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This supplemental appendix has the following four main sections:

� Appendix A: proofs for the Lemmas stated in the main text.

� Appendix B: proofs of the uniform convergence rates derived for kernel estimators.

� Appendix C: details on the ROT bandwidths choice derivations.

� Appendix D: further simulations results.

Further details on these proofs, the proofs of Theorems 1 �3, other derivations and the

simulations are available upon request from the authors.
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1. Appendix A: Proofs of Lemmas

1.1. Proof of Lemma A-1. Expanding ŝn(x;Hn) around s(x) and suppressing the de-

pendence on Hn, we have

ŝn(x) = ŝ
��(x)� w(x)

f(x)2f̂n(x)
�n(x)

2
h
_�n(x) + `(x)�n(x)

i
,

where �n(x) = f̂n(x)� f(x) and _�n(x) = @f̂n(x)=@x� @f(x)=@x.

Because �0;n = op (1) it follows from a simple bounding argument that for any " > 0

there exists a constant C" such that, for n su¢ ciently large,

sup
x2W

kŝn(x)� ŝ��(x)k � C"�2
0;n�1;n (A-1)

with probability no less than 1� ". If (A-1) holds and if �2
0;n�1;n = op

�
n�1=2

�
, then




�̂n � �̂��n 


 � C"
 
n�1

nX
i=1

jyij
!
�2
0;n�1;n = op

�
n�1=2

�
,

where the equality uses E[jyj] <1. This establishes (6) in case (i).

Next, suppose �0;n�1;n = op
�
n�1=2

�
. Then, by the triangle inequality and the result for

case (i), 


�̂n � �̂�n


 � 


�̂n � �̂��n 


+ 


�̂��n � �̂�n


 = 


�̂��n � �̂�n


+ op �n�1=2� ,
so validity of (6) in case (ii) follows from the fact that




�̂��n � �̂�n


 � C
 
n�1

nX
i=1

jyij
!
�0;n�1;n = op

�
n�1=2

�
,

where the inequality uses the elementary bound supx2W kŝ��n (x)� ŝ�(x)k � C�0;n�1;n, in

which C = supx2W [jw(x)j (1 + j`(x)j) =f(x)2] <1. �
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1.2. Proof of Lemma A-4. Part (a) is a standard result on the bias of kernel estimators,

while part (b) follows from change of variables and simple bounding arguments. For instance,

E
h
F (z1)

2KHn(x1 � x2)2k _KHn(x1 � x3)k2
i

= E
�Z

Rd

Z
Rd
F (z1)

2KHn(x1 � r)2k _KHn(x1 � t)k2f (r) f (t)dtdr
�

= jHnj�2 tr
�
H�2
n

�
E
�Z

Rd

Z
Rd
F (z1)

2K(u)2k _K(v)k2f (x1 �Hnu) f (x1 �Hnv)dvdu
�

� d jHnj�2 �max
�
H�2
n

�
C2fE[F (z)2]

Z
Rd
K(u)2du

Z
Rd
k _K(v)k2dv = O(jHnj�2 �max

�
H�2
n

�
),

where Cf = supx2Rd f (x). �

1.3. Proof of Lemma A-2. De�ning

V�
i = Vi � E[Vi] = yis(xi)� �, Vi = yis(xi),

V�
ij(H) = Vij(H)�E[Vij(H)], Vij(H) = �yi

w(xi)

f(xi)

h
_KH(xi � xj) + `(xi)KH(xi � xj)

i
,

we have the decomposition

�̂
�
n(H) = n�1

nX
i=1

Vi + n
�2

nX
i=1

nX
j=1

Vij(H)

= E
h
�̂
�
n(H)

i
+ n�1

nX
i=1

V�
i + n

�2
n�1X
i=1

nX
j=i+1

�
V�
ij(H) +V

�
ji(H)

�
+ n�2

nX
i=1

V�
ii(H),

where n�2
Pn

i=1V
�
ii(Hn) = op

�
n�1=2

�
because

V

"
n�2

nX
i=1

V�
ii(Hn)

#
= n�3V [V11(Hn)] = n

�1
�
K(0d)

n jHnj

�2
V
�
y
w(x)

f(x)
`(x)

�
= o

�
n�1
�
.
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The proof for �̂
A

n = �̂
�
n(Hn) will be completed by showing that

n�1
n�1X
i=1

nX
j=i+1

�
V�
ij(Hn) +V

�
ji(Hn)

�
= n�1

nX
i=1

'(zi) + op
�
n�1=2

�
,

where

'(z) =  (z)� [ys(x)� �] = @

@x
[w(x)g(x)]� w(x)g(x)`(x).

To do so, let Ei denote conditional expectation given zi and for any positive sequence

frng, let Xn = O2 (rn) and Xn = o2 (rn) be shorthand for limn!1E[kXnk2]=r2n < 1 and

limn!1 E[kXnk2]=r2n = 0, respectively.

Because �max (Hn)! 0 and n jHnj�min (H2
n)!1,

Vij(Hn) = �yi
w(xi)

f(xi)

h
_KHn(xi � xj) + `(xi)KHn(xi � xj)

i
= O2

�
1=
p
jHnj�min (H2

n)
�
= o2

�p
n
�
,

where the second equality uses Lemma A-4 (b). Therefore, by the projection theorem for

variable U -statistics (e.g., Powell, Stock, and Stoker (1989, Lemma 3.1)),

n�2
n�1X
i=1

nX
j=i+1

�
V�
ij(Hn) +V

�
ji(Hn)

�
= n�1

nX
i=1

Ei
�
V�
ij(Hn) +V

�
ji(Hn)

�
+ op

�
n�1=2

�
,

where, by Lemma A-4 (a),

Ei[Vij(Hn)] = �yi
w(xi)

f(xi)

h
_b(xi;Hn) + `(xi)b(xi;Hn)

i
= O2

�
�max

�
HP
n

��
= o2(1)
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and, using integration by parts and change of variables,

Ei[Vji(Hn)] = �
Z
Rd
g(r)w(r)

h
_KHn(r� xi) + `(r)KHn(r� xi)

i
dr

=

Z
Rd

�
@

@r
[g(r)w(r)]

�
KHn(r� xi)dr�

Z
Rd
g(r)w(r)`(r)KHn(r� xi)dr

=

Z
Rd

@

@x
[g(xi +Hnt)w (xi +Hnt)]K(t)dt

�
Z
Rd
g(xi +Hnt)w(xi +Hnt)`(xi +Hnt)K(t)dt

= '(zi) + o2(1).

Using these results and the fact that E['(z)] = 0 it is easy to show that

n�1
nX
i=1

Ei
�
V�
ij(Hn) +V

�
ji(Hn)

�
= n�1

nX
i=1

'(zi) + op
�
n�1=2

�
,

completing the proof for �̂
A

n = �̂
�
n(Hn).

