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Abstract

Empirical work in economics, statistics and many other disciplines often requires estimating
one or more probability density functions, such as those of earnings or a poverty index, near
or at a boundary point. Standard kernel density estimators cannot be used near boundary
points due to their boundary bias, a fact that has led researchers to restrict attention to a
region in the interior of the full support of the data or to employ other ad hoc smoothing or
truncation methods. This paper presents an intuitive and easy-to-implement nonparametric
density estimator based on local polynomial techniques, which does not require pre-binning or
any other transformation of the data while still being fully boundary adaptive and automatic.
This estimator is readily applicable to a variety of empirical contexts, including manipulation
testing, counterfactual comparisons, treatment effects heterogeneity and specification, bunching,
and auctions, just to mention a few obvious examples. We study the asymptotic properties of
the proposed density estimator and use these results to provide fully automatic point estimation,
inference and bandwidth selection methods. We apply these results to three specific empirical
settings in program evaluation: discontinuity in density testing (McCrary, 2008), counterfactual
analysis (DiNardo et al., 1996), and IV treatment effect specification and heterogeneity analysis
(Abadie, 2003; Kitagawa, 2015). We showcase our methods with two empirical applications,
and we also investigate their finite-sample performance in a Monte Carlo experiment. Our
general results also cover estimation of the distribution function and derivatives of the density
function, additional results useful in other nonparametric and semiparametric settings. Two

distinct companion Stata and R software packages are provided.
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1 Introduction

Flexible (nonparametric) estimation of distribution functions, densities and derivatives thereof play
an important role in empirical work in economics, statistics, and many other disciplines. Sometimes
these quantities are the main objects of interest, while in other cases they are useful ingredients
in forming other nonparametric or semiparametric inference procedures. For instance, in program
evaluation, nonparametric density estimators are commonly used for manipulation testing (Mec-
Crary, 2008), counterfactual analysis (DiNardo et al., 1996), and IV treatment effect specification
and heterogeneity analysis (Abadie, 2003; Kitagawa, 2015). Density-based presentation and testing
methods are also used in program evaluation and causal inference to describe, for example, common
support /overlap or distributional treatment effects (e.g., Imbens and Rubin, 2015, for a review and
references). Furthermore, smooth estimates of probability density functions are used in many other
literatures employing nonparametric and semiparametric methods (e.g., Ichimura and Todd, 2007).

A common problem faced by all density estimators in empirical work is the presence of boundary
evaluation points on the support of the variable of interest: Whenever the density estimate is
constructed at or near boundary points, which may or may not be known by the researcher, its
finite- and large-sample statistical properties are affected. Standard kernel density estimators are
invalid at or near boundary points, while other methods may remain valid but usually require
choosing additional tuning parameters, transforming the data, a priori knowledge of the boundary
point location, or some other boundary-related specific information or modification. Furthermore,
it is usually the case that one type of density estimator must be used for evaluation points at
or near the boundary, while a different type must be used for interior points. This has led to
a proliferation of (mostly ad hoc) density estimation methods and/or corrections to address the
ubiquitous boundary bias problem in practice. Perhaps the most common empirical approach is to
restrict the analysis to an interior subset of the support of the variable of interest, something that
at the minimum handicaps empirical work, and many times is not even feasible when the actual
goal is to learn about the density at or near the boundary.

We introduce a novel nonparametric estimator of a density function constructed using local poly-
nomial techniques (Fan and Gijbels, 1996), and then employ it to develop boundary adaptive and

automatic density estimation and inference methods in program evaluation settings. Our estimator



is intuitive and easy to implement, does not require pre-binning of the data or a priori knowledge
of the boundary location, and enjoys all the desirable features associated with local polynomial
regression estimation. In particular, the estimator automatically adapts to the (possibly unknown)
boundaries of the support of the density without requiring specific data modification or additional
tuning parameter choices, a feature that is unavailable for most other density estimators in the
literature: see Karunamuni and Albert (2005) for a review on this topic. The most closely related
approaches currently available in the literature are the local polynomial density estimators of Cheng
et al. (1997) and Zhang and Karunamuni (1998), which require knowledge of the boundary location
and pre-binning of the data (or, more generally, pre-estimation of the density near the boundary),
and hence introduce additional tuning parameters that need to be chosen for implementation.

The heuristic idea underlying our estimator is quite simple: whereas other nonparametric density
estimators are constructed by smoothing out a “rough” histogram estimate of the data, our esti-
mator is constructed by smoothing out the empirical distribution function using local polynomial
techniques. This leads to a density estimator that is constructed using a preliminary tuning-
parameter-free and y/n-consistent CDF estimator (where n denotes the sample size), and thus
requires only choosing the bandwidth associated with the local polynomial fit at each evaluation
point. Our general results cover estimation of the distribution function, density and derivatives
thereof, for any polynomial order at both interior and boundary points, and formally give (i)
asymptotic expansions of the leading bias and variance, (ii) asymptotic Gaussian distributional
approximation and valid statistical inference, (iii) consistent standard error estimates, and (iv)
consistent data-driven bandwidth selection based on an asymptotic mean squared error (MSE)
expansion. All these results apply to both interior and boundary points in a fully automatic and
data-driven way, without requiring a prior knowledge of the boundary location, transforming the
estimator or the data in specific ways, or employing additional tuning parameters (beyond the main
bandwidth present in any kernel-based nonparametric method).

While often overlooked by practitioners, automatic boundary adaptation in nonparametrics is of
crucial importance because “in applications design points always have a bounded support” (Fan
and Gijbels, 1996, p. 69), and in fact the boundary location is often unknown. Thus, our pro-
posed density estimator offers a practically relevant approach for empirical work concerned with

density estimation and inference. While our main results can be used in any nonparametric or



semiparametric setting where estimators of distribution functions, densities and derivatives thereof
are required, in this paper, we employ them to develop new estimation and inference methods in
three program evaluation settings: manipulation testing, counterfactual analysis, and IV hetero-
geneity study. In each of these applications one or more density functions at or near a boundary
point need to be estimated, and therefore our methods are particularly well suited.

Our first methodological application is related to manipulation testing, a problem that has re-
cently attracted considerable attention in empirical work. Here the goal is to test for a discontinuity
in the density of a random sample of units that has been divided in two disjoint groups, according
to a hard-thresholding rule based on an observed random variable (usually called “index”, “score”
or “running variable”) and a known cutoff point. McCrary (2008) proposed this clever idea in the
context of regression discontinuity (RD) designs. The ultimate goal is to test formally whether
units are systematically sorting around the cutoff point, and thus non-randomly selecting into one
of the two groups (generally referred to as control and treatment groups). The key observation is
that, in the absence of self-selection, the density of units near the cutoff would be continuous, and
thus a statistical test can be formed to determine empirically whether there is evidence of sorting in
empirical applications. This testing idea can be used not only as a falsification test in RD designs,
but also as an empirical test for manipulation or self-selection in other impact evaluation settings.

Testing for manipulation naturally involves nonparametric density estimation at a boundary point
— the cutoff point in the support of the running variable where group (or treatment) assignment
is determined. Our density estimator is therefore particularly well-suited for constructing a new
testing procedure in this context because it offers automatic boundary-adaptive density estimation
in an intuitive and easy-to-implement way, requiring the choice of only one bandwidth. Using our
main results, we develop a new manipulation test and establish its large-sample properties: the
resulting testing procedure gives an alternative to the implementation in McCrary (2008), which
employs the density estimator of Cheng et al. (1997) and thus requires choosing additional tuning
parameters. We offer an empirical illustration of our methods employing the canonical Head Start
data (Ludwig and Miller, 2007; Cattaneo et al., 2017c).

The other methodological applications given are concerned with counterfactual densities and IV
treatment effect specification and heterogeneity, where researchers often want to estimate several

density functions of reweighted data to then compare them across different evaluation points. In



particular, here we consider the settings of DiNardo et al. (1996), Abadie (2003), and Kitagawa
(2015), three papers where estimation of density functions naturally arise. Because our theoretical
work allows for estimated weights, we can also develop new boundary adaptive density estimators
applicable to these examples: our methods apply automatically to both interior and boundary
points and therefore provide simple and easy-to-implement density estimation and inference meth-
ods that can be used over the entire support of the data, without requiring pre-binning, truncation
or some other ad hoc transformation before the empirical analysis. To illustrate our proposed
density methods for counterfactual and IV specification and heterogeneity analysis we report an
empirical application using another canonical dataset in empirical microeconomics: the Job Train-
ing Partnership Act (JTPA) data.

All the density-based methods studied in this paper involve estimation and inference at or near
a boundary point employing our proposed density estimator, possibly after including preliminary
estimated weights, and are formally developed via the theoretical results given in the Supplemental
Appendix. In fact, because our density estimators allow for y/n-estimated weights such as those
arising from inverse probability weighting, they can be used in many other empirically relevant
contexts under the usual unconfoundedness or selection-on-observables assumption; typical areas
of application include treatment effects, missing data, measurement error, and data combination.
We do not describe these other applications in detail for brevity, and because they are very similar
to the ones given below.

Finally, we also provide two general purpose software packages, for Stata and R, implementing the
main results discussed in the paper. Cattaneo et al. (2017a) discusses the first package (Ipdensity),
which targets at generic density estimation over the support of the data, and Cattaneo et al. (2017b)
discusses the second package (rddensity), which is specifically tailored to manipulation testing. In
addition, we provide replication files of all the numerical results reported herein.

The rest of the paper is organized as follows. Section 2 introduces the density estimator, discusses
the main intuition behind its construction, and outlines its applicability to program evaluation and
related problems. Section 3 gives an overview of the main technical results developed in this
paper. Section 4 applies our main theoretical results to the specific case of nonparametric testing
of a discontinuity in a density at a point. Sections 5 and 6 develop the new density methods

for counterfactual analysis and IV treatment effect heterogeneity, respectively. Section 7 offers



a brief account of an extensive simulation study we conducted, while Section 8 discusses several
potential extensions to our work and concludes. A long Supplemental Appendix reports more
general theoretical results encompassing those discussed herein, includes the proofs of these general
results, discusses additional methodological and technical results, and provides further simulation

evidence.

2 Boundary Adaptive Density Estimation

Suppose {(z1,w1), (x2,w2), -, (Tn,w,)} is a random sample, where x; is a continuous random
variable with a smooth cumulative distribution function over its possibly unknown support X, and
w; is a weighting variable, possibly random and involving unknown parameters. We consider the

generic parameter

flx) = %E [will(:vi < x)},

whose practical interpretation depends on the specific choice of w;. If w; = 1, f(-) becomes the
standard probability density function of the continuous variable of interest x;. If w; = 1(x; < T)
or w; = 1(x; > ), then f(-) is used to identify the left and right limits of the density function of
x; at the cutoff point Z (i.e., f_(Z) = limyyz f(x) and f(Z) = lim, 5 f(z)), respectively, which is
useful for manipulation testing (Section 4). If w; is set to be a certain ratio of propensity scores
for subpopulation membership, then f(-) becomes a counterfactual density function (Section 5).
If w; is set to be a combination of the treatment assignment and treatment status variables, then
the resulting f(-) can be used to specification testing in IV settings, or if w; is set to be a certain
ratio of propensity scores for a binary instrument, then f(-) can be used to identify distributions
of compliers in IV settings (Section 6).

Our results apply to known and unknown, as well as bounded or unbounded support X', which
is an important feature in most empirical applications employing density estimators. For example,
in the context of manipulation testing (Section 4), the random variable z; is a running variable,
score or index, and the parameter of interest is the potential discontinuity of the density function,
at an induced boundary point determined by the treatment eligibility cutoff. As another example,
in counterfactual analysis or other related program evaluation contexts (e.g., Sections 5 and 6), the

support of the data is unknown and often bounded, for example when z; represents wage, earning



or taxable income, in which case the boundary points are determined by the natural support (e.g.,
x; > 0 if x; is wage or earning) or by a policy (e.g., the value on the support X where a tax
level /rate changes). These and other examples are discussed in upcoming sections.

We introduce a generic nonparametric estimator of f(z), which is fully automatic, boundary
adaptive for the possibly unknown support X, and allows for y/n-consistent estimated weights w;.
Our estimator requires only one tuning parameter choice and is very easy to construct and interpret.

To describe it, first we define the plug-in weighted empirical CDF estimator
- 1
1=

and then the proposed local polynomial density estimator f (x) is given by

a(x) N
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where K (-) denotes a kernel function, h is a positive bandwidth, and p > 1. Our estimator takes the
(weighted) empirical distribution function as an starting point but, instead of trying to numerically
differentiate it, first constructs a simple and intuitive smooth local approximation to F(azz) using a
polynomial expansion, and then obtains the density estimator as the slope coefficient in the local
polynomial regression. To be specific, &(z) is the intercept estimate, f (x) is the slope estimate
(associated with (31), and 4(x) is a vector collecting estimated higher-order coefficients in the local
polynomial approximation to F (x;). Using standard least squares algebra, all these coefficients can
be given in closed form. Here we focus on the density estimator f (z), but in the Supplemental
Appendix we also study the properties of &(x) and 4(z), as these objects may also be useful in
some nonparametric and semiparametric applications (see Section 8 for further discussion).

The idea behind our density estimator f (z) is explained graphically in Figure 1, setting w; = 1
only for simplicity. In this figure we consider three distinct evaluation points on X = [—1,1]: a is

near the lower boundary, b is an interior point, and ¢ = 1 is the upper boundary. Recall that the



conventional kernel density estimator,

fKD(x) = %ZK <$1}:$> 7
=1

is valid for interior points, but otherwise inconsistent. See, e.g., Wand and Jones (1995) for a classi-
cal reference. On the other hand, our density estimator f (x) is valid for all evaluation points z € X
and can be used directly, without any modifications to approximate the unknown density. Figure
1 is constructed using n = 500 observations. The top panel plots one realization of the empirical
distribution function F' (z) in dark gray, and the local polynomial fits for the three evaluation points
x = a,b,c in red, the latter implemented with p = 2 (quadratic approximation) and bandwidth h
(different value for each evaluation point considered). The vertical light gray areas highlight the
localization region controlled by the bandwidth choice, that is, only observations falling in these
regions are used to smooth-out the empirical distribution function via local polynomial approx-
imation, depending on the evaluation point. Our proposed density estimator f () is the slope
coefficient accompanying the first-order term in the local polynomial approximation, which is de-
picted in the bottom panel of Figure 1 as the solid line in red. The bottom panel also plots three
other curves: dashed blue line corresponding to the population density function, dashed-dotted
green line corresponding to the average of our density estimate over simulations, and dashed black
line corresponding to average of the standard kernel density estimates obtained using fKD ().
Figure 1 illustrates how our proposed density estimator adapts to (near) boundary points au-
tomatically, showing graphically its good performance in repeated samples. See the Supplemental
Appendix for detailed simulation experiments corroborating these findings. Evaluation point b is
an interior point and, consequently, a symmetric smoothing around that point is employed, just
like the standard estimator fyp () does. On the other hand, evaluation points a and ¢ both exhibit
boundary bias if the standard kernel density estimator is used: point a is near the boundary and
hence employs asymmetric smoothing, while point ¢ is at the upper boundary and hence employs
one-sided smoothing. In contrast, our proposed density estimator f (z) automatically adapts to
the (possibly unknown) boundary point, as the bottom panel in Figure 1 illustrates. This feature
makes f (x) particularly well-suited for empirical applications where there is known or unknown

finite boundaries on the support of the data, which is arguably the case in most applications (and



is always the case in finite samples). We are aware of only one other density estimator that exhibits
automatic boundary carpentry: Cheng et al. (1997) introduced a local polynomial density estima-
tor that requires knowledge of boundary location and is constructed using a preliminary histogram
estimate, which by implication also requires several tuning parameters for implementation (i.e.,
histogram’s bins length, location and total number, in addition to a bandwidth choice for the local
polynomial fit). This estimator was popularized by McCrary (2008) in the context of RD designs;
see Section 4.

More generally, when weights are allowed for, there is another potentially interesting connection
between the estimand f(z) and estimator f (x) described above, and the classical kernel-weighted
averages featuring prominently in econometrics (e.g., Newey, 1994; Newey and McFadden, 1994).
Because f(z) = E[w;|z; = z]g(z), with g(x) denoting the probability density function of x;, it
follows that our proposed estimation approach gives an alternative boundary adaptive way of esti-
mating density-weighted averages nonparametrically. Our proposed approach differs from standard
kernel methods in that we first smooth out the /n-consistent empirical distribution function, which
does not exhibit boundary problems, and then a nonparametric approximation to the desired deriva-
tive is extracted. This approach is conceptually distinct from the methods currently available in the
literature, and it exhibits demonstrably superior properties such as automatic boundary adaptation
for estimation and inference.

