The agent either learns A; or Aj.
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Here’s an interpretation. Suppose that f : {2 — X is a signal that an agent may observe,
so that they get signal f(w) € X when the state of the world is w. Then Xy contains the
events that the agent is informed about.

Indeed, you can write the information of the two players in Example [69] in this way. Let
Q) be the set of cards in the deck. Player 1 gets signal f; : Q@ — {&, #,$, O}, while 2 gets
fo:Q—{1,...,13}.

Observation 76. For any algebra 3, {(,Q} C ¥ C 2.
Observation 77. If X1 and Y, are algebras, then so is 1 N .

As a consequence of these observations, for any collection S of subsets of €2, we can make
sense of the minimal algebra that is consistent with S. Indeed, S is contained in at least
one algebra, namely 22. So we can let Xg be the intersection of all algebras that contain S.
By our second observation, >g is well-defined and S C ¥g. We say that ¥g is the algebra
generated by S.

Digression: algebras and o-algebras. When you studied probability, you learned about
o-algebras. Why are we not working with them here? First, because () is finite, an algebra
is automatically a o-algebra. More importantly, the reason for using c-algebras is that
probability theory requires probability measures to have a continuity property: they must
be countably additive, which requires us to ensure that for any countable collection of events
in the algebra, their union must also be in the algebra. But here, with a finite number of
states, any notion of continuity is trivially satisfied.

In any case, many of the intuitions we gain from understanding information through alge-
bras of events carry over to o-algebras, and people often interpret o-algebras as information.
So what you are learning here might help you understand probability theory better.

Partitions and algebras of sets.

Proposition 78. If P is a partition, then the collection Xp of all sets that are unions of
elements of P is an algebra.

Proof. Let’s check the three properties in the definition of an algebra:

1) By the first property of partitions, {2 € Xp, as it is the union of all elements of P.

2) Let E € ¥p. So E is the union of some sub-collection P’ of P, then E° is the union
of the elements of P\ P’. The reason is that, for any w ¢ F, w is contained in an element
of P that cannot be in P’. Conversely, the elements in P that are not in P’ cannot intersect
any of the elements of P, and so cannot intersect £. Hence E° € Yp.

3) Finally, if | F' € Xp, then F is the union of elements Pg of P, and F' is the union of
Pr. So E'U F is the union of the elements of Pr and Pr; hence E U F € Yp. O

What does Proposition [78 mean for us? Suppose that P describes the information that
an agent has, meaning that if the state of the world is w, then the agent will learn, or know,
that the state of the world must lie in P(w), the element of P that contains w. Then ¥p
describes the events that the agent can talk about: the agent will know whether these events
are true or not. For example, if Q = {wy,wq,w3,ws} and P = {{wy,ws}, {ws,w3}} and we
consider the event {w;,ws, w3} then the agent can know that the event is true when the state
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is wy or wy, but the event could be false without the agent knowing. In contrast, the agent
can always know the truth or falsehood of the events in ¥p. The collection of events > p
is a coarsening of the collection 2 (which is itself an algebra), and corresponds to how the
agent’s information allows it to perceive the states of the world.

Along similar lines, consider Example [75] Think of f : @ — X as a state-contingent
signal that an agent may receive. Note that {f~'(z) : € X} is a partition of  and show
as an exercise that this is the partition generated by X;.

Given an algebra X, E € ¥ is minimal if it is non-empty, and there exists no non-empty
F € ¥ that is a proper subset of F.

Proposition 79. The collection of minimal subsets of ¥ is a partition, and it generates 3.

Proof. Let P be the collection of minimal subsets of 3. These are non-empty by definition.
It is also clear that any w € €2 must be contained in some minimal element of 3, so €2 is the
union of the elements of P.

Now consider two distinct sets, E, F' € P. Note that

FNE=(E°UF9)eX,

by the properties of an algebra. So we must have F' N E = () because E and F are minimal.

To show that ¥p = X, note first that X p C ¥ because X is closed under unions. Suppose,
towards a contradiction, that there is some E € ¥\Xp. Choose a minimal such E. Then there
exists F' € P, with F* C E. Since E was minimal £\ F' € ¥p. But then £ = FU (E \ F)
and hence E is the union of F' and of the elements of P that comprise £\ F' € ¥p. A
contradiction. O

An equivalent definition of the partition in Proposition [79|is by letting
P(u}):ﬂ{A:ABwandAEE},
and P = {P(w) :w € Q}.

Algebra of self-evident events Two simple consequences of Proposition [72| are

Corollary 80. Let Y be the collection of self-evident events. Then X is an algebra. In
fact, ¥ = Xp, the algebra generated by the partition P. And the cells of P are the minimal
self-evident events in X.

Corollary 81. For any A, KA € X, the algebra of self-evident events. In fact,
KA=| J{sex:sca}

Now the connections between knowledge (K), information (P) and algebra of self-evident
events (X) should be clear. For any E C Q, KE is self-evident, and conversely for any
self-evident F, E = K F for some event F'. Hence the algebra of self-evident events is the
range of K: ¥ = K 2%, This tells us how to go from K to ¥. Conversely, for any E, K E is
the largest element of ¥ that is contained in E.

As for ¥ and P, the smallest elements of ¥ are the cells of P. So we can recover P(w)
from ¥ by P(w) = ({5 € £ : w € S}. And we can get ¥ from P by successively taking
unions of the cells of P, basically completing P to ensure a collection of events that is closed
under unions and complements.
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10.4 Multiple agents

We now turn to a model with multiple agents, each of them endowed with information in
the form of a partitional knowledge function. That is, the primitive of the model will be a
tuple (N, Q, {K;}ien), in which N is a finite set of agents, 2 is a finite set of states, and each
K, satisfies S5. We will equivalently describe ¢’s information by means of a partition P;, or
algebra of self-evident events ¥J;.

EXAMPLE 82. Let = {w;, ws,ws}. Consider two partitions:

Py = {{wi,wa}, {ws}}

and
Py = {{Wl}v {WQ}’ {w3}}'

If these partitions describe the knowledge of two agents, 1 and 2, then 1 has less information
than 2. Agent 2 is, in fact, perfectly informed, while Agent 1 cannot distinguish state w;
from w,. These partitions give rise to two algebras of self-evident events:

Yp = {@, {Wh W2}7 {WS}a Q}

and
ZPQ = {@, {w1}> {w2}7 {w3}’ {wlv w2}7 {w1>w3}7 {w% w3}’ Q}

The better information held by 2 in comparison to 1 is reflected in the algebras of self-evident
events. Everything that is self-evident to 1 is also self-evident to 2. So ¥p, C Xp,.

If we now introduce a third agent with partition Py = {{w;}, {ws,ws}}, then we see that
the information held by 1 and 3 cannot be compared, but 2 has more information than both
1 and 3.

Definition 83. Let ¥; and Y, be two algebras of subsets of (2. Say that X is a refinement
of ZQ if
Yo C 3

When 3, is a refinement of ¥, we also say that Y5 is a coarsening of >, or that s is a
sub-algebra of ;.

Suppose that > is a refinement of >5 and let each ¥; be generated by the partition P,
1 =1,2. Then A € P, is always contained in 31, meaning it is the union of elements of P;.

Definition 84. The meet of two algebras is the finest algebra that is a coarsening of each
one. Their join is the coarsest algebra that is a refinement of each one.

Imagine that ¥; describes the information of agent i, ¢ = 1,2. Then the meet of ¥
and X, represents information that is self-evident to both agents. The join represents the
information that would be available to a hypothetical agent who has access to the information
of both individual agents.

Exercise. Show that the meet of ¥, and ¥, is their intersection >; N 5. Show that their
join is the algebra generated by their union.
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10.5 Common knowledge

Consider a finite set N of agents, each with a knowledge function
K;:27 =27  4ieN.

Suppose that each K; is partitional, with associated partition P; and algebra of self-evident
events ;.
Here is the definition we have been building up to:

Definition 85. An event A is said to be common knowledge at w € Q if for any sequence
11,19,...,1x € N it holds that

To parse this definition, think about each application of an operator K;. We say that i,
knows the event K, --- K;, A. What event is that? It’s the event that i, knows the event
K, -+ K; A. And so on. This must hold no matter in which order we consider the agents,
and also for orders that repeat the agents. For example, we need that “agent 3 knows that
4 knows that 5 knows that 3 knows that 4 knows A.”

Another aspect of the definition is worth reflecting on. Remember that K; A C A. So,
K;K;ACK; AC A And so on. For any sequence of applications of a K; operator, the set
in question either shrinks or remains the same, because we are requiring further and further
strings of “7 knows that j knows that A knows, etc.” If A is common knowledge at some state,
then the set of all such states (the set of states at which A is common knowledge) cannot be
further shrunk when we apply a K; operator to it. It’s shrunk all that it can shrink through
the application of some K;. In other words, such a set of states is left invariant by any of
the agents’ knowledge operators. This means that the event is simultaneously self-evident
for all agents.

EXAMPLE 86. Q = {w;,ws,ws,wy}
P = {{W1,W2}, {w37w4}}

Py = {{wi}, {wa, ws}, {wa}}
Py = {{wi,wa}, {ws,wa}}

EXERCISE. Find %; for 2 =1, 2, 3.

The partitions are represented in the diagram on the left. In red you can see the partition
of agent 1 and 3. These are the same. In blue you see the partition of agent 2.
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Suppose that the state is w; and consider Agent 1. She knows that the state is not ws, but
she cannot rule out that the state is wo. Therefore, she cannot rule out that Agent 2 thinks
that the state is ws. We can capture this by means of a graph (V, F) in which V' = Q and
(w,w’) € E if there exists some player i for whom P;(w) = P;(w’). For the example, there is
a path in this graph connecting w; and ws: (wq,ws) € E due to Agent 1’s information, which
does not distinguish between w; and ws. But (we,ws3) € E due to Agent 2’s information. So
we may reach ws starting from w; because, at state w;, Agent 1 thinks that maybe Agent 2
thinks that the state is ws. This situation is illustrated in the diagram on the right above.
A red arrow indicates the edge (wy,ws) and the blue arrow the edge (w2, ws).

