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Abstract

| provethesubgme-perfet equivalentof thebasicresultfor Nashequilibri ain normd-
form gamesof straegic complanents: the set of sulgame-peréct equilibria is a non
empty complde lattice—in particular, subgameperfed¢ Nash equilibria exist. For this
purposel introducea device thatallows the study of the setof subgame-perfet equilibria
asthe setof fixed points of a corresporence My resuts arelimited beauseextensive-

form gamef straegic complementatiiesturn out—aurprisngly—to beavery restictive
classof games.

Keywords Stratgic complementaries, supermodulagames,subgane-perfectequilibrium,
dynamicgames Tarski's fixed pointtheorem.



1 Intr oduction

In this paperl define extensve-form gamesof stratgic complementari@s, and prove the
subgane-perfet equivalentof the basicresultfor Nashequilibria in normal-formgamesof
stratgyic complenents: the setof subgame-perfediiashequilibria (SPNE)is a non-empty
completelattice. This hasstrongimplications;not only doesit give a generalexistenceproof,
it alsoallowsthe useof comparatie staticstechniquesWhile this seemdo bea promisingre-
sult, | alsoshaw that,in extensve-formgamesthe assumptia of stratgic complementarnés
is—surprisngly—very restrictive.

Equilibria are usuallyanalyzedby meansof fixed-pointmethod. This hasnot beenthe
casefor SPNE.A methoalogical contribution of this paperis theintroducton of adevice, the
“extendedbest-responseorrespondence.with the propertythatthe setof SPNEof a game
coincideswith thesetof fixedpointsof theextendedoest-responseorrespondencdhemodel
of extensve-formgamesghat! useallowstime to becontinuoussothe extendedest-response
correspondenceanalsobe usedto analyzeSPNEof continuoustime games.

SPNEexist in finite games. Harris, Rery, and Robson(1995) presentan exampleof a
gamewithout an SPNEthatis a two-stagegamewith a finite numberof players,andwhere
only oneplayerhasaninfinite stratgy space Hence existenceof SPNEis notguaranteedfter
a minimal departurefrom finite games.Proofsof existenceof SPNEin non-finitegamesare
provided by Harris, Rery, andRobson(1995)for gamesof almost-perfecinformationwhere
a public randomizatiordevice is presentpy Harris (1985a),Harris (1985b)andHellwig and
Leininger(1987)for gamesof perfectinformation; andby Fudenbey and Levine (1983)for
classe®f gameswith strong“continuity atinfinity” properties.

In this paperl shav thatthe existenceof SPNEfollows from stratgic complementariés;
concretelythatthe setof SPNEof a gamewhosenormal-formis a gameof stratgic comple-

mentaritiesjs a non-emptycompletelattice. My resultsapplyto continuoustime gamesand



Figurel: OptionalBattle of the Sexes

to gamesf imperfectinformation thatarenotnecessarilgamesof almostperfectinformation
(I amnotawareof otherexistenceresultsfor continuous-tne games).Theimportantproblem
with my resultsis thatthe assumpon of complenentaritiesin extensve-form gamess very
strong.

Gamesof stratgyic complementarigswerefirst studed by Topkis(1979),andintroduced
into economicdy Vives(1990). Topkis (1998)andVives(1999)containa definitionof (nor-
mal form) complenentarities,with up-to-datereferences.Thereare mary exampksof eco-
nomicmodelsthataregamesof stratgjic complenents(seeMilgrom andRobertg1990), Top-
kis (1998),andVives(1999)). By now it is fair to saythatcomplementariésin normal-form
gamesds a very usefulandcommonstructure.Herel shaw that, while still very useful,com-
plementaritesin dynamiccontexts arerare.

To illustrate the problem,considerthe gamein Figurel. This is “Optional Battle of the
Sexes” Here,playerOnechoosedirst to say Yesor No. If OnesaysNo thenpayofs arel
each.If OnesaysYesthenthey play a Battle of the Sexesgame:they simukaneouslychoose
anelemenbof {O,B}. If thechoiceis (O, O) thenplayerOnegets2 while Two getsl. If they
chooseg(O, B) or (B, O) thenbothgeta payof of 0. If the outcomeis (B, B) thenpayofs are
(1,2)

It is easyto seethat Battle of the Sexes (BoS, the simutaneous-mee gamethat follows

afterOnechoose¥'es)is agameof stratgic complenentarities.PlayerOne’s bestresponséo



Two playingB is to play B andOne’s responséo Two playingO is to play O. So,achangeby

Two from B to O makesOnechangean the samedirection. This is alsotruefor playerTwo: a
changeby Onefrom B to O makesTwo changén thesamedirection.Imposinganorderonthe
players’stratgies,we cansaythatO is “larger” thanB. Thenthebestrespons®f eachplayer
is increasingn the otherplayers choiceof stratayy, this is the crucial propertyof a gameof

stratgjic complementariés (indeedit is easilyseenthatBoS satisfieghe definitionof agame
of stratgyic complemerdritiesin e.g. Milgrom andRobertg1990)).

Now, consideitheextensve-formgameOptional BoSandlet usimpos anorderontheset
{No, Yes}. Lettheaction“Yes” at Onesinitial decisionnodebe largerthan“No”. Thenthe
stratgy No-O (sayNo at theinitial nodeandplanto play O in Battle of the Sexes)is smaller
thanYesO andNo-B is smallerthanYesB. But, whenOneis playingNo-B it is optimal for
Two to play O, while if weincreaséOne’s stratejy to YesB thenit is uniquelyoptimal for Two
to play B. ThisimpliesthatTwo’s stratey is hotincreasingn One’s stratey choice.We could
try to fix this by sayingthatB is larger than O, but thenthe problemwould arisewhenOne
increaseshe stratgyy from No-O to Yes-O.

It turnsoutthatit is possble to make Optioral BoS a gameof stratgic complementaries.
The soluion is to saythatthe actionYesis smallerthanNo. This shavs that extensve-form
gamesof stratgic complementari@isare not trivial. 1 But unfortunatelythe simple solution
in OptionalBoS s not feasiblein general.l shallshav how a complication of OptionalBoS
yields a gamethat cannotbe transformednto a gameof stratgic complementanés. | shall
arguealsothatmostdynamicgamesof economidnterestcannotbe transformednto gamesof
stratgjic complemerdrities.

