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NEOCLASSICAL GROWTH MODEL

Solow model makes many simplifying assumptions

Now we relax exogenous savings rate assumption

Households maximize utility / firms maximize profits

Households and firms interact in competitive market

Ramsey-Cass-Koopmans Model (or Ramsy model for short)
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TECHNOLOGY

The same as in the Solow model

Production function:

Y = F (K ,AL)

A grows exogenously at rate g

L grows exogenously at rate n

Evolution of capital stock:

K̇ (t) = Y (t)− C(t)L(t)

No depreciation of capital (for simplicity)

C(t) denotes per capita consumption (but Y (t) is total output)
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CHANGE OF VARIABLES

It is useful to rewrite

K̇ (t) = Y (t)− C(t)L(t)

in terms of capital, output, and consumption per effective unit of labor

A few lines of algebra yield

k̇(t) = f (k(t))− c(t)− (n + g)k(t)

Details
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FIRMS

Large number of identical firms seek to maximize profits

Hire workers and capital in competitive factor markets

Can use A for free

Profit maximization implies that firms hire labor and capital to the point

where their marginal product is equal to their price

First order condition for capital:

∂F (K ,AL)
∂K

= r(t)

which implies

f ′(k(t)) = r(t)

Details
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FIRMS

First order condition for labor:

∂F (K ,AL)
∂L

= W (t)

We can rewrite this as

f (k(t))− k(t)f ′(k(t)) = w(t)

where w(t) = W (t)/A(t) (wage per effective unit of labor)

Details
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REPRESENTATIVE FIRM

One “representative” firm same as many small firms if

Common production function

Constant returns to scale

Common factor prices

Easy to derive for Cobb-Douglas case:

Y = AKαL1−α

Maximizing behavior implies Details

Y = A
(

α

1 − α

)α (
W
r

)α

L

Since production is linear in L, firm has no optimal size

Might as well be one large firm!
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HOUSEHOLDS

Large number H of households

Size of each household grows at rate n

Each member supplies one unit of labor

Initial capital holdings K (0)/H

Household rents capital to firms

Key household choice:

How to divide income between consumption and savings
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HOUSEHOLD UTILITY

Households maximize utility

U =

∫ ∞

t=0
e−ρtu(C(t))

L(t)
H

dt

where

u(C(t)) =
C(t)1−θ

1 − θ

ρ is discount rate

u(·) gives each member’s utility

L(t)/H is the number of household members

1/θ is elasticity of intertemporal substitution
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HOUSEHOLD BUDGET CONSTRAINT

Household’s intertemporal budget constraint:

Present value of consumption less than or equal to

present value of income plus initial wealth

Mathematically:∫ ∞

t=0
e−R(t)C(t)

L(t)
H

dt ≤ K (0)
H

+

∫ ∞

t=0
e−R(t)W (t)

L(t)
H

dt

Discounting with time-varying interest rate:

R(t) =
∫ t

τ=0
r(τ)dτ
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HOUSEHOLD BUDGET CONSTRAINT

Why is this the budget constraint?

This condition rules out Ponzi-schemes:

Borrow today and consume

Borrow more tomorrow to pay back principle and interest

Do this forever

Intertemporal budget constraint implies that

lim
s→∞

e−R(s) K (s)
H

≥ 0

(See Romer (2019, p. 54) for derivation)

Ponzi schemes violate this condition
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CHANGE OF VARIABLES

Let’s write household objective function in terms of consumption

and labor per effective worker

C(t)1−θ

1 − θ
=

[A(t)c(t)]1−θ

1 − θ

=
[A(0)egt ]1−θc(t)1−θ

1 − θ

= A(0)1−θe(1−θ)gt c(t)1−θ

1 − θ
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CHANGE OF VARIABLES

Overall utility function becomes:

U =

∫ ∞

t=0
e−ρt C(t)1−θ

1 − θ

L(t)
H

dt

=

∫ ∞

t=0
e−ρt

[
A(0)1−θe(1−θ)gt c(t)1−θ

1 − θ

]
L(0)ent

H
dt

= B
∫ ∞

t=0
e−βt c(t)1−θ

1 − θ
dt

where

B = A(0)1−θ L(0)
H

β = ρ− n − (1 − θ)g

A similar change of variables for the budget constraint yields:∫ ∞

t=0
e−R(t)c(t)e(n+g)tdt ≤ k(0) +

∫ ∞

t=0
e−R(t)w(t)e(n+g)tdt
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HOUSEHOLD’S PROBLEM

