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Let X be a finite set.

A function f : 2X — 2X is a closure operator if it satisfies

1. Extensivity: A C f(A) and f(0) = 0.
2. ldempotence: f(f(A)) = f(A).
3. Monotonicity: A C B implies f(A) C f(B).
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This paper

Two settings modeled by closure operators:

1. Machine Learning: Classification.

2. Decision theory: Choice over menus.

We offer a discussion of complexity of closure operators, with applications
in ML and DT.
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Classification

Consider the data:

X = {Homer, Marge, Bart, Lisa, Maggie, SLH, Snowb. }

One classifer recognizes the humans: f(A) = {H,M,B,L,g} if A# () and
AC {H,M,B,L g} but f(A) =X if A> S, n.

A second classifier recognizes adults: f(H) = f(M) = f(H,M) = {H, M},
while f(H,B) = X and f(L,g) = X (for example).

A third classifier would recognize males and children, so for example
F({B}) = {B} while f({B,S}) = {H, B, S}.
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Choice over menus (Kreps '79)

For Homer we may have

{Beer, G&T, Lemonade} ~ {Beer, Lemonade} ~ {Beer, G&T'}
>~ {G&T} ~ {Lemonade}

And for Marge:

{Beer, G&T, Lemonade} >~ {Beer, Lemonade} ~ {Beer, G&T}
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Choice over menus (Kreps '79)

This is modeled through closure operators.

For Homer:
f(A) = {Beer, G&T, Lemonade}

if A contains beer.

For Marge:
f(A) 2 {G&T, Lemonade}

only if
A D {G&T, Lemonade}
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Basic definitions

A binary relation on X is:

A weak order on X if it is complete and transitive (meaning that it orders
all elements of X);

A partial order if it is reflexive, transitive and anti-symmetric (Vx,y € X if
x 7 yand y 7 x then x = y);

A total order if it is a complete partial order.
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Definitions from convex geometry

Denote the set of all weak orders on X by R.

The support function of A C X is the function ha : R — 2%X defined by

ha(Z) ={x € Al x Z y Vy € A}.

The support half-space of A # () with respect to =€ R by

H(Z, ha) = {x € X| ha(Z) = x}-

(Observe the analogy w/convex analysis. Here the set R serves the same
role as the dual of X.)
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Closed sets

Definition
A set A C X is closed with respect to a closure operator f : 2X — 2X if
A=f(A).

The set £(2X) of all closed sets with respect to the closure operator f is
the topology defined by f, and is denoted by S(f).
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Closed sets

The terminology of closed sets and topology is justified by the following
well-known result.

Let £ : 2X — 2% be a closure operator on X. The set of closed sets S(f) is
closed under intersection and contains () and X. Indeed, S(f) endowed
with the meet and join operators AAB=ANBand AVB =f(AUB)isa
lattice that has () and X as its (respectively) smallest and largest elements.

Conversely, if S is any subset of 2X that is closed under intersections and
contains () and X, then there is a unique closure operator fs : 2X — 2X
such that S(fs) = S.
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Example of closure operators

1. The identity operator is the closure operator I : 2X — 2X such that
I(A) = A for every A € 2%,

2. The trivial closure operator is defined as the closure operator
f : 2X — 2X such that f(A) = X for every nonempty A € 2X.
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Example of closure operators

3. A binary classifier is an operator fc, associated to a set C C X.

if A=10
f0AACC
otherwise

fc(A) =

xX 0O =

4. Given a function u: X — R,
fu(A) = {x € X : u(x) < max{u(x') : x' € A}}

is the strategically rational operator defined from the function u.
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Example of closure operators

First note that a binary classifier gives rise to closed sets
S(fc) = {0, C, X}, which are the smallest kind of non-trivial topology
possible.

We shall think of these as simple classifiers.

Binary classifiers are a special case of strategically rational operators:
Indeed for a given C C X we may define u = 1x\ ¢, and observe that
fc = f,.
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Decomposition

A key motivation is the next result, due to Chambers, Miller, and Yenmez
(2020).