The situationcontrastswith the study of Markov-Perfectequilibria in stochastiogames
with complementanés (Curtat (1996), Amir (1989)and Amir (1996a)). Markov stratgies
limit dynamicstratejic interactionsandthusallows complemerdritiesto have leverage but

whenmoregeneraktratgjiesareallowed,this breaksdown. | shallillustratethe situaton with



examplesn Section4.
Section2 presentslefinitionsandnotation Section3 introducestheextendedoest-response
correspondencandthe mainresultsof the paper Section4 shavs how complementarigsare

arestrictve assumptiorby discussng someexamples.

2 Generdized Extensive-Form Games
2.1 BasicDefinitions and Notation

A detaileddiscussia of the conceptgdefinedin this subsections in Topkis (1998). A setX
with a transitve, reflexive, antisymnetric binary relation< is alattice if wheneer x,y € X,
bothx Ay = inf{x,y} andxVy = sup{x,y} existin X. It is complete if, for every nonempty
subsetA of X, infA, supA exist in X. For two subsetsA, B of X, saythatA is smallerthan
B in the strong set order if a€ A, be BimpliesaAnbe AjavbeB. Let@: X - X bea
correspondenceSaythat @ is increasing in the strong set order if, wheneer x <y, @(X) is
smallerin thestrongsetorderthanq(y).

The order-interval topology on a lattice is obtainedby takingthe closedintervals [x,y] =
{ze X :x =< z=<y} asasub-basidor theclosedsets.All latticesin the papemwill beendaved
with the orderinterval topology. All productsof partially orderedsetsare endaved with the
productorder All productsof topologcal spacesareendavedwith the producttopology.

If X isalattice,afunctionf : X — R is quasisupermodular if for ary x,y € X, f(x) > f(xA
y) impliesf(xvy) > f(y) andf(x) > f(xAy) implies f (xVvy) > f(y). Quasisuprmodularityis
anordinalnotionof complemerdrities, it wasintroducedoy MilgromandShannor{1994).Let
T beapartially orderedset. A function f : X x T — R satisfieghe single-crossing condition
in (x,t) if wheneer x < X andt < t/, f(x,t) < f(X,t) impliesthat f(x,t") < f(xX,t’) and
f(xt) < f(X,t) impliesthat f(x,t’) < f(X,t’). Therestrictionof afunctionf:X —Y toa

subseX’ C X is denotedf |x:.
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Figure2: An extensie-formgameof stratgic complemerdrities

2.2 Definition of GeneralizedExtensive-Form Games

| presentdefinitionof extensve-formgameghathasinformationsets,asopposedo decision
nodes,as primitives. It is really only a slight variationon the usualrulesfor draving game
trees,but it resultsin a considerablymore generalframenork becauset allows time to be
continuousanddoesnotimposeperfectrecall or partitioredinformationstructures. 2 | hope
that the benefitsof having resultsthat apply to continuous-timegamesare importantenough
to balancethe costof a slighty unfamiliar framewvork. Besidesits generality this model of

extensie-formgameds moreparsimonousthanthe usualone,thereforethe proofsareeasier
andsharpeithanthey would be otherwise.

| shallusethefollowing exampleto illustratethe conceptsasthey areintroduced.

Example 1 Considerthegamein Figure 2. First, playerOneselectsan elemenin {L,R}. If
sheselectd. thenthegame‘ends” andthepayofsare 2 to playerOneandO to playerTwo. If
sheselectR thenTwo getsto choosebetween andr. If hechoosed thenshegets1 while One
getsO. If hechooses thenplayerOnegetsto choosean elemenin {L’,R’}. Payofsare (0,0)
and (3,1) after Onechoosed.’ and R, respectivelyLet a; be the first nodeat which player
Onemoves,a; bethe seconchodeat which shemovesandb bethenodeat which player Two

moves.

Now | shalldescribesomehelpful notionsthatwill build up to the definitionof a general-
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izedextensve-formgame.Theexactdefinitionof a generalizeaxtensie-formgameis below
(Definition 3).

LetN = {1,...n} bethesetof players.Let H beaset;theelement®f H will bereferredto
as“information sets. Let # = {Hq : a € |} beacollectionof subsetof H and{Hi i eN}
a partition of H. Theinterpretationwill be that playeri is endaved with a collectionH' of
information setsandthatthe elementsof H = U"'_;H' arethe informationsetsof the game.
Foreacha € |, Hy € H shouldbeinterpretedasa “subgane” of H (thisinterpretatioris made
precisebelow). | shallreferto a subgane Hy bothasa andHy.

In Examplel, N = {1,2}, H = {ay,ap,b}, H! = {a;,a,} andH? = {b}. Therearethree
subgaresin the example,let | = {ao, 01,02}, Hay = {a1,a2,b}, Hy, = {a2,b}, andHq, =
{a2}; H = {Hay, Hay, Hay }

| make two assumptiasabout¥{, thecollectionof “subgames. First, thatH itself belongs
to this classof subgameslet ag € | satisfyH = Hy,. Second,if {Hy:ael’} C #H isa
subcollection of # suchthatarny a,a’ € |’ satisfyeitherHy C Hyr or Hyr € Hg, thenUg e/ Hg €
H—so | assumehat # is closedunderincreasingunions. For every a € I, {Hi i eN}
inducesapartitiononHg: let H, = Hy NH' bethesetof playeri’sinformation setsin subgame
Hq. Notethat #' = {Hc', oS I} is alsoclosedunderincreasingunions. It is easyto verify
thattheexamplein Figure2 satisfiegheseassumptins,asdoesary well-definedgametree.