In the Supplemental Appendix we investigate the large sample properties of our proposed estima-
tor f(z) when w; = w(z;; Bg) is replaced by w; = w(z;; 0) with 8 a /n-consistent estimator of 8,
that is, when estimated weights are used to construct the weighted empirical distribution function
F(x) This generalization is useful in counterfactual density estimation, IV treatment effects spec-
ification and heterogeneity analysis, bunching, missing data, and many other empirical problems
of interest. Our general results include bias, variance and distributional approximations, standard
error estimation, and optimal bandwidth selection and estimation, among other results. Because
all these results are technical in nature, we relegate most details to the Supplemental Appendix.
In Section 3 we include brief statements of our main results for completeness and reference. The
main take-away is as follows: under regularity conditions (Assumptions 1, 2 and 3 below), which

include mild restrictions on the possibly estimated weights w;, and if nh?> — oo and nh?PTt — 0,



then

f@) - f(@) S
TWN(O,U, a(x)—m, for all z € X,

where ~~ denotes convergence in distribution, and the exact formula of the variance estimator “/7(1‘)
is given in Section 3. Importantly, ”I}(ac) is fully automatic and very easy to implement, and remains
valid even when y/n-consistent estimated weights are employed: We show that employing estimated
weights has no first order impact on the nonparametric estimator f (z), which means in practice
the weights can be treated as known for estimation, inference and bandwidth selection purposes.
Therefore, our proposed estimation and inference methods are automatic and boundary adaptive,
without requiring any specific modifications depending on the particular value x or the weighting
scheme used.

The following section presents a technical summary of the main large-sample results we obtained
for estimation and inference employing the proposed density estimator f (z). We then apply these
generic results to specific problems of interest in empirical work in subsequent sections, where we

also illustrate them using real data and applications. Other potential applications of our methods

are briefly mentioned in Section 8.

3 Overview of Technical Results

We summarize two main technical results on our density estimator: (i) an asymptotic distributional
approximation with precise leading bias and variance characterizations, and (ii) a consistent stan-
dard error estimator which is also data-driven and fully-automatic. Both results are fully boundary
adaptive and do not require prior knowledge of the shape of X. We leave preliminary lemmas and
detailed proofs to the Supplemental Appendix to conserve space. Properties of other estimators
obtained by our method, including a smoothed distribution function estimator and estimators of
higher order derivatives, are also available in the Supplemental Appendix.

Before stating the results, we give the regularity conditions employed.

Assumption 1 (DGP). {z1,z2, -, 2} is a random sample of size n, with distribution function
G that is p+ 1 times continuously differentiable for some p > 1 in a neighborhood of the evaluation

point z, and the probability density function of x;, denoted by g, is positive in a neighborhood of



Figure 1. Graphical Illustration of Density Estimator.
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Notes: (i) Constructed using companion R (and Stata) package described in Cattaneo et al. (2017a) with simulated
data.
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the evaluation point x.

Note that G is generally different from F', except if uniform weighting w; = 1 is used. To allow
for estimated weighting schemes, we assume the weights take the form w; = w(z;; 0y), where z; are

additional variables (which can include x;), and 6y is a finite dimensional parameter.

Assumption 2 (Estimated Weights).

(i) {z1,22, -+ ,2,} is a random sample of size n, w; = w(z;;0p), with E[w;|z;] being p times
continuously differentiable, E[w?|z;] continuous, and E[w}] < oo.

(ii) @ — w(-; @) is twice continuously differentiable and, for some § > 0, E[supjg_g,<s |w(zi; )| +
|W(zq; 0)] + [W(zi;0)|] < oo, where W(z;;0) = Ow(z;;0)/00" and w;(z;; 0) = 0*w(z;;0)/0000'.

(i) v/n(0 — Bp) admits an asymptotic linear representation.

Part (i) ensures that f(z) is well-defined and possesses certain smoothness, and finite fourth
moment of the weights is used to justify a Lindeberg Condition for asymptotic normality. Part
(ii) is used in the asymptotic variance formula. Collectively, this assumption provides regularity
conditions on the estimated weights, ensuring summability of certain quantities and asymptotic
expansions. To save notation, we set w; = W(z;;00) and w; = W(z;;0p). Observed (possibly

random) weights are allowed as a special case where z; = w; and w(-) is the identity map.

Assumption 3 (Kernel). The kernel function K(-) is nonnegative, symmetric, and continuous on

its support [—1,1].

This assumption is standard in nonparametric estimation, and is satisfied for common kernel
functions. We exclude kernels with unbounded support (for example the Gaussian kernel) for
simplicity, since such kernels will always hit boundaries. Our results, however, remain to hold for

common unbounded kernels with careful analysis, albeit the notation becomes more cumbersome.

Theorem 1 (Distributional Approximation). Suppose Assumption 1-3 hold with either observed

weights w; or estimated ; = w;(z;;0). If nh? — oo and nh?*! = O(1), then

fl@) = £@) —WBE) o
5 @)

for all x € X,
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where the asymptotic bias and variance are defined as

with

AW =g(a) [ o P (0 K ) du
(p+1)( )
(p+1

B(z) = v [ e i ey (0 (0 K () (0)dud,

a(z) =g(z) /h e up+1 ry (u) K (u)du,

ry(u) = (1,u,u? -+ ,uP) being the p-th order polynomial expansion, e; = (0,1,0,---,0)" the

second unit vector, and H(z) = E[w?1(z; < x)].

We make two remarks here. First the integration region reflects the effect of boundaries. Recall
that the kernel function is compactly supported, and if x is an interior point, we have, in large sam-
ples, h~1(X —z) D [~1,1], so that the kernel function is not truncated and the local approximation
is symmetric around z. On the other hand, for x near or at boundaries, h~'(X — ) % [~1,1], and
the local approximation is asymmetric or even one-sided.

Second, both the unweighted distribution G and the weighted distribution F' feature in the
matrices defined above. The unweighted density of z; shows up reflecting the “design” of the local
regression, since weighting is only conducted in F. The weighted distribution feature as part of
the smoothing bias. Interestingly, the unweighted distribution does not feature in the asymptotic
distribution (bias or variance), since it is canceled in A(z) 'a(z) and A(z) 'B(z)A(x)~!: This is
desirable as our proposed estimator is design adaptive.

Next we show how standard error can be constructed. The one we propose is an appealing
companion to our main estimator and is highly relevant for empirical applications, since it does not
require knowledge of relative positioning of the evaluation point to boundaries of X’ (if any). For

notational simplicity, we normalize the observations as #; = h~!(z; — z), and define

= er yrp (2:) K (&)
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and

Then we have the following:

Theorem 2 (Variance Estimation). If the conditions in Theorem 1 hold, then ¥ (z) —p ¥ () for

all x € X.

Finally, using the result above and under regularity conditions, it follows that the pointwise

(approximate) MSE-optimal bandwidth choice for our proposed density estimator is

A (x 1/(1+2p) B
huse(x) = <2p«%5($))2> n~ 1/ (42p)

The Supplemental Appendix offers details on this choice, presents analogous integrated version, and
discusses other related results such as valid implementation and consistent bandwidth estimation.
Furthermore, in the Supplemental Appendix we present analogous results to those above for the
smooth CDF &(z) and derivatives estimators 4(z), and also present uniform asymptotic results,
among other technical developments omitted here to conserve space. Stata and R general purpose

software implementing all these results is discussed in Cattaneo et al. (2017a).

4 Application: Manipulation Testing

One of the main features of the density estimator introduced in this paper is that it automatically
reduces boundary bias, while at the same time avoiding the need for choosing additional tuning
and smoothing parameters necessarily present in other related procedures (e.g., bins structure in
pre-binning estimators or distance to the boundary in boundary-corrected estimators). In other
words, this intuitive estimator automatically generates a boundary-corrected kernel density estima-
tor requiring the choice of only one tuning parameter: the main bandwidth h. As a first empirical
application of our proposed density estimator exploiting these features, we consider density dis-

continuity testing at a cutoff point inducing a change in treatment status, a form of manipulation
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testing originally introduced by McCrary (2008) in the context of RD designs. See also Frandsen
(2017) for a complementary manipulation test with discrete running variable in RD designs.

Testing for manipulation is quite useful when units are assigned to two (or more) distinct groups
using a hard-thresholding rule, as it provides an intuitive and simple method to check empirically
whether units are able to alter (i.e., manipulate) their assignment. Manipulation tests are used in
empirical work both as falsification tests of RD designs and as empirical tests with substantive im-
plications. The implementations available in the literature require choosing multiple tuning param-
eters (McCrary, 2008) or employ empirical likelihood methods together with boundary-corrected
kernels (Otsu et al., 2014). The method we introduced in this section, on the other hand, requires
choosing only one tuning parameter, avoids pre-binning the data, and permits the use of simple
well-known weighting schemes (i.e., kernel functions), and thus it removes the need of choosing
the length and positions of bins, or employing complicated boundary kernels directly. For exam-
ple, regular kernels such as the uniform or triangular kernel can be used for implementation. In
addition, our method is quite intuitive and easy to implement, while being fully data-driven and
principled, as bandwidth selection methods are also formally developed and implemented.

To describe the manipulation testing setup, suppose units are assigned to one group (“control”)
if z; < & and to another group (“treatment”) if x; > Z. For example, in the application discussed
below we employ the Head Start data from Ludwig and Miller (2007), where z; is a poverty index
at the county level, z = 59.1984 is a fixed cutoff determining eligibility to the program (see panel
(a) in Figure 2 below). The goal is to test formally whether the density f(z) is continuous at z,
using the two subsamples {z; : x; < Z} and {z; : ; > Z}. Formally, the null and alternative

hypotheses are:

zlT T z|T

Ho : ligl f(z) =lim f(z) VS Hi @ lim f(x) # lim f(x).

This hypothesis testing problem, of course, induces a nonparametric boundary point problem at
r = T because two distinct densities need to be estimated, one from the left and the other from
the right. This problem renders standard kernel density estimator inapplicable, but our proposed
density estimator f (x) is readily applicable in this context because it is boundary adaptive and

fully automatic. Furthermore, our estimator can be used to plot the density near the cutoff in an
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automatic way; see panel (b) of Figure 2 below for an example using the Head Start data.

To be more precise, first define F_(z) and Fy(x) to be the weighted empirical distribution
functions constructed using w; = 1(z; < z) and w]” = 1(z; > ), respectively. Then, our
proposed density estimator can be applied twice, to the data below and above the cutoff, to obtain
two estimators of the density at the boundary point Z, which we denote by f_ (z) and f+(fn),

respectively. Thus, our new manipulation test statistic takes the form:

where 6_(z) and &4 (x) denote the standard error estimators mentioned previously but now com-
puted with the weighting choice w; = 1(z; < Z) and w;” = 1(z; > Z), respectively. The exact
formula is given in Section 3, and all other technical details are discuss in the Supplemental Ap-
pendix.

Therefore, employing our main theoretical results, we obtain conditions so that the finite sample
distribution of T'(h) can be approximated by the standard normal distribution, which leads to the
following result: under assumptions specified in Section 3, and the vanishing bandwidth sequence
satisfies nh? — oo and nh'T? — 0, then
(1) Under Ho, limy, 00 P[|T'(h)| > ®1_q 2] = o,

(2) Under Hy, limy, o0 P[|T'(h)] > ®1_q /0] = 1,

where @, denotes the a-quantile of the standard Gaussian distribution. This result establishes
asymptotic validity of the a-level testing procedure that rejects Ho iff [T'(h)] > ®1_q /2, @ € (0,1),
and also shows its consistency. The result follows immediately from our generic asymptotic approx-
imations for f(z) after using w; = 1(x; < z) and w]” = 1(x; > Z), and evaluating at = = Z; see
the Supplemental Appendix for detailed proofs and related technical and implementation issues.

A key implementation issue of our manipulation test is the choice of bandwidth A, a problem
common to all nonparametric manipulation tests available in the literature. On the other hand,
an important feature of our method is that this bandwidth h is the only tuning parameter needed
for implementation, unlike other manipulation tests available in the literature. To select h in an
automatic and data-driven way, we obtain in the Supplemental Appendix a mean squared error

optimal (MSE-optimal) bandwidth choice for the point estimator fy (z) — fo (z) and we proposed
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a consistent implementation thereof, which is denoted by ﬁp. We also present other alternatives
such MSE-optimal bandwidth selectors for each-side density estimator separately.

Given the data-driven bandwidth choice in, we propose a simple robust bias-corrected test statis-
tic implementation, employing ideas in Calonico et al. (2014) and Calonico et al. (2017); see the
later reference for theoretical results on higher-order refinements and the important role of pre-
asymptotic variance estimation. Specifically, our proposed data-driven robust bias-corrected test
statistic is Tp+1(ﬁp), which rejects Ho iff [Tpy1(hy)| > ®y_q/p for a nominal a-level test. This
approach corresponds to a special case of manual bias-correction together with the corresponding
adjustment of Studentization. In practice, most common choices are p = 2. Companion general
purpose software in Stata and R is presented in Cattaneo et al. (2017b) for discontinuity in density

test.

4.1 Empirical Illustration

We apply our proposed manipulation test to the data of Ludwig and Miller (2007) on the original
Head Start implementation in the U.S. In this empirical application, the data captures a discon-
tinuity on access to program funds at the county level, which occurred in 1965 when the program
was first implemented: to ensure that applications from the poorest communities would be repre-
sented in a nationwide grant competition for the program’s funds, the federal government provided
assistance to the 300 poorest counties in the U.S. to write and submit applications for Head Start
funding. This led to increased Head Start participation and funding rates in these counties, creat-
ing a discontinuity in program participation at the 300th poorest county. Using our notation, x;
denotes the poverty index for county ¢, which was computed in 1965 using 1960 Census variables,
and T = 59.1984 is the cutoff point and poverty index of the 300th poorest municipality.

A manipulation test in this context amounts to testing whether there is a disproportional number
of counties are situated above Z relative to those present below the cutoff, which can be formally
tested by employing our proposed discontinuity in density test. To begin, Figure 2(a) presents the
histogram of counties below and above the cutoff. This rough density estimate is the preliminary
data processing used in the original test proposed by McCrary (2008), which requires choosing first
both the bin length of the histogram and the number (and location) of bins, and then a bandwidth

for the second-step local polynomial fit. Figure 2(b) presents our smooth local polynomial density
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estimate along with pointwise confidence intervals for a grid of points near the cutoff . This fits
is fully automatic, as it is constructed using a local data-driven bandwidth estimate and robust
bias-correction, and is obtained using our general purpose software described in Cattaneo et al.
(2017a).

Table 1 presents the empirical results from our manipulation test. This considers two main
approaches, both covered by our theoretical work and available in our software implementation:
(i) using two distinct bandwidths on each side of the cutoff (h_ # hy) and (ii) using a common
bandwidth for each side of the cutoff (h— = hy), with h_ and hy denoting the bandwidth on
the left and on the right, respectively. For each of these approaches, we consider three distinct
implementations of our manipulation test, which varies the degree of polynomial approximation
used to smooth-out the empirical distribution function. Specifically, T}, (h,) denotes the test statistic
constructed using a ¢-th order local polynomial density estimator, with bandwidth choice that is
MSE-optimal for p-th order local polynomial density estimator. For example, our recommended
choice is T5(h2), with either common bandwidth or two different bandwidths, which amounts to
first choose MSE-optimal bandwidth(s) for local quadratic fit, and then conduct inference using
a cubic approximation instead. This approach, as mentioned before, is a simple implementation
of the robust bias-correction method (Calonico et al., 2014, 2017), and has been shown to deliver
not only valid first-order inference but also higher-order improvements in related settings. Notice
that T, (hy) does not lead to a valid inference approach, in general, because a first-order bias will
make the test over-reject the null hypothesis (for example, see the simulations reported in Cattaneo
et al., 2017b, Section 6).

In this application, our empirical results show no evidence of manipulation. In fact, this finding
is consistent with the underlying institutional knowledge of the program: the poverty index was
constructed in 1965 at the federal level using county level information from the 1960 Census,
which implies it is indeed highly implausible that individual counties could have manipulated their
assigned poverty index. Results in Table 1 suggests that this finding is also robust against different

bandwidth and local polynomial order specifications.
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Figure 2. Manipulation Testing, Head Start Data.
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Notes: (i) panel (a) reports histogram estimate of the running variable (poverty index) computed with default values
in R, and panel (b) reports local polynomial density using companion R (and Stata) package described in Cattaneo
et al. (2017b); and (ii) n— = 2,504, n4y = 300, and T = 59.1984.

Table 1. Manipulation Testing, Head Start Data.

Bandwidths Eff. n Test
left right left  right T p-val
h_ # hy
To(hy)  15.771 2.326 581 65 0.024 0.981
Ts(hy)  19.776  8.296 762 210 —1.146  0.252
T4(f13) 32.487 10.808 1598 232 —1.083 0.279
h_ =hy
Ts(hy) 3274  3.274 99 95 —1.355 0.175
Tg(ﬁz) 9.213  9.213 316 221 —0.515 0.607
Ti(hs) 12270 12.270 419 243 —-0.712  0.477

Notes: (i) Tp(h) denotes the manipulation test statistic using p-th order density estimators with bandwidth choice h
(which could be common on both sides or different on either side of the cutoff), and h, denotes the estimated MSE-
optimal bandwidths for p-th order density estimator or difference of estimators (depending on the case considered); (ii)
Columns under “Bandwidths” report estimated MSE-optimal bandwidths, Columns under “Eff. n” report effective
sample size on either side of the cutoff, and Columns under “Test” report value of test statistic (7") and two-sided
p-value (p-val); and (iii) first three rows allow for different bandwidths on each side of the cutoff, while last three
rows employ a common bandwidth on both sides of the cutoff (chosen to be MSE-optimal for the difference of density
estimates). All estimates are obtained using companion R (and Stata) package described in Cattaneo et al. (2017b).
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5 Application: Counterfactual Densities

The previous application on manipulation testing focused on density estimation and inference at
a boundary point. The density was also estimated at other points near the boundary but only
for graphical presentation (Figure 2(b)). In this second application, the object of interest are
density functions over their entire support, including boundaries and near-boundary regions. In
addition, we now employ local polynomial density estimation with estimated weighting schemes, as
this is a key feature needed for counterfactual analysis (and many other applications). Our general
estimation strategy is specialized to the counterfactual density approach originally proposed by
DiNardo et al. (1996). The focus of this section is on density estimation, and we refer readers
to Chernozhukov et al. (2013), and references therein, for related methods based on distribution
functions as well as for an overview of the literature on counterfactual analysis.

