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This supplemental appendix has the following four main sections:

e Appendix A: proofs for the Lemmas stated in the main text.

e Appendix B: proofs of the uniform convergence rates derived for kernel estimators.
e Appendix C: details on the ROT bandwidths choice derivations.

e Appendix D: further simulations results.

Further details on these proofs, the proofs of Theorems 1 — 3, other derivations and the

simulations are available upon request from the authors.
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1. APPENDIX A: PROOFS OF LEMMAS

1.1. Proof of Lemma A-1. Expanding §,(x;H,,) around s(x) and suppressing the de-

pendence on H,,, we have
§,(x) = §(x) — — 25 (x)? [Sn(x) FU(x)0,(x)]

where 0,,(x) = fn(x) — f(x) and 8,(x) = 8f,(x)/0x — Of (x)/0x.
Because Ag, = o, (1) it follows from a simple bounding argument that for any ¢ > 0

there exists a constant C. such that, for n sufficiently large,

sup [|8,(x) — 8 (x)[| < C.AF A1 (A-1)
xeWw

with probability no less than 1 — e. If (A-1) holds and if A3 A, = o, (n7'/2), then

|

where the equality uses E[|y|] < co. This establishes (6) in case (i).

-~ A~ kk
0,6

S CE (nl Z ’yzl) A3,71A1,n = 0p (n71/2) )
=1

Next, suppose A, A1, = 0, (n_l/ 2). Then, by the triangle inequality and the result for

| |

so validity of (6) in case (ii) follows from the fact that

where the inequality uses the elementary bound sup,,y [|85*(x) — §*(x)|| < CAg A1, in

case (i),

A koK Ak

6, —0

n n

8. — 8| + 0, (112,

*
n n

0, -0, <|

A~ Kk -~k
0" — 0

n

S C (n_l Z ‘yz|> AO,nAl,n = Op (77,_1/2) ’
i=1

which €' = sup,ey [Jw(x)| (1 + [((x)]) /f(x)’] < c0. W
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1.2. Proof of Lemma A-4. Part (a) is a standard result on the bias of kernel estimators,

while part (b) follows from change of variables and simple bounding arguments. For instance,

E [F(Zl)2KHn (x1 — X2)*|| Kn, (x1 — x3)||°
=11 / (o, (s — 7 Ko (s — O (5) £ (8) |
e 2B [ PR @RI (- B (- ) dvda

n

< d|H, | Aax (H,,?) CFE[F(2)?) 5 K(u)*du /R IK(V)[?dv = O(|H,| > Aax (H,,2)),

where C'y = supycpa f (X). |

1.3. Proof of Lemma A-2. Defining

Vi =V, —E[V,] = ys(x;) — 0, V, = yis(x;),

7

w(x;)

Vi(H) =V,;(H)-E[V,;H)], VyH)= )

KH(XZ' —x;) + (%) Ku(x; — Xj)] ;

we have the decomposition

6 (H) = ‘1ZV +n_QZZVU

=1 j=1

— B [0, +n Zvuwzz (H) + VA(E)] +n2 ) VE(H)

=1 j=i+1

where n =237 | VE(H,) = 0, (n"/?) because

n=? ng(Hn)] = V[V (H,)] = ( iﬂgﬁ ) v {ywﬁ(x)] —o(n ).
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The proof for 9: — 6 (H,) will be completed by showing that

S VA V] <7 S ) 0, 07,
where
p(2) = ¥(z) — [ys(x) — 6] = % [w(x)g(x)] — w(x)g(x)l(x).

To do so, let E; denote conditional expectation given z; and for any positive sequence
{r,}, let X,, = Oy (r,,) and X,, = 03 (1,) be shorthand for lim, . E[||X,|/?]/r2 < co and
lim,, . B[[|X,,]]?]/r2 = 0, respectively.

