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This paper

Social choice (or bargaining)
and (non-cooperative full) implementation
for two agents

on a “continuum” of alternatives.
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Bargaining and disagreement among two agents.

Marcus Calpurnius Bibulus Gaius Julius Caesar

The Consuls of 59 BC
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Assume linear utilities

Caesar's uc(a) > uc(b) > uc(c)

Vuc
Vuc

% Ze(q?) Zc(q') 9



Assume linear utilities

Caesar's uc(a) > uc(b) > uc(c) Bibulus's ug(c) > ug(b) > ug(a)




Assume linear utilities

Caesar's uc(a) > uc(b) > uc(c) Bibulus's ug(c) > ug(b) > ug(a)

Echenique, Ndfiez Compromise Padova 2026



Compromise

How to choose among Pareto optimal outcomes?

Suppose a third party principal. An arbitrator or a framer.

Principal is uninformed.

But can impose an institutional solution.

Echenique, Ndfiez Compromise



Compromise

How to choose among Pareto optimal outcomes?

A compromise requires cardinal utility tradeoffs.

But which cardinal utilities?

The u; are not interpersonally comparable (e.g Harsanyi's theorem features rescaling).

Need an “objective cardinalization.”

Compromise
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Compromise

Suppose a default policy p is chosen according to an objective and known prob. measure v.

v provides a common and meaningful cardinalization:
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Caesar’s prob. of being worse-off than x: v({X : uc -
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Bibulus's prob. of being worse-off than x: v({X : ug -

Obs:

v({%:ui- % <uj-x})

depends only on i’'s ordinal preference over outcomes + an “objective” cardinalization v,
which is enforceable by a third party.
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A compromise for the consuls

A compromise solution is a policy x* that maximizes the least of the two consuls’ utilities:

rpea;émin {1/({)"( tuc-X<uc-x}),v({X:up-X<up X})}
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Compromise
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How to reach the compromise: the Multimatum.

Want a mechanism /institution.
That an uninformed third party (a principal) can enforce.

And implements a reasonable consensus outcome.
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© Caesar proposes a (closed) set A; C X.
@ Bibulus observes A; and either:

m Accepts by choosing x € A; (game ends)
m Rejects and counter-proposes a (closed) set As.

m Then Caesar chooses y € A, (game ends)

Does this work? No, Bibulus has all the bargaining power.
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© Caesar proposes a (closed) set A; C X.
@ Bibulus observes A; and either:

m Accepts by choosing x € A; (game ends)
m Rejects and counter-proposes a (closed) set As.

m Then Caesar chooses y € A, (game ends)

Does this work? No, Bibulus has all the bargaining power.
Our idea: constrain Bibulus’ counteroffer to v(A) > v(A;).
Note that the principal can run this mechanism without knowing consuls’ preferences. Just

with access to v.
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Remarks on the Multimatum

The multimatum features important countervailing forces. Caesar moves first, but he is
disciplined by the threat of Bibulus's counteroffer. Bibulus, in turn, is disciplined by the size of
Caesar's offer.

Compared to Rubinstein [1982] (or Baron and Ferejohn [1989]), the limited back-and-forth
resembles actual two-party bargaining for ex. in bicameral legislative systems (US, Germany,
Australia).

Our main result is that the multimatum bargaining protocol implements the compromise in
subgame perfect equilibrium.
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Contribution

Non-cooperative bargaining models: Rubinstein [1982], Baron and Ferejohn [1989].

Two-agent bargaining in political economy: Alesina and Rosenthal [1995], Alesina and
Tabellini [1990], McCarty et al. [2006], Woon and Anderson [2012], Bowen et al. [2014],
Eraslan et al. [2020], and Ali et al. [2023]).

Full implementation: Maskin [1999]; Moore & Repullo [1988], and Abreu & Sen [1990],
Aghion, Fudenberg, Kunimoto, Holden and Tercieux [2012]. Vartiainen [2007].

Finite models: Brams and Kilgour [2001], Hurwicz and Sertel [1999], Anbarci [1993], Barbera
and Coelho [2023]
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The model: Outcomes

Outcome space:
m (X, p) a compact and connected metric space.
m v € A(X) a (Borel) prob. measure on X.

m v is full-support and non-atomic.