Maximize:

U = B
∫ ∞

t=0
e−βt c(t)1−θ

1 − θ
dt

Subject to:∫ ∞

t=0
e−R(t)c(t)e(n+g)tdt ≤ k(0) +

∫ ∞

t=0
e−R(t)w(t)e(n+g)tdt

Household’s choice variable is the path for c(t)
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HOUSEHOLD OPTIMIZATION

We form a Lagrangian:

L = B
∫ ∞

t=0
e−βt c(t)1−θ

1 − θ
dt

+ λ

[
k(0) +

∫ ∞

t=0
e−R(t)w(t)e(n+g)tdt −

∫ ∞

t=0
e−R(t)c(t)e(n+g)tdt

]

Differentiate this with respect to c(t):

Be−βtc(t)−θ = λe−R(t)e(n+g)t
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HOUSEHOLD OPTIMIZATION

Be−βtc(t)−θ = λe−R(t)e(n+g)t

Let’s take logs:

logB − βt − θ log c(t) = log λ−
∫ t

τ=0
r(τ)dτ + (n + g)t

Differentiate both sides with respect to time

−β − θ
ċ(t)
c(t)

= −r(t) + (n + g)

Rearrange and use definition of β:

ċ(t)
c(t)

=
r(t)− ρ− θg

θ
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CONSUMPTION EULER EQUATION

ċ(t)
c(t)

=
r(t)− ρ− θg

θ

And for per capita consumption:

Ċ(t)
C(t)

=
Ȧ(t)
A(t)

+
ċ(t)
c(t)

= g +
r(t)− ρ− θg

θ

=
r(t)− ρ

θ

Consumption growth depends on r(t)− ρ and nothing else
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CONSUMPTION EULER EQUATION

Ċ(t)
C(t)

=
r(t)− ρ

θ

Consumption growth depends on r(t)− ρ and nothing else.

Why?

Why nothing else?

Why higher growth with higher r(t)?

Embodies desire to smooth consumption

(due to diminishing marginal utility)
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DYNAMIC OPTIMIZATION IN CONTINUOUS TIME

Our derivation was somewhat heuristic

More rigorous to use Hamiltonians / Maximum Principle

Barro R.J. and X. Sala-I-Martin (2004): Economic Growth

(Appendix A.3)

Obstfeld, M. (1992): “Dynamic Optimization in Continuous-Time

Economic Models (A Guide for the Perplexed)

Acemoglu, D. (2009): Introduction to Modern Economic Growth

(Chapter 7)
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INTEREST RATE IN GENERAL EQUILIBRIUM

Household takes r(t) as given:

ċ(t)
c(t)

=
r(t)− ρ− θg

θ

But in general equilibrium:

r(t) = f ′(k(t))

So we have that
ċ(t)
c(t)

=
f ′(k(t))− ρ− θg

θ
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DYNAMIC SYSTEM

Two endogenous variables c(t), k(t)

Two dynamic equations:

ċ(t)
c(t)

=
f ′(k(t))− ρ− θg

θ

k̇(t) = f (k(t))− c(t)− (n + g)k(t)

Two boundary conditions:

k(0) given (initial condition)

Intertemporal budget constraint with equality (terminal condition)

It is the fact that dynamic system has a terminal condition (rather than full set of

initial conditions) that makes the system “forward looking”.
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DYNAMICS OF c(t)

ċ(t)
c(t)

=
f ′(k(t))− ρ− θg

θ

ċ(t) = 0 if f ′(k(t)) = ρ+ θg

Recall that f ′(k) is decreasing in k

Let k∗ denote k for which f ′(k) = ρ+ θg

Then ċ(t) = 0 if k(t) = k∗

ċ(t) > 0 if f ′(k(t)) > ρ+ θg or equivalently k(t) < k∗

ċ(t) < 0 if f ′(k(t)) < ρ+ θg or equivalently k(t) > k∗
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DYNAMICS OF c(t)
60 Chapter 2 INFINITE HORIZONS AND OVERLAPPING GENERATIONS 

(c> 0) <0) 