Because A\pax (H,) — 0 and n |H,,| Ay (H2) — oo,

Vi) = —uitp S [ Kan O =) + 00 K, O = )|

= 03 (1/VH Ain () = 02 (V1) .

where the second equality uses Lemma A-4 (b). Therefore, by the projection theorem for

variable U-statistics (e.g., Powell, Stock, and Stoker (1989, Lemma 3.1)),

n? i Z [VE(H,) + Vi(H,)] =n"" ZE )+ VI (H,)] + 0, (n71?),

i=1 j=i+1

where, by Lemma A-4 (a),

w(x;)

EZ[VZJ(HTL>] = —yim

b(x:; H,) + £(x:)b(xi; Hn)] = O3 (Amax (H)) = 03(1)
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and, using integration by parts and change of variables,

E[V;(H,)] = — /R glryu(r) [Ka, (v —xi) + () K, (r = x)] dr
= [ (G lotwroten) s e = x)ae = [ gte)ute)ote) i, (e~ xa
- [ ai [g(; + Ht)w (x; + H,t)] K (t)dt

— / g(x; + Hyt)w(x; + H,t)0(x; + H,t) K(t)dt
Rd

= ¢(z:) + 02(1).

Using these results and the fact that E[ep(z)] = 0 it is easy to show that
S VL) 4 VAL =03 ) 0y (7).

completing the proof for 0 =0 (H,).
Having established the result for 9 =0 . (H,,) the result for é: = 92*(Hn) will follow if

it can be shown that V[8 (H,)—8 (H,)] = o (n~1). To do so, we employ the decomposition

n n n

é:;*<H)_é:L<H> = 77'732 Vzgk
i=1 j=1 k=1
= B (8 () - )] S SS VE
[ ] i=1 j=1 k=1
where
Vi) = 5 [l ) = 7)) [, = x0) + £0x) K, — x0)]
and VI3 (H) = Vg (H) — B[V.y.(HD)]
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The Hoeffding decomposition yields

n n n

SN WinpH)|,

i=1 j=1 k=1

A%

>y S vm| -3 ()

i=1 j=1 k=1 p=1

where

Wik (1, H) = B[V (H)] — E[Vi.(H)],

Wijk(2,H) = By 2[Vige(H)] — Eq [V (H)] — Eo[ Vi (H)] + B[V (H)],

Wijijo (33 H) = Eio3[Vip(H)] — Eio[Vijr(H)] — E1 3[Vijr(H)] — Bz 3[ Vi (H)]

+E1[Vije(H)] + Eo[Vije (H)] + Es[ Vi (H)] — B[V (H)],

with E1,273[V1‘jk(H)] = E[Vijk(H>’21, 29, 23], E2’3 [szk<H)] = E[szk(H)|22; 23], and so on. It

therefore suffices to show that

\Y%

ZZZWijk(p; Hn)] =0 (nS’p) , pe{1,2,3}. (A-2)

i=1 j=1 k=1

The proof of (A-2) for p = 1 will be based on the relation

\Y = VW (1, H)J,

2.0 2 Wil H)

i=1 j=1 k=1

where

Wh(1,H) = Wi (LH)+ (n—1) [Wie(1L, H) + Wi (1, H) + Woyp (1; H)J
+ (n — 1) [Wug(l; H) + W212<1; H) + W221<1; H)]
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Because V[W,;(1; H)] < V[E;[Vy;,(H)]] for each {1, j, k}, the result VW, (1;H,)] = o (n?*)
can be established by means of polynomial (in n) bound on the second moment of each
By [V (Ha)J.

First,

w(x)
f(x1)?
= |H,|* K(04)*y

[Ku,(04) — f(x1)] €(x1)Kn, (0q)

w(x1)

f(x1)?
= 02 (|Hn|72) = 02 (77,2) .

EI[VHl(Hn)] = U

w(x1)

((x1) — [H,|™ K(Od)ylmf(xl)f(xl)

Next, using Lemma A-4 (a), change of variables, and simple bounding arguments,

BV ialH] = oo r K (0) [
‘@”%ﬂxo . [ G0+ 00 i, G )] ey

= 0O, (|Hn|_1 Amax (HY)) = 02 (n) .