Having established the result for �̂
A

n = �̂
�
n(Hn) the result for �̂

A

n = �̂
��
n (Hn) will follow if

it can be shown that V[�̂
��
n (Hn)� �̂

�
n(Hn)] = o (n

�1). To do so, we employ the decomposition

�̂
��
n (H)� �̂

�
n(H) = n�3

nX
i=1

nX
j=1

nX
k=1

Vijk(H)

= E
h
�̂
��
n (H)� �̂

�
n(H)

i
+ n�3

nX
i=1

nX
j=1

nX
k=1

V�
ijk(H),

where

Vijk(H) = yi
w(xi)

f(xi)2
[KH(xi � xj)� f(xi)]

h
_KH(xi � xk) + `(xi)KH(xi � xk)

i
,

and V�
ijk(H) = Vijk(H)� E[Vijk(H)].
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The Hoe¤ding decomposition yields

V

"
nX
i=1

nX
j=1

nX
k=1

V�
ijk(H)

#
=

3X
p=1

�
n

p

�
V

"
nX
i=1

nX
j=1

nX
k=1

Wijk(p;H)

#
,

where

Wijk(1;H) = E1[Vijk(H)]� E[Vijk(H)],

Wijk(2;H) = E1;2[Vijk(H)]� E1[Vijk(H)]� E2[Vijk(H)] + E[Vijk(H)],

Wij1j2 (3;H) = E1;2;3[Vijk(H)]� E1;2[Vijk(H)]� E1;3[Vijk(H)]� E2;3[Vijk(H)]

+E1[Vijk(H)] + E2[Vijk(H)] + E3[Vijk(H)]� E[Vijk(H)],

with E1;2;3[Vijk(H)] = E[Vijk(H)jz1; z2; z3], E2;3[Vijk(H)] = E[Vijk(H)jz2; z3], and so on. It

therefore su¢ ces to show that

V

"
nX
i=1

nX
j=1

nX
k=1

Wijk(p;Hn)

#
= o

�
n5�p

�
, p 2 f1; 2; 3g . (A-2)

The proof of (A-2) for p = 1 will be based on the relation

V

"
nX
i=1

nX
j=1

nX
k=1

Wijk(1;H)

#
= V[Wn(1;H)],

where

Wn(1;H) = W111(1;H) + (n� 1) [W112(1;H) +W121(1;H) +W211(1;H)]

+ (n� 1) [W122(1;H) +W212(1;H) +W221(1;H)]

+ (n� 1) (n� 2) [W123(1;H) +W213(1;H) +W231(1;H)] .
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Because V[Wijk(1;H)] � V[E1[Vijk(H)]] for each fi; j; kg, the result V[Wn(1;Hn)] = o (n
4)

can be established by means of polynomial (in n) bound on the second moment of each

E1[Vijk(Hn)].

First,

E1[V111(Hn)] = y1
w(x1)

f(x1)2
[KHn(0d)� f(x1)] `(x1)KHn(0d)

= jHnj�2K(0d)2y1
w(x1)

f(x1)2
`(x1)� jHnj�1K(0d)y1

w(x1)

f(x1)2
f(x1)`(x1)

= O2
�
jHnj�2

�
= o2

�
n2
�
.

Next, using Lemma A-4 (a), change of variables, and simple bounding arguments,

E1[V112(Hn)] = y1
w(x1)

f(x1)2
KHn(0d)

Z
Rd

h
_KHn(x1 � r) + `(x1)KHn(x1 � r)

i
f(r)dr

�y1
w(x1)

f(x1)2
f(x1)

Z
Rd

h
_KHn(x1 � r) + `(x1)KHn(x1 � r)

i
f(r)dr

= y1
w(x1)

f(x1)2
�
jHnj�1K(0d)� f(x1)

� h
_b(x1;Hn) + `(x1)b(x1;Hn)

i
= O2

�
jHnj�1 �max

�
HP
n

��
= o2 (n) .

Similarly, it can be shown that

E1[V121(Hn)] = O2
�
jHnj�1 �max

�
HP
n

��
= o2 (n) ,

E1[V211(Hn)] = O2
�
jHnj�1 �max

�
H�1
n

��
= o2 (n) ,

E1[V122(Hn)] = O2
�
jHnj�1 �max

�
H�1
n

��
= o2 (n) ,

E1[V212(Hn)] = O2
�
jHnj�1

�
= o2 (n) ,

E1[V221(Hn)] = O2
�
jHnj�1 �max

�
H�1
n

��
= o2 (n) ,
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E1[V123(Hn)] = O2
�
�max

�
H2P
n

��
= o2 (1) ,

E1[V213(Hn)] = O2
�
�max

�
H2P
n

��
= o2 (1) ,

E1[V231(Hn)] = O2
�
�max

�
HP
n

�
�max

�
H�1
n

��
= o2 (1) ,

from which (A-2) follows for p = 1.

The proofs of (A-2) are very similar for p = 2 and p = 3, so we give only the proof for

p = 3, which is based on the relation

V

"
nX
i=1

nX
j=1

nX
k=1

Wijk(3;H)

#
= V [Wn(3;H)] ,

where

Wn(3;H) =W123(3;H)+W132(3;H)+W213(3;H)+W231(3;H)+W312(3;H)+W321(3;H)

and V [Wijk(3;H)] � V[E1;2;3[Vijk(H)]] for each fi; j; kg.

Using Lemma A-4 (c) and E1;2;3[V123(Hn)] = V123(Hn), with

V123(Hn) = y1
w(x1)

f(x1)2
[KHn(x1 � x2)� f(x1)]

h
_KHn(x1 � x3) + `(x1)KHn(x1 � x3)

i
= O2

�
jHnj�1 �max

�
H�1
n

��
= o2 (n) .

The result V[Wn(3;Hn)] = o (n
2) follows from this and the fact thatW123(3;H),W132(3;H),

W213(3;H),W231(3;H),W312(3;H), andW321(3;H) are identically distributed. �
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1.4. Proof of Lemma A-3. Using the same notation as in the proof of Lemma A-2, we

have

E
h
�̂
�
n(H)

i
= n�1

nX
i=1

E[Vi] + n
�2

nX
i=1

nX
j=1

E[Vij(H)]

= E[V1] + n
�1E[V11(H)] +

�
1� n�1

�
E[V12(H)],

where E[V1] = �, E[V11(H)] = jHj�1 B�0, and, using Lemma A-4 (a),

E[V12(Hn)] = �
Z
Rd
g(r)w(r)

h
_b(r;Hn) + `(r)b(r;Hn)

i
dr

= S (Hn) + o
�
�max

�
HP
n

��
.

This gives the �rst result in the Lemma. The proof of the second result is based on the

expansion

E
h
�̂
��
n (Hn)� �̂

�
n(Hn)

i
= n�3

nX
i=1

nX
j=1

nX
k=1

E[Vijk(Hn)]

= n�2E[V111(Hn)] + n
�1 �1� n�1� (E[V112(Hn)] + E[V121(Hn)])

+ n�1
�
1� n�1

�
E[V122(Hn)] +

�
1� n�1

� �
1� 2n�1

�
E[V123(Hn)]

= n�1
�
1� n�1

�
E[V122(Hn)] +O

�
n�2 jHnj�2 + �max

�
H2P
n

��
,

where the last equality uses Lemma A-4 (a) and simple bounding arguments to show that

E[V111(Hn)] = O
�
jHnj�2

�
, E[V112(Hn)] = O

�
jHnj�1 �max

�
HP
n

��
,
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and

E[V121(hn)] = O
�
jHnj�1 �max

�
HP
n

��
, E[V123(hn)] = O

�
�max

�
H2P
n

��
.