The playerschooseactionsat eachof their informationsets. For eachh € H, let A(h) be
the setof actionsavailableto the playerthat movesat information seth. EachA(h) is en-
dowedwith aHausdorf topology Thesetof all possibé actionsis denotedy 4 = UpcnA(h).
Playeri’sstratey spacen subgame € | is S, = {s: H; — 4 :s(h) € A(h) forallhe H}} =
Mperi Ah). Let Sy = MienS; andS,' = I'IjeN\{i}S&; s, is refersto agenericelementof ;.
Notethatif A(h) is acompletelattice for eachh, thenS,, S;' andS, arecompletelatticesin
the productorder

Eachplayeris endaved with preference over stratey profilesin subgane a € I. These



preferencesrerepresentetly a collectionof payof functionsul, : S — R.

Considerthe gamein Examplel: A(a;) = {L,R}, A(b) = {I,r} andA(ay) = {L',R},
sothat4 = {L,L’,R R,I,r}. The stratgy spacefor player1 for the whole gameis Séo =
{LL",LR,RL,RR}—whereLL’ meanghat1 plansto play L atherfirst decisionnode(a;) and
thenL’ athersecondlecisiomode(ay) andsoon. Thestrategy spaceor player2 for thewhole
gameis simply & = {I,r}. The stratey spacedor the othersubgamesiresq = {L',R},

={l,r}, &, = {L’ R} andS%, = {0}. Thechoiceof 0 for player2 in subgamen for-
mallzesthatonly 1 makesa choicein thissubgane. Theplayers’preference eachsubgame
are immediatefrom Figure 2, u} (LL',1) = 2,u3 (LL,I) = 0, uj,(L,1) = 0, u3,(L',1) = 1,
ug,(L’,0) =0, u3,(L’,0) =0, etc.

Definition 2 A collectionof payof functions{u{" ieN,a € I} is consistent if, for everyi €
N anda,a’ € I, wheneer Hy C Hq, S € S/, S §a € g, andz, € S, the inequalifes
Uy (%, 5') < Ug(sh,s') and UQ(%\H&,@EWH < Uy (2 s 1) imply that U (&, %) <

Uy (St Wiz 40-Sa')- Thecollectionof payof functionssatidies continuity if, for all a €1,

ieN,ands;' € S, 8, — U (s),s;') is anuppersemi-contimousfunctian.

Payoffs areconsisentif, givenopponentsstratgy s—', whenever 5, performsbetterthan
§, in subgameHy D Hy andz,, performsbetterthans,, in subgane Hy, it mustbe thatthe
combinedstratgy that follows s, in H;\H!, andfollows Z,, in H|
thang, .

The payofs in Examplel areconsistent Fix the stratey sﬁo = | by player2 in subgame

a’ cannotperform worse

0o, the“whole” game.Givenary stratay séo, playerl’s payof is independenbf choicesin
nodeay. In particulay choosingR/, the dominantstrat@y in subgamen,, doesnot decrease
the payof to following sclxo. Now, considersﬁo =r. The only casewherethe requirement
consisteng hasbite is for the stratgyy LL. In subgameng, LL is preferredby 1 to RL'. But,
in subgane o, R is betterthanL’. Consisteng thenrequiresthatLR' be preferrel to RL’ in
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subgare ap—whichis satisfiedby the specifiedpayofs.

Examplel illustrateswhy payofs in ary well-definedgametreeareconsistent Giveni’s
stratgyy s, andopponentsstratgiess,', if a subgamen’ is not reachedheni is indifferent
amongher choicesin this subgameand she cannotdo worse by picking somethiig that is
betterin the subgane. Onthe otherhand,if subgane a’ is reachedhenpayofs will be given
by choicesin o’. Choosinga betterstratey in subgane a’ canonly improve the payof to ;.

The definition of a generalizedxtensve-form gameis complicatedenoughto warrantan

enumeratiorof its components

Definition 3 Thesextuplel = {N,H, {Hq:a €1}, {H":i e N}, {A(h):heH}, {u :ieN,ael}}

is a generalized extensive-form game if:
e N={12 ...n}isthesetof players;
¢ H isasetof information sets;
e {H':i e N} isapartition of H;

e {Hq:a €} isacollectionof subsetof H thatis closedunderincreasingunionsand

sudt thatHg, = H for someng € I;

e {A(h):he H} is a collectionof action sets,eat endowedwith a Hausdorf topolagy

andcompact;

° {u?‘ ieN,a € I} is a collectionof consisént payof functionsthat satisfiescontinuty.

For ary subgamex € I, I inducesnaturallyan extensve-formgamer 4: let Hy betheset
of informationsetsof I'q, letthesubganesy € | with H, C Hy bethesubganesof I'; andlet
actionsetsandpayofs bedefinedasin I'. | will use“subgame™o denoteboththe setHy and

its correspondingxtensve-formgamer .



A strat@y profile sy is a subgame-perfect Nash equilibrium (SPNE)in subgamex € 1 if,

for everyy € | suchthatH, C Hy andeveryi € N,

Suli, € aMaxg .4 UY(8, 5" |-

| shallreferto the SPNEin subgare o, thewholegame assimply SPNE.Notethata stratey

profileis a SPNEif andonly if its restrictionto any subgane is a SPNEin thatsubgame.

Definition 4 A genearlized extensive-formgamel is an extensive-form game of strategic
complementarities if A(h) is a completéattice for all h € H andif, for all a € | andi € N,
s — Ul (s,,s7') is quasisuprmodularon S, and u}; satisfesthe single-cossingconditionin

(S So)-

It is slighly cumbersoméo shaw thatthe gamein Figurel1, hasstratgic complenents.|

leave thisfor sectiond.

2.3 Examplesof GeneralizedExtensive-Form Games
2.3.1 Optional BoS

| shall presenthe currentnotationfor the “Optional Battle of the Sexes” gamefrom the in-
troduction. Let a; be the initial node, b be the node at which player Two moves and as
be Ones information setafter that Two hasmoved. Then,H = {aj,a, b}, H! = {a1,ay},
H? = {b}. Therearetwo subgamesso| = {ao,01}, Ha, = {a1,a2,b} andHq, = {b,a}.
Action spacesare A(a;) = {YesNo}, A(b) = A(ap) = {O,B}. Stratgy spacesare S&O =
{Yes, YesB,NoO,NoB}, §§, = &, = &, = {O,B}.

