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Abstract

I provethesubgame-perfect equivalentof thebasicresultfor Nashequilibri ain normal-
form gamesof strategic complements: the set of subgame-perfect equilibria is a non-
empty, complete lattice—in particular, subgame-perfect Nashequilibria exist. For this
purposeI introducea device thatallows thestudy of thesetof subgame-perfect equilibria
asthe setof fixed points of a correspondence. My results arelimited becauseextensive-
form gamesof strategic complementaritiesturnout—surprisingly—to beaveryrestrictive
classof games.
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1 Intr oduction

In this paperI define extensive-form gamesof strategic complementarities, and prove the

subgame-perfect equivalentof the basicresult for Nashequilibria in normal-formgamesof

strategic complements: the setof subgame-perfectNashequilibria (SPNE)is a non-empty,

completelattice. This hasstrongimplications;not only doesit givea generalexistenceproof,

it alsoallowstheuseof comparativestaticstechniques.While thisseemsto beapromisingre-

sult, I alsoshow that,in extensive-formgames,theassumption of strategic complementarities

is—surprisingly—very restrictive.

Equilibria areusuallyanalyzedby meansof fixed-pointmethods. This hasnot beenthe

casefor SPNE.A methodologicalcontribution of thispaperis theintroductionof adevice,the

“extendedbest-responsecorrespondence.” with the propertythat the setof SPNEof a game

coincideswith thesetof fixedpointsof theextendedbest-responsecorrespondence.Themodel

of extensive-formgamesthatI useallowstimeto becontinuous, sotheextendedbest-response

correspondencecanalsobeusedto analyzeSPNEof continuous-time games.

SPNEexist in finite games. Harris, Reny, and Robson(1995)presentan exampleof a

gamewithout an SPNEthat is a two-stagegamewith a finite numberof players,andwhere

only oneplayerhasaninfinite strategy space.Hence,existenceof SPNEis notguaranteedafter

a minimal departurefrom finite games.Proofsof existenceof SPNEin non-finitegamesare

providedby Harris,Reny, andRobson(1995)for gamesof almost-perfectinformationwhere

a public randomizationdevice is present,by Harris (1985a),Harris (1985b)andHellwig and

Leininger(1987)for gamesof perfectinformation; andby Fudenberg andLevine (1983)for

classesof gameswith strong“continuity at infinity” properties.

In this paperI show that theexistenceof SPNEfollows from strategic complementarities;

concretely, thatthesetof SPNEof a gamewhosenormal-formis a gameof strategic comple-

mentarities,is a non-empty, completelattice. My resultsapplyto continuous-time gamesand
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Figure1: OptionalBattleof theSexes

to gamesof imperfectinformation thatarenotnecessarilygamesof almost-perfectinformation

(I amnotawareof otherexistenceresultsfor continuous-timegames).Theimportantproblem

with my resultsis that the assumption of complementaritiesin extensive-form gamesis very

strong.

Gamesof strategic complementaritieswerefirst studiedby Topkis(1979),andintroduced

into economicsby Vives(1990).Topkis(1998)andVives(1999)containa definitionof (nor-

mal form) complementarities,with up-to-datereferences.Therearemany examplesof eco-

nomicmodelsthataregamesof strategic complements(seeMilgrom andRoberts(1990),Top-

kis (1998),andVives(1999)). By now it is fair to saythatcomplementarities in normal-form

gamesis a very usefulandcommonstructure.HereI show that,while still very useful,com-

plementaritiesin dynamiccontextsarerare.

To illustratethe problem,considerthe gamein Figure1. This is “Optional Battle of the

Sexes.” Here,playerOnechoosesfirst to sayYesor No. If OnesaysNo thenpayoffs are1

each.If OnesaysYesthenthey play a Battleof theSexesgame:they simultaneouslychoose

anelementof 
 O � B � . If thechoiceis � O � O� thenplayerOnegets2 while Two gets1. If they

choose� O � B� or � B � O� thenbothgeta payoff of 0. If theoutcomeis � B � B� thenpayoffs are

� 1 � 2�
It is easyto seethat Battle of the Sexes(BoS, the simultaneous-move gamethat follows

afterOnechoosesYes)is agameof strategic complementarities.PlayerOne’sbestresponseto
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Two playingB is to playB andOne’s responseto Two playingO is to playO. So,achangeby

Two from B to O makesOnechangein thesamedirection.This is alsotruefor playerTwo: a

changeby Onefrom B to O makesTwo changein thesamedirection.Imposinganorderonthe

players’strategies,wecansaythatO is “larger” thanB. Thenthebestresponseof eachplayer

is increasingin theotherplayer’s choiceof strategy, this is thecrucial propertyof a gameof

strategic complementarities(indeedit is easilyseenthatBoSsatisfiesthedefinitionof a game

of strategic complementaritiesin e.g.Milgrom andRoberts(1990)).

Now, considertheextensive-formgameOptionalBoSandlet usimposeanorderontheset


 No � Yes� . Let theaction“Yes” at One’s initial decisionnodebe larger than“No”. Thenthe

strategy No-O (sayNo at theinitial nodeandplanto play O in Battleof theSexes)is smaller

thanYes-O andNo-B is smallerthanYes-B. But, whenOneis playingNo-B it is optimal for

Two to playO, while if weincreaseOne’sstrategy to Yes-B thenit is uniquelyoptimal for Two

to playB. This impliesthatTwo’sstrategy is not increasingin One’sstrategy choice.Wecould

try to fix this by sayingthat B is larger thanO, but thenthe problemwould arisewhenOne

increasesthestrategy from No-O to Yes-O.

It turnsout thatit is possible to makeOptional BoSagameof strategic complementarities.

Thesolution is to saythat theactionYesis smallerthanNo. This shows thatextensive-form

gamesof strategic complementaritiesarenot trivial. 1 But unfortunatelythe simplesolution

in OptionalBoS is not feasiblein general.I shallshow how a complication of OptionalBoS

yieldsa gamethatcannotbe transformedinto a gameof strategic complementarities. I shall

arguealsothatmostdynamicgamesof economicinterestcannotbetransformedinto gamesof

strategic complementarities.

The situationcontrastswith the study of Markov-Perfectequilibria in stochasticgames

with complementarities (Curtat (1996),Amir (1989)andAmir (1996a)). Markov strategies

limit dynamicstrategic interactions,andthusallows complementaritiesto have leverage,but

whenmoregeneralstrategiesareallowed,thisbreaksdown. I shallillustratethesituationwith
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examplesin Section4.

Section2presentsdefinitionsandnotation. Section3 introducestheextendedbest-response

correspondenceandthemainresultsof thepaper. Section4 showshow complementaritiesare

a restrictiveassumptionby discussingsomeexamples.