Now,

E[V122(Hn)] =

Z
Rd

Z
Rd
g(r)

w(r)

f(r)2
KHn(r� s) _KHn(r� s)f(r)f(s)dsdr

+

Z
Rd

Z
Rd
g(r)

w(r)

f(r)2
`(r)KHn(r� s)2f(r)f(s)dsdr

�
Z
Rd

Z
Rd
g(r)

w(r)

f(r)

h
_KHn(r� s) + `(r)KHn(r� s)

i
f(r)f(s)dsdr

= jHnj�1H�1
n

Z
Rd
g(r)

w(r)

f(r)

�Z
Rd
K(t) _K(t)f(r�Hnt)dt

�
dr

+ jHnj�1
Z
Rd
g(r)

w(r)

f(r)
`(r)

�Z
Rd
K(t)2f(r�Hnt)dt

�
dr

+O
�
jHnj�1 �max

�
HP
n

��
,

where

Z
Rd
g(r)

w(r)

f(r)

�Z
Rd
K(t) _K(t)f(r�Hnt)dt

�
dr

=
PX
j=0

(�1)j+1
X

l2Zd+(j)

hln
l!
_Bz(l) _BK(l) + o(�max

�
HP
n

�
),

Z
Rd
g(r)

w(r)

f(r)
`(r)

�Z
Rd
K(t)2f(r�Hnt)dt

�
dr

=

PX
j=0

(�1)j
X

l2Zd+(j)

hln
l!
Bz(l)BK(l) + o

�
�max

�
HP
n

��
.

Finally, because K is even, BK(l) = 0 whenever l 2 Zd+(j) for j odd, and _BK(l) = 0
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whenever l 2 Zd+(j) for j even. As a consequence,

jHnjE[V122(Hn)] =

PX
j=0

(�1)j+1
X

l2Zd+(j)

hln
l!
_Bz(l) _BK(l)H

�1
n +

PX
j=0

(�1)j
X

l2Zd+(j)

hln
l!
Bz(l)BK(l)

+O(�max
�
HP
n

�
)

=

b(P�1)=2cX
j=0

8<: X
l2Zd+(2j+1)

hln
l!
_Bz(l) _BK(l)H

�1
n +

X
l2Zd+(2j)

hln
l!
Bz(l)BK(l)

9=;
+O(�max

�
HP
n

�
),

which gives the result. �

2. Appendix B: Uniform Convergence Rates for Kernel Estimators

2.1. Proof of Lemma B-1. Similarly to the proof of Newey (1994b, Lemma B.1), the

proof consists of three steps, of which the �rst step is a truncation step, the second step

is a discretization step, and the �nal step uses Bernstein�s inequality to bound certain tail

probabilities. To accommodate kernels with unbounded support, the second step borrows

ideas from Hansen (2008). In the third step, we use Bernstein�s inequality in two distinct

ways (and employ a subsequence argument) in order to accommodate bandwidths that do

not satisfy n1�2=s jHnj = log n!1:

Given a sequence �n, let

~	n(x) =
1

n

nX
j=1

�Hn(x�Xj)Yjn, Yjn = Yj1 (jYjj � �n) ,

denote a version of 	̂n obtained by replacing Yj with the truncated variable Yjn. The

processes 	̂n(�) and ~	n(�) coincide with a probability that can be made arbitrarily close to
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one (uniformly in n) by setting �n = C�n1=s for some large C� because

P
h
	̂n(�) 6= ~	n(�)

i
� P[Yj 6= Yjn for some j] = P[jYjj > �n for some j]

� nP[jY j > �n] � n��sn CY (s),

where CY (s) = E[jY jr] + supx2Rd E[jY jrjX = x]fX(x) and the last inequality uses Markov�s

inequality. Also,

���E h	̂n(x)� ~	n(x)
i���

= jE [Y 1 (jY j > �n)�Hn(x�X)]j

=

����Z
Rd
E [Y 1 (jY j > �n) jX = r]�Hn(x� r)fX (r)dr

����
� ��(s�1)n

Z
Rd
E [jY js1 (jY j > �n) jX = r] j�Hn(x� r)j fX (r)dr

� ��(s�1)n CY (s)C�, C� = sup
u2Rd

j�(u)j+
Z
Rd
j�(u)jdu,

so if �n = C�n1=s, then

sup
x2Rd

���E[	̂n(x)]� E[ ~	n(x)]��� = O �n1=s�1� = o (�n) .
To complete the proof, it therefore su¢ ces to show that

sup
x2Xn

���~	n(x)� E[ ~	n(x)]��� = Op (�n) , �n = C�n
1=s.

Remark. Hansen (2008, p. 740) employs �n = �
�1=(s�1)
n = o

�
n1=s

�
in his truncation argu-
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ment and shows that with this choice of �n

����~	n(x)� E[ ~	n(x)]�� �	̂n(x)� E[	̂n(x)]���� = Op (�n)
for every x. It is unclear whether this pointwise rate of convergence holds uniformly

in x 2 Xn, so we err on the side of caution and set �n = C�n1=s.

Continuing with the proof of Lemma B-1, we discretize by employing a sequence Gn

(depending on CX;n and hn) and associated points fx�g;n : j = 1; � � � ; Gng such that

limn!1
log (Gn)

log n
<1 (B-1)

and

Xn � [Gng=1Xg;n, Xg;n = fx : kx� x�g;nk � �n�min (Hn)g. (B-2)

It follows from (B-1) that Gn = o
�
nR
�
for some R < 1, while (B-2) implies that, for any

M ,

Pr

�
sup
x2Xn

���~	n(x)� E[ ~	n(x)]��� > M�n� � Gn max
1�g�Gn

P

"
sup
x2Xg;n

���~	n(x)� E[ ~	n(x)]��� > M�n
#
.

To complete the proof it therefore su¢ ces to show that for any R <1, there is an M such

that

max
1�g�Gn

Pr

"
sup
x2Xg;n

���~	n(x)� E[ ~	n(x)]��� > M�n
#
= O

�
n�R

�
. (B-3)

If x 2 Xg;n and �n � ��, then for ��H(x) = jHj
�1 ��(H�1x),

���Hn(x�Xj)� �Hn(x
�
g;n �Xj)

�� � �n��Hn
(x�g;n �Xj), j = 1; : : : ; n,
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so ���~	n(x)� ~	n(x
�
g;n)
��� � �n ~	�n(x�g;n), ~	�n(x) =

1

n

nX
j=1

Yjn�
�
Hn
(x�Xj).