2.3.2 Battle of the Sexedn Continuous Time

The gameis a Battle of the Sexesplayedin continuaistime. As Anderson(1984)andSimon

and Stinchcombg1989) point out, the map from stratgjiesto outcomesmight not be well



definedin continuos-time gameswhich implies thatwe cannotdefinethe payofs resulting
from different strateyy profiles. | will not spell out the detailsin Simonand Stinchcombes
(1989)modelof continuoustime extensve-formgames) only present simpleexample(that
in factfalls within Simonand Stinchcombes framavork). My constructiorof stratgjiesand
payofs is similarto thatin RadzikandGoldman(2001)in aclassof continuos-timezero-sum
games.

To avoid problemswith the map from stratgiesto outcones, | impose that playersare
only allowedto switchinfrequentlyfrom oneactionto theother Timeis indexedbyt € [0, 1].
Assumethat playerschooseeitherO or B attimet = 0. Their decisionsremainfixed for a
periodd € (0,1); attimet = & they canchooseto switch, representedby actionl, or notto
changedheirtime 0 choice representetly action0. At arny posteriotimet, playersareallowed
to choosel only if they havechoserDin [t — §,t). Thatis, switchesareirreversibk for alength

of time &. Theplayers™flow” payofs areasin BoSin theintroductia. If, attimet, they both
chooseO thenOnegetsa payof of 2 while Two getsa payof of 1; whenthey bothchooseB,
thenOnegetsl while Two gets2. If they choosdlifferentactionsattimet thenthey bothget
apayof of 0.

For ary t € [0,1], the eventsuntil time t are describedby a pair of vectorshy = (ht, h?),
with hi = (t},...t}) andwheret is the time of the Ith switch by playeri. By the description
above, we musthave tf —t'_, > & for | = 2,...k andt < t. Playeri startswith actionO if
ti1 = 0, with actionB if ti1 > 0. Any feasibleh; is calledatime+ history Let H; bethesetof all
time+ histories.

The setof all information setsis H = Uieg 1jHt. Any history h; startsa subgameHp, =
{h e H: t <1, h|t =h}, whereh|t = hy meansthath; andh; coincideon switchesbefore
time t. For ary history h;, the actionsavailableto playeri are {0, 1} or, if shehasswitched

recently(sot —tx < &), {0}. | will shav that the collection of information setsis closed

underincreasinguniors. Let {Hht ‘hy e I:|} be anincreasingcollectionof subganesandlet
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t= inf{t the e I:|}. Then,all historiesh; coincideon switchesuptot, let h; bethiscommon
history. It is immediatethatHp, = Uy, cjHp,. Similarly, the collectionof informationsetsis
closedunderintersections.

Strategiesaremapsh — S (hy) € A'(hy), whereAl (hy) is {0} if thelastswitchin h, waslater
thant — & andAl (i) is {0, 1} else. A pair of stratgiesdefine,recursvely, a finite collection
of switches A finite collectionof switcheggives,throughthe definitionof flow payofs above,
the payof associatedo the strategy profile. Additivity of payofs (from flow payofs) implies

immedatelythatpayofs areconsistent.

3 The Extended Best-ResponseCorr espadenceand Strate-
gic Complementarities

3.1 Main Results

In this paperl shall focuson subgane-perfectequilibria. In orderto keeptrack of the best

responseto opponerd’ stratgiesin eachsubgane, | needto introducethe set
Si = {Si € rl(x€|$.1 :SiGo‘H(i} :Sla}

This is the setof lists s' € My S, so that the componens!, € S, that correspondgo sub-
gameHq coincideswith therestrictionof s, | € §, —thestratay for thewhole game—tacsub-
gameHq. Let.S = MienS'. For theexamplein Figure2, recallthatsé0 = {Ll,LR,RL,RR},
&, ={l,R}, ands}, = {L',R}. So,

Sst={(LL,l,l),(LR,R,R),(RL,L,l),(RR,R,R)},

which is really the samesetas Séo, sl is an accountingdevice. In generalS and ' are
isomorptic: identify s' € §' with Siao € S. In therestof the paperl will frequentlyidentify S
ands.
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Definition 5 Playeri’s extended best-response correspondence ' : S — ' is definedby:
B(s) = {s' € 8" uli(sh,55") > Uy (§,54') forall§ € S, forallacl}.
Thegames extendedoest-espons correspondences 3: S — S, definedas(s) = MienpBi(9).

Playeri’s extendedbest-responseorrespondencassignsa strategy thatis a bestresponse
in each subgameo heropponentsstratgly. A gamel’’s SPNEcanbe analyzedby meansof
its extendedbest-responseorrespondenc. Lemma6 shows the usefulnes®f the extended
best-responseonstruction. By the constructiam of 3, and the definition of SPNE, one can

easilyseethevalidity of the following first lemma—sd omit its proof.

Lemma6 Thesetof SPNEof a genealizedextensive-forngameequalsthefixedpointsof its

extendedest-esponse&orrespondence

Thenext lemma,Lemma 7, shavs that3 is not a vacuousconstruction.The ideabehind
its proofis simple. Given opponerd’ strat@iessg(i), if Si(lo is a bestresponsdor playeri in the
wholegameHg,,, then§o(O shouldprescribeabestresponséor subganesthatarereachedinder
sgti). Also, i is indifferentbetweenrstratgieson subgameshatarenot reached Modifying sixo
to play abestresponsdo sg(i) alsoon non-reachedubganesyields,by consistenyg of payofs,
a stratgy thatis still abestresponséo sgg) in the original gameHg,,. Repeatinghis operation
“subgameby subgamefve canobtainanelementn (3(s).