2 Generalized Extensive-Form Games

2.1 BasicDefinitions and Notation

A detaileddiscussion of theconceptsdefinedin this subsectionis in Topkis (1998). A setX

with a transitive, reflexive, antisymmetric binary relation � is a lattice if whenever x � y � X,

bothx � y � inf 
 x � y � andx � y � sup
 x � y � exist in X. It is complete if, for every nonempty

subsetA of X, inf A � supA exist in X. For two subsetsA � B of X, say that A is smallerthan

B in the strong set order if a � A, b � B implies a � b � A � a � b � B. Let φ : X � X be a

correspondence.Saythat φ is increasing in the strong set order if, whenever x � y, φ � x� is

smallerin thestrongsetorderthanφ � y� .
The order-interval topology on a lattice is obtainedby takingtheclosedintervals � x � y���


 z � X : x � z � y � asasub-basisfor theclosedsets.All latticesin thepaperwill beendowed

with theorder-interval topology. All productsof partially orderedsetsareendowedwith the

productorder. All productsof topological spacesareendowedwith theproducttopology.

If X is alattice,afunction f : X � R is quasisupermodular if for any x � y � X, f � x��� f � x �
y� implies f � x � y��� f � y� and f � x��� f � x � y� implies f � x � y��� f � y� . Quasisupermodularityis

anordinalnotionof complementarities,it wasintroducedby MilgromandShannon(1994).Let

T bea partially orderedset.A function f : X  T � R satisfiesthesingle-crossing condition

in � x � t � if whenever x ! x" and t ! t " , f � x � t �$# f � x"%� t � implies that f � x � t "&�'# f � x"%� t "(� and

f � x � t �*) f � x"%� t � implies that f � x � t "(�+) f � x"%� t ",� . The restrictionof a function f : X � Y to a

subsetX ".- X is denotedf / X 0 .
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Figure2: An extensive-formgameof strategic complementarities

2.2 Definition of GeneralizedExtensive-Form Games

I presentadefinitionof extensive-formgamesthathasinformationsets,asopposedto decision

nodes,asprimitives. It is really only a slight variationon the usualrulesfor drawing game

trees,but it resultsin a considerablymore generalframework becauseit allows time to be

continuousanddoesnot imposeperfectrecallor partitionedinformationstructures. 2 I hope

that thebenefitsof having resultsthat apply to continuous-timegamesareimportantenough

to balancethe costof a slightly unfamiliar framework. Besidesits generality, this modelof

extensive-formgamesis moreparsimoniousthantheusualone,thereforetheproofsareeasier

andsharperthanthey wouldbeotherwise.

I shallusethefollowing exampleto illustratetheconceptsasthey areintroduced.

Example1 Considerthegamein Figure 2. First, playerOneselectsan elementin 
 L � R� . If

sheselectsL thenthegame“ends” andthepayoffsare2 to playerOneand0 to playerTwo. If

sheselectsRthenTwogetsto choosebetweenl andr. If hechoosesl thenshegets1 whileOne

gets0. If hechoosesr thenplayerOnegetsto chooseanelementin 
 L "1� R"2� . Payoffsare � 0 � 0�
and � 3 � 1� after OnechoosesL " andR" , respectively. Let a1 be thefirst nodeat which player

Onemoves,a2 bethesecondnodeat which shemovesandb bethenodeat which playerTwo

moves.

Now I shalldescribesomehelpful notionsthatwill build up to thedefinitionof a general-
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izedextensive-formgame.Theexactdefinitionof ageneralizedextensive-formgameis below

(Definition3).

Let N �3
 1 �545454 n � bethesetof players.Let H beaset;theelementsof H will bereferredto

as“information sets.” Let 6 �7
 Hα : α � I � bea collectionof subsetsof H and 8 H i : i � N 9
a partition of H. The interpretationwill be that player i is endowed with a collectionH i of

informationsetsandthat the elementsof H �;: n
i < 1H i are the informationsetsof the game.

For eachα � I , Hα - H shouldbeinterpretedasa“subgame” of H (this interpretationis made

precisebelow). I shallreferto a subgameHα bothasα andHα.

In Example1, N �7
 1 � 2 � , H �=
 a1 � a2 � b � , H1 �;
 a1 � a2 � andH2 �=
 b � . Therearethree

subgamesin the example,let I �>
 α0 � α1 � α2 � , Hα0 �?
 a1 � a2 � b � , Hα1 �>
 a2 � b � , andHα2 �
 a2 � ; 6 �@
 Hα0 � Hα1 � Hα2 � .
I maketwo assumptionsabout6 , thecollectionof “subgames.” First, thatH itself belongs

to this classof subgames:Let α0 � I satisfyH � Hα0. Second,if 
 Hα : α � I "A�B-C6 is a

subcollection of 6 suchthatany α � α "�� I " satisfyeitherHα - Hα 0 or Hα 0 - Hα, then : α D I 0 Hα �
6 —so I assumethat 6 is closedunder increasingunions. For every α � I , 8 H i : i � N 9
inducesapartitiononHα: let H i

α � Hα E H i bethesetof playeri’s informationsetsin subgame

Hα. Note that 6 i � 8 H i
α : α � I 9 is alsoclosedunderincreasingunions. It is easyto verify

thattheexamplein Figure2 satisfiestheseassumptions,asdoesany well-definedgametree.

Theplayerschooseactionsat eachof their informationsets.For eachh � H, let A � h� be

the setof actionsavailable to the player that movesat information seth. EachA � h� is en-

dowedwith aHausdorff topology. Thesetof all possibleactionsis denotedby F;�G: h D HA � h� .
Playeri’sstrategy spacein subgameα � I is Si

α � 8 s : H i
α �HF : s� h�I� A � h� for all h � H i

α 9 �
Πh D H i

α
A � h� . Let Sα � Πi D NSi

α andSJ i
α � Π j D N KML i N Sj

α; sJ i
α is refersto a genericelementof SJ i

α .

Notethat if A � h� is a completelattice for eachh, thenSi
α, SJ i

α andSα arecompletelatticesin

theproductorder.

Eachplayeris endowed with preferences over strategy profilesin subgame α � I . These
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preferencesarerepresentedby acollectionof payoff functionsui
α : Sα � R.

Considerthe gamein Example1: A � a1 �+�O
 L � R� , A � b�P�Q
 l � r � and A � a2 �+�Q
 L " � R" � ,
so that FR�S
 L � L "T� R� R"U� l � r � . The strategy spacefor player1 for the whole gameis S1

α0
�


 LL "T� LR"%� RL"%� RR"A� —whereLL " meansthat1 plansto playL atherfirst decisionnode(a1) and

thenL " atherseconddecisionnode(a2) andsoon. Thestrategyspacefor player2 for thewhole

gameis simply S2
α0
�>
 l � r � . The strategy spacesfor the othersubgamesareS1

α1
�>
 L "%� R"A� ,

S2
α1
�?
 l � r � , S1

α2
�;
 L " � R" � andS2

α2
�?
 /0 � . The choiceof /0 for player2 in subgameα2 for-

malizesthatonly 1 makesachoicein thissubgame. Theplayers’preferencesin eachsubgame

are immediatefrom Figure 2, u1
α0
� LL "T� l �P� 2,u2

α0
� LL "%� l �+� 0, u1

α1
� L "%� l �*� 0, u2

α1
� L "%� l �P� 1,

u1
α2
� L "%� /0 ��� 0, u2

α2
� L "%� /0 ��� 0, etc.