Therefore, if �n � ��, then

sup
x2Xg;n

���~	n(x)� E[ ~	n(x)]��� �
���~	n(x�g;n)� E[ ~	n(x�g;n)]���
+�n

���~	�n(x�g;n)� E[ ~	�n(x�g;n)]���
+2�nE

h
j~	�n(x�g;n)j

i
,

where

E
h
j~	�n(x�g;n)j

i
�

Z
Rd
E[jY jjX = x]��Hn

(x�g;n � x)fX (x)dx

� CY (1)C��, C�� = sup
u2Rd

��(u) +

Z
Rd
��(u)du.

As a consequence, if �n � min (1; ��) and M � 4CY (1)C��, then

P

"
sup
x2Xg;n

���~	n(x)� E[ ~	n(x)]��� > M�n
#
� P

h���~	n(x�g;n)� E[ ~	n(x�g;n)]��� > M�n=4i
+P
h���~	�n(x�g;n)� E[ ~	�n(x�g;n)]��� > M�n=4i .

Because

jYjn�Hn(x�Xj)� E [Yjn�Hn(x�Xj)]j

� 2�n jHnj�1C� = 2C�n1=s jHnj�1C�,
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and

V [Yjn�Hn(x�Xj)]

� E
�
Y 2jn�Hn(x�Xj)

2
�

�
Z
Rd
E
�
jY j2jX = r

�
�Hn(r�Xj)

2fX (r)dr

� jHnj�1CY (2)
Z
Rd
� (u)2 du � jHnj�1CY (2)C2�,

it follows from Bernstein�s inequality that

P
h���~	n(x�g;n)� E[ ~	n(x�g;n)]��� > M�n=4i � 2 exp �� n jHnj �2nM2=32

CY (2)C2� +
1
6
MC�C��nn

1=s

�
.

Similarly,

P
h���~	�n(x�g;n)� E[ ~	�n(x�g;n)]��� > M�n=4i � 2 exp �� n jHnj �2nM2=32

CY (2)C2�� +
1
6
MC�C���nn

1=s

�
,

so if �n � min (1; ��) and M � 4CY (1)C��, then

max
1�g�Gn

P

"
sup
x2Xg;n

���~	n(x)� E[ ~	n(x)]��� > M�n
#

� 4 exp
"
� n jHnj �2nM2=32

CY (2)max (C�; C��)
2 + 1

6
MC� max (C�; C��) �nn

1=s

#
.

To complete the proof, we let R < 1 be given and use the bound just obtained to exhibit

an M such that (B-3) holds.

First, suppose limn!1n
1�2=s jHnj = log n > 0, in which case there exists a CH > 0 such

that

�nn
1=s =

s
log n

n1�2s jHnj
max

 
1;

s
log n

n1�2=s jHnj

!
� 1

CH
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for all n large enough. For any such n,

n jHnj �2nM2=32

CY (2)max (C�; C��)
2 + 1

6
MC� max (C�; C��) �nn

1=s

� M2=32

CY (2)max (C�; C��)
2 + 1

6
MC� max (C�; C��) =CH

log n,

so if n is large enough and if M � 4CY (1)C��, then

max
1�g�Gn

P

"
sup
x2Xg;n

���~	n(x)� E[ ~	n(x)]��� > M�n
#

� 4n�M2=32[CY (2)max(C�;C�� )2+ 1
6
MC� max(C�;C�� )=CH],

implying in particular that (B-3) holds if M is large enough.

Next, suppose limn!1n
1�2=s jHnj = log n <1, in which case there exists a CH <1 such

that

n1�2=s jHnj
log n

� CH,
n1�2=s jHnj
log n

�nn
1=s = max

0@1;sn1�2=s jHnj
log n

1A � CH

for all n large enough. For any such n,

n jHnj �2nM2=32

CY (2)max (C�; C��)
2 + 1

6
MC� max (C�; C��) �nn

1=s

� M2=32

CY (2)max (C�; C��)
2 n1�2=sjHnj

logn
+ 1

6
MC� max (C�; C��)

n1�2=sjHnj
logn

�nn
1=s
log n

� M2=32

CY (2)max (C�; C��)
2CH +

1
6
MC� max (C�; C��)CH

log n,
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so if n is large enough and if M � 4CY (1)C��, then

max
1�g�Gn

P

"
sup
x2Xg;n

���~	n(x)� E[ ~	n(x)]��� > M�n
#

� 4n�M2=32[CY (2)max(C�;C�� )2CH+ 1
6
MC� max(C�;C�� )CH],

implying once again that (B-3) holds if M is large enough.

Finally, suppose limn!1n
1�2=s jHnj = log n =1 and limn!1n

1�2=s jHnj = log n = 0. Sup-

pose that for some " > 0 and for every M , there exists a subsequence n0 with

P

"
sup
x2Xn0

���~	n0(x)� E[ ~	n0(x)]��� > M�n0
#
> "

for every n0. Given " > 0, pick an M � 4CY (1)C�� satisfying

limn!1Gnn
�M2=32[CY (2)max(C�;C�� )2+ 1

6
MC� max(C�;C�� )] < "=4.

Any subsequence n0 contains a further subsubsequence n00 along which

limn00!1
(n00)1�2=s jHn00j

log n00
= limn00!1

(n00)1�2=s jHn00j
log n00

2 [0;1] .

Along such subsubsequences the previous results can be used to show that

limn00!1P

"
sup
x2Xn00

���~	n00(x)� E[ ~	n00(x)]��� > M�n00
#
< ",

a contradiction. �
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2.2. Proof of Lemma B-2. Because 	n;i(x) = 	n(x) and

	̂n;i(x) =
n

n� 1	̂n(x)�
1

(n� 1)Yi�Hn(x�Xi),

we have the elementary bound

���	̂n;i(x)�	n;i(x)��� � (1� n�1)�1
���	̂n(x)�	n(x)���+ (n� 1)�1E hj	̂n(x)ji

+(n� 1)�1 jYin�Hn(x�Xi)j

+(n� 1)�1 j(Yi � Yin)�Hn(x�Xi)j ,

where Yin = Yi1(jYij � �n) with �n = O
�
n1=s

�
. The �rst term on the right is covered by

Lemma B-1, the second term is O (n�1), and the third term satis�es

1

1� n�1 jYin�Hn(x�Xi)j �
1

n� 1 jHnj�1 �nC� = O
�
n1=s�1 jHnj�1

�
,

where

n1=s�1 jHnj�1 =
s

1

n jHnj

s
1

n1�2=s jHnj
= o (�n) .