FIGURE 21 The dynamics of C 

The Dynamics of k 

Because technology is the same as in the Solow model (other than the sim plifying assumption of no depreciation), the dynamics of the capital stock
are given by K(t) = Y(t)-C()L() (this is equation [2.1], with total consump- tion replaced by the product of consumption per worker and the number 
of workers). A straightforward derivation similar to the derivation of the 
equation of motion for k in the Solow model, (1.19), yields

k(t) = f(k(t)) - c(t) - (n +9)k(t). (2.26)

Analogously to equation (1.19), this expression shows that k is the difference 
between actual investment per unit of effective labor, f(k) - C, and break-
even investment per unit of effective labor, (n + g)k. 

For a given k, the level of c that implies k = 0 is given by fk)-(n +g)k; 

in terms of Figure 1.6 (in Chapter 1), k is zero when consumption equa 
difference between the actual output and break-even investment li 
value of c is increasing in k until f(k) =n +g (the golden-rule 
and is then decreasing. When c exceeds the level that yields 
falling; when c is less than this level, k is rising. For k sufficient
even investment exceeds total output, and so k is negative
values ofc. This information is summarized in Figure 2.2; th 
the direction of motion of k. 

Source: Romer (2019)
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DYNAMICS OF k(t)

k̇(t) = f (k(t))− c(t)︸ ︷︷ ︸
Investment

− (n + g)k(t)︸ ︷︷ ︸
breakeven investment

k̇(t) = 0 if investment is equal to breakeven investment

Rearranging, we get that k̇(t) = 0 when

c = f (k)− (n + g)k

Let’s think about this as a function of k

f (0) = 0 and (n + g)0 = 0

f ′(k) is very high for small k

f (k) is concave (slope goes to −(n + g) when k → ∞)
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DYNAMICS OF k(t)
2.3 The Dynamics of the Economy 61 

(k 0) 

= 0 

(k0) 

k 
FIGURE 2.2 The dynamics of k 

The Phase Diagram

Figure 2.3 combines the information in Figures 2.1 and 2.2. The arrows now 
show the directions of motion of both c and k. To the left of the � = O locus
and above the k = 0 locus, for example, é is positive and k negative. Thus c 
is rising and k falling, and so the arrows point up and to the left. The arrows
in the other sections of the diagram are based on similar reasoning. On 
the = 0 and k = 0 curves, only one of c and k is changing. On the 
 = 0 
line above the k =0 locus, for example, c is constant and k is falling; thus 
the arrow points to the left. Finally, at Point E both � and k are zero; thus 
there is no movement from this point. 

Figure 2.3 is drawn with k* (the level of k that implies 
 = 0) less than 
the golden-rule level of k (the value of k associated with the peak of the 
k = 0 locus). To see that this must be the case, recall that k* is defined by 
fk*) = p +0g, and that the golden-rule k is defined by f'(kGR) = n +g. 

Since f"(k) is negative, k" is less than RGR if and only if p + Bg is greater 
than n +g. This is equivalent to p - n - (l - 0)g > 0, which we have 

"Recall from n. 10 thaté is also zero along the horizontal axis of the phase diagram. As 
a result, there are two other points where c andk are constant. The first is the origin: if the 
economy has no capital and no consumption, it remains there. The second is the point where
the k = 0 curve crosses the horizontal axis. Here all of output is being used to hold k constant, 

s0 C= 0 and f(k) = (n + g)k. Since having consumption change from zero to any positive

amount violates households' intertemporal optimization condition. (2.25), if the economy is 
at this point it must remain there to satisfy (2.25) and (2.26). We will see shortly. however.
That the economy is never at either of these points.

Source: Romer (2019)
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DYNAMICS OF c(t) AND k(t)
62 Chapter 2 INFINITE HORIZONS AND OVERLAPPING GENERATIONNS 

k = 0 

k 
FIGURE 2.3 The dynamics of c and k 

assumed to hold so that lifetime utility does not diverge (see [2.3]). Thus k* 
is to the left of the peak of the k =0 curve. 