Definition 2 A collectionof payoff functions 8 uα
i : i � N � α � I 9 is consistent if, for every i �

N and α � α "�� I , whenever Hα 0 - Hα, sJ i
α � SJ i

α , si
α � s̃i

α � Si
α and zi

α 0 � Si
α 0 , the inequalities

ui
α � s̃i

α � sJ i
α �V# ui

α � si
α � sJ i

α � and ui
α 0 � si

α / H i
α 0 � sJ i

α / H W i
α 0 �X# ui

α 0 � zi
α 0 � sJ i

α / H W i
α 0 � imply that ui

α � s̃i
α � sJ i

α �V#
ui

α � si
α / H i

α K H i
α 0 � zi

α 0 � sJ i
α � . Thecollectionof payoff functionssatisfiescontinuity if, for all α � I ,

i � N, andsJ i
α � SJ i

α , si
α Y� ui

α � si
α � sJ i

α � is anuppersemi-continuousfunction.

Payoffs areconsistent if, givenopponents’strategy sJ i , whenever si
α performsbetterthan

s̃i
α in subgameHα Z Hα 0 andzi

α 0 performsbetterthansi
α in subgame Hα 0 , it mustbe that the

combinedstrategy that follows si
α in H i

α [ H i
α 0 and follows zi

α 0 in H i
α 0 , cannotperformworse

thans̃i
α.

Thepayoffs in Example1 areconsistent: Fix thestrategy s2
α0
� l by player2 in subgame

α0, the “whole” game.Givenany strategy s1
α0

, player1’s payoff is independentof choicesin

nodea2. In particular, choosingR" , the dominantstrategy in subgameα2, doesnot decrease

the payoff to following s1
α0

. Now, considers2
α0
� r. The only casewherethe requirement

consistency hasbite is for thestrategy LL " . In subgameα0, LL " is preferredby 1 to RL" . But,

in subgame α2, R" is betterthanL " . Consistency thenrequiresthatLR" bepreferred to RL" in
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subgame α0—which is satisfiedby thespecifiedpayoffs.

Example1 illustrateswhy payoffs in any well-definedgametreeareconsistent. Given i’s

strategy si
α andopponents’strategiessJ i

α , if a subgameα " is not reachedthen i is indifferent

amongher choicesin this subgameand shecannotdo worseby picking something that is

betterin thesubgame. On theotherhand,if subgame α " is reachedthenpayoffs will begiven

by choicesin α " . Choosingabetterstrategy in subgame α " canonly improvethepayoff to si
α.

Thedefinitionof a generalizedextensive-formgameis complicatedenoughto warrantan

enumerationof its components:

Definition 3 ThesextupleΓ �\
 N � H ��
 Hα : α � I ��� 8 H i : i � N 9 �]
 A � h� : h � H �^� 8 ui
α : i � N � α � I 9_9

is a generalized extensive-form game if:

` N �a
 1 � 2 �54b4M4 n � is thesetof players;

` H is a setof informationsets;

` 8 H i : i � N 9 is a partition of H;

` 
 Hα : α � I � is a collectionof subsetsof H that is closedunderincreasingunionsand

such thatHα0 � H for someα0 � I ;

` 
 A � h� : h � H � is a collectionof action sets,each endowedwith a Hausdorff topology

andcompact;

` 8 uα
i : i � N � α � I 9 is a collectionof consistentpayoff functionsthatsatisfiescontinuity.

For any subgameα � I , Γ inducesnaturallyanextensive-formgameΓα: let Hα betheset

of informationsetsof Γα, let thesubgamesγ � I with Hγ - Hα bethesubgamesof Γα; andlet

actionsetsandpayoffs bedefinedasin Γ. I will use“subgame”to denoteboththesetHα and

its correspondingextensive-formgameΓα.
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A strategy profile sα is a subgame-perfect Nash equilibrium (SPNE)in subgameα � I if,

for every γ � I suchthatHγ - Hα andevery i � N,

si
α /Hγ � argmax̃si

γ D Si
γ
uγ � s̃i

γ � sJ i
α /Hγ �c4

I shallreferto theSPNEin subgameα0, thewholegame,assimply SPNE.Notethatastrategy

profile is a SPNEif andonly if its restrictionto any subgame is aSPNEin thatsubgame.

Definition 4 A generalizedextensive-formgameΓ is an extensive-form game of strategic

complementarities if A � h� is a completelattice for all h � H and if, for all α � I and i � N,

si
α Y� ui

α � si
α � sJ i

α � is quasisupermodularonSi
α, andui

α satisfiesthesingle-crossingconditionin

� si
α � sJ i

α � .
It is slightly cumbersometo show that thegamein Figure1, hasstrategic complements.I

leave this for section4.

2.3 Examplesof GeneralizedExtensive-Form Games

2.3.1 Optional BoS

I shall presentthe currentnotationfor the “Optional Battle of the Sexes” gamefrom the in-

troduction. Let a1 be the initial node, b be the nodeat which player Two moves and a2

be One’s informationsetafter that Two hasmoved. Then, H �d
 a1 � a2 � b � , H1 �e
 a1 � a2 � ,
H2 �S
 b � . Thereare two subgames,so I �>
 α0 � α1 � , Hα0 �S
 a1 � a2 � b � andHα1 �S
 b � a2 � .
Action spacesare A � a1 �P�O
 Yes� No� , A � b�+� A � a2 �f�Q
 O � B � . Strategy spacesare S1

α0
�


 YesO � YesB � NoO � NoB � , S2
α0
� S1

α1
� S2

α1
�@
 O � B � .

2.3.2 Battle of the Sexesin Continuous Time

Thegameis a Battleof theSexesplayedin continuoustime. As Anderson(1984)andSimon

and Stinchcombe(1989) point out, the map from strategies to outcomesmight not be well

9



definedin continuous-timegames,which implies that we cannotdefinethe payoffs resulting

from differentstrategy profiles. I will not spell out the detailsin SimonandStinchcombe’s

(1989)modelof continuous-time extensive-formgames,I only presentasimpleexample(that

in fact falls within SimonandStinchcombe’s framework). My constructionof strategiesand

payoffs is similar to thatin RadzikandGoldman(2001)in aclassof continuous-timezero-sum

games.