Finally, the fourth term is negligible because

P
�
max
1�i�n

1

(n� 1) j(Yi � Yin)�Hn(x�Xi)j > 0
�
= P [Yi 6= Yin for some i]

can be made arbitrarily close to zero. �

2.3. Proof of Lemma B-3. By Markov�s inequality,

P
�
max
1�i�n

kXik > n2=sX
�
� nP

�
kXksX > n2

�
� n�1E[kXksX ] = o (1) .
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Setting CX;n = n2=sX, we therefore have

max
1�i�n

���	̂n(Xi)�	n(Xi)
��� � sup

x2Xn

���	̂n(x)�	n(x)���
and

max
1�i�n

���	̂n;i(Xi)�	n;i(Xi)
��� � max

1�i�n
sup
x2Xn

���	̂n;i(x)�	n;i(x)���
with probability approaching one. The result now follows from Lemmas B-1 and B-2. �

3. Appendix C: ROT Bandwidths Derivation

Recall the two constants of interest:

B0 =
�
�K(0d)Id +

Z
Rd

h
K(u)2Id +K(u) _K(u)u

0
i
du
�Z

Rd
g(x)w(x)`(x)dx,

and

S(Hn) = (�1)P+1
X

l2Zd+(P )

hln
l!

�Z
Rd
w(x)g(x)

�
@l _f(x) + `(x)@lf(x)

�
dx
� �Z

Rd
ulK(u)du

�
.

To derive the ROT bandwidth choices we impose two main assumptions.

Assumption C1. (a) K(u) =
Qd
j=1 k(uj).

(b) limjuj!1 juk(u)2j = 0.

(c) P is even.

Assumption C2. (a) f(x) =
Qd
j=1 ��j(xj), with ��(x) = �(x=�)=� and �j > 0 for all

j = 1; 2; � � � ; d.

(b) g(x) = x0�, with ��0 positive de�nite.

(c) w(x) = f(x).
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3.1. Kernel Constants. Assumption C1(a)-(b) implies:

B0 = CB
Z
Rd
g(x)w(x)`(x)dx, CB = �k(0)d +

1

2

�Z
R
k(u)2du

�d
,

because, using integration by parts,

�K(0d)Id +
Z
Rd

h
K(u)2Id +K(u) _K(u)u

0
i
du

= �k(0)dId +
"�Z

R
k(u)2du

�d
+

�Z
R
uk(u) _k(u)du

��Z
R
k(u)2du

�d�1#
Id

= �k(0)dId +
�Z

R
k(u)2du

�d�1 �Z
R
k(u)2du+

Z
R
uk(u) _k(u)du

�
Id

= �k(0)dId +
�Z

R
k(u)2du

�d�1 �
1

2

Z
R
k(u)2du

�
Id

= �k(0)dId +
1

2

�Z
R
k(u)2du

�d
Id.

Assumption C1(a) also implies:

S(Hn) = CS

dX
l=1

hPl;n

�Z
Rd
w(x)g(x)

�
@P

@xPl
_f(x) + `(x)

@P

@xPl
f(x)

�
dx
�
,

CS =
(�1)P+1
P !

Z
R
uPk(u)du.

Note that CS = 0 if P is odd for the Gaussian-based higher-order kernel; hence Assump-

tion C1(c).

The following table gives some values of CB and CS for the Gaussian-based higher-order

kernel when d = 3:
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P CB CS

2 1�4
p
2

16�3=2
= �0:0522694 �1

2
= �0:5

4 �27(�729+2048
p
2)

65536�3=2
= �0:160354 1

8
= 0:125

6 �3375(�3442951+8388608
p
2)

17179869184�3=2
= �0:29707 � 1

48
= �0:0208333

8 �42875(�1911240521+4294967296
p
2)

70368744177664�3=2
= �0:455492 1

384
= 0:00260417

10 �31255875(�66071557334483+140737488355328
p
2)

1180591620717411303424�3=2
= �0:632168 � 1

3840
= �0:000260417

Table C1: Some values of kernel constants

(k(u) is P -th order Gaussian-based kernel).

3.2. DGP Constants. Assumption C2(a) gives the so-called �normal reference model�:

f(x) =
1

(2�)d=2j
j1=2 exp
�
�1
2
x0
�1x

�
, 
 = diag(�21; �

2
2; � � � ; �2d),

which implies

`(x) = �
_f(x)

f(x)
= 
�1x =

�
x1
�21
;
x1
�22
; � � � ; x1

�2d

�0
.

Thus, Assumptions C2(a)-(b) give

Z
Rd
g(x)w(x)`(x)dx = 
�1

�Z
Rd
xx0w(x)dx

�
�,

which gives

B0 = CB
�1
�Z

Rd
xx0w(x)dx

�
� = CB�,

where the last equality uses Assumption C2(c).
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Next, we simplify S(Hn). For l = 1; 2; :::; d, we have

Z
Rd

�
@P

@xPl
_f(x) + `(x)

@P

@xPl
f(x)

�
g(x)w(x)dx

=

Z
Rd

�
@P

@xPl

�
�
�1xf(x)

�
+
�1x

@P

@xPl
f(x)

�
x0f(x)dx�

= 
�1
Z
Rd

�
� @P

@xPl
[xf(x)] + x

@P

@xPl
f(x)

�
x0f(x)dx�,

where, letting el denote the l-th unit vector (i.e., el = (0; 0; 1; � � � ; 0) 2 Rd if l = 3),

@P

@xPl
[xf(x)] =

dX
`=1

e`
@P

@xPl
[x`f(x)] =

dX
`=1;` 6=l

e`x`
@P

@xPl
f(x) + el

@P

@xPl
[xlf(x)]

= x
@P

@xPl
f(x)� elxl

@P

@xPl
f(x) + el

@P

@xPl
[xlf(x)] ,

and hence

Z
Rd

�
@P

@xPl
_f(x) + `(x)

@P

@xPl
f(x)

�
g(x)w(x)dx

= 
�1
Z
Rd
el

�
xl
@P

@xPl
f(x)� @P

@xPl
[xlf(x)]

�
x0f(x)dx�.

Next, recall that

@s

@xs
��(x) = �(s)� (x) =

1

�s+1
�(s)

�x
�

�
=

(�1)s
�s+1

Hs

�x
�

�
�
�x
�

�
=
(�1)s
�s

Hs

�x
�

�
�� (x) ,
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where Hs (u) is the s-th order Hermite polynomial. Therefore,

Z
Rd

�
@P

@xPl
_f(x) + `(x)

@P

@xPl
f(x)

�
g(x)w(x)dx

= 
�1
Z
Rd
el

�
xl
@P

@xPl
f(x)� @P

@xPl
[xlf(x)]

�
x0f(x)dx�

= 
�1
Z
Rd
el

�
xl
@P

@xPl
f(x) + �2l

@P

@xPl

�
� xl
�2l
f(x)

��
x0f(x)dx�

= 
�1
Z
Rd
el

�
xl
@P

@xPl
f(x) + �2l

@P+1

@xP+1l

f(x)

�
x0f(x)dx�

= 
�1
Z
Rd
el

�
xl
(�1)P
�Pl

HP

�
xl
�l

�
f(x) + �2l

(�1)P+1

�P+1l

HP+1

�
xl
�l

�
f(x)

�
x0f(x)dx�

= 
�1 (�1)P
�Pl

Z
Rd
el

�
xlHP

�
xl
�l

�
� �lHP+1

�
xl
�l

��
x0f(x)2dx�

= 
�1 (�1)P�l
�Pl

Z
Rd
el

�
x2lHP

�
xl
�l

�
� �lxlHP+1

�
xl
�l

��
f(x)2dx,

because Z
R
u�(u)2du = 0.