The Initial Value of c 

Figure 2.3 shows how c and k must evolve over time to satisfy households 
intertemporal optimization condition (equation [2.25]) and the equation
relating the change in k to output and consumption (equation |2.26|) given 
initial values of c and k. The initial value of k is determined by the assump 
tion that the initial capital stock is an exogenous parameter of the model. 
But the initial value of c must be determined 

This issue is addressed in Figure 2.4. For concreteness, k(0) is assumed 
to be less than k*. The figure shows the trajectory of c and k for various 

assumptions concerning the initial level of c. That is, for a given assumption 
about c(0), we ask what the dynamics of c and k would be if equations (225) 
and (2.26) held at every point in time. If c(0) is above the k = 0 cur 
point like A, then � is positive and k negative; thus the economy mo 
tinually up and to the left in the diagram. If c(0) is such that k is initi 
Point B), the economy begins by moving directly up in (k, 
after � is positive and k negative, and so the economy again
to the left. if the economy begins slightly below the k = 0 
k is initially positive but small (since k is a continuous fu 
� is again positive. Thus in this case the economy initially 
slightly to the right; after it crosses the k = 0 locus, howe 
negative and once again the economy is on a path of rising 

Source: Romer (2019)
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k∗ IS BELOW GOLDEN RULE k

Steady state k : f ′(k∗) = ρ+ θg

Golden Rule k : f ′(kGR) = n + g

Since f ′′(k) < 0, k∗ < kGR if

ρ+ θg > n + g

ρ− n − (1 − θ)g > 0

β > 0

We assume β > 0 since otherwise household utility is infinite

Steinsson Ramsey Model 27 / 42



WHICH PATH WILL ECONOMY TAKE?

Phase diagram has many paths

All of them satisfy the two dynamic equations

Which one of these paths will the economy take?

Answer determined by boundary conditions

Boundary condition #1: Initial condition for k

But there is no initial condition for c!!!

c(0) is a choice of the household

So, how do we determine c(0)?

Boundary condition #2: Intertemporal budget constraint holds with equality
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DETERMINATION OF c(0)
2.3 The Dynamics of the Economy 63 

= 0 

B 

k = 0 

D 

k(0) k 

FIGURE 2.4 The behavior of c and k for various initial values of c 

Point D shows a case of very low initial consumption. Here �and k are 
both initially positive. From (2.25), é is proportional to c; when c is small, 
c is therefore small. Thus c remains low, and so the economy eventually 
crosses the d = 0 line. After this point, é becomes negative, and k remains 
positive. Thus the economy moves down and to the right. 

é and k are continuous functions of c and k. Thus there is some critical 
point between Points C and D-Point F in the diagram-such that at that 
level of initial c, the economy converges to the stable point, Point E. For 
any level of consumption above this critical level, the k = 0 curve is crossed 

before the � = 0 line is reached, and so the economy ends up on a path 
of perpetually rising consumption and falling capital. And if consumption 
is less than the critical level, the 
 = 0 locus is reached first, and so the 

economy embarks on a path of falling consumption and rising capital. But 
if consumption is just equal to the critical level, the economy converges to 
the point where both c and k are constant. 

All these various trajectories satisfy equations (2.25) and (2.26). Does this 
mean that they are all possible? The answer is no, because we have not yet 
imposed the requirements that households satisfy their budget constraint 
and that the economy's capital stock can never be negative. These condi-
tions determine which of the trajectories in fact describes the behavior of 
the economy.

If the economy starts at some point above F, c is high and rising. As a 
result, the equation of motion for k, (2.26), implies that k eventually reaches
zero. For (2.25) and (2.26) to continue to be satisfied, c must continue to 

Source: Romer (2019)
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DETERMINATION OF c(0)

Paths starting at A, B, and C eventually hit k = 0. For consumption

Euler equation to continue to hold, k must keep falling, which it can’t.

Path starting at D, eventually rises above Golden Rule level of

consumption. At this point f ′(k) < n + g, so e−R(s)e(n+g)s is rising in s

and k(s) is rising in s. So:

lim
s→∞

e−R(s)e(n+g)sk(s) = ∞

In other words, net present value of future wealth is exploding, which

means household should consumer more. (Violates intertemporal

budget constraint.)
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SADDLE PATH
64 Chapter 2 INFINITE HORIZONS AND OVERLAPPING GENERATIONS 