Thereasoningsubgamey subgame’suggests proofby induction. Evenin simplegames
(likeinfinitely repeatedbimatix games}hesetof subgames uncountablesoaproofby clas-

sicalinductionis not possible.The propertool turnsout—expectedly—tabe Zorn’s Lemma.
Lemma?7 Foralls €S, B(s) isnotempty

Proof: Lets € S andfix i € N. Forary a €1, let B}, (s ') = argmax.g Uy (S, sq'). Tychonof's

TheoremimpliesthatS, is compactsop}, (s—') is nonemptybecaus&, is compactandpayofs
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areuppersemi-continuasin theplayersown strat@y. LetQ = {(§;}, H):ael,d € Bﬂx(s*i)}
bethesetof pairsof bestresponseandsubganes. OrderQ by <, where(sl,,H!,) < (s, H})

if andonly if H, € Hj ands,|yi =s,,. It isimmedateto verify that < is a partial orderon

Q. a

LetQ C Q beary linearlyorderedsubsedf Q. Sayi C | issuchthatQ = {(§a, H)eQ:ac f}.
Let H = Uy fHi. Since # is closedunderincreasingunions H € #'. Letye€ | sat-
isfy, H\, = H. For ary h € Hy, thereis o € [ suchthath € Hq; constructs, € S, by setting
s(h) = &,(h). SinceQ islinearly ordereds, is well defined.

| shallshaw that (s}, Hy) is anupperboundon Q in Q. Clearly, H); C H) ands| |, = s, for
allael. Lets, € Bi(s') andlet {S{I(O()}O(€I~ bethe netin S obtainedoy s,(a) i = Iy,
S'V(O()|H¢\H& = §\/|H§,\Hj,' anddirecting | by setinclusion (of the Hy with o € I). Note that
sy(a) — s, in theproducttopology Fix ary § € §,. Thens, € B,(s™') impliesthatu,(§,,s,"') <
U(3),s,"). Now, s/ = s € By(s ") implies that ug (8)|y;Sa') < Ug(Sy/ni»sa')- By con-
sisteny of payofs, then,for ary a € I, u(8,s,") < ul(s(a),s,"). Butthenul(8,s,") <
u(s,s, ), ass,(a) — s, andpayofs areuppersemi-continuas. This shavs that(sl, Hi) € Q,
so(sy, Hy) is anupperboundon Q.

Thelinearly orderedsetQ wasarbitrary By Zorn'slemmathereis amaximalelementsay
(s, Hg), of Q. SupposeHy! # Hi . Lets, € B, (s7). Defines,, € §,, by QO\H&O\H# =
%O\H&O\Hai andsy, |y = Sy - Now, (s, Hg') € Q impliesthatsy € By (s™). Let§, € §,,, then
Utto (Stigr Satg) < Yot (Stugs Sap) @NAUG (St lzi»Sa') < U (St lhgi»So')- BY consisengy of payofs,
Uy, (8, 5a0) < Ul (ShysSo)- Hence, sy € By, (s71), sothat (s}, Hi,) € Q and sy, Hg') <
(S Hio)- BUL (S5, Hg) # (s, Hy,)- Contradictionsince(s;, Hg') is maximal.

Construct* € S' by settingsy’ = s |,y; for all a € 1. It is thenimmedatethats* € B/(s)
since,by constructionfor alla € I,s3 =s5' € B, (s ). W

Extendedbest-responseorrespondencdsanslatehe problemof finding SPNEto afixed-

point problem. By addingthe assumptia of stratgic complementarigs,fixed pointsare ob-
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tainedby a versionof Tarski's Fixed Point Theorem andthe setof SPNEcanbe analyzedoy
“lattice programming” techniquesl includethisversionof Tarski's FixedPointTheorem—due
to Zhou (1994)—asTheoremB. Potentially though,extendedbest-responseorrespondences

areusefulin otherclasse®f extensve-form gamesaswell.

Theorem 8 (Zhou (1994)) Let X bea completdattice and@: X — X a correspondenceud
that @(x) is a non-emptysubcompletsublatice for all x € X. If @is increasingin the strong

setorder, thenthe setof fixedpointsof @ form a non-emptycompletdattice

Theorem 9 If ' is anextensive-forngameof strategic complementaties, thenits SPNEform

a non-emptycompletdattice.

Proof: | needto shav that 3 is monotore increasingin the strongsetorderandtakes non-
empty closedvaluesin orderto apply Zhou’s (1994)versionof Tarski’s fixed pointtheorem.
First | shav that 3 is monotore increasingin the strongsetorder Lets,z € § with s < z.
Lets’ € B(s) andz’ € B(z). By Theorem4 in Milgrom and Shannon(1994),for everya € I,
sy V 7y € algmaxq Uy (S,24') andsy Az € agman,.g UY (S,s4'). Hences' V7' € B(z) and
s' AZ' € B(s), proving thatf is increasingn the strongsetorder

That takesclosedvaluess animmedateconsequencef uppersemi-contnuity of payofs
in eachsubgane. By Lemma?7, (3 takes non-emptyvalues. Hence,by Zhou's version of
Tarski'sfixedpointtheoremthesetof fixedpoints of 3 is acompletdattice. Lemma6 implies
thatthe setof SPNEis acompleteattice. B

Theorenm® impliesthatthereis a smallestandalargestSPNEof ary extensve-formgame
of stratgic complementaritis. Note thatthe subganesof ary extensive-form gameof strate-
gic complemerg arealsoextensve-formgamef stratgic complemers. Therefore by The-
orem9, eachsubgane hasa smallestanda largestSPNEstratey profile. It turnsoutthatthe
extremalSPNEof arny subgane areobtainedrom the extremalSPNEof thewholegame.This

hasimportantconsequencedt canbe seenthat,in multi-stagegamesthe extremalequilibria

14



areMarkov-Perfect.At thesameime, for thereasonsliscussedh Sectiord, thescopeof The-
orem9 on multi-stagegamess very limited—henced choosenotto dwell ontheimplications
of Theorem® on multi-stagegameshere,seeEcheniqug2000)for the details.
Thecollectionof subgamegHq : a € I} is closed under intersectionsif for ary a,a’ €1,
thereis ¢ € | suchthatHg = Hy NHy. Any well-definedgametree hassubgameshat are
closedunderintersectiongin factsubgamesreeithernestedor disjoint, sothey aretrivially

closedunderintersections).