Therefore, changing variables, we obtain

Z
Rd

�
@P

@xPl
_f(x) + `(x)

@P

@xPl
f(x)

�
g(x)w(x)dx

= 
�1 (�1)P�l
�Pl

Z
Rd
el

�
x2lHP

�
xl
�l

�
� �lxlHP+1

�
xl
�l

��
f(x)2dx

=
(�1)P�l
�Pl

Z
Rd
el

"�
xl
�l

�2
HP

�
xl
�l

�
� xl
�l
HP+1

�
xl
�l

�#
f(x)2dx

= el
(�1)P�l
�Pl j
j

1=2

Z
Rd

�
u2lHP (ul)� ulHP+1(ul)

�
�Id(u)

2du.

Now, from Olver et al. (2010; Table 18.17.48) we have

Z
R
HP (u)HQ (u)�(u)

2du =
(�1)QHP+Q(0)

2P=2+Q=2+1
p
�
, H2p(0) =

�
�1
2

�p
(p+ 1)p ,
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where (x)n =
�(x+n)
�(x)

, and also

Z
R
�(u)2du =

1

2
p
�
,

Z
R
u2�(u)2du =

1

4
p
�
.

Using these results, we obtain

Z
Rd

�
u2HP (u)� uHP+1(u)

�
�Id(u)

2du

=

Z
Rd
HP (u)H2(u)�Id(u)

2du+
Z
Rd
HP (u)H0(u)�Id(u)

2du�
Z
Rd
HP+1(u)H1(u)�Id(u)

2du

=

�Z
R
�(u)2du

�d�1 � HP+2(0)

2P=2+2
p
�
+

HP (0)

2P=2+1
p
�
+
HP+2(0)

2P=2+2
p
�

�
=

1

2d+P=2�d=2
[HP+2(0) +HP (0)]

=
1

2d+P=2�d=2
� (P )

� (P=2)

�
�1
2

(P + 2) (P + 1)P

(P=2 + 1)P=2
+ 2

�
=
(�1)P=2

2d+P�d=2
� (P )

� (P=2)

�
�1
2

(P + 2) (P + 1)P

(P=2 + 1)P=2
+

P

P=2

�
=
(�1)P=2+1 2P
2d+P�d=2

� (P )

� (P=2)
=: CH.

For the case of d = 3, the following table gives same values of CH:

P CH

2 1
8�3=2

= 0:0224484

4 � 3
8�3=2

= �0:0673452

6 45
32�3=2

= 0:252544

8 � 105
16�3=2

= �1:17854

10 4725
128�3=2

= 6:62929
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Table C2: Some values of DGP constant

(P if the order of the kernel used).

As a consequence, we have

S(Hn) = CSCH

dX
l=1

el
hPl;n�l

�Pl j
j
1=2
.

3.3. Summary of Results. The ROT-based constants are

B0 = CB� =
dX
`=1

e`CB�` and S(Hn) =
dX
`=1

e`
CSCHh

P
`;n�`

�P` j
j
1=2

,

with

CS =
(�1)P+1
P !

Z
R
uPk(u)du, CB = �k(0)d +

1

2

�Z
R
k(u)2du

�d
,

CH =
(�1)P=2+1 2P
2d+P�d=2

� (P )

� (P=2)
.

Recall from above that:

P CB CS CH

2 �0:0522694 �1
2
= �0:5 1

8�3=2
= 0:0224484 sgn(CB) = sgn(CSCH)

4 �0:160354 1
8
= 0:125 � 3

8�3=2
= �0:0673452 sgn(CB) = sgn(CSCH)

6 �0:29707 � 1
48
= �0:0208333 45

32�3=2
= 0:252544 sgn(CB) = sgn(CSCH)

8 �0:455492 1
384
= 0:00260417 � 105

16�3=2
= �1:17854 sgn(CB) = sgn(CSCH)

10 �0:632168 � 1
3840

= �0:000260417 4725
128�3=2

= 6:62929 sgn(CB) = sgn(CSCH)
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Thus, the AMSE becomes

AMSE[�̂n(Hn)] =

�
B0
njHnj

+ S(Hn)

��
B0
njHnj

+ S(Hn)

�0
=

dX
`=1

e`e
0
`

 
CB

n
Qd
l=1 hl;n

+
CSCHh

P
`;n

�P` j
j
1=2

!2
�2` .

3.4. Case 1: AMSE[a0�̂n(hnId)]. Recall that in general

h�n =

8>><>>:
�

ja0B0j
ja0S(Id)j

1
n

� 1
P+d

if sgn(a0B0) 6= sgn(a0S(Id))�
dja0B0j

P ja0S(Id)j
1
n

� 1
P+d

if sgn(a0B0) = sgn(a0S(Id))
.

Given our ROT calculations above, we have for a = (1; 0; 0; � � � ; 0)0

a0B0 = CBa0� = CB�1, a0S (Id) = CSCH j
j�1=2 a0
�P=2� =
CSCH�1

�P1
Qd
l=1 �l

.

Therefore, the ROT choice becomes

h�ROT-1d;n =

8>><>>:
�
�P1
Qd
l=1 �l

jCBj
jCSCHj

1
n

� 1
P+d

if sgn(CB) 6= sgn(CSCH)�
�P1
Qd
l=1 �l

djCBj
P jCSCHj

1
n

� 1
P+d

if sgn(CB) = sgn(CSCH)

.

Note that if, in addition, � = �1 = � � � = �d, then we obtain h�ROT-1d;n / (�P+d)1=(P+d) =

�.

For our simulations, recall that

CB = �
27
�
�729 + 2048

p
2
�

65536�3=2
= �0:160354, CS =

1

8
, CH = �

3

8�3=2
,
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and hence sgn(CB) = sgn(CSCH), which implies that

h�ROT-1d;n =

�
�P1
Yd

l=1
�l

d jCBj
P jCSCHj

� 1
P+d

n�1=(P+d)

= �

�
d jCBj

P jCSCHj

� 1
P+d

n�1=(P+d) if � = �1 = � � � = �d.

Assuming � = 1 and n = 700, we obtain

h�ROT-1d;n = 0:573517.

3.5. Case 2: tr(AMSE[�̂n(hnId)]). In this case we need to solve:

min
hn>0

tr(AMSE[�̂n(hnId)]) = min
hn>0

dX
`=1

 
CB
nhdn

+
CSCHh

P
n

�P` j
j
1=2

!2
�2`

= min
hn>0

dX
`=1

�
1

hdn
+
&hPn
�P`

�2
�2` , & =

CSCHn

j
j1=2CB
.