To construct a counterfactual density or, more generally, reweighted density estimators, we simply
need to set the weights {wy,ws, -+ ,wy,} appropriately. In most applications, this also requires
constructing preliminary consistent estimators of these weights, as we illustrate in this section.
Following DiNardo et al. (1996), suppose the observed data is {(x;,t;,2,) : 1 <1 < n}, where z;
continues to be the main outcome variable, z; collects other covariates, and t; is a binary variable
indicating to which group unit ¢ belongs to. For concreteness, we call these two groups control and
treatment, though our discussion does not need to bear any causal interpretations.

The marginal distribution of the outcome variable x; for the full sample can be easily estimated
without weights (that is, w; = 1). In addition, two conditional densities, one for each group, can
be estimated using w} = t;/P[t; = 1] for the treatment group and w) = (1 — ¢t;)/P[t; = 0] for the
control group, and are denote by fl(:z) and fo(x), respectively. For example, in the context of
randomized controlled trials, these density estimators can be useful to depict the distribution of
the outcome variables for control and treatment units.

A more challenging question is: What would the outcome distribution have been, had the treated
units had the same covariates distribution as the control units? The resulting density is called the
counterfactual density for the treated, which is denoted by fi~o(x). Knowledge about this distribu-
tion is important for understanding differences between fi(x) and fy(x), as the outcome distribution

is affected by both group status and covariates distribution. Furthermore, the counterfactual distri-
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bution has another useful interpretation: Assume the outcome variable is generated from potential
outcomes, z; = t;x;(1) + (1 — t;)x;(0), then under unconfoundedness, that is, assuming ¢; is inde-
pendent of (z;(0),z;(1))" conditional on the covariates z;, fi~o(z) is the counterfactual distribution
for the control group: it is the density function associated with the distribution of x;(1) conditional
ont; = 0.

Regardless of which interpretation the researcher takes, fi.o(z) is of interest and can be estimated

using our generic density estimator f (z) with the following weights:

150 — 4. Plti = 0z Plt; = 1]

v ! P[tz = 1|Zz] P[tl = 0] '

In practice, this choice of weighting scheme is unknown because the conditional probability P[t; =
1]z;], a.k.a. the propensity score, is not observed. Thus, researchers estimate this quantity using a
flexible parametric model, such as Probit or Logit. Our technical results allow for these estimated
weights to form counterfactual density estimators after replacing the theoretical weights by their
estimated counterparts. All our theoretical results presented in the Supplement Appendix, including

distributional approximations and consistent bandwidth selection, continue to apply in this case.

5.1 Empirical Illustration

We demonstrate empirically how marginal, conditional and counterfactual densities can be esti-
mated with our proposed method. We consider the effect of education on earnings using a subsam-
ple of the data in Abadie et al. (2002). The data consists of individuals who did not enroll in the Job
Training Partnership Act (JTPA). The main outcome variable is the sum of earnings in a 30-month
period, and individuals are split into two groups according to their education attainment: t; = 1
for those with high school degree or GED, and ¢; = 0 otherwise. Also available are demographic
characteristics, including gender, ethnicity, age, marital status, AFDC receipt (for women), and a
dummy indicating whether the individual worked at least 12 weeks during a one-year period. The
sample size is 5,447, with 3,927 being either high school graduates or GED. Summary statistics
are available as the fourth column in Table 2. We leave further details on the JTPA program to
Section 6, where we utilize a larger sample and conduct distribution estimation in a randomized

controlled (intention-to-treat) and instrumental variables (imperfect compliance) setting.
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It is well-known that education has significant impact on labor income, and we first plot earning
distributions separately for subsamples with and without high school degree or GED. The two
estimates, fi(z) and fo(z), are plotted in panel (a) of Figure 3. There, it is apparent that the
earning distribution for high school graduates is very different compared to those without high
school degree. More specifically, both the mean and median of f; (z) are higher than fo(:n), and
fi(x) seems to have much thinner left tail and thicker right tail.

As mentioned earlier, direct comparison between fi(z) and fy(z) does not reveal the impact of
having high school degree on earning, since the difference is confounded by the fact that individuals
with high school degree can have very different characteristics (measured by covariates) compared
to those without. We employ covariates adjustments, and ask the following question: what would
the earning distribution have been for high school graduates, had they had the same characteristics
as those without such degree?

We estimate the counterfactual distribution fi.o(z) by our proposed method, and is shown in
panel (b) of Figure 3. The difference between fioo(x) and fi(z) is not very profound, although
it seems leo(ac) has smaller mean and median. On the other hand, difference between fo(af) and
f’lDo(x) remains highly significant. Our empirical finding is compatible with existing literature on
return to education: It is generally believed that education leads to significant accumulation of
human capital, hence increase in labor income. As a result, educational attainment is usually one

of the most important “explanatory variables” for difference in income and earning.

6 Application: IV Specification and Heterogeneity

Self-selection and treatment effect heterogeneity are important concerns in causal inference and
studies of socioeconomic programs. It is now well understood that classical treatment parameters,
such as the average treatment effect or the treatment effect on the treated, are not identifiable even
when treatment assignment is fully randomized due to imperfect compliance. Indeed, what can
be recovered is either an intention-to-treat parameter or, using the instrumental variables method,

”

some other more local treatment effect, specific to a subpopulation: the “compliers.” See Imbens
and Rubin (2015) and references therein for further discussion. Practically, this poses two issues

for empirical work employing instrumental variables methods focusing on local average treatment
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Figure 3. Earning Distributions by Education, JTPA.
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Notes: (i) Full: earning distribution for the full sample (n = 5,447); (ii) HS or GED (N/Y): earning distributions
for subgroups without and with high school degree or GED (n = 1,520 and 3,927, respectively); (iii) HS or GED
(Y, counterfactual): counterfactual earning distribution. Point estimates are obtained by using local polynomial
regression with order 2, and robust confidence intervals are obtained with local polynomial of order 3. Bandwidths
are chosen by minimizing integrated mean squared errors. All estimates are obtained using companion R (and Stata)
package described in Cattaneo et al. (2017a).

effects. First, since compliers are usually not identified, it is crucial to understand how different
their characteristics are compared to the population as a whole. Second, it is often desirable to
have a thorough estimate of the distribution of potential outcomes, which provides information not
only on the mean or median, but also its dispersion, overall shape, or local curvatures.

Motivated by these observations, and to illustrate the applicability of our density estimation
methods, we now consider two related problems. First, we investigate specification testing in the
context of Local Average Treatment Effects based on comparison of two densities as discussed
by Kitagawa (2015). This method requires estimating two densities nonparametrically with non-
estimated weights. Second, we consider estimating the density of potential outcomes for compliers
in the IV setting of Abadie (2003), which allows for conditioning on covariates. The resulting

density plots not only provide visual guides on treatment effects, but also can be used for further
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analysis to construct a rich set of summary statistics or as inputs for semiparametric procedures.
This density method requires estimated weights.

We first introduce the notation and the potential outcomes framework. For each individual there
is a binary indicator of treatment assignment (a.k.a. the instrument), denoted by d;. The actual
treatment (takeup), however, can be different, due to imperfect compliance. More specifically, let
t;(0) and ¢;(1) be the two potential treatments, corresponding to d; = 0 and 1, then the observed
binary treatment indicator is t; = d;t;(1) + (1 —d;)t;(0). We also have a pair of potential outcomes,
x;(0) and x;(1), associated with t; = 0 and 1, and what is observed is x; = t;x;(1) + (1 — ¢;)z;(0).
Finally, also available are some covariates, collected in z;. We assume that the observed data is a
random sample {(x;,t;,d;,z,)" : 1 <i <n}.

There are three important assumptions for identification. First, the instrument has to be ex-
ogenous, meaning that conditional on covariates, it is independent of the potential treatments and
outcomes. Second, the instrument has to be relevant, meaning that conditional on covariates, the
instrument should be able to induce changes in treatment takeups. Third, there are no defiers
(a.k.a. the monotonicity assumption). We do not reproduce the exact details of those assumptions
and other technical requirements for identification; see the references given for more details.

Building on Balke and Pearl (1997) and Heckman and Vytlacil (2005), Kitagawa (2015) discusses
interesting testable implications in this IV setting, which can be easily adapted to test instrument
validity using our density estimator. In the current context, the testable implications take the

following form: for any (measurable) set B C R,

IF’[a:i €EB, t;= 1|di = 1] > IP’[a:i eB, t;= 1|di = 0],

and P[.%;GB, ti:0|di:0]ZIP’[xi€B, ti:O|dZ’:1].

The first requirement holds trivially in the JTPA context, since the program does not allow enroll-
ment without being offered (that is, P[t; = 1|d; = 0] = 0). Therefore we demonstrate the second
with our density estimator. Let fy—o:=o(z) be the earning density for the subsample d; = 0 and
t; = 0, that is, for individuals without JTPA offer and not enrolled. Similarly let fg—;=o(z) be

the earning density for individuals offered JTPA but not enrolled. Then the second inequality in
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the above display is equivalent to
Plt; = 0|d; = 0] - fa=0=0(x) = P[t; = 0|d; = 1] - fa=14=0(z),  forallz eR.

Thus, our density estimator can be used directly, where fg—o;—o(x) is consistently estimated with
weights wd 04=0 — (1 — d;)(1 — t;)/P[d; = 0, ¢; = 0], and fa=1t=0(z) is consistently estimated with
w70 = (1 = t;) /P[di = 1, = 0].

Abadie (2003) showed that the distributional characteristics of compliers are identified, and can
be expressed as reweighted marginal quantities. We focus on three distributional parameters here.
The first one is the distribution of the observed outcome variable, x;, for compliers, which is denoted
by f.. This parameter is important for understanding the overall characteristics of compliers, and
how different it is from the populations. The other two parameters are distributions of the potential
outcomes, x;(0) and z;(1), for compliers, since the difference thereof reveals the effect of treatment
for this subsample. They are denoted by f.o and f. 1, respectively. The three density functions can
also be estimated using our proposed local polynomial density estimator f (x) using, respectively,
the following weights:

. 1 ti(1—d;) (1—t
st sy (- e~ )

b oLy, Lot P00
wc71 - 1 e dl — ]P[dz = 1|Zl]

Here, the weights need to be estimated in practice, unless the researcher has precise knowledge about
the treatment assignment mechanism, but our results again allow for y/n-consistenty estimated
weights such as those obtained by fitting a flexible Logit or Probit model to approximate the

propensity score P[d; = 1|z;].

6.1 Empirical Illustration

The JTPA is a large publicly funded job training program targeting at individuals who are econom-
ically disadvantaged and/or facing significant barriers to employment. Individuals were randomly

offered JTPA trainings, the treatment takeup, however, was only about 67% among those who
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Table 2. Summary Statistics for the JTPA data.

Full JTPA Offer JTPA Enrollment
N Y N Y
Income 17949.20 17191.13  18321.59 17015.58  19098.44
HS or GED 0.72 0.71 0.72 0.70 0.74
Male 0.46 0.47 0.46 0.48 0.45
Nonwhite 0.36 0.36 0.36 0.36 0.37
Married 0.28 0.27 0.29 0.27 0.29
Work < 12 0.44 0.43 0.44 0.44 0.44
AFDC 0.17 0.17 0.17 0.16 0.19
Age
22-25 0.24 0.25 0.24 0.24 0.25
26-29 0.21 0.20 0.21 0.21 0.21
30-35 0.24 0.25 0.24 0.24 0.25
36-44 0.19 0.19 0.19 0.20 0.19
45-54 0.08 0.08 0.08 0.08 0.07
Sample Size 9872 3252 6620 5447 4425

Columns: (i) Full: full sample; (ii) JTPA Offer: whether offered JTPA services; (iii) JTPA Enrollment: whether
enrolled in JTPA.

Rows: (i) Income: cumulative income over 30-month period post random selection; (ii) HS or GED: whether has
high school degree or GED; (iii) Male: gender being male; (iv) Nonwhite: black or Hispanic; (v) Married: whether
married; (vi) Work < 12: worked less than 12 weeks during one year period prior to random assignment; (vii) Age:
age groups.

were offered. Therefore the JTPA offer provides valid instrument to study the impact of the job
training program. We continue to use the same data as Abadie et al. (2002), who analyzed quantile
treatment effects on earning distributions.

Besides the main outcome variable and covariates already introduced in Section 5, also available
are the treatment takeup (JTPA enrollment) and the instrument (JTPA Offer). See Table 2 for
summary statistics for the full sample and separately for subgroups. As the JTPA offers were
randomly assigned, it is possible to estimate the intent-to-treat effect by mean comparison. Indeed,
individuals who are offered JTPA services earned, on average, $1, 130 more than those not offered.
On the other hand, due to imperfect compliance, it is in general not possible to estimate the effect of
job training (i.e. the effect of JTPA enrollment), unless one is willing to impose strong assumptions

such as constant treatment effect.

We first implement the IV specification test, which is straightforward using our density estimator

d=0,t=0

f (x): one first constructs two density estimates using the weights given earlier, w; and

d=1,t=0
i

w , and then scales down the density estimates by the corresponding conditional probabilities.
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Figure 4. Testing Validity of Instruments, JTPA.
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Notes: (i) JTPA: Not Offered & Not Enrolled: the scaled density estimate Mﬁ:o,t:o(m); (ii) JTPA:

32 1(di=0)
Offered & Not Enrolled: the scaled density estimate % fd:u:o (z). Point estimates are obtained by using

local polynomial regression with order 2, and robust confidence intervals are obtained with local polynomial of order
3. Bandwidths are chosen by minimizing integrated mean squared errors. All estimates are obtained using companion
R (and Stata) package described in Cattaneo et al. (2017a).

We plot the two estimated (scaled) densities in Figure 4. A simple eyeball test suggests no evidence
against instrumental variable validity. A formal hypothesis test, justified using our theoretical
results, confirms this finding.

Second, we estimate the density of the potential outcomes for compliers. In panel (a) of Figure
5, we plot earning distributions for the full sample and that for the compliers, where the second
is estimated using the weights w{, introduced earlier. The two distributions seem quite similar,
while compliers tend to have higher mean and thinner left tail in the eaning distribution. Next we
consider the intent-to-treat effect, as the difference in earning distributions for subgroups with and
without JTPA offer (a.k.a. the reduced form estimate in the 2SLS context). This is given in panel
(b) of Figure 5. The effect is significant, albeit not very large. We also plot earning distributions for
individuals enrolled (and not) in JTPA in panel (c¢). Not surprisingly, the different is much larger.
Simple mean comparison implies that enrolling in JTPA is associated with $2,083 more income.

Unfortunately, neither panel (b) nor (c) reveals information on distribution of potential outcomes.
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To see the reason, note that in panel (b) earning distributions are estimated according to treatment
assignment, but potential outcomes are defined according to treatment takeup. And panel (c) does
not give potential outcome distributions since treatment takeup is not randomly assigned. In panel
(d) of Figure 5, we use weighting schemes w?o and wf’l to construct potential earning distributions
for compliers, which estimates the identified distributional treatment effect in this IV setting.
Indeed, treatment effect on compliers is larger than the intent-to-treat effect, but smaller than that
in panel (c). The result is compatible with the fact that JTPA has positive and nontrivial effect on
earning. Moreover, it demonstrates the presence of self-selection: those who participated in JTPA
on average would benefit the most, followed by compliers who are regarded as “on the margin of

indifference”.

7 Simulation Evidence

We discuss briefly a representative example of the simulation results reported in the Supplemental
Appendix, which includes more comprehensive Monte Carlo evidence employing with different data
generating process, evaluation point, sample size, and polynomial order, among other features.

We generate i.i.d. sample of size 2,000 from the standard exponential distribution, which has
distribution function F(z) = 1—e™* and density e~* with support [0, c0). We choose two evaluation
points, x = 0 and 1.5, corresponding to boundary and interior cases, respectively. For estimating
density, we use the triangular kernel K (z) = (1—|z|)1(]Jz| < 1) and local polynomial of order 2. For
bandwidth, we consider both a fixed bandwidth grid as multiples of the MSE optimal bandwidth,
as well a as data-driven bandwidth estimated from data. Details about our bandwidth selection
procedure are also available in the Supplemental Appendix.