Similarly, we can reach ws from w; by continuing the path we just started. When the
state is ws, Agent 3 thinks that the state could be wy. So we have a path wi,ws, w3, wy
because, at state wy, Agent 1 thinks that maybe Agent 2 thinks that maybe Agent 3 thinks
that the state is wy. In the graph, the last edge is shown with a red arrow. While 1 and 3
know that the state is not w4, the don’t know that 2 knows that they know it is not wy.

In the example, all states are reachable from any other state. This means that the only
events that can be common knowledge are the empty event and the trivial event, {2. Note
that if we look at the meet of the algebras of self-evident events for the three players, we
obtain

YiNYanX; ={0,Q}.
This is, of course, not a coincidence.
Let X = (), i be the meet of the player’s algebras. The events in ¢ are often called
public events. When such an event happens, it is known by all agents that it has happened.
Proposition 87. The following are equivalent:

1. EFeXe¢.
2. K;E=F foralli e N.
Proof. Recall that K;F = E iff £ € ¥;. Hence K;GE=FE it E€ Y, foralliiff E € ¥g. 0O
Recall that
KA=|J{Sex:5CA}L

So we may recover K; from the algebra of self-evident events. Analogously, we may define a
knowledge operator from Y. :

KeA=| J{SeSc: SCA}

Here K¢ is the common knowledge operator defined from K;, i =1,... n.

Observe that Ko A € ¥; for any i, so K; Ko A = K¢ A. Hence, it is common knowledge
at any w € K¢ A that A is common knowledge. So for any E € ¥, E is common knowledge
at any w € F.

Conversely, if F is common knowledge at any w € E, then £ = K; E for any i. So
E € (),%; = X¢. Recall that K; shrinks a set, so K; £ C E. Hence for £ to be common
knowledge at all w € E we need that K; ' = F.

Finally, by Proposition , Y¢ is generated by the partition formed by its minimal (non-
empty) events. Conveniently, we denote this partition by C.
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Reachability graph. Another way of thinking about common knowledge is through the
undirected graph G¢. Its vertices are the elements of () and there is an edge between
w,w’ € Q if there exists i s.t P(w) = Pi(w').

Let C(w) be the connected component of w; that is the maximal set of vertices in the
graph for which there exists a path from w. A path from w to W’ is a sequence of edges
(w1, w2), (w2, ws), (ws,wy), - .., (Wk_1,wy) such that w; = w and wy = W'

So C'(w) is the set of w' that can be “reached” in the graph. The use of the letter C' here
is no coincidence: C'(w) defines a partitional information function, and the corresponding
partition generates Yc.

Proposition 88. The partition defined by the information function C(-) is the partition of
the minimal events in Zc.

Proof. For each agent i, C'(w) is the union of elements of P;. Or,

Vi C(w) = J{P(w'):w' € Cw)}.

Equivalently, C'(w) € %; for all i. So C'(w) € ¥¢. If we prove that these are minimal, we are
done.

Let £ C C(w) and E € ¥¢. Then C(w) \ E € ¥¢. But by definition of C'(w) there is
some player ¢ that cannot distinguish between a state in F and a state in C'(w) \ E. Meaning
that there is a state in £ in which the player ¢ would not know that E has happened. Then
E ¢ %, which is not possible as Yo = [,y 2j- O

ExXAMPLE 89. Consider an example with
Q — {wla Wo, W3, W4, (U5}

and three agents. The agents’ information partitions are:

P = {{wi, w3}, {wa, ws}, {wa}}
Py = {{wi}, {w2,wa}, {ws} {ws}}

The following diagram on the left illustrates the agents’ partitions, with red for the first,
blue for the second, and green for the third. I have not drawn any singleton cells so as not to
clutter the diagram, but you can see that in the red partition, for example, w, is a singleton
cell.

W
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The diagram on the right shows the reachability graph with dark lines. We cannot reach
from w; or ws to any of the other states. So the reachability graph features two connected
components. One is {wy,ws} and the other is {wq,wy, ws}. So,

Clw) = {{wl,w;»,} if w=w,ws

{WQ,OJ4,(JJ5} ifw:w2,c<J4,w5.

At state wq, for example, the event {wy,ws} is common knowledge.
From the perspective of the algebras of self-evident events, we obtain

EC == {@, {wla Cdg}, {w27w47w5}7 Q}

To sum up:
Theorem 90. For w € ) and an event A, the following are equivalent.

1. A is common knowledge at w.
2. C(w) C A.
3. we KC A.

We have three ways of representing common knowledge: The operator K¢, the algebra
Y¢, and the partition C.

10.6 Digression: Conditional Expectations.

Fix a probability distribution over states, 1 € A(£2). Given a random variable X: Q — R,

we denote by E, X the expectation of X according to p. So E, X =" o X(w)p(w).
Consider an event B C w with u(B) € (0,1). You are already familiar with conditional

probability. We can calculate the probability of an event A C 2 conditional on the event B

as
n(ANB)

u(B)

And you are familiar with the conditional expectation, E [X|B], which is the expectation
E, (X calculated with respect to p(-|B). What is the meaning of E [X|B]? It is the
expected value of X once we know that the event B has occurred.

Now we will take a small step further, and suggest that we imagine an agent with very
simple partitional knowledge: this agent either knows that the event B has happened, or
that it has not happened. So their partition is { B, B¢}, with the resulting algebra of events
Yo = {0, B, B%,Q}. We can now consider conditional expectation as a random variable,
meaning that the expected value of X varies as w varies, as a function of what the agent
knows. In other words, the conditional expectation gives us, in each state of the world, the
expected value according to an agent with the knowledge described by the partition { B, B°}.

Formally, E [X %] : Q2 — R is a random variable:

1(A|B) =

X|B] ifweB

E
B X1 (w) = {E[X\BC] ifwé¢ B
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The definition makes sense more generally, for any algebra ¥; that describes an agent’s
information.The expectation of X conditioned on player ¢’s information at w is

D wrepy(w) M) X (W)
p(bi(w))

E[X[5] (w) = E[X[P(w)] =

Where we assume that pu(P;(w)) > 0.
Now we can make sense of, for example, the event that E[X|X;] = 5. What does it
mean? It is the event

{weQ:E[X[%](w) =5

In words, it is the event that, given i’s information, her conditional expectation for the
random variable X is 5.

EXAMPLE 91. Suppose that Q = {wy, ws, w3, ws, ws}, p is uniform, and X (wy,) = 5 when h
is odd and X (w;) = 10 when h is even. Suppose that an agent i’s knowledge is given by the
partition P, = {{wi,ws}, {ws, w5}, {wa}}. Then the event that E[X|3;] =5 is {w;,ws}, the
event that E[X|%;] = 10 is {w2} and the event that E [X|3;] <9 is {wy, w3, w4, ws }.

The next result is called the law of iterated expectations.

Theorem 92. Fix € A(Q) and an algebra of events ¥2. Let I be a sub-algebra of 3, and
let X: Q — R be a random variable. Then,

E [X|I] = E [E [X|3]|0].

Exercise. Prove the law of iterated expectations in the case where I = {0, S, S¢ Q} for
S € ¥. (Hint: write S as a disjoint union of elements of the partition that generates X:
§=U;P;.)

10.7 Application: Agreeing to disagree

Consider a finite set N of players and a finite state-space 2. Let N = [n]. Each agent is
endowed with a partitional knowledge operator K;, resulting in an algebra of self-evident
events ¥; on ). Each agent is endowed with a prior belief 1; € A(£2). The tuple

(N, Q, {pitien, {Xi}ien)
summarizes the primitives of the model.

Aumann’s Agreement Theorem. Suppose that y; = p for alli € N (a common prior),
and let X: Q2 — R be a random variable. Suppose that at wy it 1s common knowledge that
E[X|YX]=q fori=1,...,n and some (q1,q2,...,¢,) E R". Then g1 =g =+ = @n.

Proof. Let A; be the event that E[X|Y;] = ¢. By the hypothesis that E[X|Y%;] = ¢; is
common knowledge at wy, there is C' € Y = N;X; such that wy € C C N;A;. Hence,
E [X|%;] (w) = ¢ for all w € C. Thus, for all 4,

E[X|C] = E[E[X|%][C] = Blg/C] = g

Now observe that the left-hand side of this equation is independent of :. O
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Aumann’s version of the theorem was actually for the case that X is the indicator function
of some event. Indeed, if X = 1,4 for some event A, we obtain the following consequence of
the theorem.

Corollary 93. If two players have common priors over a finite space, and it is common
knowledge that their posteriors for some event A are q; and gz, then ¢ = qs.

10.8 Application: a no trade theorem

In the standard model of exchange that you studied in Econ201a, agents trade to satisfy
their mutual needs. You can think of such trade as “genuine.” Some agents have oranges and
want apples, while other agents have apples and want oranges. Thus, they can gain from
trading: exchanging goods to satisfy mutual needs. In a model with uncertainty, the agents
could, in principle, also speculate or trade based on information. If, after acquiring some
information, I become pessimistic about a particular company and you become optimistic, I
might sell you some of my shares in that company.

We might imagine that such speculative trades also reflect the mutual satisfaction of
needs. As we shall see, however, the status of speculative trades is fundamentally different
from genuine trades. My willingness to sell you my shares should make you ponder the
information that you and I have. Similarly, I should consider why you might be willing to
take the opposite side of the trade. Pushing this idea, we should ask whether willingness to
trade can be common knowledge (I know that you want to trade, I know that you know that
[ want to trade, etc.). We shall see that there is no way for mutually beneficial speculative
trades to be common knowledge.

Consider an exchange economy with n agents and ¢ goods. There is uncertainty, repre-
sented by a finite state space ). Each agent i has information about the state of the world
that is represented in the form of a partition over 2 with resulting algebra of self-evident
events ;.