To avoid problemswith the map from strategies to outcomes, I impose that playersare

only allowedto switchinfrequentlyfrom oneactionto theother. Time is indexedby t �g� 0 � 1� .
Assumethat playerschooseeitherO or B at time t � 0. Their decisionsremainfixed for a

periodδ �h� 0 � 1� ; at time t � δ they canchooseto switch, representedby action1, or not to

changetheirtime0 choice,representedby action0. At any posteriortimet, playersareallowed

to choose1 only if they havechosen0 in � t i δ � t � . Thatis, switchesareirreversible for a length

of timeδ. Theplayers’“flow” payoffs areasin BoSin theintroduction. If, at time t, they both

chooseO thenOnegetsa payoff of 2 while Two getsa payoff of 1; whenthey bothchooseB,

thenOnegets1 while Two gets2. If they choosedifferentactionsat time t thenthey bothget

apayoff of 0.

For any t �j� 0 � 1� , the eventsuntil time t aredescribedby a pair of vectorsht �S� h1
t � h2

t � ,
with hi

t �e� t i
1 �54M454 t i

k � andwheret i
l is the time of the l th switchby player i. By thedescription

above, we musthave t i
l i t i

l J 1 � δ for l � 2 �54M4b4 k and t i
k # t. Playeri startswith actionO if

t i
1 � 0, with actionB if t i

1 � 0. Any feasibleht is calleda time-t history. Let Ht bethesetof all

time-t histories.

The setof all information setsis H �=: t D.k 0 l 1m Ht . Any history ht startsa subgameHht �

 hτ � H : t # τ � hτ / t � ht � , wherehτ / t � ht meansthat hτ andht coincideon switchesbefore

time t. For any history ht , the actionsavailableto player i are 
 0 � 1 � or, if shehasswitched

recently(so t i tk ) δ), 
 0 � . I will show that the collection of information setsis closed

underincreasingunions. Let 8 Hht : ht � H̃ 9 be an increasingcollectionof subgamesandlet
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t � inf 8 t : ht � H̃ 9 . Then,all historiesht coincideon switchesup to t, let ht bethis common

history. It is immediatethat Hht �7: ht D H̃Hht . Similarly, the collectionof informationsetsis

closedunderintersections.

Strategiesaremapsht Y� si � ht ��� Ai � ht � , whereAi � ht � is 
 0 � if thelastswitchin ht waslater

thant i δ andAi � ht � is 
 0 � 1 � else. A pair of strategiesdefine,recursively, a finite collection

of switches.A finite collectionof switchesgives,throughthedefinitionof flow payoffs above,

thepayoff associatedto thestrategy profile. Additivity of payoffs (from flow payoffs) implies

immediatelythatpayoffs areconsistent.

3 The Extended Best-ResponseCorr espondenceand Strate-
gic Complementarit ies

3.1 Main Results

In this paperI shall focuson subgame-perfectequilibria. In order to keeptrack of the best

responsesto opponents’ strategiesin eachsubgame, I needto introducetheset

n i �>oqp i � Πα D IS
i
α : p iα0

/ H i
α
�Gp iα r 4

This is the setof lists p i � Πα D ISi
α so that the componentp iα � Si

α that correspondsto sub-

gameHα coincideswith therestrictionof p iα0
� Si

α0
—thestrategy for thewholegame—tosub-

gameHα. Let
n � Πi D N

n i . For theexamplein Figure2, recall thatS1
α0
�s
 LL "T� LR"%� RL"%� RR"A� ,

S1
α1
�a
 L "%� R"A� , andS1

α2
�a
 L "%� R"A� . So,

n 1 � 8 � LL " � L " � L " �c�t� LR" � R" � R" �c�t� RL" � L " � L " �c�t� RR" � R" � R" � 9 �
which is really the sameset as S1

α0
,
n 1 is an accountingdevice. In generalSi and

n i are

isomorphic: identify p i � n i with p iα0
� Si . In therestof thepaperI will frequentlyidentify S

and
n

.
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Definition 5 Playeri’ sextended best-response correspondence βi :
n � n i is definedby:

βi �1pM�u�;8vp i � n i : ui
α �1p iα �wp J i

α �x� ui
α � ŝi

α �wp J i
α � for all ŝi

α � Si
α � for all α � I 9x4

Thegame’sextendedbest-responsecorrespondenceis β :
n � n

, definedasβ �1pM��� Π i D Nβi � s� .
Playeri’s extendedbest-responsecorrespondenceassignsa strategy that is a bestresponse

in each subgameto heropponents’strategy. A gameΓ’s SPNEcanbeanalyzedby meansof

its extendedbest-responsecorrespondenceβ. Lemma6 shows theusefulnessof theextended

best-responseconstruction. By the construction of β, and the definition of SPNE,one can

easilyseethevalidity of thefollowing first lemma—soI omit its proof.

Lemma 6 Thesetof SPNEof a generalizedextensive-formgameequalsthefixedpointsof its

extendedbest-responsecorrespondence.

Thenext lemma,Lemma 7, shows thatβ is not a vacuousconstruction.The ideabehind

its proof is simple.Given opponents’ strategiess J i
α0

, if si
α0

is a bestresponsefor playeri in the

wholegameHα0, thensi
α0

shouldprescribeabestresponsefor subgamesthatarereachedunder

sJ i
α0

. Also, i is indifferentbetweenstrategieson subgamesthatarenot reached.Modifying si
α0

to playabestresponseto sJ i
α0

alsoonnon-reachedsubgamesyields,by consistency of payoffs,

a strategy thatis still a bestresponseto sJ i
α0

in theoriginalgameHα0. Repeatingthis operation

“subgameby subgame”wecanobtainanelementin β �1pM� .
Thereasoning“subgamebysubgame”suggestsaproofby induction. Evenin simplegames

(likeinfinitely repeatedbimatrix games)thesetof subgamesis uncountable,soaproofby clas-

sicalinduction is notpossible.Thepropertool turnsout—expectedly—tobeZorn’sLemma.

Lemma 7 For all pI� n , β �1p5� is notempty.

Proof: Let p�� n andfix i � N. For any α � I , let βi
α �1ptJ i �q� argmaxsi D Si

α
ui

α � si �wpyJ i
α � . Tychonoff ’s

TheoremimpliesthatSi
α is compact,soβi

α �1ptJ i � isnonemptybecauseSi
α is compactandpayoffs

12



areuppersemi-continuousin theplayer’sownstrategy. LetΩ �;8z� si
α � H i

α � : α � I � si
α � βi

α �1ptJ i �]9
bethesetof pairsof bestresponsesandsubgames.OrderΩ by � , where � si

α 0 � H i
α 0 �x�@� si

α � H i
α �

if andonly if H i
α 0 - H i

α andsi
α / H i

α 0 � si
α 0 . It is immediateto verify that � is a partialorderon

Ω.

