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The Model
e a finite set W of workers,
e a finite set F', disjoint from W, of firms,

e a preference profile P = (P(a)),cywyp» Where P(a) is a strict
preference relation over F'U {0} if a € W, and over W U {0} if
a€ F.

Notation: o' R(a)b if b’ = b or b’'P(a)b.



A matching p is a mapping from F'U W into F UW U {0} s.t.
L. u(w) e FuU{0}.
2. p(f) e wu{d}.
3. f=p(w) iff w=p(f)



Stability

e A matching u is individually rational if p(a)R(a)d Va.
e A pair (w, f) blocks p if w # u(f),

wP(f)u(f) and fP(w)pu(w).

e A matching u is stable if it is individually rational and there is
no pair that blocks u.

Set of stable matchings = the core



A prematching v is a mapping from FUW into FUW U {0} s.t.
1. v(w) e FU{0}.
2. v(f) e Wu{0}.

Let V = set of all prematchings.

A prematching is a fantasy



Construct 7T': V — V.
o U(f,v)=A{w: fR(w)v(w)}U{0}
o V(w,v)={f:wR(f)v(f)}U{0}

(Tv)(f) = tax U(f,v)

(Tr)(w) = maxV(w,v)



/e

v="Tv

® W



Order prematchings by <pg :
v <p v iff

o V(HR(W(S) for all f
o v(w)R(w)v'(w) for all w



Let v <p v/
weU(f,v) = [Rwr(w)R(w)r (w)
= weU(f,V)
So U(f,v) C U(f,v).
Similarly, V (w,v") C V(w,v).

' is monotone increasing.



E={v:v=Tv}
e £ is a nonempty lattice

e T-algorithm finds a matching in £.






MATCHING WITH PREFERENCES OVER COLLEAGUES



The Model. (C, S, P)
e a set C' of colleges
e a set S of students

e preferences P(c) over 2°, for each c
preferences P(s) over (C x 2°) U{(0,0)}



S, ={S'CS:5 >s)

A matching p is a mapping on C' U S s.t.
o u(s)eC xS, U{(0,0))}
e yu(c) €2°
o s€pu(c) = p(s)=(c,pu(c))
o u(s)=(c,5) = plc)=5"



(B,c) € 2° x C blocks* p if

Bnu(e)=10

JA C p(c) s.t. Vs' € AUB, (¢, AU B)P(s")u(s")
AU BP(c)u(c).

1 is in the core if it is IR and there is no block™ of pu.



Example — empty core.

C = {61762}7 S = {81782783}

P(c1): s152,5153, 51,52

P(c2) : 5283,53, 52

P(s1): (c1,s182),(c1,5183),(c1,51)
P(s2) : (c2,8283),(c1,8182), (c1, 82), (c2, 52)

P(s3): (c1,8183),(c2,5283), (c2, 83)



Need very strong assumptions to guarantee nonemptyness.

RESULTS:
e Algorithm finds the core match., if the exist.
e Algorithm is efficient when we can ensure nonemptyness.

e “Partial” solutions.



Fixed-point approach.
e prematchings
o T

e fixed points of 1" = core



(Tv)(a)

= {S'CS:Vse S, (¢, S)R(s)v(s)}
= {(¢,8) e Cx2%: 58 Vs € §\{s}(c,

and S’ R(c)v(c)} U {0 x 0}

= maXp(a) c o

S)R(s")v(s")



Theorem. The core is the set of fixed points of T'.



o v <V if everyone prefers v/
e ' is decreasing
e 77 is increasing

E(T?) is a nonempty complete lattice



Algorithm: find matchings in £(T2).

Will find the core, if nonempty.
May miss some matchings in £(T?)\E(T).



Partial solutions
w is in the core with singles if, for any block™ (¢, D) of p,

p(c) =10
Vs € D u(s) = (0,0)

Let u be a matching.

Theorem. u € E(T?) = p is in the core with singles.

Let © be a matching w/no single agents.

Corollary. p is a core matching iff p € E(T?).



Partial solutions — 2

Let C, C C be the set ¢ s.t. (c,v(c)) =v(s)Vs € v(c). Let

S, = UceC,,V(C)-

Let v € E(T?).

Proposition. v on C, U S, is in the core of (C,,S,, P|lc,us,)-
Proposition. Let u be in the core with singles, and let C’' and S’
denote the agents who are single in p. If p' is in the core with
singles of (C',S', P|cius), then the matching (u, '), which
matches C' and S" according to ', and C\C" and S\S’ according
to u, is in the core with singles of (C, S, P).



Restrictions on Preferences

P satisfies the weak top-coalition property: 3 a partition
(A1, Ao, ..., A) of agents s.t.

Va € A1, Ay is a’s top choice

Va € A;, A; is a’s top choice, within CUS — A1 — ... — A;_4

P is respecting if 3 Pg over 2°, and Po over C, s.t.
1. Vs €S, (¢, S)P(s)(c,S") iff SPsS’.
2. Vs €8S, (¢, S)P(s)(c, S) iff cPs( .
3. Vee C, SP(c)S" iff SPgS’.

Proposition. respecting = weak top-coalition property.



Restrictions on Preferences

(C, S, P) satisfies the weak top coalition prop.
Theorem. There is a unique core matching
u is the largest fized point of T2

T? algorithm finds p in at most |k/2] steps.



Restrictions on Preferences

Order prematchings in usual way.

Suppose 1' is monotone.

Proposition. 3 core matchings 1 and i s.t. Yv € E(T?),

fi(c)R(c)v(c)R(c)p(c)
pi(s)R(s)v(s)R(s)p(s)

=l =



Comparing algorithms

e T2 algorithm: speed depends on number of iterations.

e exhaustive search: search all matchings
e.g. with 1200 students and 9 colleges, there are
1.233 x 10"'*° matchings.



Couples

Extension of our model to matching with couples.
e Algorithm.

e New result:
Substitutability = Core = Pairwise Stab.