Each agent i is described by (e;, u;, P;, m;) where ¢; : Q — Rﬁ is agent ¢’ state-contingent
endowment; u; : 2 X Rﬁ — R is agent ¢’ utility function; P; is a partition of {2 that describes
i’s information; and m; € A(Q) is i’s prior over 2. We assume that m;(w) > 0 for all w.

For z; : © — RY, we denote by

E.; ui(w,z;(w)) = Z i (w)u (w, ;(w))

weN

the expected utility of agent i from the state-contingent consumption x;.
A collection (z;)1; with z; : Q — RY is an allocation if, for all w € Q, >°7 | 2;(w) =

> i eilw).

An allocation (z;)!", is Pareto optimal if there is no other allocation (y;), such that
E, ui(w,z;(w)) < Equ;(w,y;(w)) for all ¢, and the inequality is strict for at least one 1.

A trade is a function ¢ : Q — R"™ such that Y t;(w) = 0 for all w € Q. A trade is
feasible if t;(w) + e;(w) > 0 for all w € €.
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Note that if e is Pareto optimal then there is no feasible trade ¢ such that
Erui(w, ei(w)) < Erui(w, e;(w) + t5(w))

for all 7, and the inequality is strict for at least one i.
A trade t is acceptable to agent i at wy € Q if

Er,[ui(w, e;(w)) | Pi(wo)] < Eq, [ui(w, ei(w) + ti(w))| Pi(wo)]

The next result is the no trade theorem. Imagine that the players have already exhausted
all the mutually beneficial genuine trades. This includes informative trades based on their
disagreements on the prior (I could sell you oranges in state 1 because I think state 1 is
much less likely than you do). The assumption that all gains from trade have been exploited
is reflected in the assumption that the endowment is already Pareto optimal. The version
of no trade that I am presenting here allows the agents to have different priors over the
state of the world, and they could trade based on that disagreement over prior. That trade
would be reflected in the endowments, which are the starting point for trade in the theorem.
What is important is that the agents all interpret signals in the same way, something called
“concordant beliefs” in the literature.

Theorem 94. Suppose that x — w;(w,x) is strictly concave, and that e is Pareto optimal.
If t is a feasible trade and it is common knowledge at wy that all agents find t acceptable,
then t(wg) = 0.

Remark 95. In fact, the proof establishes that it is common knowledge at wqy that ¢; = 0 for
all 7.

Proof. Let t be a feasible trade. Suppose that it is common knowledge at wy that all agents
find ¢t acceptable. Let

Gi ={w' € Q: Ex [ui(w, &;(w)) | P ()] < BEr, [ui(w, ei(w) + ti(w)) | P ()]}

be the event that 7 finds ¢ acceptable.
By hypothesis, since it is common knowledge that all agents find the trade acceptable,
there is C'(wp) € ¢ such that

C(Wo) Q ﬁ Gz
i=1

Let M = C(wy), and let 1), denote the indicator function for the set M: so

- 1 ifoeM
Ly (@) = -
0 ifwé¢ M.
For any i, M = C(wp) € X, so 13/(@) is constant over @ € P;(w) because P;(w) is either
contained in C'(wp) or in its complement. That is, P;(w) C C(wp) or Pi(w) C C(wp)®. In the
first case, 1)7(@) = 1 for all @ € P;(w), and in the second case, 1/(@) = 0 for all @ € P;(w)[]

3In other words, since M € 3;, for any w, the entire cell P;(w) is either inside M or outside M. Therefore,
on the set of states P;(w), the value of 1, is constant (either 1 or 0), and constants can be factored out of
expectations.
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As a consequence, we obtain the following fact: For any function f : 2 — R, and any
T e A(Q),
Ex[1(0) f(@)|Fi(w)] = 1ar (w)Er[f (@) Fi(w)].

(w

Let t* =t1y. So t*(w) =t(w) if w € M, and t*(w) =0 if w ¢ M. Now,

where the inequality follows because M C G;, and we used what we have established above
about taking 1,, outside of the conditional expectation.
Furthermore,

Er [Lare (W)ui(w, ei(w) + 17 (w))] = Er, [Lare (w)us(w, €(w))]-

Then

Er [ui(w, e;(w) + 1 (w))] = Ex, [Iyui(w, €;(w) + £ (w)) + Lyewi(w, e;(w) + ¢ (w))]
= En, [Lyui(w, e;(w) + ( )]+ Ex, [1arewi(w, ei(w) + 15 (w))]
> E. [Tvui(w, ei(w)] + Ex, [Lareui(w, e;(w))]
= B, [ui(w, ei(w)]

By strict concavity, if there is ¢ for which ¢} # 0 then we would have
Erui(w, ei(w) + 67 (w)/2)] > Ex, [ui(w, &;(w)],

as e; +t7/2 = (1/2)e; + (1/2)(e; + t7).

Of course, E,, [u;(w,e;(w) + t5(w)/2)] = Ep,[u;(w,e;(w)] for all ¢ with t* = 0, so the
existence of some i with tI # 0 would contradict Pareto optimality of endowments.

Hence t7 = 0 for all 1. O

10.9 Notes

The agreement theorem is due to (Aumann, 1976) and the no-trade theorem to (Milgrom
and Stokey, |1982)). You can read more about these topics in (Geanakoplos, 1994). The
no-trade theorem has deep implications for models of financial markets. The short survey
by (Serrano-Padial, 2016) provides a guide to the literature and discusses ways to avoid the
conclusion of the no-trade theorem.



Chapter 11

Extensive-form games

Hilbert’s hotel

The old man at the front desk looked up when the traveler walked in. The wind had pushed
the door open for him, and the night was black behind him. The neon sign outside blinked
VACANCY in a dull, electric hum.

“I need a room,” the traveler said.

“There is always a room,” the old man said.

The traveler set his bag down. It was heavy with dust and the weight of the miles. He
did not trust places that promised too much.

“How many rooms do you have?”

“An infinite number.”

The traveler did not like tricks. He had seen too many of them in too many places. But
he was tired.

“Are they all full?”

“Yes.” The old man tapped his ledger. “Every room is taken.”

The traveler sighed and reached for his bag. The road had no end, and neither did the
night. But the old man held up a finger.

“But I can still make space for you,” he said.

The old man picked up the phone. His voice was dry and slow.

“Room 1, move to Room 2. Room 2, move to Room 3. Room 3, move to Room 4.”

He did this forever. The traveler waited. The neon sign kept humming.

At last, the old man put down the phone. He slid a key across the counter.

“Room 1 is yours,” he said.

The traveler took it. He did not like this place. But it had a room, and that was enough.

In the morning, he would leave. He did not think about the others, shifting down the
line, room after room, moving always, never stopping, forever.

109
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11.1 Extensive-form games

Recall our discussion of PIGs, extensive-form games with perfect information. Compared
with normal-form games, PIGs are very different. In a PIG, we kept track of timing and
information: we had an explicit notion that players moved in sequence, and that when it
was one player’s turn to move they knew what those before had chosen to do.

Now we shall turn to a general model of a game in which such details are included, but
the model does not restrict us to PIGs. We'll relax the “perfect information” part. We are
going to allow for simultaneous moves, meaning that one player can make a choice without
knowing what another player picked, even when that player acted before them in the game.
In particular, after any history, it is possible that more than one player takes an action.

ExAaMPLE 96. First Player 1 chooses between In or Out. If she chooses Out, then the
game ends and they get a payoff of 2 each. If she chooses In, then they play the following
simultaneous-move game:

Player 2
L R
U 31 | 00
Player 1 : :
WYL To1 -1, -1

The following diagram represents the situation:
Player 1

Out

Player 1

(3,1) (0,0) (0,1) (—1,-1)

The model will involve two sets: N and A, with N being the set of agents and A the
set of possible actions. A set H will comprise all the possible histories in the game: a
special history ) € H is called the initial history, and a subset Z C H are the terminal
histories.

A function P : H\ Z — 2" describes the set of players who move after each non-terminal
history. This is an important departure from PIGs. In a PIG, there is a single player moving
after any given non-terminal history. Here we shall allow for more than one player to move
simultaneously. The idea is that when two players move simultaneously, they do not know
what the other player is choosing to do — like in our discussion of normal-form games.

A history is either the null history (), or a sequence

h=(a,a,...),

with each a, being a tuple of actions from A. That is, for each g, there is a collection of
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players I C N with
a, = (ai,t)z’el
Specifically, if h,_; = (a,,as, ...a, ;) is a non-terminal history, then a, € A”("-1) where
P(hy_1) is the set of players who move after the history h; ;.
The definition of subhistory is the same as in the model of PIGs. We define the null

history to be a subhistory of all histories.
A set of histories H is well behaved if:

e If h is a subhistory of A’ and h' € H, then h € H.
o If for any ¢, (a;,a,,...a,) € H then the infinite sequence (g,) is in H.

o If h=1(ay,...,a,) € H\ Z then there is, for each i € P(h), a set A;(h) C A such that
for any a € [];cp) Ai(h) the history (ay, ..., q,,a) is also in H.

) ZEny =

Definition 97. An extensive form game is a tuple
I'=(N,A H, P {ui}ien)
1. N is the set of players.
2. A is the set of actions.

3. H is the set of histories satisfying the requirements we’ve described; Z is its set of
terminal histories.

4. P is a function from H \ Z to 2V \ {0}.

5. For each player i € N, u; : Z — R is i’s utility (or payoff) over terminal histories.

Strategies and normal form. The idea of a strategy is, as you know well by now, very
important. Here we need to describe all the opportunities in which a player may be required
to take an action, and then define strategies to be a complete plan for how to choose in each
of these opportunities.

For each player « € N, let

H,={he H\Z:iec P(h)}

be the set of histories at which ¢ moves.
A strategy for player i is a function s; : H; — A for which

Let S; be the set of all strategies available for player .

Given the sets of strategies for each of the players, we can define a normal-form game
that we obtain from the extensive-form game.