[KHn (x1 — 1) + 0(x)) K, (x1 — r)] F(r)dr

Similarly, it can be shown that
En[Viai(H,)] = O (JHa| ™ Aax (HY)) = 02 (n)

Ei1[Vai1(H,)] = Oz (Ha| ™ Anax (H,')) = 02 (n)
En[Vi2(Hy)] = Oy ([Ha| ™' Amax (H,, 1)) = 02 (n)
E1[Van(H,)] = Oz (H,| ™) = 02 (n),

E1[Vaor(H,)] = Oz (JHo| ™ Anax (H,')) = 02 (n)
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[y [V123( )] Oy (/\max (Hip)) = 02 (1) )
Eq[Va3(H,)] = Oy ()‘max (Hip)) =0y (1),
E [V231< )] 02 ()\max (Hrlj) )\max (H,Zl)) = 02 (1) 5

from which (A-2) follows for p = 1.
The proofs of (A-2) are very similar for p = 2 and p = 3, so we give only the proof for

p = 3, which is based on the relation

ZZZWW (3;H)| = VIW,(3;H)],

i=1 j=1 k=1

where
Wh(3;H) = Wia3(3; H) + Wisa(3; H) + Woy3(3; H) + Wz (3; H) + Wi5(3; H) + Wao (3, H)

and V [W,;(3; H)] < V[E; 23[Vyx(H)]] for each {1, j, k}.
Using Lemma A-4 (C) and E1,2,3[V123(Hn)] = V123(Hn), with

w(Xl) — X — X < X1 — X X X1 — X
Y )2 (K, (x1 — x2) — f(x1)] [KHn( 1 — X3) + {(x1) Kn,, (X1 — X3)

= 0O, (|Hn|_1 Amax (H;l)) =o0y(n).

V123 (Hn) =

The result VIW,,(3; H,,)] = o (n?) follows from this and the fact that W143(3; H), W3,(3; H),
Wai3(3; H), Wasi(3; H), W312(3; H), and W3y, (3; H) are identically distributed. |
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1.4. Proof of Lemma A-3. Using the same notation as in the proof of Lemma A-2, we
have

E [éZ(H)} — nlzm[vi] +072 3" S E[V,(H)

i=1 j=1

= E[Vi]+n 'E[Vii(H)] + (1 - n") E[Vi2(H)],
where E[V,] = 0, E[Vy;(H)] = |[H|™' B%, and, using Lemma A-4 (a),

EVy(H,) = — / g(eu(e) [be: HL) + r)b(e: H,)| dr

Rd

= S (Hn) +o0 (/\max (Hﬁ)) :

This gives the first result in the Lemma. The proof of the second result is based on the
expansion
& [0 (H,) — 0] (H,)

n n n

=nY > Y E[Vi(H,)]

=n"E[Vii(H,)] +n" (1 —n") (E[Vi(H,)] + E[Vi2: (H,)])
+n 7 (1=n"")E[Viee(H,)] + (1 —=n7") (1= 2n7") E[Vi3(H,)]

=n' (1 =0 E[Vie(H,)] + O (n7? [H,| % + Aax (H))
where the last equality uses Lemma A-4 (a) and simple bounding arguments to show that

B[V (H,)] =0 (H,| %),  E[Vie(H,)] = O (|H,| " Apax (HE)),
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and

Now,

BVia(H,)] = [

Rd

w(r) e (e ) ) (s e
/Rd g(r>f(r)2KH"<r VK, ( )£ (r)f(s)dsd

z}) r)) [KH r—s)+(r)Ku, (r— s)] F(x)f(s)dsdr
g(r) (:)) [ » K(t f(r— Hnt)dt} dr
(

+HL| Adg(r)?(:;e(r) { RdK( ) f(r—Hnt)dt} dr
+O (JH, | ™ Amax (HE))

n

where

=Y (D7 Y BB + 0(Ama (ELY)),

/R d g(r)l}}((:))ﬁ(r) [ RCECE Hnt)dt] dr

3 -1y hnB Bi(D) + 0 (A (H)) -
2 1l

Finally, because K is even, By(l) = 0 whenever 1 € Z2(j) for j odd, and Bx(l) =0
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whenever 1 € Z4 (j) for j even. As a consequence,

P P
. h! . ) ~ . h!