We collect the simulation results in Table 3. First, note that the bias increases as the bandwidth
gets larger, while variance decreases. This is compatible with classical results in nonparametrics:
undersmoothing tend to make the estimator more biased but less volatile. Second, standard errors
constructed from Theorem 2 works extremely well. Indeed, average standard errors across simu-
lations (column “mean”) match the simulated variability of our estimator (column “sd”) almost
perfectly. Third, empirical size is well controlled. For fixed bandwidths, the empirical rejection rate

is very close to the nominal 5% level, while for estimated bandwidth we have slight over-rejection,
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Figure 5. Earning Distributions, JTPA.
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Notes: panel (a) earning distributions in the full sample and for compliers; panel (b) earning distributions by JTPA
offer; panel (c) earning distributions by JTPA enrollment; panel (d) distributions of potential outcomes for compliers.
Point estimates are obtained by using local polynomial regression with order 2, and robust confidence intervals are
obtained with local polynomial of order 3. Bandwidths are chosen by minimizing integrated mean squared errors.
All estimates are obtained using companion R (and Stata) package described in Cattaneo et al. (2017a).

due to the extra variability introduced by estimating bandwidth. Note that we center the test

statistic at simulated average of our estimator, to eliminate the impact of smoothing bias.
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Table 3. Simulation Results.

(a) z = 0 (boundary point) (b) = 1.5 (interior point)
f SE f SE
bias sd y/mse mean size bias sd y/mse mean size
husg X husg <

0.1 0.000 0.187 0.187 0.185 5.36 0.1 0.001 0.037 0.037 0.036 6.12
0.3 0.000 0.103 0.103 0.103 5.54 0.3 0.001 0.021 0.021 0.020 5.96
0.5 —=0.007 0.078 0.078 0.077 5.08 0.5 0.002 0.016 0.016 0.016 5.62
0.7 —0.017 0.063 0.065 0.063 4.90 0.7 0.003 0.013 0.013 0.013 5.14
0.9 —0.028 0.064 0.061 0.063 4.92 0.9 0.006 0.011 0.012 0.011 4.92
1 —-0.034 0.051 0.061 0.050 4.88 1 0.006 0.011 0.012 0.011 5.04
1.1 —0.039 0.048 0.062 0.047 4.90 1.1 0.007 0.010 0.012 0.010 5.00
1.3 —0.052 0.042 0.067 0.041 5.12 1.3 0.010 0.009 0.013 0.009 4.94
1.5 —0.065 0.038 0.075 0.037 5.36 1.5 0.013 0.008 0.015 0.008 4.90
1.7 —0.078 0.035 0.085 0.034 5.86 1.7 0.016 0.008 0.018 0.008 4.54
1.9 —-0.091 0.032 0.097 0.031 5.88 1.9 0.020 0.007 0.021 0.007 4.60

S

h —-0.031 0.073 0.079 0.064 8.70 h 0.006 0.012 0.013 0.011 8.24

Notes: (i) bias: empirical bias of the estimators; (ii) sd: empirical standard deviation of the estimators; (iii) /mse:
empirical MSE of the estimators; (iv) mean: empirical average of the estimated standard errors; (v) size: empirical
size of testing the hypothesis at nominal 5% level, the test statistic is centered at Ef. For each simulation, we use
sample of size n = 2,000, triangular kernel, and local polynomial of order 2. 5,000 Monte Carlo repetitions are used.

Additional simulations for density estimation are available in the Supplemental Appendix, and
simulation evidence specialized to the density continuity test are given in our companion paper

Cattaneo et al. (2017b).

8 Conclusion

We introduced a new kernel-based density estimator employing local polynomial approximation,
which is intuitive, easy to implement and boundary adaptive. It requires choosing only one tuning
parameter, and it avoids the need for data transformation (such as pre-binning), additional tun-
ning parameter choices, or other boundary-specific transformations. Furthermore, the estimator
can be used directly for all evaluation points on the support of the variable of interest (boundary,

near-boundary or interior). From a technical perspective, we developed valid bias and variance
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approximations, large sample distributional approximations, consistent standard errors, consistent
data-driven bandwidth selectors, all these results allowing for root-n estimable weighted distribu-
tions. All these results were illustrated with three methodological applications: discontinuity-in-
density testing, counterfactual comparisons, and specification testing and compliers heterogeneity
analysis in IV settings.

Our methods can also be applied to many other contexts of interest in empirical work, including
auctions, bunching, missing data, measurement error, and data combination, just to mention a
few more. In fact, our distribution, density and derivatives thereof estimators can be used in any
nonparametric and semiparametric setting where these objected need to be estimated. To make
our methods as accessible as possible we also provide general purpose software in Stata and R, as

described in Cattaneo et al. (2017a,b).
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1 Setup

We repeat the setup in the main paper for completeness. Recall that {x;}1<i<y is a random sample
from the distribution G, supported on X = [z1,zy]. Note that it is possible to have z; = —oo
and/or xy = oo, and we only need the extra requirement that P[z; = £oo] = 0 so that G is a
tight distribution. We will assume both xp and zy are finite, to facilitate discussion on boundary
estimation issues. Since the method we propose is local in nature, whether or not G has bounded
support is not relevant, and we introduce the two “end points” xr and zy to simplify notation and
discussions later.

Without loss of generality, we assume there is a companion set of weights {w; }1<i<n, such that
F(u) := E[l]z; < u]w;] is a well-defined distribution function. Detailed assumptions are postponed
to a later section. Note that when w; = 1, F reduces to G. We also allow the weights to be
estimated, and discussions thereof is also postponed.

Define the empirical distribution function (hereafter e.d.f.)
F(u) = Zwill[xi < u]/zwi,

and summations are understood as from 1 to n, unless otherwise specified. F has appealing

properties such as it is 0 below the first order statistic, and 1 above the largest one.

Remark 1 (Alternative: F). In the main paper we used another specification of the e.d.f., as

F(u) = %Zwﬂl[:rZ < .

The difference between F' and F is the scaling factor, and is negligible for most purposes. We note,
however, that there are some subtle differences.

First, F , viewed as a process, does not converge to a Brownian bridge unless w; = 1. To
see this, simply plugin u = zy, leading to F(zy) = >, wi/n which has nondegenerate distribution
asymptotically. If one is interested in nonparametric estimates such as density or further derivatives,
using both F and F are fine. The “asymmetry” in F will only affect the estimated intercept in our
local polynomial regression.

The major difference between F and F emerges when the weights do not sum up to 1, i.e.
0 < E[w;] < 1. To see this, consider the density test example introduced in the main paper. There
the object of interest is the density at one point, Z, estimated from left (or right). Consider the
weights w; = 1[x; < Z], which effectively restricts to the subsample to the left of cutoff. Then
F constructed from the weights is not a proper distribution function, since it starts from 0 and
reaches maximum ), 1[z; < Z|/n at the cutoff, hence the density estimated thereof is not proper,
as does not integrates to 1. On the other hand, using F' will give a proper density. The difference
between those two densities is simply a scaling factor.

In the main paper we use F to simplify exposition and discussion, while in this Supplemental

Appendix we use F to develop the general theory, as it has better mathematical properties. We



note that using either will deliver asymptotically equivalent nonparametric estimates.

Given p € N, our local polynomial distribution estimator is defined as

,Bp(x)zarg min (F(mi)_rp(l’i—m)',@r}((mi_x),

BERPFL & h
1

where r,(u) = [1,u, u?

,- -+ ,uP] is a (one-dimensional) polynomial expansion; K is a kernel function
whose properties are to be specified later; and A = h, is a bandwidth sequence. The estimator,
Bp(x), is motivated as a local Taylor series expansion, hence the target parameter is (i.e. the

population counterpart, assuming exists)

1 1 1 '
B,0) = |G, FO@. e V)]
Therefore, we also write
N 1 - 1 - 1 - !
By(a) = [l D@, e SEP @]

or equivalently, Fév) = v!e;ﬁp(:ﬁ), provided that v < p, and e, is the (v+ 1)-th unit vector of RP+!,
We also use f = F(I) to denote the corresponding probability density function (hereafter p.d.f) for
convenience.

The estimator has the following matrix form, which we will utilize:
1 A

B,(z)=H" <7X’hKhXh> <7X§LKhY> ,
n n

where

C_eNd
Xh = [(xl x) ] 9
h 1<i<n, 0<j<p

K}, is a diagonal matrix collecting {h ™K ((z; — )/h)}1<i<n, and Y is a column vector collecting
{F(x;)}1<i<n. We also use the convention Kj(u) = h~ K (u/h).

Before giving an overview of our results, we make a short digression on definition of boundary
regions. Boundary region is defined as [z1,zr + h) U (xy — h, 2y], and the two segments are called
lower and upper boundaries, respectively. As the bandwidth vanishes as the sample size n increases,
boundary region is really a finite sample concept. To facilitate discussion on boundary issues, it
is common to consider a drifting sequence of evaluation points, x = xp 4+ ch with 0 < ¢ < 1 or
x = xy — ch. We call such evaluation points in the lower and upper boundary region, respectively.
Therefore we allow the evaluation point  to depend on h (hence implicitly n), but do not make it
explicit to conserve notation. Remarks will be made when it is crucial to distinguish whether x is

fixed or a drifting sequence.

Remark 2 (More general notion of interior points). We assumed the support of the sample
being a (possibly unbounded) line segment in R purely for notational convenience. Assume the
support is a general measurable set X C R, interior points are then {z € X' : B(z,h) C X'}, where
B(z,h) ={y € R: |y—=z| < h}. We don’t find this level of generality very useful, but note all our



results easily adapt.

1.1 Additional Notation

In this Supplemental Appendix, we use n to denote sample size, and limits are taken with n — oo,
unless otherwise specified. Euclidean norms are denoted by |- |, and other norms will be defined at
their first appearances.

For sequence of numbers (or random variables), a,, = by, implies lim sup,, |a,, /by | is finite, and a,, <
b, implies both directions. The notation a,, 3p by, is used to denote that |a,/by,| is asymptotically
tight: limsup.., limsup, Pllan/by| > €] = 0. a, <p b, implies both a, Zp b, and b, Zp an.
When b, is a sequence of nonnegative numbers, a,, = O(b,,) is sometimes used for a,, 3 by, so does
an = Op(by).

For probabilistic convergence, we use —p for convergence in probability and ~~ for weak conver-
gence (convergence in distribution). Standard normal distribution is denoted as N(0, 1), with c.d.f.
® and p.d.f. ¢.

throughout, we use C' to denote generic constant factor which does not depend on sample size.

The exact value can change in different contexts.

1.2 Overview of Main Results

In this subsection, we give an overview of our results, including a (first order) mean squared error
(hereafter m.s.e.) expansion, and asymptotic normality. Fix some v > 1 and p, we have the
following:

‘Fév)(aj) _ F<v)(x)’ = Op (threr%p,’u,z + hp+27vv@7p,v,z T 1 %’U71> '

nth—l

The previous result gives m.s.e. expansion for nonparametric derivative estimators, 1 < v < p, but
not for v = 0. With v = 0, Fj(z) is essentially a smoothed e.d.f., which estimates the c.d.f. F(z).
Since F(z) is \/n-estimable, it should be expected that it has very different properties compared

to the nonparametric components. Indeed, we have

- ~ 1
Ey(z) — F(x)( = Op <hp+1%p,o,m + P2 By 0.0+ /n%,,w> .

There is another complication, however, when x is in the boundary region. For a drifting sequence

x in the boundary region, the e.d.f. F(w) is “super-consistent” in the sense that it converges at
rate \/m The reason is that when z is near xy or zy, F (z) is essentially estimating 0 or 1, and
the variance, F(x)(1 — F(z)) vanishes asymptotically, giving rise to the additional factor v/h. This
is shared by our estimator: for v = 0 and x in the boundary region, the c.d.f. estimator Fp(x) is
super-consistent, with 7,0, =< h.

Also note that for the m.s.e. expansion, we provide not only the first order bias, but also the
second order bias. We will only use the second order bias for bandwidth selection, since it is

well-known that in some cases the first order bias can vanish.



The m.s.e. expansion provides rate of convergence of our estimators. The following shows that,
under suitable regularity conditions, they are also asymptotically normal. Again first consider
v > 1.

Vah2 =T (B (@) = FO (@) = 07 Bpa) = N (0, Fpa)

provided that the bandwidth is not too large, so that after scaling, the remaining bias does not

explode. For v = 0, i.e. the smoothed e.d.f., we have

7o (Bo(@) = F(a) = h"" 200 )~ N (0.1).
p,.U,x

where we moved the variance 7,0, as a scaling factor in the above display, to encompass the
situation where z lies in boundary region (recall from the previous subsection that in this case the
scaling factor has order y/n/h).

1.3 Some Matrices

In this subsection we collect some matrices which will be used throughout this Supplemental Ap-
pendix. They show up in asymptotic results as components of bias and variance. Recall that x can
be either a fixed point or a drifting sequence, and for the latter, it takes the form x = xr + ch or

x = zy — ch for some c € [0, 1).

pe= [ mln ) K ~ [ om0 K@,
i B

Cpa / (w)uP T K (u)du :/ " r, (u)uP T K (u)du,
h— 1 X .Z‘) :ELh—z

Cp,x—/ (w)uPT2 K (u)du :/ rp(w)uP T K (u)du
h— 1 zL;z

cp,m/ (w)uP? K (u)d —/ " rp(u)uP 2 K (u)du
h=1( zp—x

Ty—x

Ty—x

Too= [ mlun o) K(widy = [0 'K @
h=1(X—x) a-z
where h™1(X — ) = {h"}(y —x) : y € X}. Later we will assume the kernel function K being
supported on [—1,1], hence with bandwidth A | 0, the region of integration in the above display
can be replaced by



x (zp. —x)/h  (zy—z)/h

x interior -1 +1
x = 1 + ch in lower boundary —c +1
T = xy — ch in upper boundary -1 +c

Since we do not allow x; = xy, no drifting sequence = can be in both boundary regions, at least

asymptotically.

1.4 Assumptions

In this section we give detailed assumptions supporting results, including preliminary lemmas and
our main results. Other specific assumptions will be given in corresponding sections.

Let O be a subset of Euclidean space with nonempty interior, C*(0O) denotes functions that are
at least s-times continuously differentiable in the interior of O, and that the derivatives can be

continuously extended to the boundary of O.

Assumption 1 (DGP).

(1) {xi, wit1<i<n is a random sample.

(i) x; has support X =[xy, xy] with xy > x1 and distribution G. Further, G € C**(X).
(tit) Let ws(z) = Ejw}|z; = x|, and ws € CYs(X).

(iv) Elw;] = 1 and E|w;|z;] is nonnegative almost surely.

Part (i) is standard. Part (ii) and (iii) together implies smoothness of F. Part (iv) ensures that
F is a proper distribution function. To see this, note that F(xy) = E[w;] = 1, and for any Borel
subset A, F(A) = [, wi(2)dG(z), hence by construction F' is absolute continuous with respect to
G, and wi(x) > 0 almost surely implies F' is a positive measure. For notational convenience, we
use w(-) = wy(+).

Technically, part (iv) is not essential for our theory. It is possible to drop this assumption entirely,
then the object of interest will be a general Radon-Nikodym derivative (and derivatives thereof)

that can be negative.

Assumption 2 (Kernel).
The kernel function K(-) is nonnegative, symmetric, and belongs to C°([—1,1]). Further, it inte-
grates to one: [p K(u)du = 1.

Assumption 2 is standard in nonparametric estimation, and is satisfied for common kernel func-
tions. We exclude kernels with unbounded support (for example the Gaussian kernel) for simplicity,
since such kernels will always hit boundaries. Our results, however, remain to hold with careful
analysis, albeit the notation becomes more cumbersome.

Also note that if we simply have fR K(u)du > 0, i.e. the last part of the previous assumption is
violated, we can simply redefine K (u) = K (u)/ Jg K (u)du. This is not essential since least squares

is invariant to multiplicative scaling.



Assumption 3 (Positive density).
GV (z) >0 forz e X.

Technically, we do not need the density to be positive for all the support X. Since all our results
are local in nature, it suffices to have G (x) > 0 for the evaluation point (hence strictly positive in

a neighborhood by continuity). We also use g to denote the density G just to follow conventions.

2 Large Sample Properties with Observed Weights

2.1 Preliminary Lemmas

We first consider the object X;LKhXh /n

Lemma 1. Assume Assumptions 1-3 hold with oy, > 1. Further h — 0 and nh — oco. Then
%X;Khxh = g(2)Sp.x + 0(1) + Op (1/\/%) .

Note that with Lemma 1, the quantity X} K, X}, /n is asymptotically invertible. Since the density
g(x) enters as a multiplicative factor, it also shows why we need Assumption 3. Also note that this
result covers both interior  and boundary x. And depending on the nature of z, the exact form
of S, , differs.

With simple algebra, we have

B0 - 8,0 =1 (Ixiax,)  (Axikay - xa,00).

and the following gives a further decomposition of the “numerator”.