0 

k =0 

k 
FIGURE 2.5 The saddle path 

rise and k must become negative. But, since a negative capital stock is not 

possible, this cannot occur. We can therefore rule out such paths.
To rule out paths starting below F, we use the budget constraint ex 

pressed in terms of the limiting behavior of capital holdings, equation (2.16):

im, e n -9k($) 20. If the economy starts at a point like D, eventu- 
ally k exceeds the golden-rule capital stock. After that time, the real interest
rate, f(k), is less than n + g, so e-Ks)e *9" is rising. Since k is also rising, 
e-R6) n +95 k (s) diverges. Thus lim,eR6 +9isk (s) is infinity. From the 

derivation of (2.16), we know that this is equivalent to the statement that 
the present value of households' lifetime income is infinitely larger than the 
present value of their lifetime consumption. Thus each household can af 

ford to raise its consumption at each point in time, and so can attain higher
utility. That is, households are not maximizing their utility. Hence, such a 
path cannot be an equilibrium.

Finally, if the economy begins at Point F, k converges to k*, and so 
converges to f'(k*) = p +0g. Thus eventually e-R6en +gk is falling at 
p -n - (1 - 0)g = B > 0, and so lim,eR +9)s k (s) is zero. Thus 

path beginning at F, and only this path, is possible. 

The Saddle Path 

Although this discussion has been in terms of a single value of 
general. For any positive initial level of k, there is a unique
of c that is consistent with households' intertemporal optim 

Source: Romer (2019)
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LONG-RUN GROWTH IN RAMSEY MODEL

In the long run, k∗, y∗, c∗ are constant

Level variables grow at rate n + g

Per capita variables grow at rate g

Long-run growth rate independent of many model parameters.

E.g., Production function parameters, preference parameters (ρ and θ)
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STEADY STATE

Dynamic equations:

ċ(t)
c(t)

=
f ′(k(t))− ρ− θg

θ

k̇(t) = f (k(t))− c(t)− (n + g)k(t)

To calculate steady state, we set ċ(t) = 0 and k̇(t) = 0:

f ′(k∗) = ρ+ θg

c∗ = f (k∗)− (n + g)k∗

Level of steady state is a function of ρ, θ, and production function
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UNANTICIPATED FALL IN DISCOUNT RATE

Consider an unanticipated fall in the discount rate ρ

Conceptually similar to an increase in the savings rate

in the Solow model

Long-run effect depends on shift in steady state:

f ′(k∗) = ρ+ θg

c∗ = f (k∗)− (n + g)k∗

Shift in ρ only affects first of these equation

Since f ′′(k) < 0, k∗
NEW > k∗

OLD
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UNANTICIPATED FALL IN ρ
68 Chapter 2 INFINITE HORIZONS AND OVERLAPPING GENERATIONS 

= 0 

= 0 

ROLD RNEW R 

FIGURE 2.6 The effects of a fall in the discount rate 

Qualitative Effects 

Since the evolution of k is determined by technology rather than prefer 
ences, p enters the equation for 
 but not that for k. Thus only the
 = 0 
locus is affected. Recall equation (2.25): 
()/¢(t) = fkt)) - p - 6g]/9. 
Thus the value of k where � equals zero is defined by f(k*) =p +0g. Since 
f"O is negative, this means that the fall in p raises k*. Thus the � 0 line 
shifts to the right. This is shown in Figure 2.6. 

At the time of the change in p, the value of k-the stock of capital per 
unit of effective labor-is given by the history of the economy, and it cannot
change discontinuously. In particular, k at the time of the change equals the 
value of k* on the old balanced growth path. In contrast, c-the rate at which 
households are consuming-can jump at the time of the shock. 

Given our analysis of the dynamics of the economy, it is clear what occurs: 
at the instant of the change, c jumps down so that the economy is on 
new saddle path (Point A in Figure 2.6). Thereafter, c and k rise gradu
to their new balanced grOwth- path values these are higher than their va 
on the original balanced growth path. 

Thus the eifects of a fall in the discount rate are similar to the effect 
a rise in the saving rate in the Solow model with a capital stock 

Since we are assuming that the change is unexpected, the discontinuc 

does not imply that households are not optimizing. Their original behavior i 

their beliefs; the fall in c is the optimal response to the new information that 

Source: Romer (2019)
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SHAPE OF THE SADDLE PATH

The saddle path gives c(k) (called the policy function)

What is the shape of this path?