H,| B[Viss(H,)] = Y (-1 Y T COBr(DH, + > (-1) Y 7 B:()Bx (1)

Jj=0 1€Z4 (5) Jj=0 1€74 ()

+O()\max (HS))
L(P-1)/2] B!
_ Z > 3 BWBrH + Z 7 Bg(1)
Jj=0 €74 (2j+1) €74 (24)

+0(Amax (HY)),

which gives the result. |

2. AppPENDIX B: UNIFORM CONVERGENCE RATES FOR KERNEL ESTIMATORS
2.1. Proof of Lemma B-1. Similarly to the proof of Newey (1994b, Lemma B.1), the
proof consists of three steps, of which the first step is a truncation step, the second step
is a discretization step, and the final step uses Bernstein’s inequality to bound certain tail
probabilities. To accommodate kernels with unbounded support, the second step borrows
ideas from Hansen (2008). In the third step, we use Bernstein’s inequality in two distinct
ways (and employ a subsequence argument) in order to accommodate bandwidths that do
not satisfy n'=2/¢ |H,| /logn — ooc.

Given a sequence 7, let
Zmnn Yin, Y =Y;1(|¥j] <70),

denote a version of U, obtained by replacing Y; with the truncated variable Yj,. The

processes W,,(-) and W, (-) coincide with a probability that can be made arbitrarily close to
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one (uniformly in n) by setting 7,, = C,n'/* for some large C, because

IN

P[Y; # Y, for some j] = P[|Y;| > 7, for some j]

< nP[|Y| > 7,] <1, °Cy(s),

where Cy (s) = E[|Y|"] 4 supyere B[|Y]"|X = x] fx(x) and the last inequality uses Markov’s

inequality. Also,

)E [\iin(x) _ xifn(x)] ’
= E[Y1([Y|> 74) km, (x — X)]|

édE Y1(|Y]|>7,)|X =r]kn,(x —r)fx(r)dr

< 76D /Rdmnwﬂqw > 7,) [X = ] [, (x — 1) fx (x) de

< 7,07 VCy (s5)C,, C,. = sup |k(u |+/ |k (u)| du,

ucRd

so if 7,, = C.n'/*, then

sup
x€R4

B[V, (x) (— n'*7) = o0(p,).
To complete the proof, it therefore suffices to show that

sup
XEXn

B, (x) ~ BIELX)]| = Oy (p,), 7= Con'/"

Remark. Hansen (2008, p. 740) employs 7,, = pn Ve = (n'/*) in his truncation argu-
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ment and shows that with this choice of 7,
(0) = B (x))) = (n(x) = Bl (x)])| = Oy (p,)

for every x. It is unclear whether this pointwise rate of convergence holds uniformly

in x € X,, so we err on the side of caution and set 7,, = C,n'/*.

Continuing with the proof of Lemma B-1, we discretize by employing a sequence G,

(depending on Cx, and h,,) and associated points {x}, :j =1,---,G,} such that

— log (G,
Im,, oo 08 (Gn) < 00 (B-1)
logn
and
X, Ugzl/t‘g,m Xyn ={x:|x— X;nH < PpAmin (Hn) }. (B-2)

It follows from (B-1) that G,, = o (n®) for some R < oo, while (B-2) implies that, for any

M,

Pr { sup

XEXn

1<9<Gn | xcXyn

T, (x) — E[\Tln(x)]‘ > Mpn] <G, max P [ sup | W, (x) — E[\f!n(x)]’ > ]\/[pn] .