A strategy profile is a collection s = (s;);en of strategies for each of the players. Given
a strategy profile s in game I', we have a terminal history h(s) € Z. This history is called
on the path of s.
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Figure 11.1: Two Nash equilibria

To each strategy profile s we associate a utility /payoff of u;(h(s)) for player i. We abuse
notation and write this as u;(s).
Thus we obtain a normal-form game (N, (S;, u;)icy) defined from I'.

Definition 98. A Nash equilibrium of an extensive-form game I' is any Nash equilibrium
of the normal-form game defined from TI'.

ExXAMPLE 99. Consider the same game as in Example [06] The normal form of this game
can be represented as the following bimatrix game.

P2
L R
ouU 2,2 2,2
OD 2,2 2,2
Pl ) )
IU | 3,1 0,0
ID | 0,1 |-1,—-1

One Nash equilibrium is (OD, R). This equilibrium is shown with red arrows on the left
in Figure [11.1]

The problem with (OD, R) is that it presumes that Player 1 believes that Player 2 would
play R in response to Player 1 choosing In. This does not make sense. The alternative
Nash equilibrium (illustrated on the right in Figure does not have that problem. In
Section [I1.2] we are going to formalize the requirement that is satisfied by the equilibrium
on the right but not by the equilibrium on the left.

The notion of an extensive-form game raises a few questions. The first concerns the
definition of mixed strategies. We understand what a pure strategy is, and a mixed strategy
is simply a probability distribution over pure strategies. But an alternative way of choosing
actions at random is possible.

In Example [09] one possible mixed strategy is to play OU and ID, each with probability
1/2. Alternatively, Player 1 could choose a mixture between O and I at the initial history,
and then a mixture between U and D at history h = I, if she gets there. To replicate the
first mixed strategy, she could play O and I with probability 1/2 each at h = (); and then
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D with probability 1 at history h = I. The latter is termed a behavioral strategy. These
are usually easier to work with.

Definition 100. A behavioral strategy for player ¢ is a function that maps histories
h € H; into probability distributions over A;(h). A behavioral strategy o; maps h € H; into
ai(h) € A(A;(h)).

A profile 0 = {0, : i € N} of behavioral strategies induces a probability distribution over
Z. So does a profile of mixed strategies. Kuhn’s theorem states that behavioral and mixed
strategies are “outcome equivalent” in games of perfect recall. I am not going to define what
a game of perfect recall is — suffice it to say that all games in Econ201b are of perfect recall.
We’ll not discuss this further and simply work with behavioral strategies.

11.2 Nash equilibrium and subgame perfect Nash equi-
librium

Nash equilibrium is a normal-form concept. We know how to write down the normal-form of
an extensive-form game (we first obtain the players’ strategies, and then associate a payoff
to each strategy profile). The notion of Nash equilibrium then follows: A strategy profile o*
is a Nash equilibrium if, for all i, o7 is a best response to beliefs y;, and p; coincides with
o, (the probability that u assigns to each profile s is []; 07(s;)).

When s is a pure-strategy Nash equilibrium, h(s) is the equilibrium path of s. We used
this terminology when we discussed PIGs. The equilibrium path is the sequence of actions
that are actually taken when the players follow the strategies in the profile s.

A subgame of an extensive-form game I' = (N, A, H, P, (u;);en) is a game that starts
after a given finite history h € H.

Definition 101. The subgame T'(h) associated with h = (hy,...,h,) € H is T'(h) =
(N7 A7 Hh’ Ph: {ui,h}iEN)7 where

Hh = {(al,aQ,...) : (hl,...,hn,al,ag,...) & H},
Py (h') = P(hK') for all non-terminal b’ € Hy, and w;, = w;(hh’) for any terminal b’ € H.

A behavioral strategy o; of 7 in I defines a behavioral strategy o;(-|h) of I'(h) by o;(R'|h) =
O'Z(hh/)

A subgame perfect equilibrium (SPNE) of T is a strategy profile 0* such that for ev-
ery subgame I'(h) it holds that o* (more precisely, its restriction to Hj) is a Nash equilibrium
of I'(h).

So o* is a SPNE iff its restriction o*(-|h) is a SPNE of I'(h), for all subgames I'(h).

Finite horizon games. An extensive-form game has a finite horizon if there is a bound
on the length of any history in Z. In these games, SPNE can be found through “generalized
backward induction:”

Order subgames, so that subgame G(h) comes later than G(h') if A’ is a sub-history of
h. Then in a finite finite-horizon game, there will be a collection of last subgames. We can
find a Nash equilibrium for each of these. Fix the resulting strategies. Then consider the
next-to-last subgames.
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Twice-repeated PD. As an example, consider the twice-repeated prisoner’s dilemma.
This is a game in which two players first play prisoner’s dilemma. Then they observe the
outcome (the strategy profiles that were chosen). Then they play prisoner’s dilemma once
more. The payoffs obtained are the sum of the payoffs obtained each time that they played
prisoner’s dilemma. Consider, in particular, the following version of prisoner’s dilemma:

D C
D [ 0,0 [3 -4
C | —4,3] 2,2

Exercise. Write twice-repeated PD formally as an extensive-form game. Write down the
set of pure strategies for both players, and calculate how many subgames there are.

To find the SPNE of this extensive-form game, we can follow the algorithm that we
suggested above; the generalized backward induction algorithm. There is a subgame after
the history () (namely the game itself) and one subgame after any outcome (aq,as) the first
time they play the game. Each of these second-period subgames has, as unique NE, (and
of course SPNE): (D, D). If we plug in these payoffs for each of the “later” subgames (the
subgames for the second time that the players play PD), we get for the earlier (h = ()
subgame:

D C
D[ 0+0,0+0 [3+0,-440
C | =440,3+0] 240,240

Clearly, there’s still a unique SPNE: (D, D). So, this procedure finds a SPNE in which each
player plays D after any history.

Exercise. Find the SPNE of T - times repeated PD, for any finite positive integer 7'
(Suppose that players’ payoffs are the sum of the stage-game payoffs.)

Twice-repeated PD with bombing. Consider instead a variation of PD. Each player
now has the opportunity to set off a small bomb, which has negative consequences for both
of them. The game is as follows:

D C Bomb
D 0,0 3,—4 —10,—-10
C —4,3 2,2 —10,—-10

Bomb | —10,—10 | —10,—10 | —10, —10

PD with bombing has a second pure-strategy Nash equilibrium, namely (Bomb, Bomb).
In consequence, there is a choice of Nash equilibria for the different second-stage subgames.
We can have the players play (D, D) in some subgames and (Bomb, Bomb) in others. This
will allow us to construct different SPNE because we can promise (credibly!) different out-
comes the second time the game is played depending on what is played the first time.

To be specific, choose (B, B) to be the outcome after any history other than (C, C'). Then
we get:
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D C Bomb
D | —-10,—10 | =7,—14 | —20,—-20
C | —14,—7 2,2 —20, —20
Bomb | —20,—-20 | —20,—20 | —20, —20

The corresponding strategies are

si(h) = C ifth=0orh=(CC)
B otherwise

Since both (Bomb, Bomb) and (D, D) are Nash equilibria of the second-stage subgame, the

strategy profile is a SPNE. By choosing different combinations of Nash equilibria for the

second-period subgame we can obtain different SPNE.

Exercise. Find all pure-strategy SPNE in PD with bombing.

What’s the message of PD with bombing? Future equilibrium multiplicity can be used
to incentivize the players. The (D, D) becomes a reward, and (B, B) a punishment. This
serves to enforce the desired outcome of (C, C'). Note that the rewards and punishments are
credible because they are equilibrium outcomes. That’s the point of SPNE.

11.3 Self-confirming equilibrium

SPNE is a refinement of Nash equilibrium. It imposes Nash equilibrium, which pertains
to the normal-form of the game, together with additional requirements that arise from the
information contained in the extensive-form game. But there are times when the extensive-
form suggests that we may want to weaken the assumptions behind Nash.

Consider, for example, the “horse” game in Figure [I1.2

3,0,0 0,3,0 3,0,0 0,3,0
Figure 11.2: A “horse” game illustrating heterogeneous off-path beliefs.

In the horse game, it is plausible to imagine Player 1 choosing C' because they believe
that Player 3 plans to choose R, and Player 2 choosing ¢ because they believe that Player 3
plans to choose L. Such beliefs are ruled out in a Nash equilibrium because Players 1 and
2 must have the same (correct) beliefs about what Player 3 plans to do if it were Player 3’s
turn to make a choice.

We can, in fact, imagine that 1 and 2’s inconsistent beliefs about 3’s behavior never get
corrected because the strategies that they choose rule out 3 making a choice. If they could
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observe 3’s choices, they might learn what 3’s decision would be if it came to 3 making a
choice. I proceed with a formal definition of the notion of self-confirming equilibrium.

Let I' = (N, A, H, P,{u;};en) be an extensive-form game. Let X; be the set of behavioral
strategies for player i. We let S;(0;) denote the set of pure strategies that are played with
strictly positive probability when player ¢ chooses the behavioral strategy o;. Given a strat-
egy profile ¢ € x,%;, let H(c) C H denote the histories that are reached with positive
probability when players’ actions are dictated by o.

Definition 102. A profile o of behavior strategies is a self-confirming equilibrium of I’
if:

1. Each s; € S;(0;) is a best response to beliefs p; € A(x;%;).

2. Beliefs p; satisfy:
pi{o-i: 0;(h) = oj(h)}) =1,
for all j # i and h € H(s;,0_;) N H;.

Remark 103. In a self-confirming equilibrium, each pure strategy that is played with positive
probability by the mixed strategy associated with o; is justified by some beliefs that are
correct on the histories that are reached with positive probability. Observe that a Nash
equilibrium requires beliefs to be correct everywhere, including at histories that are never
reached.

11.4 Digression: Intertemporal preferences

Utility functions are often more convenient to work with than preferences. If X is a set
and = is a preference relation (a complete and transitive binary relation) on X, we say that
v: X — R is a utility representation of = if v > y iff v(z) > v(y). I am bringing this up
now because I want to focus on some special kinds of utility representations.