Let Ω̃ - Ω beany linearlyorderedsubsetof Ω. SayĨ - I issuchthatΩ̃ �s8_� si
α � H i

α �I� Ω : α � Ĩ 9 .
Let Ĥ �Q: α D Ĩ H

i
α. Since 6 i is closedunder increasingunions, Ĥ �{6 i . Let γ � I sat-

isfy, H i
γ � Ĥ. For any h � Hγ, thereis α � Ĩ suchthat h � Hα; constructsi

γ � Si
γ by setting

si
γ � h��� si

α � h� . SinceΩ̃ is linearlyordered,si
γ is well defined.

I shallshow that � si
γ � H i

γ � is anupperboundon Ω̃ in Ω. Clearly, H i
α - H i

γ andsi
γ / H i

α
� si

α for

all α � Ĩ . Let si
γ � βi

γ �1pyJ i � andlet o si
γ � α � r α D Ĩ

be thenet in Si
γ obtainedby si

γ � α �
/ H i
α
� si

γ / H i
α
,

si
γ � α �
/H i

γ K H i
α
� si

γ / H i
γ K H i

α
, and directing Ĩ by set inclusion (of the Hα with α � Ĩ ). Note that

si
γ � α �_� si

γ in theproducttopology. Fix any s̃i
γ � Si

γ. Thensi
γ � βi

γ �1p J i � impliesthatui
γ � s̃i

γ �wp J i
γ �u#

ui
γ � si

γ �wptJ i
γ � . Now, si

γ /H i
α
� si

α � βi
α �1pyJ i � implies that ui

α � si
γ / H i

α
�wpyJ i

α �$# ui
α � si

γ / H i
α
�wpyJ i

α � . By con-

sistency of payoffs, then, for any α � Ĩ , ui
γ � s̃i

γ �wptJ i
γ �V# ui

γ � si
γ � α �|�wptJ i

γ � . But then ui
γ � s̃i

γ �wpyJ i
γ �V#

ui
γ � si

γ �wptJ i
γ � , assi

γ � α ��� si
γ andpayoffs areuppersemi-continuous.Thisshowsthat � si

γ � H i
γ �I� Ω,

so � si
γ � H i

γ � is anupperboundon Ω̃.

ThelinearlyorderedsetΩ̃ wasarbitrary. By Zorn’s lemmathereis amaximalelement,say

� s} iα � H } iα � , of Ω. SupposeH } iα ~� H i
α0

. Let si
α0
� βi

α0
�1pyJ i � . Definesi

α0
� Si

α0
by si

α0
/H i

α0
K H � iα

�
si

α0
/H i

α0
K H � iα

andsi
α0
/ H � iα

� s} iα . Now, � s} iα � H } iα �u� Ω impliesthats} iα � βi
α �1ptJ i � . Let s̃i

α0
� Si

α0
, then

ui
α0
� s̃i

α0
�wpyJ i

α0
��# ui

α0
� si

α0
�wpyJ i

α0
� andui

α � si
α0
/ H � iα

�wpyJ i
α �x# ui

α � s} iα0
/H � iα

�wpyJ i
α � . By consistency of payoffs,

ui
α0
� s̃i

α0
�wpyJ i

α0
�$# ui

α0
� si

α0
�wpyJ i

α0
� . Hence,si

α0
� βi

α0
�1ptJ i � , so that � si

α0
� H i

α0
�$� Ω and � s} iα � H } iα �X�

� si
α0
� H i

α0
� . But � s} iα � H } iα � ~�;� si

α0
� H i

α0
� . Contradiction,since � s} iα � H } iα � is maximal.

Constructp5} i � n i by settingpy} iα � s} iα0
/ H i

α
for all α � I . It is thenimmediatethat p|} i � βi �1pM�

since,by construction,for all α � I , pt} iα � s} iα � βi
α �TptJ i � . �

Extendedbest-responsecorrespondencestranslatetheproblemof findingSPNEto afixed-

point problem.By addingtheassumption of strategic complementarities,fixedpointsareob-
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tainedby a versionof Tarski’s FixedPointTheorem,andthesetof SPNEcanbeanalyzedby

“lattice programming” techniques.I includethisversionof Tarski’sFixedPointTheorem—due

to Zhou(1994)—asTheorem8. Potentially, though,extendedbest-responsecorrespondences

areusefulin otherclassesof extensive-form gamesaswell.

Theorem 8 (Zhou (1994)) LetX bea completelattice, andφ : X � X a correspondencesuch

that φ � x� is a non-empty, subcompletesublattice for all x � X. If φ is increasingin thestrong

setorder, thenthesetof fixedpointsof φ forma non-emptycompletelattice.

Theorem 9 If Γ is anextensive-formgameof strategic complementarities,thenits SPNEform

a non-empty, completelattice.

Proof: I needto show that β is monotone increasingin the strongsetorderandtakesnon-

empty, closedvaluesin orderto applyZhou’s (1994)versionof Tarski’s fixedpoint theorem.

First I show that β is monotone increasingin the strongsetorder. Let p|�w��� n with pX!@� .
Let p�"z� β �Tp5� and �|"z� β �T��� . By Theorem4 in Milgrom andShannon(1994),for every α � I ,

p�" iα ���t" iα � argmaxsD Si
α
ui

α � s�w��J i
α � and p�" iα ���t" iα � argmaxsD Si

α
uα

i � s�wpyJ i
α � . Hence,p�"c���t"�� β �T��� and

p�"|�B�|"�� β �1p5� , proving thatβ is increasingin thestrongsetorder.

Thatβ takesclosedvaluesisanimmediateconsequenceof uppersemi-continuityof payoffs

in eachsubgame. By Lemma7, β takes non-emptyvalues. Hence,by Zhou’s versionof

Tarski’sfixedpoint theorem,thesetof fixedpointsof β is acompletelattice.Lemma6 implies

thatthesetof SPNEis acompletelattice. �
Theorem9 impliesthatthereis asmallestanda largestSPNEof any extensive-formgame

of strategic complementarities. Notethat thesubgamesof any extensive-formgameof strate-

gic complements arealsoextensive-formgamesof strategic complements. Therefore,by The-

orem9, eachsubgame hasa smallestanda largestSPNEstrategy profile. It turnsout that the

extremalSPNEof any subgameareobtainedfrom theextremalSPNEof thewholegame.This

hasimportantconsequences:It canbeseenthat,in multi-stagegames,theextremalequilibria
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areMarkov-Perfect.At thesametime,for thereasonsdiscussedin Section4, thescopeof The-

orem9 on multi-stagegamesis very limited—henceI choosenot to dwell on theimplications

of Theorem9 onmulti-stagegameshere,seeEchenique(2000)for thedetails.

Thecollectionof subgames
 Hα : α � I � is closed under intersections if for any α � α "�� I ,

thereis ξ � I suchthat Hξ � Hα E Hα 0 . Any well-definedgametreehassubgamesthat are

closedunderintersections(in factsubgamesareeithernestedor disjoint, so they aretrivially

closedunderintersections).