To complete the proof it therefore suffices to show that for any R < oo, there is an M such

that

b, (x) — E[\ifn(x)]‘ > Mpn] —0(n "), (B-3)

max Pr | sup
159<Gn | xcXyn

If x € X,, and p, < 4, then for xj(x) = [H| ™" #*(H 'x),

}K;Hn(x - Xj) - KHn<X;,n - X])‘ < pn’%;{nb(;,n - Xj)v J=1...n,
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SO

Therefore, if p, < J,, then

sup
XeXg,n

T (x) ~ B ))| < [800x),) — BT Gx,,)

where

BF0g00] < [ BIVIX = Xl (x5, — %) (x) dx

< Cy(1)Cps, Cyr = sup k*(u) +/ K*(u)du.
Rd

ucRd

As a consequence, if p,, < min (1,0,) and M > 4Cy(1)C,+, then

P [g(p ¥, (x) — BT, (x)]| > Mpn] P ([ (x;,.) — B, > Mp,/4
‘xp* ) — B (x| > Mpn/zq .
Because

<27, |H,|”'C, =20 |H,|" C
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and

V [Yinrm, (x = X;)]
<E Y} rn,(x - X;)?]
< /Rd E[|YP|X =r] ki, (r — X;)* fx (r) dr

< H,| 7 Oy (2) / () du < [H| T O ()07,

it follows from Bernstein’s inequality that

P Fa(x;,.) — B (x;,)]

H,|p2M?/32
>M,0n/4] < 2exp {— n[Ha| p, M7/3 ]

Cy(2)C2 + ¢ MC.Cyp,n'/s

Similarly,

i H\f!j;(x;n) - E[0}(x;,)]

H,|p2M?/32
>Mpn/4} < 2exp [— n |Ha| 0, M7/ ]

Cy(2)C2 + ¢ MC.Cyep,nt/

so if p, < min (1,9,) and M > 4Cy (1) Cy+, then

max P [ sup ‘\ifn(x) - E[ﬁ/n(x)]‘ > Mpn]

159<Cn | xey.n

< 4dexp

B n |H,| p2M?/32
Cy(2) max (Cy, Cy+)” + MC; max (Cl, Cyr) punt/s |

To complete the proof, we let R < oo be given and use the bound just obtained to exhibit
an M such that (B-3) holds.

First, suppose lim, .. n'"%*|H,|/logn > 0, in which case there exists a C; > 0 such

logn logn 1
1/s _ e -
pan’? =y /n1—2s ) max (1, /s |IIn|> < Crr

that
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for all n large enough. For any such n,

n |H,|p2M?/32
Cy (2) max (Cy, C)? + 1M C; max (Cy, Cy-) pynt/s
M2 /32
Cy (2) max (Cy, Cr)? + 1M, max (C,,, Cyv) /Cy

>

logn,

so if n is large enough and if M > 4Cy (1) Cy+, then

max P [ sup \Tln(x) — E[‘ijn(x)]‘ > Ml)n]

1<9<Gn | x€Xyn

2 2,1
< An~M /32[Cly (2) max(Cre,Clox ) >+ § MCtr max(CH,CN*)/QH]’

implying in particular that (B-3) holds if M is large enough.

Next, suppose lim,,_,on'~%/* |H,| /logn < oo, in which case there exists a Cg < 0o such
that
1-2/s H o 1-2/s H 1-2/s ' H _
n < Ch, ”—annl/s — max | 1, ni 72 [H,| < Cu
logn logn logn
for all n large enough. For any such n,
n [Hy| pj M? /32
Cy(2) max (C,, Cy-)? + tMCrmax (Cy, Cpx) p,nt/®
M2 /32
2 C C..C 2 nl=2/s|H,| 1MC C. C nl=2/s|H,| 1/s 10gn
v (2) max (Cy, Cyx) “Togn T & > max (Cy, m*)wz@n”
M?/32
> / — logn,