Theorem 10 Letl" bean extensive-forngameof strategic complementariéswith subgames
that are closedunderintersections;let s be its smallestSPNEand s its largestSPNE.If Hq,
witha € |, is anysubgametheng , andsy, are, respectivelythesmallesiandlargestSPNE

of the extensive-forngamecorrespondingo Hy.

Proof: Supposeby way of contradictia, thatthereis a subgane Hy with a smallestSPNE
stratgy profile sy thatis notequalto gy, . Let S={5€.5:8q =}, by repeatinghe amgu-

mentsabove we obtainthat. is acompletdattice. Let [3 : § — S bedefinedby E(s) =
{é €s: u{,(s’vi,s;i) < u{,(é{,,s;i) for all s/yi € S{,,s(,ima =g,ieN, andyel,H, ¢ Ha}.

ThatB iIsmonobneincreasingn thestrongsetorderandclosed-waluedfollowsfrom arguments
similar to thoseproving that 3 is monotae increasingand closed-alued. Thatﬁ hasnon-
emptyvaluescanbe provedby following the stepsn theproof of Lemma7, andrestrictingthe
optimizing strateyiesto equals,, oninformationsetsthatalsobelongto Hy.

By Zhou's versionof Tarski’s Theoremthereis a fixed points € S of E | claim thatthis
is a SPNEof thewholegameHq,. Fixi € N. Forary y € | with Hy C Hq, Sgo|H, = Sa|H,. But
sk |Hy € BY(s) sinceHy is a subgane of Hy andsy is a SPNEin Hy. Lety € | with Hy ¢ Hq.
[ hassubgameshat are closedunderintersectionshencethereis ¢ € | with Hy = H,N Hg.

SinceH; is asubgane of Hy, sz = so(\HE SOsg € Biz(s) becauses, is a SPNEin subgameH,.
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Then,s, € Bi(s) becauséf thereis &, € S, with ui(si,,s, ') < u(§,s,') it mustbethats, ands!,

differ onthesubgane H; = HyNHy. But, usingconsisteng of payofs,
Uy(shssy ') < U(8,5y") < U8\ HarSE Sy )

imposgble sinces € B(s). Hence,s{, € B{,(s) forany ye | sosisaSPNE.

By Theorem® thereis a SPNES = sA sq, becauséhesetof SPNEis alattice. Sinces and
sq, differ onHg, 8is smalkrthans, a contradiction®

Comparatre staticgresultdor theextremalSPNEfollow from well-known resultan Mono-
tone Comparatre Statics. For comparatre staticsof non-ectremal equilibria, seeEchenique
(2002).

Definition 11 Let T bea partially orderedset. Thecollection{l (t) :t € T} isanincreasing
family of extensive-form gamesif, for anyt € T, I'(t) = {N,H, {Hq:a €1}, {Hj:i € N},
{A(h) :heH}, {ul,:i€eN,ael}}isanextensive-forngameof strategic complementari-
ties; if for all h € H, A;(h) is increasingin the strongsetorderin t andif, forallie Na €I,

ul, , satidiesthe single-crossingconditian in (s}, ).

Theorem 12 Let{l (t) :t € T} beanincreasingfamily of extensive-forrgamesLett,t' € T
witht <t’. Thesmalles{largest)SPNEOfT (t) is smaller asanelementbf S thanthesmallest

(largest)SPNEof I (t').

Proof: Let 3; andBy betheextendedbest-responseorrespondencesf I'(t) andrl (t'), respec-
tively. An agumentsimilar to the proof thatthe extendedbest-responstinctionis monotone
increasingn the proof of Theoren® establiesthat,for any s € §, Bi(s) is smallerthanpy (s)

in the strongsetorder Theresultthenfollows from Theorem2.5.2in Topkis(1998).1
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4 Complementaritiesarerestrictive

How commonis the existenceof complementari@sin extensve-formgames?Therearetwo
answergo this question First, one canargue that the order on stratgiesis not part of the
descriptiorof agame soonehasa“degreeof freedom”in checkingfor complementariés,one
cantry to find anorderon stratgjiessuchthatagamehascomplenentarities:So,how oftencan
onefind anorderon stratgiessuchthatagamehascomplementarigs?Very often—I shallnot
expandon why here,but it is a directapplicationof the characterizatiomn Echeniqug2001);
Echeniques (2001)resultsrequire though thatoneknows first thenumberof equilibria of the
game soit doesnot provide sufficient conditionsfor existence,or for comparatre statics.

Secondgivengameswith somekind of “natural” orderfor which heuristicallyoneshould
getcomplenentarities—forexampleadynamc variantof astaticgamewith complementarigs—
theanswelis negaive. In thediscussia belov | shallgive examplesof gameswith andwithout
extensve-formcomplenentarities) believe theseexamplesexplain wherethe problemsarise.

The situationcontrastswith the study of Markov-Perfectequilibriain stochasticgames
with complementari@s. For example,Curtat(1996) (implicitly also Amir (1989)and Amir
(1996a))imposessupermodudrity conditionson payofs, andis ableto obtainresultson the
setof Markov-Perfectequilibriausinglattice-theoreti¢ools. Thereasons thatMarkov-Perfect
equilibrialimit thestratgic interactionover time enougtsothattheeffectof complementariés
is preseredin dynamiccontets—tiswill, 1 hope,beclearfrom the exampksbelow.