Consider different values of θ

Recall that 1/θ is the intertemporal elasticity of substitution

High θ (low 1/θ) implies strong desire to smooth consumption

Household will try to shift consumption from the future

Saddle path will be close to k̇(t) = 0 locus
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SADDLE PATHS WITH DIFFERENT IN θ

106 Chapter 2 

Low 0 

High 0 

= 0 

High 6 

Low 

k 
Figure 2.2 
The slope of the saddle path. When is low, consumers do not mind large swings in consumption over time. 

Hence, they choose to consume relatively little when the capital stock is low (and the interest rate is high). The 
investment rate is high initially in this situation, and the economy approaches its steady state rapidly. In contrast
when 6 is high, consumers are strongly motivated to smooth consumption over time. Hence, they initially devote
most of their resources to consumption (the stable arm is close to the k =0 schedule) and little to investment. In 
this case, the economy approaches its steady state slowly. 

low values of k (see figure 2.2). The high levels of investment imply that the transition is 

relatively quick, and as k approaches k", households increase ê sharply. It is clear from the 
diagram that linear approximations around the steady state will not capture these dynamics 

accurately.
We show in appendix 2C (section 2.10) for the case of a Cobb-Douglas technology, 

ý = Ak", that ê/k is rising, constant, or falling in the transition from k(0) < k* depending

on whether the parameter 0 is smaller than, equal to, or larger than the capital share, a. It 

follows that the stable arm is convex, linear, or concave depending on whether 6 is smaller

than, equal to, or larger than a. (We argue later that 6 > a is the plausible case.) Ife = 
so that ê/k is constant during the transition, the policy function has the closed-form solu 
= (constant) k, where the constant turns out to be (8 + p)/0- (8 + n). 

2.6.4 Behavior of the Saving Rate 

The gross saving rate, s, equals 1-ê/fK). The Solow-Swan model, discussedir
assumed that s was constant at an arbitrary level. In the Ramsey model with 
consumers, s can follow a complicated path that includes rising and falling segi 

economy develops and approaches the steady state.

Source: Barro and Sala-I-Martin (2004)

Steinsson Ramsey Model 37 / 42



SAVINGS RATE IN THE RAMSEY MODEL

Savings rate constant in Solow model. What about Ramsey model?

In general it is complicated

Intuitively two forces:

Substitution effect: As k rises, f ′(k) falls, and r falls. Incentive to save fall.

Income effect: When households are below steady state, their income

is below future income. They would like to smooth consumption by

consuming a lot relative to income. As income rises, this force weakens

and savings rise.

Which force wins depends on parameters.
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SAVINGS RATE IN THE RAMSEY MODEL

Cobb-Douglas case (y = kα): savings rate is monotonic

If α(g + n) = (ρ+ θg)/θ, savings rate is constant

If α(g + n) > (ρ+ θg)/θ, savings rate is increasing

(e.g., small value of 1/θ – weak substitution effect)

If α(g + n) < (ρ+ θg)/θ, savings rate is decreasing

(e.g., large value of 1/θ – strong substitution effect)

See Barro and Sala-I-Martin (2004, sec. 2.6.4) for details

They argue that α(g + n) ≈ (ρ+ θg)/θ is not unreasonable.

Empirically they argue savings rate rise a slight bit with development
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SAVINGS RATE IN RAMSEY MODEL

Growth Models with Consumer Optimization 109 

1/6 

s= 1/0 F 
1/0 

1/0<s 1/0 s 1/0 >s k 
(a) (b) (c) 

Figure 2.3 
Phase diagram for the behavior of the saving rate Gin the Cobb-Douglas case). In the Cobb-Douglas case, the 
savings rate behaves monotonically. Panel a shows the phase diagram for ê/9 and k when the parameters are such 
that (8 +p +0x)/0 > a (x+n+8). Since the stable arm is upward sloping, the consumption ratio increases as 
the economy grows toward the steady state. Hence, in this case, the saving rate (one minus the consumption rate)
declines monotonically duringthe transition. Panel b considers the case in which (8 + p + ex)/0 <a (x+n+8). 
The stable arm is now downward sloping and, therefore, the saving rate increases monotonically during the 
transition. Panel c considers the case (8 + p +0x)/0 + a (x +n +8). The stable arm is now horizonal, which
means that the saving rate is constant during the transition. 

is more likely to rise during the transition. This result follows because a higher 6 weakens

the substitution effect from the interest rate. 