~ Cy(2) max (C,, C,{*)QGH + %MC’T max (Cy, Cyr) C
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so if n is large enough and if M > 4Cy (1)Cy~, then

1<9<Gn | xex, .

max P [ sup )ﬁ/n(x) - E[\T/n(x)]‘ > Mpn]

< dpM /32[Cy (2) max(C,Cyex)*Cr+ E MCr max(Ch,Co» )Cha|
implying once again that (B-3) holds if M is large enough.
Finally, suppose lim,, .,n'"?/*|H,| /logn = oo and lim, .. n'"%*|H,|/logn = 0. Sup-

pose that for some ¢ > 0 and for every M, there exists a subsequence n’ with

P [sup

U, (x) — E[ﬁ/n/(x)]‘ > Mpn,] > ¢
XEXn/
for every n'. Given £ > 0, pick an M > 4Cy(1)C,~ satisfying

mnHann—M2/32[Cy(2) max(Cp,Clex )*+ & MCyr max(Clr,Cpex )] < ¢/4.

Any subsequence n’ contains a further subsubsequence n” along which

()" ™" [Hy|
log n”

(n")' ™" [Ho|
log n”

= lim ”

—n"—00

€ [0, 00].

limnnﬁoo

Along such subsubsequences the previous results can be used to show that

XGXTL//

TP [ sup | T (x) — B[T, <x)]‘ > Mpnu] <

a contradiction. [ |
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2.2. Proof of Lemma B-2. Because ¥, ;(x) = ¥,(x) and

N n 1
(n—1)

Yikn, (x — Xj),
we have the elementary bound

B, i(%) = Wi(x)| < (1= )7 Fa(x) = Wax)| + (0 = ) 7B | [

+(n = 1) [Yipsm, (x — X))

+(n = 1)7TH(Y; = Vi) i, (x = X))

where Y;,, = Y;1(|Yi| < 7,,) with 7, = O (nl/s). The first term on the right is covered by

Lemma B-1, the second term is O (n™!), and the third term satisfies

1 1 -1 1/s—1 —1
mmnm(x—&)l < m|Hn| 72C = O (n'*7HH,| ™),

where

1 1
1/s—1 H -1 _ _
n ’ TL| \/n|Hn|\/n1_2/8|Hn| O(pn)

Finally, the fourth term is negligible because

1
P | max . |(Y; — Yin) km, (x — X;)| > O} =P[Y; # Y, for some i

1<i<n (n — 1)
can be made arbitrarily close to zero. [ |

2.3. Proof of Lemma B-3. By Markov’s inequality,

P | max || X;|| > n¥**x| < nP [1X[]"* > n®] <n 'E[|X||**] =o(1).

1<i<n
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Setting Cx ,, = n¥*X_ we therefore have

A

max

< su
1<i<n - D

XEXn

\ijn<Xz) -V, (X)) n(x) — ‘Ijn(x)‘

and

T,,4(X)) — ,4(Xy)

b,a(x) — \Ifm(x))

< max sup
I<isnxex,

max
1<i<n

with probability approaching one. The result now follows from Lemmas B-1 and B-2. [ |

3. ApPPENDIX C: ROT BANDWIDTHS DERIVATION

Recall the two constants of interest:

b= (K0 [ KL+ KR @] du) [ gboueorxds

and

S = (07 30 B[ g (200 + 10000 ) ax] | [ w(uiaa].

1eZ4 (P)

To derive the ROT bandwidth choices we impose two main assumptions.

Assumption C1. (a) K(u) = H?Zl k(u;).

(b) lim|u|_,oo ]uk(u)2| =0.

(c) P is even.