1. OptionalBoS in the introductbn is a gameof stratgic complementarieés. Optional
BoSII in Figure3 cannotbe madeinto a gameof stratgic complementaritiesSaythatYesis
largerthanNo andrepeatthe agumentfrom the introduction An increasein Ones strategy
from No-OO to YesOO makes Two shift from B to O in the gamefollowing Yes. Strateic
complementarniésrequiresthenthatthe actionO is largerthanB at this informationset. But

this givesa decreasingesponsavhenwe shift from No-OB to YesOB. The solutionin the
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Figure3: OptionalBoSII

introducton wasto changethe orderon { Yes No}. But herethis clearly givesriseto thesame
situatian in thesubgaméollowing No. 2

The problemis that, off the pathspecifiedby a stratgyy profile, playersareindifferentbe-
tweenactions.Thisindifferencanakesthe single-crossingpropertykick in. If theinformation
seth is off the pathof a strateyy profile (s',s™') thenplayeri is indifferentbetweerstratgjies
thatdiffer on A(h). Now, if ' is alargerstrateyy, andh is onthepathof (s',s~), thenit must
bethatpayofs aresuchthat,if a,a’ € A(h) anda is smallerthand’, thena is preferral to &'
Thatis, preferencesave to coincidewith the orderon actionsfor every stratgy profile that
hash “on its path”

2. | shallshow that,evenin simpledynamicgameswhile “per-periodpayofs” aresuper
modular (extended)bestresponsearenotmonotoneancreasingthereis nolargestSPNE,and
the setof SPNEis not a lattice. The root of the problemis that the strateyic interactionsn
dynamicgamedestry the effect of complemerdritiesin perperiodpayofs.

Firstl presentfinite-horizonexampke. Thenl presenaninfinite-horizonexampleto shav
thatthereare additionalproblemswith dynamiccomplemersdritiesin infinite-horizongames
(I amindebtedto ananorymousrefereefor pointing out thatthereareadditionalproblemsin
infinite-horizongames).The point of theseexampless thatthereis no hopeof generalizing—
with a differentnotionof extensve-formcomplementaries—theresultsin Section3 to mary

gamesof economianterest.
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a) Theexamplein item 1 is adynamicgamethatintuitively shouldsatisfydefinition4, but
failsto doso. Theorem®, 10and12 dependbnthe propertythatbestresponsearemonotone
increasingandnot directly on the supermodlarity/singe-crossingassumptiogs on payofs in
Definition4—theseassumptiasaremerelysufficientfor monotore (extendedbestresponses,
not necessaryl shall showv that, evenin simde dynamicgameswhile “per-period payofs”
aresupermodlar, (extended)bestresponsesare not monotae increasingthereis no largest
SPNE,andthe setof SPNEis nota lattice.

Considerthe matrix gamein Figure4. It is easyto checkthatthis gamehasstrateic com-
plementarittswheneachplayers stratgy setis orderedby a < 3 < y. Indeed aseachplayer’s
stratg)y setistotally orderedpayofs arequasisupermodar in theplayersown stratgies. The
single-crossig propertyholdstoo, notethatfor player‘Row” thesingle-crossig propertyonly
kicks in when“Column” plays3 andRow compareghe payof of 3 with that of the smaller
stratgly a—the payof to Row of (3 is higher andit remainshigherwhen Columnincreases
her strateyy from 3 to y, soRow’s payofs satisfythe single-crossig property Similarly with
Columns payofs.

Now supposeahat Row and Columnplay the twice-repeatedersionof the matrix game.
Supposehat they discountperperiod payofs with a discountfactord > 1/2. | shall showv
thatbestresponsem thetwice-repeatedersionof thegamearenotmonotore increasingthat
thereis no largestSPNE ,andthattherearenon-mondeone SPNEoutcomes.

Considerthe following strateyy for Column: “play y in periodl, play a in period2 if the

a By
3,3[0,1[0,0
1,0 1,1]3,0
0,0]/03]22

< ™A

Figure4: A gamewith complemersdrities.
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outcomein period1 was(y,Y), play B in period2 if not” A best-responst this strateyy by
Row isto dothesamej.e.“play yin periodl, playa in period2 if theoutcomen periodl was
(v,Y), play B in period2 if not” Supposenow thatColumnincreaseserstratey to “play yin
periodl, play 3 in period?2 regardlesof the period-1outcome€. Then,ary best-responskby
Row involvesplaying 3 in period1—sono bestresponseéo theincreasan Column’s strateyy
involves anincreasean Row’s stratayy.

OneSPNEoutcomas ((Y, Y), (0, a))—meaningthat(y, y) is the outcomethefirst time the
gameis played,and (a,a) is the outcomethe secondtime. Also, ((B,B), (B,B)) is a SPNE
outcome. Now, ((y,y), (a,a)) and ((,B), (B,B)) areunorderedasvectorsin {a,B,y}*, and
thereareno larger SPNEoutcomes—Hhevectors((y,y), (B, B)) and((y,Y), (v,Y)) arelarger, but
they cannotbetheresultof a SPNE.Sothereis no largestSPNEoutcome which impliesthat
thereis no largestSPNE ,andthatthe setof SPNEsSs nota lattice.

This exampleis importantbecausét getsquickly hardto checkthata gamesatisfieDefi-
nition 4, soit would helpif it wereenoughto checkcomplementariés on perperiodpayofs.
Then,evenif Definition 4 is hardto satisfy thereis little hopethatit canbe wealenedin a
fruitful way, asarny suchwealeningshoutl reasonablymply thattheexampleaboveis agame
with stratgic complementaries.

Thenegative conclusionsaboutcomplemerdritiesand SPNEcontrastwith existing results
on Markov-Perfectequilibria (Amir 1996a,Curtat1996). Curtat’s (1996)resultsdeliversone
monotae Markov-Perfectequilibrium for gameswith “per-period” complementariés. For
example,by usingasstate-spacthe strateyy profile chosenastperiod,onegetstwo constant
(andthusmonobne)Markov-Perfectequilibria: i) play (a,a) eachperiodno matterwhatthe
stateandii) play (3, 3) eachperiodno matterwhatthe state.

b) | shall discussfinitely- andinfinitely-repeatedorisoners dilemma. | assumehat the
readeris familiar with a textbook analysisof the gameat the level of, for example,Fudenbey

andTirole (1991)or OsborneandRubinstein(1994).
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Considefrfinitely-repeatedrisoners dilemma. Let us orderthe players’actionssuchthat
“cooperate”is larger than“defect” for eachplayer—nothing dependson that order we can
changeit andgetthe sameresult. One-shotprisoners dilemmahasstrateic complementari-
ties becausdest-responseare constantdefectno matterwhat the opponentoes),andthus
monotmeincreasing One-shoprisoners dilemma alsohasa uniqueequilibrium, which gives
usagamewith stratgic complementarigsin eachstepof the backward-inductiorprocessas
thefuture consequencesf ary pair of choserstrat@giesarethe same . Stratgic complemerdr
ities arethusinheritedfrom onestepto the next in the backward-inductionprocesgseeAmir
(1996b)for a discus®on in the context of recursve decisionproblems).