A function f : 2X — 2X is a closure operator iff there exist weak orders
Z1,...5 2k on X, such that

F(A)= [ H(zZi ha)- (1)

ie{l,..k}

o

(See also Richter-Rubinstein (2015) and Edelman and Jamison (1985))

Bajgiran — Echenique Closure Operators



We may rephrase this result as follows:

Corollary

A function f : 2X — 2X is a closure operator iff there exist strategically
rational operators g,;, 1 < i < k, so that

FA)= () &ulA). (2)

ie{1,...k}
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Decomposition

Our first result elaborates on the above:

Let gi,..., gk be closure operators on X, then f : 2X — 2X defined by
f(A)= () &(A)
ie{l,...,k}

is a closure operator.We say that f is generated from gi,..., g«.
Moreover, if f, g1,..., gk are closure operators on X then f is generated
from gy, ..., gk iff

1. S(g)) € S(f) for all i € {1,--- , k};

2. and if A€ S(f) and x ¢ A, then there exists a closure operator

gi € {g1,-..,8k} such that x ¢ g;(A). )
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If f is generated by gi, ..., gk, then topology S(f) is finer than that of any
constituent operator S(gj).

The second condition is similar to the separation property in linear spaces:
If Ais a closed set of f and x ¢ A, then there should be a separating
classifier g; € {g1,..., 8k} that detects that x is not in the closure of A
with respect to g;.
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Complexity

Definition

The operator f is more complex than the operator g if S(g) C S(f).

So that a more complex operator induces a finer topology. The “more
complex than” relation is, we think natural, but it induces an incomplete
partial order on operators, and will render some pairs of operators
incomparable.
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Complexity

We consider two ways of completing the complexity binary relations.
» The minimum number of weak orders (MNWO) of an operator f is

the smallest number n so there exists weak orders =1, ..., >, with
f=nNili18-

» The minimum number of binary classifiers (MNBC) of an operator f
is the smallest number n so there exists subsets Ci, ..., C, of X with
f = ﬂ,’-’zlgq.
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Complexity

We may think of strategically rational operators as simple because they do
not exhibit a preference for flexibility. Or because they reflect a
one-dimensional property (like size, color, being closer to the entrance of a
supermarket). This motivates the use of MNWO.

Think of MNBC as length of the binary code needed to describe the
topology of the closure operator.
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Complexity

Let P(f) by the elements of the topology S(f) that are not the
intersection of other closed sets in S(f).

Let B(f) be the elements in P(f) other than () and X.

Let f be a closure operator, then the MNWO of f is equal to the width of
P(f), and the MNBC is equal to the cardinality of B(f).

Bajgiran — Echenique Closure Operators



Choice over menus

Suppose that -, a preference relation over 2%, captures choices made over
menus. The indifference relation derived from >~ is denoted by ~, so that
A~ B when Az B and B Z A
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Choice over menus

We entertain the following axioms on =:

1. Desire for flexibility: B C A implies A =~ B,

2. Ordinal submodularity: A ~ AU B implies that for all C,
AuC~AUBUC.

These were introduced by Kreps (1979)
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Choice over menus

There are two possible approaches.
The first is to define the function f : 2X — 2X from preference = by

f(A) = U s (3)

Be2X, A~AUB
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Choice over menus

The second approach is proposed by Dekel-Lipman-Rustichini in a model of
choice over lotteries, using the resulting linear structure.

The key property in this approach is that a closure operator is given by a
convex hull operator, so that A ~ f(A) for all menus A.

Definition

> respects f if A~ f(A) for every menu A € 2X.
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Choice over menus

Following the first approach we may show (under the two axioms):
1. fis a closure operator,
2. - respects f,
3. A~ AUB if and only if f(B) C f(A),
4. f(B) C f(A), then A>-' B.
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Choice over menus

We obtain the following version of Kreps' result:

Let > be a preference relation over 2% that satisfies desire for flexibility
and ordinal submodularity, and let f be defined using Equation (3). Then
JU: X xS(f) > R, and ast. inc. u:R> = Rst

u([max U(a, s)]ses) (4)
acA
represents 2Z. The minimum number of states (cardinality of S(f)) needed
for the representation is precisely the MNWO of the associated operator f,
which is |P(f)].
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Choice over menus

If we instead adopt a given closure operator f, we obtain an analogue to
the result in DLR:

Suppose a closure operator f, and a preference - over 2X that respects f.
Then 3 state space S, where S = ST U S~ with ST NS~ = and has
cardinality at most 2(|S(f)| — 1), and a state-dependent utility

U: XxS—Rst

U(A) = Z max U(a,s) — Z max U(a,s) (5)

seSt seS—

represents .
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Choice over menus

For every preference ordering 7~ over the set of menus, there exists a
representation as in Equation 5 with at most 2 x (21X| — 1) states.
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