The �rst-order condition is

2
dX
`=1

�
1

hdn
+
&hPn
�P`

�
�2`

�
� d

hd+1n

+
P&hP�1n

�P`

�
= 0

,
dX
`=1

�2`

�
1 +

&

�P`
hP+dn

��
1� P&

d�P`
hP+dn

�
= 0

,
dX
`=1

�2` + &

�
1� P

d

�
hP+dn

dX
`=1

�2`
�P`

� &2P
d
h2(P+d)n

dX
`=1

�2`
�2P`

= 0

, a0 + a1z + a2z
2 = 0,
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with z = hP+dn and

a0 =
dX
`=1

�2` , a1 = �&
P � d
d

dX
`=1

�2`
�P`
, a2 = �&2

P

d

dX
`=1

�2`
�2P`

.

The discriminant of the quadratic equation is given by � = a21 � 4a0a2. We want

� � 0 , &2
�
P � d
d

�2 dX
`=1

�2`
�P`

!2
+ 4

 
dX
`=1

�2`

! 
&2
P

d

dX
`=1

�2`
�2P`

!
� 0,

and therefore we have two real roots since in fact � > 0. The roots are given by

z�� =
& P�d

d

�Pd
`=1

�2`
�P`

�
�
r
&2
�
P�d
d

�2 �Pd
`=1

�2`
�P`

�2
+ 4

�Pd
`=1 �

2
`

��
&2 P

d

Pd
`=1

�2`
�2P`

�
�2&2 P

d

Pd
`=1

�2`
�2P`

,

and the positive root is given by

z�+ =
& P�d

d

�Pd
`=1

�2`
�P`

�
�
r
&2
�
P�d
d

�2 �Pd
`=1

�2`
�P`

�2
+ 4

�Pd
`=1 �

2
`

��
&2 P

d

Pd
`=1

�2`
�2P`

�
�2&2 P

d

Pd
`=1

�2`
�2P`

=
�& (P � d)

�Pd
`=1

�2`
�P`

�
+ j&j

r
(P � d)2

�Pd
`=1

�2`
�P`

�2
+ 4Pd

�Pd
`=1 �

2
`

��Pd
`=1

�2`
�2P`

�
2&2P

�Pd
`=1

�2`
�2P`

�

=
1

j&j

r
(P � d)2

�Pd
`=1

�2`
�P`

�2
+ 4Pd

�Pd
`=1 �

2
`

��Pd
`=1

�2`
�2P`

�
� sgn(&) (P � d)

�Pd
`=1

�2`
�P`

�
2P
�Pd

`=1
�2`
�2P`

�

=
1

j&j

r
(P � d)2 + 4Pd(

Pd
`=1 �

2
`)(

Pd
`=1 �

2
`=�

2P
` )

(
Pd
`=1 �

2
`=�

P
` )

2 � sgn(&) (P � d)

2P

Pd
`=1 �

2
`=�

P
`Pd

`=1 �
2
`=�

2P
`

,
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which implies that z�+ > 0 (and the other root is negative) because by Holder inequality�Pd
`=1 �

2
`

��Pd
`=1 �

2
`=�

2P
`

�
�Pd

`=1 �
2
`=�

P
`

�2 � 1,

and recall that P > d. So we can write the solution as

h�ROT-tr;n =

0@ j
j1=2 jCBj
jCSCHj

q
(P � d)2 + 4Pd (�

0�)(�0
�P�)
(�0
�P=2�)2

� sgn(&) (P � d)
2P

�0
�P=2�

�0
�P�

1

n

1A
1

P+d

If � = �1 = � � � = �d, then the bandwidth choice simpli�es to

h�ROT-tr;n =

0@�P+d jCBj
jCSCHj

q
(P � d)2 + 4Pd� sgn(&) (P � d)

2P

1

n

1A
1

P+d

= �

�
jCBj
jCSCHj

(P + d)� sgn(&) (P � d)
2P

1

n

� 1
P+d

.

For our simulations, assuming � = �1 = � � � = �d = 1 and n = 700, we obtain

h�ROT-tr;n = 0:573517 = h
�
ROT-1d;n,

because recall that sgn(CB) = sgn(CSCH) (hence sgn(&) = 1) and therefore

(P + d)� sgn(&) (P � d)
2P

=
d

P
.

However, if we assume di¤erent variances across covariates then hROT-1d;n 6= hROT-tr;n in

general.
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3.6. Case 3: tr(AMSE[�̂n(Hn)]). In this case we need to solve:

min
Hn

tr(AMSE[�̂n(Hn)]) = min
Hn

dX
`=1

 
CB

n
Qd
l=1 hl;n

+
CSCH

�P` j
j
1=2
hP`;n

!2
�2`

= min
Hn

dX
`=1

 
1Qd

l=1 hl;n
+
&hP`;n
�P`

!2
�2` , & =

CSCHn

j
j1=2CB
.

Next, note that

dX
`=1

 
1Qd

l=1 hl;n
+
&hP`;n
�P`

!2
�2` =

Pd
`=1 �

2
`Qd

l=1 h
2
l;n

+
2&Qd
l=1 hl;n

dX
`=1

�2`
�P`
hP`;n + &

2

dX
`=1

�2`
�2P`

h2P`;n,

and hence the �rst-order conditions are, for k = 1; 2; � � � ; d,

�2
Pd

`=1 �
2
`

hk;n
Qd
l=1 h

2
l;n

� 2&

hk;n
Qd
l=1 hl;n

dX
`=1

�2`
�P`
hP`;n +

2&PQd
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�2k
�Pk
hP�1k;n + 2&2P

�2k
�2Pk
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2
`Qd
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2
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� &Qd
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�2`
�P`
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&PQd
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�2k
�Pk
hPk;n + P&

2 �
2
k

�2Pk
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,
dX
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�2` +
dX
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&
�2`
�P`

 
hP`;n

dY
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hl;n

!
� &P �

2
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�Pk
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hl;n

!
� &2P �

2
k
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dY
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hl;n

!2
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,
dX
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dX
`=1

sgn(&)�2`

 
j&j
�P`
hP`;n

dY
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hl;n

!
� sgn(&)P�2k

 
j&j
�Pk
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�P�2k

 
j&j
�Pk
hPk;n

dY
l=1

hl;n

!2
= 0

,
dX
`=1

�2` +

dX
`=1

sgn(&)�2`z` � sgn(&)P�2kzk � P�2kz2k = 0,

where

zk =
j&j
�Pk
hPk;n

dY
l=1

hl;n.
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We need to consider two cases:

� sgn(&) = �1. In this case, a solution is z�k = 1, k = 1; 2; � � � ; d, because

dX
`=1

�2`+

dX
`=1

sgn(&)�2`z
�
`�sgn(&)P�2kz�k�P�2k(z�k)2 = 0,

dX
`=1

�2`�
dX
`=1

�2`+P�
2
k�P�2k = 0.

� sgn(&) = 1. The �rst-order conditions reduce to

dX
`=1

�2` +
dX
`=1

�2`z` � P�2kzk � P�2kz2k = 0, k = 1; 2; � � � ; d.