Theorem 10 Let Γ bean extensive-formgameof strategic complementaritieswith subgames

that are closedunderintersections;let s be its smallestSPNEands its largestSPNE.If Hα,

with α � I , is anysubgame, thens / Hα ands / Hα are, respectively, thesmallestandlargestSPNE

of theextensive-formgamecorrespondingto Hα.

Proof: Suppose,by way of contradiction, that thereis a subgame Hα with a smallestSPNE

strategy profile sα that is not equalto s / Hα . Let ˜n �;
 p̂�� n : p̂ α � sα � , by repeatingtheargu-

mentsaboveweobtainthat ˜n is acompletelattice.Let β̃ : ˜n � ˜n bedefinedby β̃ �1p5���
o p̂�� ˜n : ui

γ � s" iγ ��p J i
γ ��# ui

γ � p̂ iγ ��p J i
γ � for all s" iγ � Si

γ � s" iγ / Hα � si
α � i � N � andγ � I � Hγ � Hα r 4

Thatβ̃ ismonotoneincreasingin thestrongsetorderandclosed-valuedfollowsfromarguments

similar to thoseproving that β is monotone increasingandclosed-valued. That β̃ hasnon-

emptyvaluescanbeprovedby following thestepsin theproofof Lemma7, andrestrictingthe

optimizingstrategiesto equalsi
α on informationsetsthatalsobelongto Hα.

By Zhou’s versionof Tarski’s Theorem,thereis a fixedpoint p�� ˜n of β̃. I claim that this

is a SPNEof thewholegameHα0. Fix i � N. For any γ � I with Hγ - Hα, p α0 / Hγ � sα / Hγ. But

p iα0
/ Hγ � βi

γ �Tp5� sinceHγ is a subgame of Hα andsα is a SPNEin Hα. Let γ � I with Hγ � Hα.

Γ hassubgamesthat areclosedunderintersections,hencethereis ξ � I with Hξ � Hγ E Hα.

SinceHξ is a subgame of Hα, p ξ � sα / Hξ so p ξ � βi
ξ �1pM� becausesα is a SPNEin subgameHα.
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Then, p iγ � βi
γ �1pM� becauseif thereis ŝi

γ � Si
γ with ui

γ �1p iγ ��ptJ i
γ �I) ui

γ � ŝi
γ ��ptJ i

γ � it mustbethatŝi
γ and p iγ

differ on thesubgameHξ � Hγ E Hα. But, usingconsistency of payoffs,

ui
γ �Tp iγ �wp J i

γ �x) ui
γ � ŝi

γ �wp J i
γ �I# ui

γ � ŝi
γ / Hγ K Hα �wp iξ �wp J i

γ �c�
impossible sincep�� β̃ �1p5� . Hence,p iγ � βi

γ �1pM� for any γ � I so p is aSPNE.

By Theorem9 thereis aSPNEs̃ � s �Bp α0 becausethesetof SPNEis a lattice.Sincesand

p α0 differ onHα, s̃ is smaller thans, a contradiction.�
Comparativestaticsresultsfor theextremalSPNEfollow fromwell-knownresultsin Mono-

toneComparative Statics. For comparative staticsof non-extremal equilibria,seeEchenique

(2002).

Definition 11 Let T bea partially orderedset.Thecollection 
 Γ � t � : t � T � is an increasing

family of extensive-form games if, for any t � T, Γ � t �x�?
 N � H ��
 Hα : α � I ����
 Hi : i � N �u�

 At � h� : h � H �u�P8 ui

α t : i � N � α � I 9�9 is an extensive-formgameof strategic complementari-

ties; if for all h � H, At � h� is increasingin thestrongsetorder in t andif, for all i � N α � I ,

ui
α t satisfiesthesingle-crossingcondition in � si

α � t � .
Theorem 12 Let 
 Γ � t � : t � T � bean increasingfamily of extensive-formgames.Let t � t "�� T

with t � t " . Thesmallest(largest)SPNEof Γ � t � is smaller, asanelementof S, thanthesmallest

(largest)SPNEof Γ � t " � .
Proof: Let βt andβt 0 betheextendedbest-responsecorrespondencesof Γ � t � andΓ � t ",� , respec-

tively. An argumentsimilar to theproof thattheextendedbest-responsefunctionis monotone

increasingin theproofof Theorem9 establishesthat,for any px� n , βt �1pM� is smallerthanβt 0 �1pM�
in thestrongsetorder. Theresultthenfollows from Theorem2.5.2in Topkis(1998). �
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4 Complementaritiesare restrictive

How commonis theexistenceof complementaritiesin extensive-formgames?Therearetwo

answersto this question. First, onecanargue that the orderon strategies is not part of the

descriptionof agame,soonehasa“degreeof freedom”in checkingfor complementarities,one

cantry to find anorderonstrategiessuchthatagamehascomplementarities:So,how oftencan

onefind anorderonstrategiessuchthatagamehascomplementarities?Veryoften—Ishallnot

expandon why here,but it is a directapplicationof thecharacterizationin Echenique(2001);

Echenique’s(2001)resultsrequire,though,thatoneknowsfirst thenumberof equilibriaof the

game,soit doesnotprovidesufficient conditionsfor existence,or for comparativestatics.

Second,givengameswith somekind of “natural” orderfor whichheuristicallyoneshould

getcomplementarities—forexampleadynamic variantof astaticgamewith complementarities—

theansweris negative. In thediscussion below I shallgiveexamplesof gameswith andwithout

extensive-formcomplementarities,I believe theseexamplesexplainwheretheproblemsarise.

The situationcontrastswith the study of Markov-Perfectequilibria in stochasticgames

with complementarities. For example,Curtat (1996)(implicitly alsoAmir (1989)andAmir

(1996a))imposessupermodularity conditionson payoffs, andis ableto obtainresultson the

setof Markov-Perfectequilibriausinglattice-theoretictools.Thereasonis thatMarkov-Perfect

equilibrialimit thestrategic interactionover timeenoughsothattheeffectof complementarities

is preservedin dynamiccontexts—thiswill, I hope,beclearfrom theexamplesbelow.

1. OptionalBoS in the introduction is a gameof strategic complementarities. Optional

BoSII in Figure3 cannotbemadeinto a gameof strategic complementarities. SaythatYesis

larger thanNo andrepeatthe argumentfrom the introduction: An increasein One’s strategy

from No-OO to Yes-OO makesTwo shift from B to O in the gamefollowing Yes. Strategic

complementaritiesrequiresthenthat theactionO is larger thanB at this informationset. But

this givesa decreasingresponsewhenwe shift from No-OB to Yes-OB. The solutionin the
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���� � � �O B�
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	�	
	�	
	�	
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2

O B���� � � �O B�
2 � 1 �

0 � 0
���� � � �O B�

0 � 0 �
1 � 2

	
	�	
	�	
	�	
	�	
	�	
	
	�	
	�	1

Figure3: OptionalBoSII

introductionwasto changetheorderon 
 Yes� No� . But herethisclearlygivesriseto thesame

situation in thesubgamefollowing No. 3

Theproblemis that,off thepathspecifiedby a strategy profile, playersareindifferentbe-

tweenactions.This indifferencemakesthesingle-crossingpropertykick in. If theinformation

seth is off thepathof a strategy profile � si � sJ i � thenplayeri is indifferentbetweenstrategies

thatdiffer onA � h� . Now, if s"&J i is a largerstrategy, andh is onthepathof � si � s"&J i � , thenit must

be thatpayoffs aresuchthat, if a � a"�� A � h� anda is smallerthana" , thena is preferred to a" .
That is, preferenceshave to coincidewith the orderon actionsfor every strategy profile that

hash “on its path.”