First, think about preferences over a product set. Let > be a preference relation over
X = Ax A, where A is a set. We say that = admits an additively separable representation
if there are functions vy : A — R and vy : A — A such that (a1, a2) > (@}, d}) if and only if
vi(ay) + ve(az) > v1(a)) + va(ah). This means that v = vy 4+ vy is a utility representation of
.

More generally, the same idea works for an arbitrary finite product set. This would be a
set of finite sequences. So let X = AT. Think of X as a set of sequences, or (in the current
context) terminal histories. A preference relation > on X admits an additively separable
representation if there exist functions v; : A — R such that

(a1,...,ar) = (a1,...,ap) iff th(at) > th(aé).

= t=1

In other words, v = Ethl vy is a utility representation of >.

There are axiomatic foundations for additively separable utilities. These essentially de-
scribe the behavioral content, or the testable implications, of assuming such preferences. An
axiomatic justification of additive separability is, however, beyond the scope of these notes.
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Now, a special case of additively separable preferences is when we take all the v; to be
the same function. We will do this when we look at finitely repeated games, such as the
twice-repeated prisoner’s dilemma. In these games, we let v; = u, with v being the utility
function of the stage game (the game that is being played repeatedly).

For infinitely repeated games, the situation is more complex and more interesting. We
want to allow patience to play a special role. So consider a preference relation > defined
on AT, where T = oco. Suppose, to avoid any technical complications, that A is a finite set.
The preference relation is over infinite sequences aq, as, ... with a; € A for all t > 1. We can
still make sense of additive separability, so that the preference relation is represented by a
function »".°, v(a;). But we need to be more careful now to ensure that this infinite series
is convergent. The usual assumption in economics is to assume a bounded per-period utility
(which is automatic when A is finite) and a discount factor that is strictly less than 1.

A preference relation admits a discounted utility representation if there exists u : A —
R and a discount factor 0 € [0,1) such that

(ay,aq,...) = (ay,ay...)iff (1—9¢ Zét ! (1—6)26“%(@2).
=1

The formula for discounted utility is hopefully familiar to you. The (1 — 0) factor is a
convenient normalization. It means that (1—4§) Y 2, 6! = 1. So, for example, if a; = a for
all ¢ and utility is constant, then the discounted utility is exactly the constant utility u(a.

Note also that I have defined discounted utilities for sequences that start at time ¢ = 1.
You may also encounter models where time starts in period 0. Then we get sequences
o, a1, Az, . .. and the formula for discounted utility is (1 —8) >~ 6" Tu(ay).

The discount factor § € (0, 1) has a couple of different interpretations. You can think of
0 as reflecting a pure time preference: a “util” tomorrow is worth less than a “util” today.
That’s the meaning of impatience. It could also reflect a financial consideration if utility is
somehow associated with monetary consumption. By not consuming today, I can invest the
money and get more consumption tomorrow. So consumption tomorrow has to be worth
less than today. If the returns to a (risk-free) financial investment is 7, then we would get
§ = (1 +r)~!. Finally, we can interpret § as the probability that the game will go on for
another period, and 0*u(a;) as the expected utility from the action taken in period t.

Finally, you can think of preferences with a discounted utility representation as coming
from two separate steps: The function u translates action profiles into “utils,” which are
real numbers. When u is bounded, a sequence (a;) maps into a bounded sequence of real
numbers {u(a;) : t = 1,...}. The set £ is the space of all bounded real sequences. It is a
(infinite dimensional) vector space. For ¢ € [0, 1), the mapping

(z1) = (21,72, .. ) HZ 0)0"
t=1

is a linear function on the vector space ¢°°.
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Continuity at infinity Consider a preference relation on the set A”, with 7" = oo, and
with a utility representation v. We say that v is continuous at infinity if

tlim sup{|v(h) — v(h)| : h,h € AT and
—00
B = (. ) = (@, ) = b} =0

The definition says that utility differences between two histories that agree up to t are
negligible when t is large. In other words, consequences that occur arbitrarily far away in
the future have negligible effects on utilities.

Proposition 104. Suppose that u is bounded and that v takes the discounted form

v(ar,...) = (1=0)> 6 u(a),
t=1
for 6 € [0,1). Then v is continuous at infinity.
Proof. Let ay,as,... and a},a,,... be any two sequences that agree on ¢t = 1,...,7. So

ap=ajfort=1,...,T Let M > |u(a) — u(a)| for all a,a’ € A. Then,

oo o0

[v(ar,...) —vlay, .. ) =1 =8) Y & tula) — (L—06) Y 6" u(a))
t=T+1 t=T+1

<(1=0) D 0" ular) — ua))]
t=T-+1

<SM1-06) Y ="M

t=T+1

Since § < 1, we have limg_,o, 67 M = 0. O

11.5 Application: Rubinstein bargaining

Consider two agents who are bargaining over how to split a common valuable resource, like
a dollar, an asset, or a pie. Let’s say a pie. The pie is of unit size and infinitely divisible.
The two players take turns in making offers for how to share the resource. If it’s time t,
and it’s player i’s turn to make an offer, the player will offer a split (z;, 1 — x;), with z;, for
1 and 1 — x; for 3 —i. Both players discount future utility with a common discount factor
J€(0,1).

Finite T When T is finite, the game is a finite PIG like the ones we know how to handle.
We can use backward induction to arrive at a solution. At time 7', the proposing player
(proposer) will offer the split (1,0) and the receiving player (receiver) will accept. Now we
reason by backward induction: suppose that at time ¢+ 1 proposer will offer (z;,1,1 —z441),
which will be accepted. Then at time ¢, proposer will offer (z;, 1 — x;) with 1 — x; > dx444,
which will be accepted. So she will offer 1 — x; = dxy11; hence xy = 1 — dxyyq.
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To sum up, the sequence of offers would be:

zr =1
rr_1=1—-90
Tro=1-061-8)=1-0+6
2 3=1-061-6+6)=1-6+6-¢°

rro =Y (—1)767

=0

So Player 1 at t = 1 offers

T-1
1—(=1)Ts"
r= Y (e =20

7=0

+(—1)Te6T

and it is accepted immediately. Player 2 gets 1 — z1 = =5

Observe that when 7" — oo this split approaches

1 )
133

This fact will soon be relevant.

Infinite horizon Now we turn to the infinite horizon version of the game. So, T' = oo.
This game is “stationary” in the sense that after any finite number of periods has passed,
the remaining subgame is identical to the whole game. In particular, if at any point Player
1 makes an offer that is rejected, Player 2 is in the exact same position as Player 1 was
when they made the offer. Any two subgames are isomorphic: they are identical up to a
re-labeling of time and of players. This is the Hilbert hotel situation that I alluded to at the
beginning of these notes..

Consider then any subgame and let V' be the expected discounted payoff of the proposer
at any time ¢ + 1. At time ¢, the proposer will offer 1 — x;, = V. The offer will be accepted
because the receiving player has nothing to gain from rejecting the offer. So the proposer
gets xy = 1 — dV. But since the game is identical at ¢t and at ¢t + 1, we see that V' =1—9V.

Or:

1
V_1+5'

So the outcome is (1/(1+0),0/(1 +9)).
Note that this outcome coincides with the limiting outcome of the finite-horizon version
of the game, as we take the finite horizon to grow to infinity.

11.6 Repeated games

Let Gy = (N,{A; : i € N},{u; : i € N}) be a normal-form game, and, as usual, let
A = Tl,cy Ai- The Gy is the stage game. We only consider games in which A is compact
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and each wu; is continuous. Actually, most of the time we assume that A is finite. Let T
be the number of periods (or repetitions) of the repeated game. T can be either finite or
infinite.

Definition 105. A T-repeated, §-discounted, game of Gy = (N, A,{u;}ien) is the
extensive form game I' = (N, A, H, P, {u;};cn), where

e P(h)y=Nforallhe H\ Z.

e The set of histories H has terminal histories Z = AT (recall that Z uniquely determines
H as the set of all prefixes of 7).

e § € (0,1] is the players’ discount factor
e v;: Z — R is a payoff function of the form v;((a,);) = (1 —6) 32, 0" ui(a;)

We call Gy the stage game of T'.

In this definition, when 7" = oo we require that § < 1 so that discounted utility is well
defined. And when T is finite, we usually take d = 1.

Note that we use a and s here very deliberately. We call an element of A an action
profile, and an element of S a strategy profile. We ned to keep these apart. If we were
analyzing GGy as a stand-alone game that is played once, we would want to say that the
elements of A are strategies, but now we want to stress the difference between the actions
taken each time the stage game is played and the repeated-game strategies.

Given a strategy profile s, we obtain a terminal history z € Z, and (abusing notation)
write v;(s) for v;(z). The actions taken in the history z is “on path” played implied by the
strategy profile s. We call (vi(s),...,v,(s)) the payoff profile associated with s.

We denote by

F={(u1(v),...u,(v)) : v e A(A)}

the set of feasible payoffs in the stage game Gy. It is the convex hull of

{(u1(a),...uy(a)) : a € A}.

The set of feasible payoffs should be familiar to you from our discussion of correlated equi-
libria. Thanks to the normalization in discounted payoffs (the 1 — § normalization ensuring
that a constant payoff in every stage results in the same constant payoff as the discounted
sum), any discounted payoff that can be achieved in the repeated game must lie in F.

11.6.1 The one-stage deviation principle

Consider an T' = oo, d-discounted, repeated game I' = (N, A, H, P, (u;);en) of the stage
game (. Suppose that 0 € (0,1).

For any finite history h, I'(h) is the resulting subgame. Note that I'(h) looks exactly like
the game I': In I'(h), the stage-game has been played a finite number of times, but there’s
still infinitely many times left to play the game. That’s exactly the point of the Hilbert Hotel
in Section [I1I} The set of numbers 1,2,3,... and the set of numbers 24,25, 26, ... are equal
up to a “relabeling” of 24 as 1, 25 as 2, and so on. This means that if, say, the subgame



11.6. REPEATED GAMES 121

h comes after the stage game has been played 23 times, then I can just relabel time 24 as
time 1, times 25 as 2, and so on. This relabeling would translate I'(h) into I'. So you should
think of the game as progressing as the stage game is played over and over, but every time
there is still a game left to play that is identical (after the relabeling) to initial game.