Players: i = 1,2, each endowed with a continuous preference =; on X.
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The model: Preferences

Notation:

Lower contour set of > at x is L-(x) = {x’ € X : x = x'}.
Upper contour set of > at x is U=(x) = {x’ € X : x = x}.
Indifference set of > at x is /=(x) = {x’ € X : x ~ x'}.
Def.

m = on X is locally non satiated if, V x € X and any nbd N, of x 3 x’ € N, with x’ = x.

Y 1Y

m = on X is locally strict if x = y, N, a nbd of x and N, a nbd of y, 3 x" € Ny and

€ N, with x" > y’.

~

m
Y <

has thin indifference curves if /-(x) has measure zero and /£(x) is dense in X:
indifferences are both small and rare.”
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Model primitives

A two-agent social choice problem is a tuple ((X, p,v), =1, >2) in which
m (X, p) is a compact metric space,
m v is a full-support, non-atomic, Borel probability measure on (X, p);

m and, for i = 1,2, »=; is a continuous preference relation with thin indifference curves.
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Special case: convex preferences

Let X be a convex subset of RY.
> is convex if its upper contour sets are convex sets.

~ is explicitly convex if it is convex and Vx,y € X, VA € (0,1),

y=x=Ay+(1—-XA)x>x

Proposition

Suppose that X is a full-dimensional, convex, and compact subset of RY. Let v € A(X) be
abs. cont. with respect to the Lebesgue measure on X.

If > is an explicitly convex and locally strict preference on X, then = has thin indifference
curves.

Echenique, Ndfiez Compromise Padova 2026 18 / 36




Compromise

Definition

An outcome x* € X is a compromise solution if it solves the problem:

max min{v(L1(x)), v(L2(x))}.

The function x — v(L-(x)) is continuous.

So a compromise solution always exists.
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Properties of Compromise

(X, =1, =2) is regular if, for any compromise solution x*, both preferences satisfy local
non-satiation at x*.

Proposition

If the problem (X, >=1,>2) is regular and x* is a compromise solution, then:
m x* is Pareto optimal
m o(Li(x) = v(La(x")) = 1/2
m Each agent is indifferent over all compromise solutions
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Example: Single-Peaked Preferences

m Agent 1: ideal point a3 = 0.2
m Agent 2: ideal point ap = 0.8

A u1(x) up(x) A
1 1 N .
~ 4
SN R
1 So L7 \
1 % /II /:A,\\ “\
2 1 e N \
1 ,/ \\ \
l II 7 \\ ‘\
s|f rla(x)) (LY N
1,7 A
3 Ny
0 a 1 a2 1 0 a1 x* a2 1
(a) Utility functions (b) Measure of lower contour sets

m Compromise x* = 0.5

ai+a
x* = 2% que to the symmetry of the example.
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Example: Single-Peaked Preferences

m Agent 1: ideal point a; = 0.1
m Agent 2: ideal point ap = 0.5
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(2} Utility functions (b) Meastire of lower contour sets

m Compromise x* = 0.375

m Note: x* # 1 ; 2 _ 0.3
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Example: Spatial model

Ex: Facility location or spatial voting.

> Euclidean preference with ideal point a;.
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Motivation: Maskin

(Informal)
A mechanism defines a game.

A mechanism implements a social choice correspondence f if all eqm. outcomes are in
f(>=1,72) and conversely all x € f(>1,>2) are an eqm outcome.

Proposition

Let X = [0,1] and f be a Pareto optimal social choice function. If (g, S51,S>) is a continuous
mechanism that implements 7 in Nash equilibrium, then f is dictatorial.

Variant of Maskin (1999).
Punchline: Two-agent Nash implementation is hard. (See also impossibility results by Hurwicz
and Schmeidler.)
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SPNE implementation

Given (X, =1, =>2), the multimatum mechanism defines an extensive-form game.

Definition

The multimatum mechanism implements the compromise solutions in subgame-perfect
Nash equilibrium (SPNE) if

© Every SPNE outcome is a compromise solution.

@ Every compromise solution is achieved as the outcome of some SPNE.
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Main Result

In a regular problem (X, >1,>2), the multimatum mechanism implements the compromise
solutions in subgame-perfect Nash equilibrium.