In the particular case where = 0, the saving rate is constant at its steady-state value,

s=1/0, during the transition. For this combination of parameters, it turns out that the 

wealth and substitution effects cancel out, so that the saving rate remains constant as the 

capital stock grows toward its steady state. Thus, the constant saving rate in the Solow- 

Swan model is a special case of the Ramsey model. However, even in this case, there is 

an important difference from the Solow-Swan model. The level of s in the Ramsey model

is dictated by the underlying parameters and cannot be chosen arbitrarily. In particular, an 

arbitrary choice of s in the Solow-Swan model may generate results that are dynamically

inefficient ifs leads the economy to a steady-state capital stock that is larger than the golden 

rule. This outcome is impossible in the Ramsey model. 

In a later discussion, we use the baseline valuesp=0.02 per year, 8 = 0.05 per year,
n= 0.01 per year, and x = 0.02 per year. If we also assume a conventional capital share of 

a = 0.3, the value of 6 that generates a constant saving rate is 17; that is, s* < 1/0 applies

and the saving rate falls-counterfactually-as the economy develops unless exceeds this 

high value.

Source: Barro and Sala-I-Martin (2004)

Steinsson Ramsey Model 40 / 42



WELFARE IN THE RAMSEY MODEL

Is the market outcome in the Ramsey model a ”good” outcome?

First Welfare Theorem holds in the Ramsay model:

Markets are competitive and complete

Households are rational and optimize

Property rights exist over all objects of value

This means decentralized outcome is Pareto efficient

(Actually there are some technicalities which we will come back to in OLG lecture)

Easy to verify by solving the “planner’s problem”
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RAMSEY VERSUS SOLOW

Basic message of Solow model carries over to Ramsey model

Balanced growth in steady state

Savings rate (y − c)/y constant in steady state

Level variables grow at rate n + g

Per capita growth due to exogenous growth in A

Growth higher below steady state, lower above steady state

Differences in Ramsey:

Savings rate not necessarily constant (but constant not unreasonable)
n does not affect k∗. (f ′(k∗) = ρ− θg)

Sensitive to having L(t)/H term in utility function
Without this term f ′(k∗) = ρ+ n − θg
Depends on nature of altruism toward offspring
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Appendix



CAPITAL ACCUMULATION – CHANGE OF VARIABLES

Notice that:

k̇(t) =
d
dt

(
K (t)

A(t)L(t)

)
=

K̇ (t)
A(t)L(t)

− K (t)
[A(t)L(t)]2

[A(t)L̇(t) + Ȧ(t)L(t)]

k̇(t) =
K̇ (t)

A(t)L(t)
− (n + g)k

Dividing capital accumulation equation by A(t)L(t) we get

K̇ (t)
A(t)L(t)

=
Y (t)

A(t)L(t)
− C(t)L(t)

A(t)L(t)

k̇(t) + (n + g)k = y(t)− c(t)

k̇(t) = f (k(t))− c(t)− (n + g)k(t)

Back
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CAPITAL DEMAND – DETAILS

Recall that f (k) ≡ F (k ,1).

F (·, ·) is homogeneous of degree one

This implies that F1(·, ·) is homogeneous of degree zero

(where the subscript denotes a derivative with respect to the first argument)

f ′(k) = F1(k ,1) = F1(K/AL,1) = F1(K ,AL) = FK (K ,AL)

Back
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LABOR DEMAND – DETAILS

Notice that
∂F (K ,AL)

∂L
= A

∂F (K ,AL)
∂AL

= AF2(K ,AL)

Since F (K ,AL) is homogeneous of degree 1 we have that

F (K ,AL) = F1(K ,AL)K + F2(K ,AL)AL

ALF (k ,1) = F1(K ,AL)K + F2(K ,AL)AL

f (k) = f ′(k)k + F2(K ,AL)

F2(K ,AL) = f (k)− f ′(k)k

Back

Steinsson Ramsey Model 3 / 4



COBB-DOUGLAS FIRM

Labor demand:

W = (1 − α)AKαL−α

Capital demand:

r = αAKα−1L1−α

Divide one by the other
K
L

=
α

1 − α

W
r

Plug this into production function for K:

Y = AKαL1−α = A
(

α

1 − α

)α (
W
r

)α

LαL1−α

Back
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