2. I shallshow that,evenin simpledynamicgames,while “per-periodpayoffs” aresuper-

modular, (extended)bestresponsesarenotmonotoneincreasing,thereis no largestSPNE,and

the setof SPNEis not a lattice. The root of the problemis that the strategic interactionsin

dynamicgamesdestroy theeffectof complementaritiesin per-periodpayoffs.

First I presentafinite-horizonexample. ThenI presentaninfinite-horizonexampleto show

that thereareadditionalproblemswith dynamiccomplementaritiesin infinite-horizongames

(I amindebtedto ananonymousrefereefor pointingout that thereareadditionalproblemsin

infinite-horizongames).Thepointof theseexamplesis thatthereis nohopeof generalizing—

with a differentnotionof extensive-formcomplementarities—theresultsin Section3 to many

gamesof economicinterest.
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a) Theexamplein item1 is adynamicgamethatintuitively shouldsatisfydefinition4, but

fails to doso.Theorems9, 10and12dependon thepropertythatbestresponsesaremonotone

increasing,andnot directly on thesupermodularity/single-crossingassumptions on payoffs in

Definition4—theseassumptionsaremerelysufficient for monotone(extended)bestresponses,

not necessary. I shall show that, even in simple dynamicgames,while “per-periodpayoffs”

aresupermodular, (extended)bestresponsesarenot monotone increasing,thereis no largest

SPNE,andthesetof SPNEis nota lattice.

Considerthematrixgamein Figure4. It is easyto checkthatthisgamehasstrategic com-

plementaritieswheneachplayer’sstrategy setis orderedby α ) β ) γ. Indeed,aseachplayer’s

strategysetis totallyordered,payoffsarequasisupermodular in theplayer’sownstrategies.The

single-crossing propertyholdstoo,notethatfor player“Row” thesingle-crossing propertyonly

kicks in when“Column” playsβ andRow comparesthe payoff of β with thatof the smaller

strategy α—the payoff to Row of β is higher, andit remainshigherwhenColumnincreases

herstrategy from β to γ, soRow’s payoffs satisfythesingle-crossing property. Similarly with

Column’spayoffs.

Now supposethat Row andColumnplay the twice-repeatedversionof the matrix game.

Supposethat they discountper-periodpayoffs with a discountfactorδ � 1� 2. I shall show

thatbestresponsesin thetwice-repeatedversionof thegamearenotmonotone increasing,that

thereis no largestSPNE,andthattherearenon-monotoneSPNEoutcomes.

Considerthefollowing strategy for Column: “play γ in period1, play α in period2 if the

α β γ
α 3 � 3 0 � 1 0 � 0
β 1 � 0 1 � 1 3 � 0
γ 0 � 0 0 � 3 2 � 2

Figure4: A gamewith complementarities.
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outcomein period1 was � γ � γ � , play β in period2 if not.” A best-responseto this strategy by

Row is to dothesame,i.e. “play γ in period1, playα in period2 if theoutcomein period1 was

� γ � γ � , play β in period2 if not.” Supposenow thatColumnincreasesherstrategy to “play γ in

period1, play β in period2 regardlessof theperiod-1outcome.” Then,any best-responseby

Row involvesplayingβ in period1—sono bestresponseto theincreasein Column’s strategy

involves anincreasein Row’sstrategy.

OneSPNEoutcomeis �5� γ � γ �y�t� α � α �M� —meaningthat � γ � γ � is theoutcomethefirst time the

gameis played,and � α � α � is the outcomethe secondtime. Also, �5� β � β �t�t� β � β ��� is a SPNE

outcome.Now, �5� γ � γ �c�t� α � α �b� and �5� β � β �|�t� β � β �M� areunorderedasvectorsin 
 α � β � γ � 4, and

thereareno largerSPNEoutcomes—thevectors�5� γ � γ �t�t� β � β �b� and �5� γ � γ �c�M� γ � γ �5� arelarger, but

they cannotbetheresultof a SPNE.Sothereis no largestSPNEoutcome,which impliesthat

thereis no largestSPNE,andthatthesetof SPNEsis nota lattice.

This exampleis importantbecauseit getsquickly hardto checkthata gamesatisfiesDefi-

nition 4, soit would helpif it wereenoughto checkcomplementaritieson per-periodpayoffs.

Then,even if Definition 4 is hardto satisfy, thereis little hopethat it canbe weakenedin a

fruitful way, asany suchweakeningshould reasonablyimply thattheexampleaboveis agame

with strategic complementarities.

ThenegativeconclusionsaboutcomplementaritiesandSPNEcontrastwith existingresults

on Markov-Perfectequilibria (Amir 1996a,Curtat1996). Curtat’s (1996)resultsdeliversone

monotone Markov-Perfectequilibrium for gameswith “per-period” complementarities. For

example,by usingasstate-spacethestrategy profile chosenlastperiod,onegetstwo constant

(andthusmonotone)Markov-Perfectequilibria: i) play � α � α � eachperiodno matterwhatthe

stateandii) play � β � β � eachperiodnomatterwhatthestate.

b) I shall discussfinitely- and infinitely-repeatedprisoner’s dilemma. I assumethat the

readeris familiar with a textbookanalysisof thegameat thelevel of, for example,Fudenberg

andTirole (1991)or OsborneandRubinstein(1994).
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Considerfinitely-repeatedprisoner’s dilemma. Let usordertheplayers’actionssuchthat

“cooperate”is larger than“defect” for eachplayer—nothing dependson that order, we can

changeit andget thesameresult. One-shotprisoner’s dilemmahasstrategic complementari-

tiesbecausebest-responsesareconstant(defectno matterwhat theopponentdoes),andthus

monotoneincreasing.One-shotprisoner’sdilemmaalsohasauniqueequilibrium, whichgives

usagamewith strategic complementaritiesin eachstepof thebackward-inductionprocess,as

thefutureconsequencesof any pairof chosenstrategiesarethesame.Strategic complementar-

ities arethusinheritedfrom onestepto thenext in thebackward-inductionprocess(seeAmir

(1996b)for a discussion in thecontext of recursivedecisionproblems).