%X’hKh(Y ~XB,(x)) = % S (B8 (Blwn) = vl — )8, (@) ) Ko — )

= %er (%) (F(CEZ) —rp(zi — x)'ﬁp(m))Kh(xi — )

+ /ih o () (E(ar + hs) — Fo 4 hu) ) K (w)g (x + hos)

xTy—x
h

+ % Yo (B55) (Bl = Fla) i — o) - /; () (B 4 hu) — P + b)) K (w)g e + hu)du,

The first part represents the smoothing bias, and the second part can be analyzed as a sample
average, which will be given in a lemma. The real difficulty comes from the third term, which can

have nonnegligible (first order) contribution. We give it a further decomposition:

2 2 (57) (P = P e =) = 0 Sy (P (1l < il = F(e) Kaos =)

n2

_ 1+ op(1) er (mlg az) wi(l _ F(:ci))Kh(mi —a) 4 1+ op(1) Z r, (m; a:) w; (l[xj <] — F(mi))Kh(CCi —x),

n? n? e
i 1,§31#]



hence we have the final decomposition:

S (B8 (Bl — v — 2/, (@) Ko — @)

= 2 (P5) (e e~ 08,0 i ) (smoothing bias Bs)
+ (1 + o0s(1)) /_'_ rp(w) (P + hu) - F(a + hu))K(u)g(:c + hu)du (linear variance L)
L S (P (1 F(w0)) K — ) (leave-in bias Bur)
L) 5 o (58 <00

_E [rp (5“ ;; D) w (n[mj <ai]— F(mi))Kh(mi — ) xj,wj] } (quadratic variance R)

Now it becomes clear that for the estimator Bp(x), it consists the following parts: (i) smoothing bias;
(ii) linear influence function; (iii) leave-in bias; (iv) second order degenerate U-statistic. To provide
intuition for the previous decomposition, the smoothing bias is a typical feature of nonparametric
estimators; leave-in bias occurs since each observation is used twice, in constructing the e.d.f. a ,
and as a design point (that is, F has to be evaluated at x;); finally the second order U-statistic
shows up since the “dependent variable”, Y, is estimated, so that a double sum is involved.

We first handle the two biases.

Lemma 2. Assume Assumptions 1-3 hold with az > p + 1, oy > p and a2 > 0. Further h — 0
and nh — co. Then

41 F®D (z)g(x)

Bs = AP
s (p+1)!

Cp,z + Oﬂl’(hm—l)’ B = Op (n_l) .

By imposing additional smoothness, it is also possible to characterize the next term in the
smoothing bias, which has order h?*2. Since that result is only used for bandwidth selection when
the leading bias vanishes, we do not report it here.

Next we consider the “influence function” part, L. This term is crucial in the sense that (under
suitable conditions such that R is negligible) it determines the asymptotic variance of our estimator,

and with correct scaling, it is asymptotically normally distributed.

Lemma 3. Assume Assumptions 1-3 hold with az > 2, vy > 1, a2 > 0, and Elw}] < oc.

Further h — 0 and nh — oco. Define the scaling matriz

diag{L RY2 Y2 h71/2} x nterior,
N, =

diag{h_lm, R=Y2 2 h_1/2} x boundary,

then

-1 .

vnIN, [g(w)Sp,l-} L~ N(0, Vpz),



with

a:) —2H(x)F(z) + H(xU)F(m)2)eoe'0 + HD (2)(I - eoe)S;tTp.S, 4 (I — eoel) z interior

H(1 (z) (SyATp.eSyk + ceoep) r=ux +ch
HY (z) (SpiTp.2Spx + ceoe — (e1e) + epe))) x = xy — ch.
E :U, < u

The scaling matrix depends on whether the evaluation point is located in the interior or boundary,
which is a unique feature of our estimator. To see the intuition, consider an interior point z, and
recall that the first element of ﬁp(x) is the smoothed e.d.f. Since the distribution function is
/n-estimable, its property is very different from the rest of Bp(x), which are nonparametric in
nature. Indeed, let w; = 1, then F = G = H, and the first component of the variance becomes
G(z)(1 — G(z)) = F(z)(1 — F(x)), which is the variance of the standard e.d.f. Furthermore, the
smoothed e.d.f. Fp(q:) is asymptotically independent of the rest of Bp(x).

When z is either in the lower or upper boundary region, Fp(x) essentially estimates 0 or 1,
respectively, hence it is super-consistent in the sense that it converges even faster than 1/y/n. In
this case, the leading 1/+/n-variance vanishes, and higher order residual noise dominates, which
makes Fp(:p) no longer independent of other nonparametric estimates, justifying the formula of
boundary evaluation points.

It is tempting to estimate the variance V,, ; in a plug-in manner, where unknown objects H, H @
and F are replaced with estimates. This is feasible, and can be appealing if w; = 1, which forces
H to be the distribution function and H®) the density. In general, however, a plug-in estimator
for V. requires estimating the nuisances functions H and HY) nonparametrically. Later we will
propose a fully data-driven and design adaptive estimator, which does not require estimating H
and H®) explicitly.

Finally we consider the second order U-statistic component.

Lemma 4. Assume Assumptions 1-3 hold with o > 1, oy > 0, and ayo > 0. Further h — 0
and nh — oo. Then

2

V[R] = ﬁg

(z) [H(z) — 2H (z)F (z) + H(:BU)F(w)z} T, +0(n?).

In particular, when x is in the boundary region, the above has order O(n=2).

2.2 Main Results

In this section we provide two main results, one on asymptotic normality, and the other on standard

error.

Theorem 1 (Asymptotic Normality). Assume Assumptions 1-3 hold with a; > p+1, ayy > p,
w2 > 0 for some integer p > 0, and E[w}] < co. Further h — 0, nh? — co and nh?**1 = O(1).



Then

Vnh2v—1 (FISU)(QE) _ F(”)(x) _ hp+1_v<%p,v,w) - /\/(0, %’v’x)y 1<v<p,

7/”0 (Fp(x) ~ F(z) - hp+1%p,o,w) - N(o, 1).
p,U,x
The constants are
F(P+1)(m) .
PBpve = U!Wegsp’xc%z,
and
(W)2HM (2)e],S, T,..S, Ley 1<v<p

Yp,e = § H(z) — 2H(x)F(z) + H(zy)F(x)> v =0, x interior
hH<1>(x) (e{)S;il"p,IS;;eo + c) v=0, x =z + ch or xy — ch.

Remark 3 (On nh?"*! = O(1)). This condition ensures that higher order bias, after scaling, is
asymptotically negligible.

Remark 4 (On nh? — o0). This condition ensures that the second order U-statistic, R, has
smaller order compared to L. Note that this condition can be dropped for boundary x or when the

parameter of interest is Fp, the smoothed e.d.f.

Remark 5 (On %,,). One might be tempted to conclude that the variance formula has a
discontinuity in x for the smoothed e.d.f. (i.e. v = 0), when x switches from interior to boundary.
This phenomenon, however, is purely an artifact of different asymptotic frameworks. To see this,
assume xp = 0 and zy = 1, and for some sample the bandwidth h = 0.2 is used. Given our
convention, the point = 0.3 is not a boundary point, hence we should consider /n as the correct
scaling for F},(0.3).

On the other hand, one can also consider 0.3 as part of the asymptotic sequence x = 1.5h, in
which case one promises to move the evaluation point closer to the lower boundary as sample size
increases. Then despite the fact that such x is not a boundary point, Fp(x) is still an estimator of
zero, which means it is super consistent and the correct scaling is \/m

To reconcile, note that the above discussion also applies to the usual e.d.f. F(:z:), and depending
on the “promise” one makes, either x is fixed or drifts to boundaries, asymptotic claims change
accordingly. Therefore the “discontinuity” of 7, in x is really the effect of a combination of
(i) at boundaries c.d.f. estimators are y/n-degenerate; and (ii) c.d.f. estimators target at different
objectives in different asymptotic frameworks.

Such phenomenon does not occur for other components of Bp($), since they have nonparametric
nature, and the evaluation point only affects the exact form of multiplicative constants, but not

the rate of convergence.

Now we consider the problem of variance estimation. Given the formula in Theorem 1, it is
possible to estimate the asymptotic variance by “plug-in” unknown quantities regarding the data

generating process. For example consider 7}, 1, for the estimated density. Assume the researcher



knows the location of the boundary z; and wy, the matrices S,, and I',, can be constructed

with numerical integration, since they are related to features of the kernel function, not the data

generating process. The unknown function H"(z) can also be estimated, at least when w; = 1.
Another approach is to utilize the decomposition of the estimator, in particular the L term. To

introduce our variance estimator, we make the following definitions.

Sp = 1XhKth = %er (ml}; m) rp (wii:gv)IKh(xi —x)

71_5

7

f‘p,z = % Z rp (mjh_ x) rp (mkh_ w)’Kh(l'j —z)Kn(zK — av)wf(]l[:vZ <z — ﬁ'(m])) (Il[xl < z] — ﬁ'(m@)
ik

Following is the main result regarding variance estimation. It is automatic and fully-adaptive, in
the sense that no knowledge about the location of boundaries is needed, neither does it require

estimating nuisance parameters (such as H or its derivatives when the weights are not identically

1).

Theorem 2 (Variance Estimation).
Assume Assumptions 13 hold with ag > p+ 1, ay > p, 2 > 0, and ouya > 0 for some integer
p > 0. Further h — 0, nh? — oo and nh?**1 = O(1). Then

_ 2 a—1f a-1
Powe = (V)°€,NzS, .1 28, 2 Neey —=p %o

Define the standard error as

1 - .
Gpv,e = (U!)\/nh% e, Sy il .Sy ke,
then
&;qu,z (Fzgv)(w) _ F(U)(:C) _ hp+17v«@p,v,z) - N(O, 1)'

Remark 6 (6,,. being automatic and fully-adaptive). Constructing 7}1)70@ requires the
knowledge of the location of boundaries, since the scaling matrix N, depends on whether x is
interior or boundary. This is not surprising, since it is used in Theorem 1 to stabilize the estimator.

For statistical inference, it is not necessary to construct the scaling matrix IN,, which is why
the location of boundaries is irrelevant for constructing valid standard errors. Indeed, we do not
use this information when defining 6, , .. Furthermore, despite that we have to split the definition
of ¥} 4.« according to v and z, 6, , automatically adapts to different scenarios, hence provides a

unified approach for variance estimation.

3 Large Sample Properties with Estimated Weights

In this section we consider the case that the weights w; are estimated in a previous step. Although

intuitive, it is not easy to give general theories encompassing all estimated weights, since how the

n this case HY = F(V = f = g, which can be estimated by the consistent estimator fp.

10



weights are estimated may differ in applications, which in turn, is likely to have nontrivial impact on
first order asymptotic results. For example in constructing the counterfactual density, the weights
are ratios of frequencies of individuals with certain characteristics at two time points, while for
Abadie (2003), the weights are constructed by employing binary treatment variable, instrument,
and additional covariates. On one hand, we would like to present a framework that is general enough
to encompass a wide range of applications, and on the other hand, it should also be tractable so
that it is empirically relevant.

Assume the weights take the form w; = w(z;;6y), where z; are additional available information
besides x; (note that it is possible to make x; part of z;), and 6y is some parameter to be estimated.
Of course it is possible to let the parameter 6 to be vector-valued. This will only make the notation
more involved, which we will suppress. Let 0 be a consistent estimator of 0o, the weights used in
estimating the distributional properties are w; = w(z;; é) To avoid introducing additional notation,

let F be the e.d.f. except now it is constructed with estimated weights.

Consider the following expansion:

S (B8 (B — v — 28, (@) Kn (e — )

= 2 T (B5) (40 mole a7 8,0 Kao =) ~
4 1ol 5 /h (i (1o < 2 4+ ] — Fo + hu) ) K (w)g(e + hu)du )
+Hn(1)z Emihx)wi(lF(m)Kh(%@ (Bur)
e i 2 iy e (55) (U < i) = Fl) ) (i~ 2)

- / : () (Ll < 2 4 ] — P + b)) K (u)g(a + hu)du ), ®)

h

provided that n~! > ;Wi —p 1. The component representing smoothing bias, i.e. Bs remains the
same as before, hence the first half of Lemma 2 remains to apply. For the other terms, we collect

some preliminary lemmas in the following subsection.

Assumption 4 (Estimated weights).

(i) 0 — w(-;0) is twice continuously differentiable, with derivatives denoted by w and w.
(i) For some 6 > 0, E[supjg_g,|<s [w(2i; 0)] + [ (2i; 0)| + 10 (255 0)[] < o0.

(1it) \/n(0 —6p) = >, i//n+ op(1), with ¢; having zero mean and finite variance.

3.1 Preliminary Lemmas

We first consider the leave-in bias.

Lemma 5. Assume Assumptions 1—/ hold with o > 1. Further h — 0 and nh — oco. Then
Brr = Op(1/n) = op(+/h/n).

The next lemma handles the quadratic variance R.

11



Lemma 6. Assume Assumptions 1—4 hold with o > 1, oy > 0, and ayo > 0. Further h — 0

and nh? = 0o. Then R = Op(1/Vn2h + 1/n) = op(y/h/n).

Note that we emphasize the two terms, By and R, having smaller order than /h/n, since the
latter is the rate of the L term.

Lemma 7. Assume Assumptions 14 hold with o > 1, any > 0, and a2 > 0. Further h — 0

and nh — co. Then for x in interior,

fN S_l 1+0]P’

wl) (1[Iz <z+hu] — F(z+ hu))K(u)g(J: + hu)du

J.LJ.

+ 0]117(1).

= g(@)(1(2) - 1<xU>F<x>)eo [ﬁ Zw

And for x in the boundary,

\fN S_1 1+0]P

; — wi) (]l[z:z <z+hu] — F(z+ hu))K(u)g(ﬂc + hu)du = op(1).

Here I(z) = E[w;1[z; < z]].

This lemma has an important implication: estimating the weights will have first order impact
only on the smoothed c.d.f., e{)Bp(a:) when z is in interior. That is, it does not affect the estimated
derivatives, since they are nonparametric objects, compared to which 6 has a much faster rate of

convergence.
3.2 Main Results

We first give the theorem showing asymptotic normality of Bp(:c) with estimated weights.

Theorem 3 (Asymptotic normality with estimated weights: Bp(x))
Assume Assumptions 1—4 hold with oy, > p+ 1, cuy > p, o2 > 0 for some integer p > 0, and
E[w}] < co. Further h — 0, nh? — co and nh®*! = O(1). Then

Vnh2v—1 (F,f”)(ac) — F(“)(m) — hp+1_”<%’p,v,w) s J\f(O7 “//p,v,z), 1<v<p,

\/%(Fp(l’) — F(x) — hp+1:%’p7o,x> ~ ./\[(07 1).

The variance ¥y o is redefined as

(W)2HM (z)e, S, AT, .S, Le, 1<v<0
H(x) — 2H () F(z) + H(zv) F(z)*
—|—(I(x) - I(xU)F(;c))vai} + Z(I(x) - I(:cU)F(:r))IE[wiwill[xi <z]] v=0,z interior
hH® (z) (€)Sy A0Sy he0 + c) v =0, x =L+ ch or zy — ch.

Vpww =

Compared to Theorem 1, the only complication appears when v = 0 for interior evaluation

point. The reason is simple, with weights estimated at /n-rate, the first step estimation will have

12



nontrivial impact on the smoothed e.d.f., since the latter object is also estimated at /n-rate. The
variance comes from essentially a two-step GMM problem.

The following is a companion result for constructing standard errors.

Theorem 4 (Variance Estimation).

Assume Assumptions 14 hold with ay > p+1, ay > p, a2 > 0, and g > 0 for some integer
p > 0. Further h — 0, nh?> — oo and nh**! = O(1). Assume either x is in the boundary regions
orv>1. Then

2% _ 2 7 &—1 1 &—1
7/17771»55 = (U') eszSp,zI‘P,ZSp,zNzev —P ﬂi/p,v,z-

Define the standard error as

then
Gpe (B0 (@) = FO (@) = 177 Bypna) ~ N (0, 1)),

We excluded the case for v = 0 and interior x, since constructing valid standard error requires
knowledge of how the weights w; are constructed, and is not captured by our variance estimator.
If the object of interest is the smoothed e.d.f., we recommend to construct standard error using

standard two-step GMM procedure, or using nonparametric bootstrap.

4 Additional Results

In this section we collect some results that are not essential to our main results, but otherwise will
be useful in various applications. In the first part, we briefly illustrate how consistent MSE-optimal
bandwidth can be constructed. Then we consider the problem of restricted estimation, when there
is a natural way of data splitting. In a third subsection, we illustrate how valid standard errors can

be constructed using a jackknife-based method.

4.1 Bandwidth Selection

In this subsection we consider the problem of constructing m.s.e.-optimal bandwidth for our local
polynomial regression-based distribution estimators. We focus exclusively on the case v > 1,
hence the object of interest is nonparametric in nature, and will be either the density function or
derivatives thereof. Valid bandwidth choice for the distribution function Fp(:c) is also an interesting
topic, but difficulty arises since it is estimated with (at least) parametric rate. We will briefly

mention m.s.e. expansion of the estimated c.d.f. at the end.

4.1.1 For Nonparametric Estimates (v > 1)

Consider some 1 < v < p, the following lemma gives finer characterization of the bias.

13



Lemma 8. Assume Assumptions 14 hold with ay > p+2, oy > p+ 1 and a2 > 0. Further
h — 0 and nh3 — co. Then the leading bias of Fé”) () is characterized by

(p+2) (p+1) (2)
POl | ) s )

F(P+1)(m)
p+2)! T+l GO(z)

e

The previous lemma is a refinement of Lemma 1 and 2, with both leading and higher-order bias

1— 1— —1
hP* " Bpv,w = A { v!e;SpwcPvI +h (

explicitly characterized. To see its necessity, we note that when p — v is even and z is in interior,
the leading bias is zero, since €S, Lep is zero. This is well-documented in the local polynomial
regression literature. See Fan and Gijbels (1996) for a discussion. In general (that is, when rare

cases such as FP+D(z) = 0 or FP*t2)(z) = 0 are excluded), we have the following:

Order of bias: TV 5, .

p—ovodd even
x interior | hPtl—v  ppt+2-v

boundary | APtl—v  pptl-v

Note that for boundary evaluation points, the leading bias never vanishes.