Now, this does not mean that the first 23 times that the game was played doesn’t matter.
This history h matters for how the players play the rest of the subgame. As we shall see,
this conditioning on histories will play a huge role in the results we are going to get.

A strategy profile o induces a strategy profile oy, in I'(h). Denote by v;(c|h) the resulting
payoffs in the subgame.

Definition 106. A one-stage deviation from o by i is a strategy o} that coincides with
o; everywhere except at a single history. A profitable one-stage deviation from o by i
is a strategy o, that coincides with o everywhere except at a single history h, and for which
vi(ol, 0_ilh) > vi(os, 04| h).

Proposition 107. Let I' be an infinitely repeated game in which players’ payoffs are con-
tinuous at infinity. A strategy profile is a SPNE of T iff no player has a profitable one-stage
deviation.

Remark 108. The one-stage deviation principle holds more generally for extensive-form
games, not just for repeated games.

Proof. 1 prove the proposition in the case that o is a pure strategy profile.
Suppose that ¢ is not a SPNE. Then there exists a history h of length ¢, with subgame
['(h), a player i, and a behavioral strategy o) such that

vi(ol, 0_;lh) —vi(os,0_;h) =n >0

Now, by continuity at infinity, there exists 7' > ¢ such that no matter how the players
choose actions after 7', the difference in discounted payoffs when evaluated at time ¢ cannot
be too large — in particular, cannot be more than 7/2. This means that we can let o/ be a
strategy for player i that coincides with o; on any history of length 7" or more, and with o
on any history of length less than 7. Continuity at infinity implies then that:

vi(o}, o-ilh) —vi(o7, o-i|h)| < n/2.
In consequence,
n = vi(0},0-i|h) — vi(0s, 0-i|h) < |vi(of, 05| h) — vi(o], o-i|h)|
+ |vi(oy, 05| h) — vi(03, 0-i|h)]
Thus,
vi(o!,o_i|h) — vi(os,0_;|h) > n/2.

This means that there is a profitable deviation “in T stages.”

The rest of the proof is exactly as the proof of the one-stage deviation principle for PIGs.
The previous argument reduced the problem to a finite horizon problem. Then we work
backwards from period 7" just like we did when we discussed PIGs.
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Consider a continuation history h’ of h, of length T" and a strategy ¢; that coincides with
o; on any history other than A'. If there exists such a d; that is a profitable deviation, then
we are done.

If, in contrast, there is no such history and strategy, then we proceed with a modifica-
tion of ¢}. In particular, suppose that for any history A’ and &; as above, v;(6;,0_;|h") —
vi(o;,0-;|h') < 0. Then we may define a strategy o/ that coincides with o/ except that at
histories of length 7" or longer it coincides with ;. By assumption this is a profitable devia-
tion: o was profitable, and ¢! coincides with o/ except that it switches to a strategy with
better (or at least not worse) payoff at histories with length 7. Hence there is a profitable
deviation in 7" — 1 stages.

The proof follows by induction: each time there is a profitable deviation in 7" stages there

is either a profitable deviation in one stage, or a profitable deviation in 7" — 1 stages. O

The one-stage deviation principle is essentially a multi-agent version of the principle of
dynamic programming. To see this, let v;(c|h) be the discounted expected payoff to player i
from the strategy profile o in subgame h. Note that if, in the first period of this subgame, the
players choose the action profile a € A, then the continuation payoff to player ¢ from the
resulting subgame, assuming that the players use the strategies in the profile o, is v;(c|ha).
Here ha denotes the concatenation of the history h with the action profile a.

Consider the following payoff function for player i:

77" (a) = (1 = 0)u;(a) + ovi(o|ha).
So 7" : A = R.

The one-stage deviation principle can be rephrased as follows: A strategy profile o is a
SPNE if and only if, for any history h and any player i, o(:|h) is a Nash equilibrium of the
game (N,{A; : i € N}, {z7" : i € N}). The notation o(-|h) describes the (mixed) action
profile that the strategy o prescribes in the first period of the subgame that follows history
h.

Why is this true? Suppose that o at history h says that the players are going to choose
the pure action profile a. And suppose that ¢ is a SPNE. The one-stage deviation principle
then requires that

77" (a) = (1= d)us(a) + ovi(olha) = 77" (al, as) = (1 — O)us(aly a—i) + dviolhla a_y)),
for all a € A;. But that is exactly what it means for o(:|h) to be a Nash equilibrium of the
game I defined above.

The remarks above should make the following observation easy to see:

Corollary 109. If s is a pure-strategy Nash equilibrium of Gy, then the strateqy profile in
which each player chooses s; after any history is a SPNE of infinitely-repeated discounted
Go.

Exercise. Prove Corollary [109]
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Example: Infinitely repeated Prisoners’ Dilema Let Gy be the following version of
the prisoner’s dilemma game:

D C
D [ 0,0 [3 -4
C | —4,3] 2,2

Consider infinitely-repeated Gy when players have discounted payoffs, with the discount
factor § € (0,1). Consider a pure strategy s; that says to play C' at h = (), and then play C
at any history, of any length, in which both players have played (C, C) in the past. Formally,

() {0 if h = ((C,0),...,(C,C))

D otherwise

This is a grim trigger strategy. It says to start with ', and keep playing C' until the
other player plays D. Then play D unconditionally.

Let’s see if this strategy profile is a SPNE. We just need to check for profitable one-
stage deviations. First, consider any subgame in which the players are supposed to play D.
The grim-trigger strategy prescribes the unconditional play of (D, D), a stage-game Nash
equilibrium. We know from Corollary that this is a SPNE of the subgame.

So we only really need to work with the other subgames, the subgames in which the
players are supposed to play C. Let’s check for a one-stage deviation: If the players conform
to the strategy, then they get the payoff 2 in that period, and then 2 for the rest of the
future. Given the normalization of discounted utility, this is a discounted payoff of 2.

If a player deviates, they get 3 in that period and then 0 in the remaining periods. Here
we are formally checking for a one-stage deviation because we assume that after deviating
they stick with the prescription of the grim trigger strategy: this prescription is to play D
after a deviation, including a deviation by the player in question. So what we need for the
grim-trigger strategy profile to be a SPNE is that this deviation not be profitable. We need
that

(1-5)%5”2—22 (1—5)3+(1—5)i5710— (1-6)3.

=1 T=2

Thus, if § > 1/3, then the grim-trigger strategy profile is a SPNE.

11.6.2 Nash reversion Folk Theorem

The observation we made for the prisoners’ dilemma can be generalized.

Proposition 110 (Nash reversion folk theorem). Let o be a Nash equilibrium of the finite
stage game Gg. Let v € F be a feasible payoff profile in which u;(c) < v; for all players 1.
Then there is § with the property that if 6 > §, then there exists a SPNE of infinitely repeated
Go with discount factor 0 in which the players’ equilibrium payoffs coincide with the profile
.

Exercise. Prove the Nash reversion folk theorem. Assume that players can observe the
intended mixture chosen in each period.
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It’s interesting to contrast the message of the folk theorem with the “PD with bombing™’
game. Why don’t we need bombing anymore to sustain the cooperative outcome? The
reason is that, when the game is infinitely repeated, the subgame reached after any play of
the stage game is identical to the original game. So if we could sustain cooperation in the
ensuing subgame, then we can use cooperation in the future as a reward. In fact, a “credible”
(meaning subgame-perfect) reward. This gives us the means to incentivize players with a
credible reward and a credible punishment.

Note the circularity in this reasoning. We’re pulling ourselves up by our bootstraps. We
may sustain cooperation today, as long as we assume that cooperation can be sustained in
the future. But because the future looks like today, this means (automatically) that we can
indeed sustain cooperation in the future. And hence, we can sustain it today.

The Nash reversion folk theorem illustrates why infinitely repeated games are interesting.
Historically, some economists have argued that collusion is not a cause for concern because
it would be impossible for firms to sustain artificially high prices over time. They argued
that, as long as explicit collusive agreements are ruled out (they are declared illegal), firms
would have selfish incentives to undercut each other. Therefore, they could not sustain
an oligopolistic outcome that would be harmful to consumers, and there is no need for
competition policy from regulatory agencies.

The Nash reversion folk theorem shows that this argument is incorrect. Implicit cooper-
ation is achievable, and intertemporal arrangements can sustain anti-competitive outcomes
that are good for the firms but bad for consumers.

11.6.3 Redolent Kingcup

OK, so repetition allows for good things to happen (meaning to be enforceable in SPNE) that
could not be sustained without repetition. But Corollary also means that any outcome
that can be sustained as a stage-game Nash equilibrium can still be sustained as a SPNE of
the infinitely-repeated game, once players are patient enough. Consequently the outcomes
that can be explained with the model can only increase, and the equilibrium multiplicity
problem is made worse. How much worse? I'm glad you asked.

Consider the following two-player stage game, called Redolent Kingcup (RK)E]

L M R

U |6,6]1,4]3,0

M |4,1]10,0] 3,0

D 0,310,322

What does our theory say about RK? It is dominant solvable. Hence it has a unique Nash
equilibrium, (U, L). This outcome is also Pareto optimal. There’s no Prisoners’ Dilemma-like
motivation to avoid (U, L). It seems then that we should be pretty confident in a prediction
that players engaged in RK would play (U, L). I claim, however, that there is a SPNE (if
the players are patient enough) in which the outcome on path is to always play (D, R).