Obs. 1: A full implementation result. Hence, no equilibrium selection problem.
Obs. 2: There's no general sufficient condition for SPNE implementation w/two agents in the
literature.
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Let x* be a compromise.

Claim: there's a SPNE with outcome x*.

Suppose A1 = La(x*).
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Can 2 deviate?
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Can 2 deviate?
To get 1 to choose X =2 x*, 2 has to offer Ay C L;(X)
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Can 2 deviate?

To get 1 to choose X =5 x*, 2 has to offer
But x* =1 X so

<v(L(x) =v(La(x7).  #
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Can 1 deviate?
Suppose X =1 x*.
Offer (wlog) A1 = L(X).
But x* =5 X, so
v(L2(X)) < v(La(x7)) = v(L1(x7))
Hence 2 allowed to counteroffer with Li(x*).

With an added strict incentive for 1 (details omitted) = 2 can ensure x* (or better).
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Padova 2026 30 /36



Full implementation: Need more. Suppose X is a SPNE outcome and not a compromise.

Case 1: x* =1 X. Then 1 can deviate to a version of prev. strategy that ensures x* is chosen
(details in paper).
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Proof ideas

Full implementation: Need more. Suppose X is a SPNE outcome and not a compromise.

Case 2: X =1 x*. Then x* =5 X.
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Full implementation: Need more. Suppose X is a SPNE outcome and not a compromise.

Case 2: X =1 x*. Then x* =5 X.

If 2 is choosing X, then A; C Ly(X). If 1 chooses X after a counterproposal by 2, then for all
y € A1, X =2 y (or 2 wouldn't have counterproposed).

Either way, A; C La(X)

Echenique, Ndfiez Compromise Padova 2026 32/ 36



Full implementation: Need more. Suppose X is a SPNE outcome and not a compromise.

Case 2: X =1 x*. Then x* =5 X.

If 2 is choosing X, then A; C Lp(X). If 1 chooses X after a counterproposal by 2, then for all
y € A1, X =2 y (or 2 wouldn't have counterproposed).

Either way, A; C Lp(X)

Since x* =2 X, v(L2(X)) < v(La(x")).
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Full implementation: Need more. Suppose X is a SPNE outcome and not a compromise.

Case 2: X =1 x*. Then x* =5 X.
If 2 is choosing X, then A; C Lp(X). If 1 chooses X after a counterproposal by 2, then for all
y € A1, X =2 y (or 2 wouldn't have counterproposed).

Either way, A; C Ly(X)
Since x* =5 X, V(LQ()?)) < I/(LQ(X*)).
= (A1) = v(La(%))<w(La(x7)) = v(L1(x7))

Then there's a deviation Ay w/ (A1) < v(Az) from which 1 is strictly incentivized to choose
x* (details in paper).
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Bargaining over a public good

(x1,x2, g) with g public good and x; private consumption with x; +x +g =1
ui(x1, %2, 8) = x; + 0, log(g), 0; measures the taste for the public good for party /.
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Bowen, Chen and Eraslan “Mandatory vs Discretionary Spending” AER (2014)
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Bargaining over a public good

Result: Unique compromise allocation with g* = 61 + 02 (Samuelson level).

When 61 > 65, 2—22 > 2—11: Party that cares more about the public good “pays” more through
relatively lower private consumption.
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Compromise with Fehr-Schmidt preferences

Division of a dollar between two players where waste is allowed;
X = {(Xl,XQ) | x1+x <1, x1,x0 > O}

Ui(xi, xj) = xi — aj max{x; — x;, 0} — B max{x; — x;,0}

where «; = envy, §; = guilt.

(0,1)

Ui(x)

Ll(X)

Fehr-Schmidt QJE (1999) Preferences
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Compromise with Fehr-Schmidt preferences

In a meta-analysis, Nunnari and Pozzi EJ (2025) estimate that the average « is 0.533 and the
average 3 equals 0.326 relying on structural estimation.
The most relevant case is then

B1, B2 <1/2 = PE(X) ={(x,y) | x+y=1,x,y > 0}.

Result: Assume (31, 32 < 1/2. There exists a unique compromise x*:
Q If 51 = [, then x* =1/2
@ If 51 > [, then x* < 1/2
@ If 51 < [B2, then x* >1/2

The player with larger guilt parameter gets a lower share.

Echenique, Ndfiez Compromise