The leading variance is also characterized by Theorem 1, and we reproduce it here:

1 1
pry ST s

(W)’H Y (2)e,S;, iTp..S; he..

The m.s.e.-optimal bandwidth is defined as a minimizer of the following:
s 1 2p+2—-2v 32

hase.poe = AGIIN | oy Voo + H77 Ppva| -

Given the discussion we had earlier on the bias, it is easy to see that the MSE-optimal bandwidth

has the following asymptotic order:

Order of m.s.e.-optimal bandwidth: hysgp vz

p— v odd even
__1 — 1
 interior n~ 2p+1 n_ 2p+3

1 o1
boundary | n 2r+1 n 2+l

Again only the case where p — v is even and z is interior needs special attention.

Next we consider the problem of bandwidth estimation/construction. There are two notions of
consistency for estimated bandwidth. Let h be some nonstochastic bandwidth sequence, and h be
the estimated bandwidth (sequence). Then h is consistent in rate if h =< h (in most cases it is even
true that h/h —p C € (0,00)). And h is consistent in rate and constant if h/h —p 1.

To construct consistent bandwidth, either rate consistent or consistent in both rate and constant,
we need estimates for both the bias and variance. The variance part is easy, since it is demonstrated

in Theorem 2 (or Theorem 4 for estimated weights) that the standard error, being completely

14



automatic and adaptive, is consistent:

~2

2v—10p,v,a
Y cLika —p 1,

(o
provided conditions specified in those theorems are satisfied. Here £ is some preliminary bandwidth
used to construct ;.

For the bias, there are two approaches. The first one is more common in the literature, where
one distinguishes between the boundary and interior case, and provide consistent bias estimators
separately. This method is appealing in the sense that the bandwidth constructed will be consistent
both in rate and constant. The drawback, however, is that it requires precise knowledge about the
location of z relative to the boundaries, which is not always obvious.

We will follow the second approach, where we replace the unknown bias by an estimate which
is consistent in rate (but not necessarily in constant). More precisely, our bias estimator will be
consistent in rate and constant if either x is boundary or p — v is odd, and will be consistent in rate
otherwise. This bias estimator has an appealing feature: it is purely data-driven and no precise
knowledge about relative positioning of  to the boundaries is needed, with the price that it (and
the bandwidth constructed thereof) is not consistent in constant when x is interior and p — v is
even.

To introduce this approach, first assume there are consistent estimators for F(p+1)(:r) and
F®+2)(2), denoted by F®tD(z) and FP+2(z). We will not be too explicit about how those
estimators are constructed. They can be obtained using our local polynomial regression-based ap-
proach, or can be constructed with some reference model (such as normal distribution). The critical

step is to obtain consistent estimators of the matrices, which are given in the following lemma.

Lemma 9. Assume Assumptions 1-3 hold with o > 1. Further £ — 0 and nf — co. Then

Sg(;wz _ <Tllzrp (ng—w) v, (a:ie—x)’Ke(xi x)> <7112 (mi;m)P‘i’l . (mle—x) Ko(w: x)>

—p Sy aCpa
Note that we used different notation, ¢, for bandwidth.
Now we have enough ingredients for bandwidth selection. Define:

ﬁ'(pﬂ)(x)
(p+1)!

ﬁ<p+2)(x)

!'S_/i\z h————=
V:€ySp,zCp, + (p_|_2)|

1w 5 41 Q1A
p+1—v _ pptl—v —1z
h PBpww =h vleySpapa ¢
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and assume that 6, , is constructed using the preliminary bandwidth ¢. Then

2v—1
~2 h2p+272v @2

hMSE,p,v,z = arg I}{l;n Opv,z + R

0 | h2v—1

We make three remarks here.

Remark 7 (Optimization argument h and preliminary bandwidth ¢). The optimization
argument h enters the RHS of the previous display in three places. First it is part of the variance
component, by 1/h?"~1. Second it shows as a multiplicative factor of the bias component, h2P~2v+2,
Finally within the definition of f%A’pm,m, there is another multiplicative h, in front of the higher order
bias.

The preliminary bandwidth ¢, serves a different role. It is used to estimate the variance and

bias components. Of course one can use different preliminary bandwidths for & S;lc,., and
po,zs OpxCpx

—

Sy, glgép,x, provided they satisfy corresponding regularity conditions.

Remark 8 (Known boundaries). If boundary locations are known, either from a prior: knowl-
edge or suggested by the data, then it is possible to simplify the problem, and closed-form solution
for BMSE’pva is feasible. To be precise, if it is known that x is a boundary point or p — v is odd, one
can simply ignore the second component in '@pw,x' Similarly, if it is the case that z is interior and
p — v is even, then the first component in @p,v,z can be skipped.

The option we opt-for is more flexible in the sense that it adapts to any p — v (odd or even) and

any x (interior or boundary).

Remark 9 (Consistent bias estimator). The bias estimator we proposed, hP—vt1 8 v,z 1S
consistent in rate for the true leading bias, but not necessarily in constant. Compare %A’p,v,x and
By .z it is easily seen that the term involving FP+1 (2)G?) (z)/GM (z) is not captured. To capture
this term, we need two additional nonparametric estimators, one for G)(z) and the other for
G (z). This is indeed feasible, as one can employ our local polynomial regression-based estimator
for this purpose. The complication, however, is that G is a different distribution, hence one needs
to construct the estimator from scratch. This leads to additional computational burden which may
not be attractive in practice.

There is one case, however, where estimating G (z) and G®(z) is almost free — when the
weighting satisfies w; = 1. Then F' = G, and with p > 2, both are automatically produced hence

requires no additional estimation effort.

Theorem 5 (Consistent bandwidth). Let 1 < v < p. Assume the preliminary bandwidth ¢ is
chosen such that nh%_l&g’v,x/”f/pw’x —p 1, S;’glﬁcpw —p S;icp,x, and S;};(N:p,x —p S;’iép@, with

other regularity conditions given in Lemma 1 and Theorem 2/.

o [If either x is in boundary regions or p — v is odd, let F(p+1)(x) be consistent for FP+1) =£ (),
Then

hMSE,p,v,x

—p 1.
hMSE,p,'u,z
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o If x is in interior and p — v s even, let FPt2) (x) be consistent for F®+2) £ 0. Further

assume nh® — 0 and husg p,v,z @5 well-defined. Then

}AZMSE
TERRUL Ly (€ (0, 00).
hMSE,p,v,z

4.1.2 For C.D.F. Estimate (v =0)

In this subsection we mention briefly how to choose bandwidth for the c.d.f. estimate, FISO) () =

F,(x). We assume z is in interior. Previous discussions on bias also applies to F),(z):

F(p“‘l)(x) F(p+2>($) F(p+1)(x) G(Q)(x)
p+1 _ ppt1 rg=la rg-le
R Bpo,0 = I { ] €S, 2Cpz + R < b +2) + (p+1)! G(l)(x)) eosp,ch,\L} )

so that the bias for Fp(x) has order hP*! if either x is boundary or p is odd, and hP*? otherwise.

Difficulty does arise since the c.d.f. estimator has leading variance of order?

1|z interior| + h

which cannot be used for bandwidth selection, since the leading variance is proportional to the
bandwidth, which means there is no bias-variance tradeoff.

The trick is to use a higher order variance term. Recall that the local polynomial regression-
based estimator is essentially a second order U-statistic, which is then decomposed into two terms,
the linear term L, and a quadratic term R which is a degenerate second order U-statistic. The
variance of the quadratic term R has been ignored so far, since it is negligible compared to the
variance of the linear term. For the c.d.f. estimator, however, it is the variance of this quadratic
term that leads to bias-variance trade-off, hence should be used to define m.s.e.-optimal bandwidth.
The exact form of this variance is given in Lemma 4/6, and we will not repeat here. With this

additional variance term included, we have (with some abuse of notation)

1[z interior] + h n 1[z interior] + h

’VQIO(
p,Y, n ngh

)

so that provided x is an interior point, the additional variance term increases as the bandwidth
shrinks. Therefore the m.s.e.-optimal bandwidth for E,(x) is well-defined. And estimating this
bandwidth is also straightforward, simply by replacing unknown quantities with their estimates.

The following table summarizes the order of the m.s.e.-optimal bandwidth for the estimated c.d.f.

Order of m.s.e.-optimal bandwidth: hysg p,0,z o<

p — v odd even
. . __2 — 2
Z 1nterior n_ 2p+3 n_ 2p+s

boundary | undefined undefined

2More precisely, the leading variance depends on the asymptotic framework used — whether z is regarded as a
fixed point in the interior, or it is a drifting sequence to boundaries.
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What if z is in boundary region? Then the m.s.e.-optimal bandwidth for Fp(:c) is not well defined.
The leading variance now takes the form h/n+1/n?, which is proportional to the bandwidth — this
is not surprising, for boundary z, the c.d.f. is known, hence a very small bandwidth (as long as
one still has enough observations to construct the estimator numerically) gives a super-consistent
estimator, although not an interesting one, as it estimates either 0 or 1. However, we would like to
mention that, although m.s.e.-optimal bandwidth for Fp(x) is not well-defined for boundary x, it
is still feasible to minimize the empirical MSE. To see how this works, one first estimate the bias
term and variance term with some preliminary bandwidth £, leading to ?Z’p,o,z and ”/7[,,0,33. Then the
m.s.e.-optimal bandwidth can be constructed by minimizing the empirical m.s.e.. Under regularity
conditions, <%%p,0,x will converge to some nonzero constant, while, if = is boundary, 7/;),0,:;: has order
£, the same as the preliminary bandwidth. Then the MSE-optimal bandwidth constructed in this

way will have the following order:

Order of estimated m.s.e.-optimal bandwidth: iLMSEm’OJ x

p —v odd even
o7 o7
x interior n 2r+3 n 2r+5

boundary (n2/£)*T1+3 (ﬁ/g)*ﬁ

Note that the preliminary bandwidth enters the rate of lAzMSEp,O@ for boundary x, since it determines
the rate at which the variance estimator 7};)70@ vanishes. Although this estimated bandwidth is not
consistent for any well-defined object, it can be useful in practice, and it does reflect the fact that
for boundary x it is appropriate to use bandwidth shrinks fast when the object of interest is the
c.d.f.

4.2 Imposing Restrictions with Joint Estimation

We devote this subsection to estimation problems where it can be desirable to have joint estima-
tion and/or impose restrictions. To illustrate the idea, we will discuss in the context of density
discontinuity (manipulation) tests in regression discontinuity designs.

Assume there is a natural (and known) partition of the support X = [z1, zy] = [21,Z) U [T, zy] =
X_ U X, and the regularity conditions we imposed so far are satisfied on each of the partitions,
X_ and Xy, but not necessarily the union. To be more precise, assume the distribution F' is
continuously differentiable to a certain order on each of the partitions, but the derivatives are not
necessarily continuous across the cutoff . In this case consistent estimates of the densities and
derivatives thereof require fitting local polynomials separately on each sides of Z, with corresponding
subsamples. Alternatively, one can use the joint estimation framework introduced below.

In problems with joint estimation and/or restrictions, notation tends to be cumbersome. For
the ease of exposition, we will assume w; = 1 throughout this subsection. Corresponding results
with nontrivial weighting scheme or even estimated weights can be obtained with some additional

efforts. Also we fix the evaluation point Z, and drop the corresponding subscript whenever possible.
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4.2.1 Unrestricted Model
By an unrestricted model with cutoff Z, we consider the following polynomial basis r),
rp(u) = [1{u<0} ulpucoy - uPlyucoy ‘ Tuzoy  ulguzoy -+ U”l{uzm]/ € R*P+2,

The following two vectors will arise later, which we give the definition here:

rop(u) = [1 w e w0 e 0]/

rop(u) = [0 0 -« 0 1 -- up]/.
Also we define the vectors to extract the corresponding derivatives

Iopio = [eo,_ e, -+ €e,_ €4+ €4 - ep,+} .

With the above definition, the estimator at the cutoff is®

B, (@) =arg_min S~ (F(w:) ~ rplai - j)’b)QKh(a:i _3).

beR2pP+2
3

Other notations (for example X and X,) are redefined similarly, with the scaling matrix H adjusted
so that H™'r,(u) = rp(h~tu) is always true.

Note that the above is equivalent to fitting local polynomials separately on each side, while the
joint estimation framework is more systematic which we will keep using. To see the connection
between the joint estimation and estimating separately on each side, we observe the following result,

which can be easily seen using least squares algebra:

Relation between joint and separate estimations.

Joint estimation Separate estimation
(3-) e _B,(z) =e)_B, (%) oint” x 1
L(Et) el By(m) =e) B, (7)  “oint” x A — 2=
a—) €, _B,(@) =€, B, (7)  “oint” x L
A (24) e By@) =€ B, () “oint” x 2

and the difference comes from the fact that by separate estimation, one obtains estimates of the
conditional c.d.f. and the derivatives. Here n_ and n, are the sample sizes in the two regions, X_
and X, respectively.

In the following lemmas, we will give asymptotic results of the joint estimation problem. Proofs

are omitted.

Lemma 10. Let Assumptions of Lemma 1 hold separately on X_ and Xy, then

%x;Khxh = f(@=)S_p + f(74)S4.p + o(h) n op(1/m)

=Sy, +O(h) 4+ Ox(1/Vnh),

3The e.d.f. is defined with the whole sample as before: F(u) =n"" >z <l
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where
0 1
So= [ v s Kade Sip= [ rop@r, )/ Kdu
1 0
Again we decompose the estimator into four terms, namely BLI, BS, L and R.

Lemma 11. Let Assumptions of Lemma 2 hold separately on X_ and Xy, then

5. et { FP ) f(@-) FU D (@4) fa+) P 3, — 0,
Bo = { g e+ S e 0, B0 (D),

where

0 1
c_yp:/ wPT e, (w) K (u)du, c.,.,p:/ uPT ey L (w) K (u)du.
0

—1

Lemma 12. Let Assumptions of Lemma 3 hold separately on X_ and Xy, then

— F(2)f(5+) }S 1 (€or€h + +erreb 1 )Sry

— F(2)f(5-) + [(@-) }Sr(e1,-€hs + el )Spy

T — F(@)f(a+) S (o€l 1 +erveh,)Sy,

7
+h{ f(@=) WL, W + f(74)° T+, | + O(R),
where
r,-/ /[_170]2@ A 0)e— (W) (o) K (u)K (v) dudv,
v, - [ /[ AV ) KK dud
and

_1\P
- ( 1) = (2p+2)x (2p+2)

We would like to consider the asymptotic variance (hence asymptotic distribution) after proper
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scaling. Here we define the scaling matrix by

N:diag{\/ﬁ,,/ﬁ7---7 VN (O /E}
h h h ) (opt2)x2pt2)
10
—{ } ®diag{\/ﬁ,\/%7...7\/%} 7
01 2x2 (p+1)x(p+1)

then

\Y% [NSJT,;I;] = F(z) (1 — F(i:)) (eoy_ + e07+) (eo,_ + e0,+)/
+ (I - (eo,, + ew) (eo,, + eo,+)/) S71 (f(f;_)S\IJPJﬁp\II + f(j+)31“+,p)

!
S;;, (I - (eo,— + eo,+) (eo,— + eo,+) )

+O(Vh),

where O(v/h) represent the order of the covariances between the c.d.f. (the parametric part) and

o . . . “1_ 1 q-1 1 g1 4
the derivatives (nonparametric part). By using the notation S;,= FEoS-pT WSJDP, we have

/

\% [NS;LIZ} = F(z) (1 - F(i)) (eo,, + eo,+) (eo,, + eo,+>
+ f(@o) (I - eo,_eg,,)\Izs;}pn,ps;}pq:(l - eo,_eg,,)

+ £@+) (T eoreh s )STLT 4 »87L (T - eoveh )

+0o(1)
F(z) (1 - F(i)) 0 F(z) (1 - F(:f:)) 0
) 0 {f(j:—)qzs;}pr+,ps;}p\p}(2%1) 0 0
B F(:f)(l - F(i)) 0 F(E)(l - F(:?)) 0 ’
0 0 0 {f(ﬂ)sg}pn,ps;}p}(p+3:2p+2)

where the operator {-}.,+1) indicates keeping only the second to (p + 1)-th rows and columns.

Therefore asymptotically
1. the c.d.f. (parametric part) and the derivatives (nonparametric part) are independent;

2. the two c.d.f. estimators (on each sides) have correlation 1 (not surprising, since we assume

the DGP does not have point mass);
3. the derivatives (nonparametric part) on the two sides are independent.
Finally the order of R can also be established.
Lemma 13. Let Assumptions of Lemma /4 hold separately on X_ and Xy, then

- 1

4S_ , and S, , are not invertible. Here S:’lp and S;lp are obtained by inverting the corresponding nonzero blocks.
More precisely, they are Moore-Penrose inverse.
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We note that it is also possible to give exact form of the variance of R.