I propose the following strategy profile. To describe the strategies, I am going to use
three “stages.” The stages effectively bin histories into three categories. So we need to check
for a one-stage deviation for a history that is in each category, as the play recommended by

!The name of this game is due to Matthew Rabin and random sampling from a dictionary.
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the strategy profile will be the same within each bin. The three stages are “Good,” “Bad 1,”
and “Bad 2.7

In the Good stage, the players are to play (D, R). In the stage Bad 1 they are to play
(U, M), and in the stage Bad 2 they are to play (M, L). The game starts out in the good
stage, and stays there as long as the history of play has always been (D, R). If player i
deviates from the strategy profile’s recommendation, they move to Bad i. Have we covered
all histories? No. Let’s just say (to be provocative) that the players play (U, L) after any
history that is not covered by the above description. This does not really matter because
such histories cannot be reached through a one-stage deviation by any individual player.

In the good stage, players get 2 (as discounted sum of payoffs) from conforming to the
strategy, and (1 —d) x 3+ 0 x 1 from their best one-shot deviation. For a SPNE, we need
that 2 > (1 —-0)34+6=3—-24. Or, § > 1/2.

In the Bad ¢ stage, the player who is being punished has no profitable deviation. The
punishing player could deviate for a payoff of 6 (paradoxically, this would be good for both!).
But then would suffer the consequences from moving to the stage that is designed to punish
them for stopping their punishment of player i. For a SPNE, we need then that 4 > (1 —
d) x6+3dx1=6—>56. Hence, 6 > 2/5.

On any other history (which are off the path of play) the strategies specify the uncon-
ditional play of (U, L), a stage-game NE, which we know is a SPNE regardless of . To
conclude, then, if 6 > 1/2 then the strategy I have described is a SPNE. On the path of play,
the outcome is (D, R) in every period.

11.6.4 The Folk Theorem

Redolent Kingcup dispels the view that repetition is always good for the players. In fact, the
idea used in Redolent Kingcup goes very far. This is expressed in the famous folk theorem,
which says that anything that has any chance of being sustained as a SPNE can indeed be
sustained as a SPNE — as long as the players are patient enough.

To state the theorem, we need to revisit the idea of minimax payoffs. Fix a stage game
Go. The minmaz payoff of player ¢ in GG is the lowest payoff that the rest of the players
hold ¢ down to:

w"™ = min max u;(a_;, a;).

7
a—; a;

You are familiar with minmax payoffs from our discussion of zero sum games. Here we
are using the concept for a game that may not be zero sum. Still, the meaning of minmax
makes sense for any game. It is the payoff that player ¢ can guarantee themselves, regardless
of the other player’s actions.

For simplicity, I defined this over pure strategies, but the minmax payoff over mixed
strategies can be strictly smaller (and the theorems we provide hold for this case).

We say that a payoff profile w € R" is enforceable if w; > u™™ for all i € N. It is
strictly enforceable if w; > u]"™ for all © € N. Let F* C F denote the set of enforceable
and feasible payoft profiles.
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U2

Uy
Proposition 111. Let s* be a Nash equilibrium of I'. The payoff profile associated with s is
enforceable.

Proof. Since player ¢ can guarantee a stage utility of u]"", she can always choose a strategy
such that her stage utilities will each be at least u]"". Hence her payoff will be at least u)"™

in I'. O
Exercise. Consider the game:
D C F
D 0,0 1,0 0,1
c |l ol 2,2 | —-2,3
Fl 1,0 | 2-3 -2 -2

Draw F and F* in R?, where each coordinate represents the payoffs of one player.

Write I's for the infinitely repeated game with discounting I', when the value of the dis-
count factor is . The next result is known as the two-person folk theorem with discounting.

Theorem 112. Assume that |N| = 2. For every feasible and strictly enforceable payoff
profile w, and € > 0. there is &g € (0,1) such that for all § > gy there exists a SPNE of I's
whose payoff profile w' satisfies |w; —w;| < e for alli € N.

Before proceeding with the proof, consider the following formula.

Lemma 113. Let I' be a repeated game, with §-discounted utilities. The utilities for playing
(b,a',a?,...) are given by

vi(b,a',a?, .. .) = (1 — 0)u(b) + dvi(a',d?,...).

Lemma follows immediately by manipulating the definition of discounted utility.
Think of the payoff from playing (b, a',a?,...) as 1 — § times the stage-game payoff from b,
plus the discounted payoff from (a',a?,...) in the subgame that starts in the second period.
This leads to a useful way of understanding SPNE, as illustrated in the reformulation of the

one-stage deviation principle with continuation utilities that I introduced earlier.
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The formula generalizes:

k
(1=0)) 0" uy(b') + 6*vi(a' 0, . .). (11.1)

t=1

v (b .. 0 At a?, )

11.6.5 Proof of the two-person Folk Theorem

I will write down the proof for the special case when the payoffs result from a profile of pure
actions in the stage game. So, (wy,ws) = (ui(a),us(a)) for some pure a € A. When the
payoffs involve a randomization over strategy profiles, then we need to approximate them
with a deterministic sequence of actions. The ideas are the same as in this proof, but it’s
messier. As a consequence of assuming a pure strategy profile, we obtain an exact result and
not an approximation, as in the statement of the theorem. So we can assume ¢ = 0.

As you know, utilities are invariant to monotone affine transformation. So we may,
without loss of generality, assume that «;"™ = 0.

Fix a pair of actions b; and by that serve to “minimax” each of the players.

by € argmin max us(a, as)
a1€A1 as€ Ao

and

by € argmin max u(ay, as)
az€Ay @1€41
Note that uy(by, be) < 0 and us(by, be) < 0, as we have assumed that u*™ = ul* = 0.
Consider the following strategy profile s* for the repeated game. The profile s* will
classify histories in two phases, Good and Bad. Think of the Good phase as “on path,” and
of the Bad phase as the game entering a punishment mode.

e In the Good phase each player ¢ plays a;.

e In Bad phase each player i plays b;.

Recall that (wy,ws) = (u1(a), us(a)). Let p; = —u;(b1,by) > 0.

The strategy profile s* starts both players in the Good phase. So si(0) = a;, i = 1,2. If
any individual player deviates from what s*(h) prescribes for them, regardless of whether h
is in the Good or Bad phase, then we start the Bad phase for ¢ rounds of play. In particular,
if a player does not choose the punishing, minimaxing action when in the Bad phase, then
we re-start the Bad phase. After ¢ periods in the Bad phase, and as long as both players
played as prescribed by s* during the Bad phase, the game returns to the Good phase. For
any history not covered by this description, assume that the game is in the Good phase[]

Player ¢’s utility on path is given by

(1=06)) 6" ui(a) = w;.

t=1

v;(s")

2You should check that, since these histories are not reached after any individual deviation from either
Good or Bad, they do not matter. We just need to ensure that what happens in such histories are a SPNE
of the resulting subgame.
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Let M = max,caen u;i(a) the maximum utility achievable by any player in the stage
game. The number M bounds the payoff that any player can achieve by deviating from the
action prescribed by s*.

To prove that s* is a SPNE, we need to consider ¢ + 1 types of subgames, depending on
the phase that the game is in and on how many rounds of punishments are left when the
game is in the Bad phase.

Let subgame G* start in the Bad phase, with k rounds left of being in the Bad phase.
On the (subgame) equilibrium path, i’s payoff is

k o)
v =(1=0)) 6 by, by) + (1=0) Y 67wy
t=1 t=k+1

Note that, since —p; < wj;, this payoff is strictly decreasing in k. In particular
vf = 8wy — (1 — 6%)p; (11.2)

is less than ¥ for all k < .

We’ll see that the strongest urge to abandon the Bad-stage strategies hits right at the
start of the punishment phase. Consider player ¢ in the Bad phase. If ¢ were to choose a
maximizing response to the other player’s choice of b;, ¢ would get the payoff u]"™ = 0. So
the best that ¢ can obtain, in a single round of play, by deviating from the Bad phase is 0.
The best possible one-stage deviation payoff is therefore

(1 = 0)u™™ + dvf = dvy.

This payoff is independent of k. Since v! < v¥ for all k < ¢, if it is profitable to deviate at
any G* then it is profitable to deviate at G’. In other words, the temptation to deviate in
the Bad phase is largest at the beginning of the Bad phase. This means that it suffices to
ensure that there are no profitable deviations at G*.
For no profitable deviation at G, we need that dv¢ < v¢. This holds if and only if v¢ > 0.
Now, since w; > 0, the requirement that v{ > 0 amounts to choosing § and ¢ with the
property that §° is close enough to 1. This will ensure that

0 <vf = 6w — (1 —6"ps. (11.3)

Condition (11.3]) ensures no profitable one-stage deviation in a subgame corresponding to a
Bad phase.

In the Good phase, the payoff that player i can obtain from a one-stage deviation is at
most

(1—6)M + vt

For s* to be a SPNE, we need that no one-stage deviation is profitable. So we need § and /¢
with (1 — )M + vf < w;, or

w; — (1 —8)M — dvf >0, (11.4)
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Substituting for v¢, we obtain that

The left-hand side of this equation is a weighted average. For this average to be lower than
w;, the weight of M must be sufficiently lower than the weight of p;. The ratio between these
weights is

5(1 — &)
1-0

This ratio can be made arbitrarily large by choosing a large enough ¢, and then taking J to
1.

=540+ + 4" (11.5)

To conclude the proof that s* is a SPNE, we first need to choose ¢ and ¢’ € (0, 1) large
enough so that the expression in (|11.5) is large enough. This ensures that there are no
profitable one-stage deviations from a subgame in the Good phase. Then, for the ¢ we have
just determined, we choose 6 € [§',1) large enough so that the inequality in holds.
This ensures that there are no profitable one-stage deviations in the Bad phase.

11.6.6 The n-player Folk Theorem

The two-person Folk Theorem is, of course, for two players. Can it be generalized? Essen-
tially, yes; but we need to deal with some complications. The theorem is built on the notion
of minimaxing as punishment. The construction in the proof made sense because each player
could be punished while minimaxing the other player. With more than two players, it is,
however, not possible to do this kind of “mutual minimaxation.” The action that ¢ would
take to minimax player j may be different from what ¢ would use to minimax player h # j.