These �rst-order conditions do not have a closed form solution in general. Nonetheless,

a solution can be shown to be z�k = z
�
k(�), k = 1; 2; � � � ; d, with

z�k(�) =
1

2

"s
1 +

4�

P�2k
� 1
#
,

where the constant � is determined by the equation

dX
l=1

�2l

"s
1 +

4�

P�2l
+ 1

#
= 2�.

A closed form solution is obtained if we assume �` = 1 (say) for ` = 1; 2; � � � ; d. We

then have

d+

dX
`=1

z` � Pzk � Pz2k = 0,

in which case a solution can be obtained by setting z�k = z
� and noting that

d+ (d� P ) z� � P (z�)2 = 0
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and hence (recall that P > d)

z�� =
(P � d)�

q
(d� P )2 + 4Pd
�2P .

Thus, taking the positive root, we obtain

z�+ =
� (P � d) +

q
(d� P )2 + 4Pd
2P

=
2d

2P
=
d

P
> 0.

The �nal step is to solve, for some (possibly equal) constants cl, l = 1; 2; � � � ; d, the

equations:

ck =
j&j
�Pk
hPk;n

dY
l=1

hl;n, k = 1; 2; � � � ; d,

or, equivalently,

1 =
j&j
ck�Pk

hPk;n

dY
l=1

hl;n, k = 1; 2; � � � ; d.

A solution for the latter is

h�`;n =
�`c

1=P
`�Qd

l=1 �lc
1=P
l

�1=(P+d) � 1j&j
� 1

P+d

= �`

 
c
(P+d)=P
`

j&j j
j1=2
Qd
l=1 c

1=P
l

! 1
P+d

= �`

 
c
(P+d)=P
`Qd
l=1 c

1=P
l

jCBj
jCSCHj

1

n

! 1
P+d
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because

j&j
ck�Pk

(h�k;n)
P

dY
`=1

h�`;n

=
j&j
ck�Pk

0B@ �kc
1=P
k�Qd

l=1 �lc
1=P
l

�1=(P+d) � 1j&j
� 1

P+d

1CA
P

dY
`=1

�`c
1=P
`�Qd

l=1 �lc
1=P
l

�1=(P+d) � 1j&j
� 1

P+d

=
1

ck�Pk

�Pk ckQd
l=1 �lc

1=P
l

dY
`=1

�`c
1=P
` = 1.

Therefore, if �1 = �2 = � � � = �d = 1 (say), we have ck = z�+ = d=P and hence

h�ROT-tr;`;n = �`

�
d

P

jCBj
jCSCHj

1

n

� 1
P+d

.

If, in addition, �1 = �2 = � � � = �d = 1 we obtain for our simulations (recall sgn(CB) =

sgn(CSCH)) h�ROT-tr;`;n = 0:573517 = h
�
ROT-1d;n = h

�
ROT-tr;n for all ` = 1; 2; � � � ; d.

For the general case (unknown ��s and ��s), we solve numerically:

H�
ROT-tr;n = min

Hn

dX
`=1

 
CB

n
Qd
l=1 hl;n

+
CSCH

�P` j
j
1=2
hP`;n

!2
�2` ,

with H�
ROT-tr;n = diag(h

�
ROT-tr;1;n; h

�
ROT-tr;2;n; � � � ; h�ROT-tr;d;n).

3.7. Case 4: AMSE[a0�̂n(Hn)]. For a = (1; 0; 0; � � � ; 0)0, under our parametrizations we

have

AMSE[a0�̂n(Hn)] =

 
CB

n
Qd
l=1 hl;n

+
CSCH

�P1 j
j
1=2
hP1;n

!2
�21,

and hence this optimization problem is not well-de�ned. A natural approach to this problem

is to compute the next higher-order terms for the �rst element of the vector. This will lead
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to a valid asymptotic MSE of the form

AMSE[a0�̂n(Hn)] =

 
CB

n
Qd
l=1 hl;n

+
CSCH

�P1 j
j
1=2
hP1;n +

dX
`=2

S`hP+1`;n

!2
�21,

for some S`�s (�smoothing bias�constants) that should be non-zero. (If they are zero, then

we will have to expand even further, leading to higher exponent on the h`;n�s.) The resulting

bandwidth choices will have di¤erent rates of convergence.

4. Appendix D: Additional Simulation Evidence

In this section we present the main results from our Monte Carlo experiment, which are

collected in 30 tables (3 models, 10 tables per model). Each table reports results for both

the classical estimator �̂n(Hn) and the generalized jackknife estimator ~�n(Hn; c), where Hn

is either selected from a grid of possible bandwidths around the population MSE �optimal�

bandwidth (denotedH�
n), or estimated using a ROT bandwidth choice (denoted Ĥn). Di¤er-

ent tables corresponds to di¤erent ways of constructing the generalized jackknife estimator

~�n(Hn; c), as explained in the main text (and further below). For both estimators, each table

reports (i) MSE, (ii) squared bias, (iii) variance, (iv) absolute bias divided by square-root of

variance, and (v) coverage rates for 95% con�dence intervals.

As explained in the paper, for a given bandwidth on the grid, each generalized jackknife

estimator is constructed by employing the adjacent bandwidths in the grid as determined

by the particular procedure considered. We investigated �ve di¤erent generalized jackknife

estimators, which are described as follows:

� J = 2, cL = 2, cU = 0.

� J = 1, cL = 1, cU = 0.

� J = 1, cL = 0, cU = 1.
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� J = 2, cL = 0, cU = 2.

� J = 2, cL = 1, cU = 1.

Each of these procedures describe the number of constants employed and in which di-

rection(s). For example, the procedure (J = 1; cL = 0; cU = 1) employs only J = 1 and

uses the bandwidth above of the bandwidth under consideration on the grid to construct

the generalized jackknife procedure. (Note that J = cL + cU by construction.) Similarly,

the procedure (J = 2; cL = 1; cU = 1) uses J = 2 and employs the bandwidth below and

the bandwidth above (of the bandwidth under consideration on the grid) to construct the

generalized jackknife procedure.

Finally, we present results for the three models described in the main text when using

either a common bandwidth or di¤erent bandwidths. The resulting 30 tables are organized

as follows:

� Tables D1 �D5: Model 1, with common bandwidth (Hn = hnId), for each of the 5

generalized jackknife procedures.

� Tables D6 �D10: Model 1, with di¤erent bandwidths (Hn = diag(h1;n; h2;n; h3;n)), for

each of the 5 generalized jackknife procedures.

� Tables D11 �D15: Model 2, with common bandwidth (Hn = hnId), for each of the 5

generalized jackknife procedures.

� Tables D16 �D20: Model 2, with di¤erent bandwidths (Hn = diag(h1;n; h2;n; h3;n)),

for each of the 5 generalized jackknife procedures.

� Tables D21 �D25: Model 3, with common bandwidth (Hn = hnId), for each of the 5

generalized jackknife procedures.
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� Tables D26 �D30: Model 3, with di¤erent bandwidths (Hn = diag(h1;n; h2;n; h3;n)),

for each of the 5 generalized jackknife procedures.
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