In what follows we will consider the bias and the asymptotic distribution of fp(:i‘+) — fp(z—),

which is the object of interest for density discontinuity tests.

Theorem 6. Let Assumptions of Theorem 1 hold separately on X_ and X, then

Joa+) = fo(a=) = (f(@+) = F(@=)) = h" By

Vnhn —
n %,1

~ N(0,1),

where

F(”+1>(a’:+) , . F(ﬁﬂ)@,) , 1
R T T e | B

—,p sP
— / —1 -1
Voa = (F(@+) + (=) )€h,+ ST pS 1 e

Remark 10. We make two remarks here.
(1) The asymptotic variance takes additive form.
(2) The standard error proposed earlier remains valid. Note that by the specific structure of r_ ),

and ry ,, it is equivalent to apply the method on each side with the corresponding subsample.

4.2.2 Restricted Model

In previous discussion, we gave a test procedure on the discontinuity of the density by estimating on
the two sides of the cutoff separately. This procedure is flexible and requires minimum assumptions.
There are ways, however, to improve the power of the test when the densities are estimated with
additional assumptions on the smoothness of the c.d.f.

In a restricted model, the polynomial basis is re-defined as
rp(u) = [1 ul(u <0) wl(u>0) w* o - up]/ € RPH2,

and the estimator in the fully restricted model is

8@ =[R@ hE) hay EP@ - LY@
= arg brer]l@)b ' (F(;z:z) —rp(z; — j)'b)QK;L(zi — ).

Again the notations (for example X and Xp) are redefined similarly, with the scaling matrix H
adjusted to make sure H'r,(u) = r,(h~'u). Here F,(%) is the estimated c.d.f. and %F;Q) (), ---,
%!Fép ) (Z) are the estimated higher order derivatives, which we assume are all continuous at z, while
fp(z—) and f,(Z+) are the estimated densities on the two sides of Z. Therefore we call the above
model restricted, since it only allows discontinuity of the first derivative of F' (i.e. the density) but
not the other derivatives.

With the modification of the polynomial basis, all other matrices in the previous subsection are

redefined similarly, and

I = [e e e e e
p+2 0 1,— 1,+ 2 D .
(p+2)x (p+2)
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where the subscripts indicate the corresponding derivatives to extract. Moreover
rﬂp(u)z[l w 0 u? ... up}7 I‘+,p(u)=[1 0 w u* - up]

Lemma 14. Let Assumptions of Lemma 1 hold with the exception that f may be discontinuous

across T, then

EXGKLXn = ([0 + J(@+)S 4.} + O (h) + Oe(1/¥nh)
=Ssp+ 0 (h) + Ox(1/Vnh),

where

1

0
S, = / (e K(du, S, = / ro () p () K (u)du.

Again we decompose the estimator into four terms, ELI, BS, L and f{, which correspond to

leave-in bias, smoothing bias, linear variance and quadratic variance, respectively.

Lemma 15. Let Assumptions of Lemma 2 hold with the exception that f may be discontinuous

across T, then

5 e [FPTV (@) f(z-)
e (G

FOD(34) f(34)

Copt (p+1)!

R 1
coof o™ Bu=0:(3).
where

0 1
c,,p:/ 1Lp+lr,7p(1L)I((u)dLL7 c+,p:/ upHrJr,p(u)K(u)du.
0

-1

Lemma 16. Let Assumptions of Lemma 3 hold with the exception that f may be discontinuous

across T, then

V L (z4)]

= F(@)(1- F(2))8 1000068 1

1{r@)(1- @) EED) - F@)a-) + a-)}8 06,81,

+1{F@ (1-F@) J;'((?:)) — F@)[@) + 1(3)}Sppe,-ehS1,

+n{F@)(1-F@) J;((?:)) — P(@)f(2+) }Srpe0el Sy

+h{FP@)(1- F@) J;g:)) — F(2)f(a+) }S1pe1+€081

+ hf(z—)’ O, ,W + hf(24)°T4 , + O(h?) (2)

where

re, - [ /[ (AR (0 KK () dud
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and

(-1)!
(-1)!
v = (—=1)?
(=1)°
i (=1)7]
Remark 11. Now we consider the asymptotic variance after proper scaling. The proper scaling
matrix is
N:dlag{\/ﬁ3\/zvv\/§}
h (p+2) x(p+2)

then

v [Ns;;IL] = F(z) (1 - F(:z«))eoeg
n (I — eoeg)s;; (f(zf)?’xpm,p\p n f(z+)31‘+,p) s;t (I - eoeg)

+0h).

F(:f)(1 - F(;z)) 0
0 {s;; (f(:z—)3\1'r+,p\11 + f(fc+)31“+,p) S;;}(zm) ’

where the operator {-}(2:p+2) excludes the first row and column. Therefore asymptotically

1. the c.d.f. (parametric part) and the derivatives (nonparametric part) remain to be indepen-
dent;

2. the derivatives (nonparametric part) on the two sides are not independent.
Again we can show that the quadratic part is negligible.

Lemma 17. Let Assumptions of Lemma 4 hold with the exception that f may not be continuous

across T, then
. 1

Theorem 7. Let Assumptions of Theorem 1 hold with the exception that f may not be continuous

across T, then

Jo(@+) = fol@=) = (F@+) = f(3-)) = BBy
V1

~ N(0,1),
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where

1 fa—1 +1) /= - /= -
Bpa1 = m(e1,+ - '31,7> St (F(p )(55+)f(l’+)c+,p + Pt )(x—)f(w—)cap)

Vp1 = (e1’+ — e1,_>/S;L (f(j_)3\IlI‘+,p\Il + f(j+)3r+’p)8;; (e17+ — el,_).

Remark 12.
(1) Now the matrix Sy, is no longer block diagonal, which indicates fp(f—i—) and fp(ic—) have
nonzero covariance. Therefore the asymptotic variance does not take an additive form.

(2) The standard error estimator remains valid.

4.3 Plug-in and Jackknife-based Standrd Errors

The standard error 6, ., (see Theorem 2/4) is fully automatic and adapts to both interior and

boundary regions. In this section we consider two other ways to construct standard errors.

4.3.1 Plug-in Standard Error

Take v > 1. Then the asymptotic variance of 13}5“) () takes the following form:
Ypow = (0)*HD (2)e,S, AT, .S, e

One way of constructing estimate of the above quantity is to plug-in a consistent estimator of
HM(z). This may not be appealing, since H(!)(z) is a nonparametric object. There is, however,
one case in which H(z) is automatically available. Assume the weights are identically 1, i.e.
w; = 1, then HV(z) = FW(z) = GW(z), which is simply the estimated density. Hence we can

use
Ypwa = (W)’ ES (2)€),S, 1 Tp oSy hew.

The next question is how S, ; and I', , should be constructed. Note that they are related to the
kernel, evaluation point z and the bandwidth A, but not the data generating process. Therefore
the three matrices can be constructed by either analytical integration or numerical method.

Back to the original case. How to estimate H!) (z) with nontrivial weighting scheme? Recall that
H(z) = Elw?l[z; < z]]. Then H(z) = 3, w?l[z; < z]/n is unbiased and /n-consistent. On the
other hand, it has the same problem as the empirical distribution function: it is not differentiable.
Local polynomial smoothing can be applied here, the same as how it is applied to smooth out the
empirical distribution function to obtain estimates of derivatives. More precisely, one can replace
F(x;) by H(z;) in ,[:}p(:c), and the slope coefficient will be consistent for H)(z), under very mild

regularity conditions.

4.3.2 Jackknife-based Standard Error

The standard error 6, . is obtained by inspecting the asymptotic linear representation. It is fully

automatic and adapts to both interior and boundaries. In this part, we present another standard
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error which resembles &, , ;, albeit with a different motivation.

Recall that Bp(x) is essentially a second order U-statistic, and the following expansion is justified:
1o
~XiKn (Y —-XB,(z))

= 2 00 (U5 (P oo 28, 0) Ko )

= %er (xz}:x) (nil Z w; (IL(:rj <) —rp(zi — a:)’ﬂp(a:))) Kn(zi —x) + Op (%)

3

- % Z v (?) W (sz < i) = rp(zi — x),ﬂp(x))Kh(xi —z)+Op <%> ;

nn—1) <~
1,531#£7

where the remainder represents leave-in bias. Note that the above could be written as a U-statistic,

and to apply the Hoeffding decomposition, define

Ui, wi,ywy) = 1 (25 ) wy (L(as < 20) = rpl@s = 2)'B, () K (w: — )

1, () wi (L < @5) — xp(a; — 2)'B,(2)) Kn(w; — ),

which is symmetric in its two arguments. Then (with estimated weights one has to make further

expansion, but the main idea is the same)

%X;Kh (Y — X,Bp(m)) =FE [U(:c“wi,xj,wj)]

+ %Z <U1(m¢,wz’) —-E [U(xivwivxjij)]>

-1

+ (g) Z <U(5Ez’7wi,$j7wj) = Ui(zs, ws) — Uiz, wy) + E[U (2, wi, x5, w;)] >
1,751<J

Here U (z;) = E[U(z;, w;, x5, w;)| z;, w;]. The second line in the above display is the analogue of

I:, which contributes to the leading variance, and the third line is negligible. The new standard

error, we call the jackknife-based standard error, is given by the following:

NE - 1 NP SN
Opv,e = ('U') nh2v eﬁ,spyzl_'pyzsp,zem

with
!
~ JK 1 1 - 1 -
Fp,x:g : (n—l Z‘U(mivwivxjﬁwj)) (’I’L—l ‘ZVU(xhwiaxjvw]’))
i Jij#i Jii#i
—1 —1 !
n - n -
- <2> > Ulws, wi, x5, wy) <2> > Ui, wi,zj,w5) |
1,537 1,§31#]
and

Ul(wi, wi, 2, w;) =1 (ﬂ) w; (]1(9Cj <) —rp(w; — x)/fip(fﬂ))Kh(xi —z)

h
Jwi (1w < @) = rlw; - 2)B, (@) Knlz; - o).

Ty — T

.

The name jackknife comes from the fact that we use leave-one-out “estimator” for Uy (x;, w;): with
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x; and w; fixed,

1 N
“n_ 1 _Z¢_U($i7wi7xj7wj) —P U1(xi,wi)”.
J53F

Under the same conditions specified in Theorem 2, one can show that the jackknife-based standard

error is consistent. For estimated weights, regularity conditions specified in Theorem 4 suffice.

5 Simulation Study

5.1 DGP 1: Truncated Normal Distribution

In this subsection, we conduct simulation study based on truncated normal distribution. To be
more specific, the underlying distribution of z; is the standard normal distribution truncated below
at —0.8. We do not incorporate extra weighting, hence

) - 2(08) oo

Gy =F) = "5 o8 =

and zero otherwise. Equivalently, z; has Lebesgue density ®™)(z)/(1 — ®(—0.8)) on [—0.8, oc].

In this simulation study, the target parameter is the density function evaluated at various points.
Note that both the variance and the bias of our estimator depend on the evaluation point, and
in particular, the magnitude of the bias depends on higher order derivatives of the distribution

function.

1. Ewaluation point. We estimate the density at 2 € {—0.8, —0.5, 0.5, 1.5}. Note that —0.8 is
the boundary point, where classical density estimators such as the kernel density estimator
has high bias. The point —0.5, given our bandwidth choice, is fairly close to the boundary,
hence should be understood as in the lower boundary region. The two points 0.5 and 1.5 are
interior, but the curvature of the normal density is quite different at those two points, and

we expect to see the estimators having different bias behaviors.

2. Polynomial order. We consider p € {2,3}. For density estimation using our estimators, p = 2
should be the default choice, since it corresponds to estimating conditional mean with local
linear regression. Such choice is also recommended by Fan and Gijbels (1996), according to
which one should always choose p —s =2 —1 =1 to be an odd number. We include p = 3

for completeness.

3. Kernel function. For local polynomial regression, the choice of kernel function is usually not

very important. We use the triangular kernel k(u) = (1 — |u|) V 0.

4. Sample size. The sample size used consists of n € {1000, 2000}. For most empirical studies
employing nonparametric density estimation, the sample size is well above 1000, hence n =

2000 is more representative.
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Overall, we have 4 x 2 x 2 = 16 designs, and for each design, we conduct 5000 Monte Carlo
repetitions.

We consider a grid of bandwidth choices, which correspond to multiples of the MSE-optimal
bandwidth, ranging from 0.1hysg to 2hyse. We also consider the estimated bandwidth. The MSE-
optimal bandwidth, hysg, is chosen by minimizing the asymptotic mean squared error, using the
true underlying distribution.

For each design, we report the empirical bias of the estimator, ]E[fp(a;) — f(x)], under bias. And
empirical standard deviations, V/2| fp(:r:)], and empirical root-m.s.e., under sd and /mse, respec-
tively. For the standard errors constructed from the variance estimators, we report tErempiricaI
average under mean, which should be compared to sd. We also report the empirical rejection rate of
t-statistics at 5% nominal level, under size. The t-statistic is (f,(x) — Ef,(x))/se, which is exactly

centered, hence rejection rate thereof is a measure of accuracy of normal approximation.

5.2 DGP 2: Exponential Distribution

In this subsection, we conduct simulation study based on exponential distribution. To be more
specific, the underlying distribution of x; is F'(x) = 1—e~*. We do not incorporate extra weighting.
Equivalently, z; has Lebesgue density e™* for > 0.

In this simulation study, the target parameter is the density function evaluated at various points.
Note that both the variance and the bias of our estimator depend on the evaluation point, and
in particular, the magnitude of the bias depends on higher order derivatives of the distribution

function.

1. Evaluation point. We estimate the density at = € {0, 1, 1.5}. Note that 0 is the boundary
point, where classical density estimators such as the kernel density estimator has high bias.

The two points 1 and 1.5 are interior.

2. Polynomial order. We consider p € {2,3}. For density estimation using our estimators, p = 2
should be the default choice, since it corresponds to estimating conditional mean with local
linear regression. Such choice is also recommended by Fan and Gijbels (1996), according to
which one should always choose p —s =2 —1 =1 to be an odd number. We include p = 3

for completeness.

3. Kernel function. For local polynomial regression, the choice of kernel function is usually not

very important. We use the triangular kernel k(u) = (1 — |u|) V 0.

4. Sample size. The sample size used consists of n € {1000, 2000}. For most empirical studies
employing nonparametric density estimation, the sample size is well above 1000, hence n =

2000 is more representative.

Overall, we have 3 x 2 x 2 = 12 designs, and for each design, we conduct 5000 Monte Carlo

repetitions.
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We consider a grid of bandwidth choices, which correspond to multiples of the MSE-optimal
bandwidth, ranging from 0.1hysg to 2hyse. We also consider the estimated bandwidth. The MSE-
optimal bandwidth, hysg, is chosen by minimizing the asymptotic mean squared error, using the
true underlying distribution.

For each design, we report the empirical bias of the estimator, ]E[fp(x) — f(2)], under bias. And
empirical standard deviations, V/2| fp(x)], and empirical root-m.s.e., under sd and /mse, respec-
tively. For the standard errors constructed from the variance estimators, we report tErempirical
average under mean, which should be compared to sd. We also report the empirical rejection rate of
t-statistics at 5% nominal level, under size. The t-statistic is (f,(x) — Ef,(x))/se, which is exactly

centered, hence rejection rate thereof is a measure of accuracy of normal approximation.
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6 Proof

6.1 Proof of Lemma 1

Proof. A generic element of the matrix %X;Khxh takes the form:
P () E ().
Then we compute the expectation:
1 .
151 K
JEok 5 >
/ : ( T (
h

hence for z in the interior,

E[

and for z = z + ch with ¢ € [0, 1],

i

and for x = zy — ch with c € [0, 1],

i

X; — I

h

r; — T

i)

) g(u)du

uUu—x

h

n

1

h

x; — X

E
h

) (%

1

h

r; — &

h

r; — &

E

) & (%55)

provided that G € C'.
The variance satisfies

VA ) ()| - B [
<amlw () ) () =0 G

provided that G € C!.

6.2 Proof of Lemma 2

Proof. First consider the smoothing bias. The leading term can be easily obtain by taking expectation together with
Taylor expansion of F to power p + 1. The variance of this term has order n~'h~

estimate op(hPT1) since it is assumed that nh — oco.
Next for the leave-in bias, note that it has expectation of order n™
this term of order Op(n™").
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6.3 Proof of Lemma 3

Proof. We first compute the variance. Note that

zy—x

/;T rp (u) (F(m + hu) — F(z + hu))K(u)g(a: + hu)du

L—
h

_ 1+ O]p(l)

: /:uhw rp (u) w; (l[mz <z+hu] - F(z+ hu))K(u)g(m + hu)du,

Ty —x

and

zy
\%

rTy—x
h
T —
h
Ty—x
h

rp (u) w; (l[ml <z+hul—F(z+ hu))K(u)g(m + hu)du:|

K(u)K @)g(e + hu)g(x + h)

{/ wa(t) (1t <z + hu] — F(z + hu)) (1)t < = + hv] — F(z + hv)) g(t)dt} dudv.
For notational simplicity, let
H(u) = Ejw?l[z; < u] = / " wa(t)g(t)dt.