Now considerinfinitely repeatedrisoners dilemma with a large discountfactor For ary
history h of play, thereis a SPNEwhereboth playerscooperateafter history h. Hencethere
cannotbe a largestSPNE ,asthe stratgjies“cooperateafterany history” arenota SPNE.One
canthusnot hopeto obtaina resultlike Theorem9 in this game. The root of the problemis
againthatextendedbest-responsesmenot monotonencreasingif player2 playsthe stratgy
“cooperateatary histay wherebothhave alwayscooperatediefectatany otherhistory” it isa
bestresponséor playerl to playthestrateg)y “cooperateatary histay wherebothhave always
cooperateddefectat any otherhistory” Now if player2 increasesher strat@y to “cooperate
atall histories; no bestresponsdy 1 will involve cooperatingatthe null history Thusplayer
1'sbestresponse&oesnotincrease.

Again, in this exampleperperiodcomplementariés are sufficient to getthe existenceof
amonotore Markov-Perfectequilibrium—but thensomemonobneMarkov-Perfectequilibria
aretrivial: usea singletonstate-spacandplay “defect” for ever. The pointis thatperperiod
complementariesarenot enoughto yield theresultsin Section3.

3. Theproblemin theexamplesn item 2 is thatcomplementaridgsareendogenoud. now
explainin moredetailhow this problemarises.

Supposeherearetwo playersin atwo-stagegame.Eachplayeri choosesin timet, areal
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numbera, the players’choicesin eachtime periodare simultaneous Supposehat playeri’s
payof from outcome(a}, a2, a3, a3) is u'(a}, a2, a3, a3), suppos thatu' hasthesingle-crossig
property for all possibé pairs of its aguments. Note that, if choiceswere simultaneous,
this would be a gamewith stratgic complementaries. Now lets look at the backward in-
duction solution to this game. From e.g. Milgrom and Shannors (1994) results,thereis a
Nashequilibriumof eachsecond-stagsubgane thatis monotoneancreasingn thefirst-period

choicesThatis, let (a}(al, a?),a3(al,a?)) beaNashequilibriumin the (a, a2)-subgane,and

2 2 2

(al(al,a?),a3(al,a?)) increaseas(al, a?) increases.

It is now easyto seethatthe inducedfirst-periodgamemay not have complementaries.

Letal < at, a2 < a2, andsupposehat

U (at, a8, ab(at, &), aB(at, &) < U/ (el &, ad(at, &), aB(at, ).
To obtainsingle-crossingn theinducedfirst-periodpayofs, we need

u'(az, 8, 5(ad, &), a5 (a1, a)) < u'(a1, af, a3 (ay, &), 85(a, &)
But the single-crossingassumpbnson ui1 only guaranteehat

u'(aq, a7, a5(a, ), a5 (ad, a)) < u'(al, ad, a(ay, af), a3(a, &) ),

andit is easyto generatexampleswvherethatis notenoughfor singlecrossingthefirst-period
payofs. 4

The problemis thatexistenceof complementarigsin period1 depend®n the period-two
equilibrium, so staticcomplemerdritiesassumpons are insufficient to guaranteextensve-
form complementarigs. Definition 4 putsenoughstructureon across-subgaescomplemen-
taritiessothattheinducedfirst-periodpayofs do have complementariés. It would be niceto
know if therearewealer conditinsthatguaranteehis, but | think it is very unlikely thatthere

areary.
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Figure5: Payoffs to PlayerOnein thegamein Figure2

4. Finally, I will shav thatthegamein Examplel is agameof stratgic complementariés.
OrdertheactionssothatL is largerthanR, | is largerthanr andL’ is largerthatR. Consider
Figure5. Thetwo matricesto the right shav the payofs to playerOnefor eachof the eight
possibeé stratey profilesin this game.

Fix Two’s stratgy s> = r. We needto checkthats! — ul(s!,r) is quasisupermodar.
Here,u}(RL,r) = 0 < u}(RU ALR,r) = u}(RR,r) = 3, sotherequiremenin the definition
of quasisupermodarity is vacuous. Fix s? = |, thenu!(RLU ALR,1) = u}(RR,I) = 0 and
ul(RL,l) = 0 sowe needu!(LR,l) < u!(RL' Vv LR,I). Which is satisfiedsince u'(RL’ v
LR, 1) = ul(LL’,l) = 2 andu*(LR,I) = 2. Now, we needto checkthatthe players’ payofs
satisfy the single-crossig property Note from Figure5 that, whens? = r, no increasen a
stratgy by playerOneis profitable. Sincer < | the single-crossig propertyin playerOne’s

payofs is satisfiedvacuously

oo

A

1
[
o|o|r

Figure6: Gainfrom increasingTwo’s strateyy: u?(st, 1) — u?(st,r).

To seethat Two’s payofs satisfy the single-crossig property considerFigure 6. The
figure shavs the gain to Two u?(st,l) — u?(st,r) from increasinghis stratey from r to .

It is seendirectly from the figure that whenever u?(st,1) — u?(st,r) > 0 ands! < sV then
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u(s¥,1) — u?(s¥,r) > 0. This establisheshat the gamein Figure 2 is a gameof strateic

complementaries.
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Notes
1They arenotdominance-solble, asmightbe suggestedby thediscussiorabove.

2SeeFudenbey and Tirole (1991) and Osborneand Rubinstein(1994)for the two usual

definitions.

3 Optioral BoS Il shaws that the property of having complementari#éisis not robust to
the additionof anirrelevantmove. Thisis alsotrue aboutcomplementariés in normal-form
gamessothis non-rolustressdoesnot causecomplenentaritiesto be especiallyrestrictve in

extensve-formgames.

“For exampk, u'(a}, a2, a},a3) = alaZalaZ + al(1— al) +al(1—aj) worksif we restrict

a > 0.