Now considerinfinitely repeatedprisoner’s dilemma with a largediscountfactor. For any

historyh of play, thereis a SPNEwherebothplayerscooperateafter historyh. Hencethere

cannotbea largestSPNE,asthestrategies“cooperateafterany history” arenot a SPNE.One

canthusnot hopeto obtaina resultlike Theorem9 in this game.The root of theproblemis

againthatextendedbest-responsesarenot monotoneincreasing:if player2 playsthestrategy

“cooperateatany history wherebothhavealwayscooperated,defectatany otherhistory” it is a

bestresponsefor player1 to playthestrategy “cooperateatany history wherebothhavealways

cooperated,defectat any otherhistory.” Now if player2 increasesherstrategy to “cooperate

at all histories,” nobestresponseby 1 will involvecooperatingat thenull history. Thusplayer

1’sbestresponsedoesnot increase.

Again, in this exampleper-periodcomplementaritiesaresufficient to get theexistenceof

amonotoneMarkov-Perfectequilibrium—but thensomemonotoneMarkov-Perfectequilibria

aretrivial: usea singletonstate-spaceandplay “defect” for ever. Thepoint is thatper-period

complementaritiesarenotenoughto yield theresultsin Section3.

3. Theproblemin theexamplesin item2 is thatcomplementaritiesareendogenous.I now

explain in moredetailhow thisproblemarises.

Supposetherearetwo playersin a two-stagegame.Eachplayeri chooses,in time t, a real
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numberai
t , theplayers’choicesin eachtime periodaresimultaneous.Supposethatplayeri’s

payoff from outcome� a1
1 � a2

1 � a1
2 � a2

2 � is ui � a1
1 � a2

1 � a1
2 � a2

2 � , suppose thatui hasthesingle-crossing

property for all possible pairs of its arguments. Note that, if choiceswere simultaneous,

this would be a gamewith strategic complementarities. Now lets look at the backward in-

ductionsolution to this game. From e.g.Mil grom andShannon’s (1994) results,thereis a

Nashequilibriumof eachsecond-stagesubgamethatis monotoneincreasingin thefirst-period

choices.Thatis, let � a1
2 � a1

1 � a2
1 �c� a2

2 � a1
1 � a2

1 �5� beaNashequilibriumin the � a1
1 � a2

1 � -subgame,and

� a1
2 � a1

1 � a2
1 �c� a2

2 � a1
1 � a2

1 �5� increaseas � a1
1 � a2

1 � increases.

It is now easyto seethat the inducedfirst-periodgamemay not have complementarities.

Let a1
1 ) a1

1, a2
1 ) a2

1, andsupposethat

ui � a1
1 � a2

1 � a1
2 � a1

1 � a2
1 �c� a2

2 � a1
1 � a2

1 �M�I# ui � a1
1 � a2

1 � a1
2 � a1

1 � a2
1 �c� a2

2 � a1
1 � a2

1 �5�c4
To obtainsingle-crossingin theinducedfirst-periodpayoffs, weneed

ui � a1
1 � a2

1 � a1
2 � a1

1 � a2
1 �c� a2

2 � a1
1 � a2

1 �5�I# u1 � a1
1 � a2

1 � a1
2 � a1

1 � a2
1 �c� a2

2 � a1
1 � a2

1 �5�|4
But thesingle-crossingassumptionsonui

1 only guaranteethat

ui � a1
1 � a2

1 � a1
2 � a1

1 � a2
1 �c� a2

2 � a1
1 � a2

1 �5�I# u1 � a1
1 � a2

1 � a1
2 � a1

1 � a2
1 �c� a2

2 � a1
1 � a2

1 �5�|�
andit is easyto generateexampleswherethatis notenoughfor singlecrossingthefirst-period

payoffs. 4

Theproblemis thatexistenceof complementaritiesin period1 dependson theperiod-two

equilibrium, so staticcomplementaritiesassumptions areinsufficient to guaranteeextensive-

form complementarities. Definition 4 putsenoughstructureon across-subgamescomplemen-

taritiessothattheinducedfirst-periodpayoffs dohave complementarities. It wouldbeniceto

know if thereareweakerconditionsthatguaranteethis,but I think it is veryunlikely thatthere

areany.
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R L
L " x x � y
R" x � y y

s2

R L
L " 0 2
R" 3 2

r

R L
L " 0 2
R" 0 2

l

Figure5: Payoffs to PlayerOnein thegamein Figure2

4. Finally, I will show thatthegamein Example1 is agameof strategic complementarities.

OrdertheactionssothatL is larger thanR, l is largerthanr andL " is largerthatR" . Consider

Figure5. The two matricesto the right show the payoffs to playerOnefor eachof theeight

possiblestrategy profilesin thisgame.

Fix Two’s strategy s2 � r. We needto checkthat s1 Y� u1 � s1 � r � is quasisupermodular.

Here,u1 � RL" � r �I� 0 ) u1 � RL" � LR" � r �^� u1 � RR" � r �I� 3, so the requirementin thedefinition

of quasisupermodularity is vacuous. Fix s2 � l , then u1 � RL" � LR" � l �P� u1 � RR" � l �*� 0 and

u1 � RL" � l �f� 0 so we needu1 � LR" � l �V# u1 � RL" � LR" � l � . Which is satisfiedsinceu1 � RL" �
LR" � l �x� u1 � LL " � l �x� 2 andu1 � LR" � l �x� 2. Now, we needto checkthat the players’payoffs

satisfy the single-crossing property. Note from Figure5 that, whens2 � r, no increasein a

strategy by playerOneis profitable. Sincer ) l thesingle-crossing propertyin playerOne’s

payoffs is satisfiedvacuously.

R L
L " 0 0
R" -1 0

s2

Figure6: Gainfrom increasingTwo’sstrategy: u2 � s1 � l �_i u2 � s1 � r � .
To seethat Two’s payoffs satisfy the single-crossing property, considerFigure 6. The

figure shows the gain to Two u2 � s1 � l ��i u2 � s1 � r � from increasinghis strategy from r to l .

It is seendirectly from the figure that whenever u2 � s1 � l ��i u2 � s1 � r �'� 0 and s1 ) s1" then
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u2 � s1"U� l ��i u2 � s1"U� r �$� 0. This establishesthat the gamein Figure 2 is a gameof strategic

complementarities.
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Notes

1They arenotdominance-solvable,asmightbesuggestedby thediscussionabove.

2SeeFudenberg andTirole (1991)andOsborneandRubinstein(1994)for the two usual

definitions.

3 Optional BoS II shows that the propertyof having complementarities is not robust to

theadditionof an irrelevantmove. This is alsotrueaboutcomplementarities in normal-form

games,sothis non-robustnessdoesnot causecomplementaritiesto beespeciallyrestrictive in

extensive-formgames.

4For example, ui � a1
1 � a2

1 � a1
2 � a2

2 ��� a1
1a2

1a1
2a2

2 � a1
1 � 1 i a1

1 � � a1
2 � 1 i a1

2 � works if we restrict

ai
t � 0.