Consider, as an example the following 3-player stage game: The sets of actions are
A; = {0,1} for i = 1,2, 3. The payoff to each player is 1 if all players choose the same action,
and 0 otherwise. The minmax utilities here are u/*™ = 0, but there is no action profile
(b1, ba,, b3) such that, for every player i, b_; satisfies that

b_; € argmin max wi(a_;, a;).

In fact,in this repeated game there are no SPNE in which all players have utility less
than 1. Let F5 C F* be the set of all SPNE payoffs in the infinitely repeated version of the
game with discount factor 9.

Fix § € (0,1), and let

a=inf{g :i € {1,2,3} and (¢;,q_;) € Fs}.

In any SPNE, and in any subgame, at least one player can guarantee themselves a payoff of
at least (1 — ) + da. The reason is that they can deviate and obtain a payoff of 1. Then the
worst that can happen to them (thanks to subgame perfection) is that they receive a payoff
of a.

On the other hand, by the definition of o and the symmetry of the game, for every e > 0
and player i, there is a SPNE in which the payoff to i is at most a + €. For any ¢, a SPNE
that achieves payoffs a 4+ ¢ must provide incentives not to deviate.
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Therefore, it must be that a+-¢ is not less than deviating once, getting a stage-game payoff
of 1, and then suffering the worst possible SPNE payoff « as punishment: (1—¢)+da < a+e.
Or,

i
Since ¢ is arbitrary, a > 1.

In the example that we just discussed, F* = {(w,w,w) : w € [0,1]}, which is a one-
dimensional subset of R3. Say that F* has dimension n (or is full dimensional) if there is
no lower-dimensional subspace S and vector x so that F* is a subset of S+ {x}. Essentially,
by F* having dimension n we can ensure personalized punishments for each of the players.
The proof of the next result is omitted.

Theorem 114 (Fudenberg-Maskin). Let Gy be such that F* has dimensionn. For allw € F*
that are strictly enforceable, and ¢ > 0, there is a &y € (0,1) such that, for all 1 > & > 0y,
there’s an SPNE of I's whose associated payoff profile w' satisfies |w, —w;| < e for alli € N.

11.7 Experimental evidence
The basic message behind the folk theorem is supported by experimental evidence. Consider

the next table, taken from the survey paper by (Dal B6 and Fréchette, [2018). Repeated
games are implemented experimentally using a constant probability of ending the game.

66 Journal of Economic Literature, Vol. LVI (March 2018)
TABLE 4
THE EFFECT OF REPETITION ON ROUND 1 COOPERATION
Supergame 1 Supergame 7 Supergame 15
Prahit Marginal Prohit Marginal Prohit Marginal
(1) (2) (3) (4) (a) (6)
¢ —0.202%%%  _0.0801%* —0.332%%5 (. 122+ —0.391%%%  _(.156%+*
(0.0377) (0.0130) (0.0799) (0.0311) (0.117) (0.0464)
LA —(). 142%+%* —0.0562%** —().229** —0.0843** —0.361#* —0.144%
(0.0387) (0.0154) (008961 ) (0.0345) (0.187) (0.0747)
5 0.439%% 0174+ L296%5*  0.476%* 2186%5F  (.869%*
(0.135) (0.0534) (0.273) (0.0970) (0.734) (0.289)
Constant 0.05895 —(.385* —0.710
(0.118) (0.2100 (0.4496)
N 2415 2305 1,030
Note: Clustered standard errors in parentheses. *p < 0.10, **p < 005, ***p < 0.01

The table reports the results of a probit model to predict rates of cooperation in round
1 of a supergame (each repeated game is a supergame). The authors focus on round 1
because it avoids the problem of random termination, and because subsequent choices are
not independent from earlier choices in the game, which presents econometric complications.
The message of these results is that there’s a modest effect of discounting on the probability
of cooperation the first time the players play a supergame. This effect is stronger after
players learn to play: the effect of discounting on the level of cooperation is stronger in later
supergames.
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11.8 Notes

The Hilbert Hotel story is due to the mathematician David Hilbert. The version I included in
Section [I1]was written by Chat GPT in a style that imitates Ernest Hemingway. The material
on repeated games follows roughly the textbook (Osborne and Rubinstein, 1994). The
book also includes results under more extreme versions of impatient preferences, preferences
that are more patient than any discounted utilities. A useful reference for more advanced
material is the book by (Mailath and Samuelson, 2006)). Self-confirming equilibrium is due
to (Battigalli and Guaitoli, |1988)) and (Fudenberg and Levine, [1993).

The Folk Theorem was known among game theorists in the 50’s and 60’, and not at-
tributed to any particular authors. Hence the name (it was “folk knowledge”). One of the
first formal treatments of the theorem was due to (Friedman, [1971), who also emphasized
its connection to oligopoly and antitrust. Friedman proved the Nash reversion folk theorem.
The versions I have included here are from (Fudenberg and Maskin, |1986]). They also propose
the example that I included to motivate the full dimensionality hypothesis.

Markov perfect equilibrium is usually attributed to (Maskin and Tirole, 1988a) and
(Maskin and Tirole, |2001]).
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Chapter 12

Markov Perfect Equilibrium

I am going to end our treatment of extensive-form games with a very brief discussion of
Markov Perfect Equilibrium (MPE). These are very common in applied work. The reason
is that MPE’s are often much easier to analyze than the full set of subgame-perfect Nash
equilibria of a game.

Multi-stage stochastic games The primitives of a multi-stage stochastic game are:
(N7 A7 @’U,T, (5’ ILL)

e N ={1,...,n} is the set of players.
e O a finite set of states.
e A a finite set of actions.

e A;(0) C Ais a subset of actions, for each i € N and 6 € ©.

A" x © — A(O) is a transition probability.

For each i, u; : A" x © — R is a payoff function.
e 5 €(0,1) is the discount factor.
e t =1,...,T is the duration of the game.

The idea is that in each period (or “stage”) t the game is in a state 6; € ©. Players choose
actions a;; € A;(6;) and receive a payoff u;(aiy,. .., any, 0;). Then the state 6,4, € © for
period t 4 1 is drawn according to u(a, 0;) € A(O).

Multi-stage games that have one unique state are effectively repeated games. You should
keep this special case in mind as we go through the definition of MPE.

A history is composed of past states and actions. A period t history is:

h = (01,(1,1, R ,Qt_l,at_l,ﬁt) S (A X @)t_l x ©

All players move after all non-terminal histories. A strategy for player i is a function
s; : H\ Z — A such that s;(h) € A;(0), for all h € H \ A, and with 0 being the last state in
h.

133
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A terminal history z € (4 x ©)T gives payoffs:

(1—-90 ZcSt i(ag, 0y).

Fix an initial state 6. For a behavioral strategy profile o, we get payoffs:

T

vi(0]0) = Eq (1= 0) > 6" ui(ay, 0,);

t=1

note that a given profile of behavioral strategies induces, together with the exogenously given
transition probabilities, a probability distribution over terminal histories. The expectation
above is taken with respect to this probability distribution.

Markov strategies A Markov strategy for player i is a function m; : © — A(A) such
that m;(0) € A(A;(0)) for all # € ©. A Markov policy is a much simpler object than a
regular strategy. It does not condition choices on past histories of actions at all. It only
conditions on the state that the game is in.

A behavior strategy o; is equivalent to a Markov strategy m; if o;(h) = m;(0), with 0
being the last state in the history h. Given a profile m of Markov strategies, we may obtain
(using m and the transition probabilities i) a probability distribution over terminal histories.
Then when the game starts in state 6, we can calculate the resulting expected payoffs:

T

vi(m|0) = Z w; (@, 0;)

At this point, we can connect the previous definitions to the theory of dynamic program-
ming that you are familiar with from macroeconomics. Assume that T = co. Suppose that
m is pure, and say m(6) = a for the initial state . Then,

vi(m|0) = (1= 8)u;(a,0) + 6 u(0'|a,0)vi(ml6'),

0'€©

which is a “Bellman-type” formula.

Markov Perfect Equilibrium (MPE) A strategy profile o is a Markov Perfect equi-
librium if it is a SPNE and each player’s strategy is equivalent to a Markov strategy.

The key idea is that if other players use a Markov strategy, player i has no reason to
condition on past history. Then m is Markov perfect if and only if, for all i and a; € A;(0):

vi(ml|) = (1 — 0)u; )+6 > p(0'[m(6),0)vi(m|0')

0'cO

> (1= S)uslalym_i(6),0) + 8 3 ult'lal, m_i(6). 6)vi(mle')
0'eO
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So it’s a Nash equilibrium of the normal-form game in which players’ payoffs are:

a— (1—0)u(d,0)+0 Z w(6')a’(0),0)v;(m|0")
0'cO

Observe that this is for “future” m being fixed; effectively an instance of the one-stage devi-
ation principle. Here you see another manifestation of the connection between the Bellman
principle of optimality and the one-stage deviation principle.

Observe also that there’s one game for each “current” state 6 € ©.

Critique of MPE MPEs are so simple! What’s not to like? By not conditioning on
histories, we rule out the behaviors captured by the Folk theorem. For example, in a repeated
Prisoner’s Dilemma, all MPEs involve unconditionally playing Defect.

I can imagine your reaction to this critique: “But wait, isn’t that good? You said the
Folk Theorem went too far. A can of worms and so on...” But MPE rules out any scope for
cooperation by assumption. This may be acceptable or not, depending on the question we're
interested in. It’s problematic to use MPE to talk about welfare because better outcomes
may be achieved by conditioning on history, which is what motivated us in the first place
to consider repeated games. Of course, worse outcomes (redolentkingcuppy outcomes) are
possible as well.

In effect, when we adopt MPE we are assuming a particular equilibrium refinement. That
is not bad in itself, as long as the refinement relies on principles that we understand well.
Unfortunately, MPE doesn’t have such principles.

Notes Markov Perfect Equilibrium was first popularized as a methodology in Industrial
Organization, see (Maskin and Tirole, 1988a) and (Maskin and Tirole, |1988b)). A justification
of MPE is offered by (Maskin and Tirole, |2001)).
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