Then

= //; rp (u)rp (v) K(u)K (v)g(z + hu)g(z + hv)

(H(:c + h(uAv)) — H(z+ hu)F(z + hv) — F(z + hu)H (z + hv) + H(zy) F(z + hu) F(z + hv))dudv.

We first consider the interior case, where the above reduces to:
(I)interior
= // rp (u)rp (v) K(u)K(v)g(z)? (H(x) —2H(z)F(z) + H(mU)F(x)2)dudv
R

+h / / (u A )y () £p (0) K (u) K (0)g(2)2H® () dudv

+h / / ut )y () (0) K (@)K ()G (@) (H () — 20() F@) + H(ao) F(2)*)dudo + o(h)
= g(0)’ (H(@) = 2H(2)F(x) + H(w) F(2)* ) Sp.000¢0 .2

— hg(2)* (HD (@)F(2) + H(@)FY (2)) Sp.a(ereh + eoe})Sp.e

+ hg(z)? H (20) FV (2) F(2)Sp 2 (e1€) + €0€1)Sp .2

+ G (2)? (H(a:) — 2H(2)F(z) + H(xU)F(xf)sp,I(eleg +eoel)Spa

+ hg(z)*HY (2)Ty.. + o(h).
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For o = . + he with ¢ € [0, 1) in the lower boundary region,
/ / ryp () vy (o) K () K (0)g(21)? (H(ee) — 2H (w0) Fan) + H (o) F(22)* ) ducy
+h //R(u Av+o)rp (u)rp (v) K (uw)K (v)g(z)?H® (zr)dudv
—h //R(u o+ 20)r, (1) rp () K (0) K (v)g(z1)> (H(l)(xL)F(acL) n H(:BL)F<1)(xL)) dudv
+h / /R (et v+ 260y () Ty (0)' K (1) K (0)g (1) H (o) F (2) F (a1 )dudv
+h / /R (w4 20)r, () 1 (0) K () K (0) G ()2 (H (22) — 21 (20) F(an) + H (o) F(22)* ) dudv + o(h)
= hg(a)* HY (21) (Tpz + cSp.oe0e(Sp.s) + o(h).
Finally, we have
Jupper boundary
/ / rp (1) rp (v (u)K(v)g(a:U)Q(H(:cU) — 2H (wy) F(20) +H(xU)F(xU)2)dudv
+h / /R (uAv—c)rp (W) 1, (v) K(u)K)g(ze)*HY (2y)dudv
—h / /R (v = 20)r, (u) vy () K (K (0)g(a)* (H (a0) Fa) + H(z) PO (2) ) dudo
+h / /R (4 v — 20)ry (1) £y (0)) K () K (0)g(z0)> H (20) FD () F (w5 dudv
+h / /R (u+ v — 20)rp (1) 1p (v) K (1)K (v)GP (a)? (H(mu) — 2H () F(x0) + H(mU)F(mU)2)dudv +o(h)

= hg(zv)*HY () (Tp,2 + cSpc€0€iSpx — Sp.o(€1€) + €0€})Sp.) + o(h).

With the above results, it is easy to varify the variance formula, provided that we can show the asymptotic normality.
We first consider the interior case, and verify the Lindeberg condition on the fourth moment. Let o € RP™ be an
arbitrary nonzero vector, then

zy—x

ZIE (\/IHQ’NZ (g(x)Sp.z) " /wkhz rp (u) w; (1[$z <z+hu] - F(z+ hu))K(u)g(x + hu)du)

h

Ty—x

= %]E (a’Nm (g(z)Spz) " / 2 rp (u) w; (1[% <z+hu] - F(z+ hu))K(u)g(z + hu)du>

T —x
h

//// N (g(2)Sp.e) 1y (uj)K(uj))g($+huj)

j= 1234

du1 dUQdU3dU4

[/ wi(t) ] (]l[t < x4+ huy] — F(z + huj))g(t)dt

j=1,2,3,4

<l / 'No(9(2)Sp0) "1 () K (1) ) 9(w)dur duadugdus + O (%)

j= 1234

where A = [%-%, %]4 C R*. The first term in the above display is asymptotically negligible, since it is takes the
form C - (a'N,e)*/n where the constant C' depends on the DGP, and is finite since we assumed E[w}] < co. The
order of the next term is 1/(nh), which comes from multiplying n™*, h~2 (from the scaling matrix N, ), and h (from
linearization), hence is also negligible.

Under the assumption that nh — oo, the Lindeberg condition is verified for interior case. The same logic applies to
the boundary case, whose proof is easier than the interior case, since the leading term in the calculation is identically
zero for x in either the lower or upper boundary. |
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6.4 Proof of Lemma 4

Proof. For R, we rewrite it as a second order degenerate U-statistic:

~ 1+O]p(1) ~
R-tiel) 5o,
%,731<J

where

w; (]l[xl <z;]— F(acj))Kh(xj — )
—-E [rp (%) wj (It[xj <) — F(wz))Kh(asl —x)
—E [rp (%}; :n) w; (1[% <] - F(x]-))Kh(xj — )

To compute the leading term, it suffices to consider

Lj, ’ll)j]

xi,wi] .

2E {rp (;r:z;m) rp (xli:x)/wf (L[zj < 23] — F(x:))? Kn(xi — m)ﬂ

)' (o) — 2H @) F(ao) + H(wo) Fa)* ) Ko (i~ x)2]

I
I
&=
L
x]
S|
/N
3
=
8
N—
~
S
/N
B
=
8

% /TLT rp (V) 1y (V) (H(x + hv) — 2H (z + hv)F(z + hv) + H(ay) F(z + hv)Q)K(v)Qg(m + hv)dv

/; r, (v)rp (v) (H(a:) —2H(z)F(z) + H(xU)F(I)Q)K(v)Qg(x)dv o)

—nterior % g(x) [H(z) — 2H(2)F(z) + H(xs)F(2)*] Ty + O(1),

—boundary 0(1)7

which closes the proof. |

6.5 Proof of Theorem 1

Proof. This follows from previous lemmas. |

6.6 Proof of Theorem 2

Proof. First we note that the second half of the theorem follows from the first half and the asymptotic normality
result of Theorem 1, hence it suffices to prove the first half, i.e. the consistency of ¥, vz

The analysis of this estimator is quite involved, since it takes the form of a third order V-statistic. Moreover, since
the empirical d.f. F is involved in the formula, a full expansion leads to a fifth order V-statistic. However, some
simple tricks will greatly simplify the problem.

We first split f‘p,z into four terms, respectively

Bpen =5 Z r, (wﬂ ), (“ — “’) Ko (; = @) Kn(an — 2)w? (1o < 2] = Fe;)) (1 < @] = Fan))
Span = nlgirp (B Yy () Kl — 20K — o) (Flay) — Fas)) (1 < ] — Fa))
Sy = nl rp (2 ) vy (B2 Kty — o) Ka(on — 2y (1o < 2] = Flay)) (Flaw) = Fon)
Sy = o :k () e (2 %) Kol — ) KaCen — 2)w? (Flag) — Fay) (Pl - Pa)
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Leaving ﬁlp,z,l for a while, since it is the key component in this variance estimator. We first consider N S;’}CZAIP,ZA S;}CNI.
By the uniform consistency of the empirical d.f., it can be shown easily that

N.S; 420,245, 2 No = Op ((nh)™1).

Note that the extra h™! comes from the scaling matrix N, but not the kernel function Kj. Next we consider
NIS;;E%IQS;;NZ, which takes the following form (up to the negligible smoothing bias):

a—1 < a—1
stp,zzp,z,Qsp,zNz

—NLH(8,(x) - B,( n2z (22) Kt — oyl (1o < o] — Fla)) | $,0N.

=0p((nh)~'?) = 0p(1),

where the last line uses the asymptotic normality of ﬁp(x). For ﬁ]p%l, we make the observation that it is possible to
ignore all “diagonal” terms, meaning that

a1 = 1 Z rp (le; x) r, (xk]; x)lKh(acj — o) Kp(z — z)w] (]l[ﬂc2 < zj] — F(:(:J)) (]l[xl < x| — F(a:k)) + op(h),

nd &
0,5,k

distinct

under the assumption that nh? — co. As a surrogate, define

Uije=rp (%h_"”) r, (“”“h_x) Kn(z; — 2)Kn(zs — 2)w ?(n[x,. <] - F(xj)) (1[;& <] — F(atk)),

which means

Pvml* Z U'ij

43,k
distinct
The critical step is to further decompose the above into
& 1
Ypw1 = o Z E[U; k| (1)
04,k
distinct
1
1D (Umsk — E[Uijxle: xj]) (11)
0,k
distinct
1
T > (E[Uwﬂxia%‘] —E[Uijk xi])- (I11)
B3,k
distinct

We already investigated the properties of term (I) in Lemma 3, hence it remains to show that both (II) and (III) are
o(h), hence does not affect the estimation of asymptotic variance. We consider (II) as an example, and the analysis
of (IIT) is similar. Since (II) has zero expectation, we consider its variance (for simplicity treat U as a scaler):

V(D] = Z > ( ik — E[Ui,j,k|$iij]) (Uiﬂ%’“ B E[Ui’vj/vk’m”x”)
dlsjglyl'l::Ct d’lstinlzlt

The expectation will be zero if the six indices are all distinct. Similarly, when there are only two indices among the
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six are equal, the expectation will be zero unless k = k’, hence

1
V[ID] =E nb > 2 (Ui,j,k - E[Ui,j,k|$i7$j]) (UWF’“ - E[Ui’«J’ak'|xi/’xj'])
igk il 5k
distinct distinct

1
E|l 5 > (Uz‘,j,k — E[Uij k]2, »’L’j]) (Uz‘,j,k —E[Us s |, l’j’])

i,5,k,i’ 5’
distinct
+ EEIN
where - -- represent cases where more than two indices among the six are equal. We can easily compute the order
from the above as
V[(I)] = O(n™") + O((nh) ™),
which shows that
(ID) = Op(n™"" + (nh) ") = op(h),

which closes the proof. [ ]

6.7 Proof of Lemma 5

Proof. First replace w; by w;, then it reduces to the leave-in bias, which has been shown in Lemma 2 to have order
Or(n™"). Then consider the remaining piece:

L) e (5 (= 0 (= P s ’

n2

o (259)] (- P

()| (1 re) )|

where the remaining term can be further bounded by expectation calculation:

rp (x, ; a:)‘ (1 — F(grzl))Kh(acZ — x)]

rp (zzgx)’ (1 — F(:cz))Kh(xl — x)] , a(z;) =E

S\/;m[iz sup (=1, 0) -

T 10-601<5

E [ sup  [w(zi,0)|
l6—60]<5

=K [a(m) -

sup [u(zi, 0)|
|0—60/ <8

:

= /a(a: + hv) - |rp (V)] (1 — F(z+ hv))K(v)g(m + hv)dv

1
<C a(z + hv)g(x + hv)dv

—1

<CE| sup |w(z,0)]| < oo.
[0—60|<5
Therefore (I) has order Op(nfs/ 2), hence is asymptotically negligible. |

36



6.8 Proof of Lemma 6

Proof. First replace w; by w;, then Lemma 4 shows that it has order Op(vVn=2h=1) = op(v/n~—1h), provided that
nh? — co. Then we consider the difference, which can be written as (ignoring the op(1) term in R)

% (0 —wj){rp (&}:x) (ﬂ[xj Sﬂ?i]—F(xi))Kh(xi_m)
i,J517#]
_ /I:ET rp(u) (1[Q?j <z+hu] - F(z+ hu))K(u)g(m + hu)du}
= (0-00) 5 3 i () (1l < ) = P it —) W
i1
_ /Iju';” rp(u) (IL[xj <z+hu] - F(z+ hu))K(u)g(m + hu)du}
+ (é - 90) % > (uin(z,0) — u')j){rp (xz;x) (1[xj <] — F(xi))Kh(CUz‘ _2) (an

53177
_ /ILT rp(u) (]l[itj <z+hu] - F(z+ hu))K(u)g(x + hu)du}_

Term (I) remains to be a U-statistic with zero expectation, but not necessarily degenerate. Its order can easily be
seen to be, with standard variance calculation:

w=0(G (7)) =0 (o)
=0p | —= | — =0p( = ,
v \vn n2h n  nyvnh
which has the same order as the leave-in bias, hence can be ignored (provided that w; has finite variance).
For (II), we observe:

rp (ml _ a:) (Il[xj <] — F(:cz))Kh(mz — )

R 1
|| < [0 — 60 - — sup |i(zi,0)] -
n? Jz;éa 10—00]<6 h

xzy—x

— /LL 2 rp(u) (]l[xj <z +hu) - F(z + hu))[((u)g(x + hu)du)

xp—x

by direct expectation calculation. |
6.9 Proof of Lemma 7
Proof. First note that
1+o0r(1) Z /EU{x rp (u) (12;2 - wi) (]l[xl <x+hu - F(z+ hu))K(u)g(z + hu)du
n P JJL’?l‘ P -
_ 1toe(1) Z/m’:z rp ()t (1fes < @+ hu] — F(a -+ hu) ) K (u)g(e + hu)du| (0 o) 1)
n - J—Lh*J— D 7 i g 0

u—

+ 1%“”(1) {Z /f rp (u) (i (2, 6) — ;) (]1[%- <+ hu — Flz + hu))K(u)g(x + hu)du] (é - 00). (11)

h
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We first consider the interior case, with the following expectation calculation for (I):

Z/ p (1) W; (]l[:cz <z+hu] — F(z+ hu))K(u)g(:c + hu)du:|

=S, o rp (u) ( (z + hu) — I(zv)F(z + hu))K(u)g(m + hu)du

xp—x

= g(x)(I(z) — I(zo) F(z))eo + O(h).

Since the variance of the above quantity has order 1/n, we have, when z is in interior, that

NES;,;% Z /j rp (u) w; (It[ml <z+hu] - F(z+ hu))K(u)g(r + hu)du = g(z)(I(z) — I(zv) F(z))eo + Op <\/ﬁ—|— \/%) .

When z is in either the lower boundary or the upper boundary region,

N.S; 112/ (Il[xi§x+hu]*F(m+hu))K(u)du:Op (\/EJF\/%)’

since the leading constant term vanishes.
As for (II), it is bounded through the following quantity:

(I1) = (9 90 [Z / (2, 0) — 1) (1 [2: <z + hu] — F(z + hu))K(u)g(x n hu)du}
< 16— 6)? - 1 [ sup |w(zi,0)] |rp (u) (IL[:JﬂZ <z+hu] - F(z+ hu))K(u)g(x + hu)‘ du:| ,
n ZL=T |9 —0g|<8
which has the order Op(n™") by expectation calculation. |

6.10 Proof of Theorem 3

Proof. This follows from previous lemmas. |

6.11 Proof of Theorem 4

Proof. The proof resembles that of Theorem 2 with minor changes. |

6.12 Proof of Lemma 8

Proof. We rely on Lemma 1 and 2 (note that whether the weights are estimated is irrelevant here), hence will not
repeat arguments already established there. Instead, extra care will be given to ensure the characterization of higher
order bias.

Consider the case where with enough smoothness on G, then the bias is characterized by

hUulel, [G“>(a:)s o +hGP (2)S,. + o(h )+Ou>(1/\ﬁ)]

Fpt+1) F(p+ ) Jalaa)) ~
{hzﬂrl o 1()"1!3) D (2)ep. + B2 { GY () + HEL 1(;;) G(2)(x)] Cpo + o(hp+2)}

1 1 G(2) (CU) —1& —1
'U ev [G(T(;E)Sp’m - }LWSP’%SP’ISP’ac + O]P (1/\/ nh)

(P+1) (o N ) (P+2) (o ) (P+1) (o 9 . 9
{h”liF(p — 1()!) G (2)cp. +h"F {L(p - 2()!) GM(z) + L(p m 1()!) el >(x)] Cpw + o(h"T )} {1+0p(1)},

=h"

Ty—x

which gives the desired result. Here S, , = S "o urp(u)rp(w)'k(u)du. And for the last line to hold, one needs the
e

extra condition nh® — oo so that Op (1/\/nh) = op(h). See Fan and Gijbels (1996) (Theorem 3.1, pp. 62). [ ]
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6.13 Proof of Lemma 9

Proof. The proof resembles that of Lemma 1, and is omitted here. |

6.14 Proof of Theorem 5

Proof. The proof splits into two cases. We sketch one of them. Assume either x is boundary or p — v is odd, the
MSE-optimal bandwidth is asymptotically equivalent to the following:

1
- _ _ 2p+1
hwse.poe i (1 @u-1)HY(2)e,S,:TpS, 0
h ’ R P FoiD (@), g=1o
MSE,p,v,@ (2p —2v+ 2)(Wevspych,z)

which is obtained by optimizing MSE ignoring the higher order bias term. With consistency of the preliminary
estimates, it can be shown that

1
2p+1
1 20 —1)62 , ;0?1
( v )O-pﬂ)axn {1+01P’(1)}

n f(P+1) (o
" (2p—2v+ 2)(@!%1;!)

hMSE,p,v,:c = a1 )
€,5p,2Cp,z)

Apply the consistency assumption of the preliminary estimates again, one can easily show that ﬁMSE,p,U,w is consistent

both in rate and constant.
A similar argument can be made for the other case, and is omitted here. |
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