Assumption C2. (a) f(x) = [[{_; ¢, (v;), with ¢,(z) = ¢(x/0)/o and o; > 0 for all
j=1,2---.d.
(b) g(x) = x'B, with B3 positive definite.
(c) w(x) = f(x).
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3.1. Kernel Constants. Assumption Cl(a)-(b) implies:

1 d
B = Cu | abuGortdx,  Ca=—k0)"+ 5 ([ bwiau) |
R R
because, using integration by parts,

— K(09)I; + / [K(u)QId + K(u)K(u)u'} du

Rd

( /R k(u 2du) + ( /R uk(u)k(u)du) ( /R k(u)Qdu)dl] I
(0)1, + < /R k(u 2du) [ /]R (u)2du + /R uk(u)k(u)du} I,
= —k(0)T, + </R k(u )2du) o E/Rk(ufdu} I,

= —k(0)4, +% (/R k:(u)2du)d1d.

Assumption Cl(a) also implies:

(0)I; +

S [ o) (200 g ) ]

Ce = <_1)P+1 Pk’ d
5= "7 Ru (u)du.

Note that Cs = 0 if P is odd for the Gaussian-based higher-order kernel; hence Assump-

tion Cl1(c).

The following table gives some values of Cz and Cs for the Gaussian-based higher-order

kernel when d = 3:



GENERALIZED JACKKNIFE ESTIMATORS 21

P Cp Cs

2 Lov2 — —0.0522694 —1=-05

4 JZET0E) G 160354 L - 0125

6 ST ESOND) ) 99707 — L = 0.0208333
8 ST (IO OGTI0) g 455400 L —0.00260417

31255875 ( —66071557334483+ 140737488355328\/5)

_ 1
10— 118059162071741130342473/2 = —0.632168 T 3840 —0.000260417

Table C1: Some values of kernel constants

(k(u) is P-th order Gaussian-based kernel).
3.2. DGP Constants. Assumption C2(a) gives the so-called “normal reference model”:
1 L 6-1 : 2 2 2
f(X):WGXP X x ), Q=diag(oy, 03, 0),

which implies

Thus, Assumptions C2(a)-(b) give

| stxutorea = a7 ([ xxutix) 8

which gives

By = CpQ? (/ xx’w(x)dx) B = Cpg,
Rd

where the last equality uses Assumption C2(c).
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Next, we simplify S(H,,). For I = 1,2, ...,d, we have

/ (%ﬂ»«) " E(x)%f(x)) g(xw(x)dx
- [ (jp X/ (] 1x—f( )) ¥ rxyixs
[ (gl %f(x)) X f(x)dxB,

where, letting e; denote the [-th unit vector (i.e., e, = (0,0,1,---,0) € R? if [ = 3),

@P (’9P
W xf(x)] = Z ee !L“zf Z egl'g ) + ez [flf( )]
ap i (=1,0£ ;

) 0
= Xﬁf(x) — elxl(?x—Pf( ) + el [[L’lf( )]

l
and hence

P

/Rd <§7ipf(x) + ﬁ(X)i—pf(X)) g(x)w(x)dx

l

o [ e <$z%f(x)—%[xzf(x)]> X f(x)dxB.

l

Next, recall that

0 @ L e (T
%%(@ = ¢ (x)—ﬁﬁﬁ( (;)

S (2) (2) - S (2) vt
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where H; (u) is the s-th order Hermite polynomial. Therefore,

dxP
0t [ (g ipf( ) - )] ) X1 (xx3
—at [ (i) o (,f P 200 ) xr00axs
0 [ e (ogarto o jipif( X)) X [lx)ixg
o [ e (w5t (2) 100+ ot e (2 100 ) s

_1\P

= Qfl( 0112 / € {:cﬂ'lp <Z_i> —oHpn <z—i>] x'f(x)*dxp
l Rd

= Q_l(_i—):ﬁl/R € [$z27‘fp <§—i> — o Hpy (:—i)] f(x)*dx,
l d

because
/ ug(u)*du = 0.
R

Therefore, changing variables, we obtain

/ d (;—};ﬂx) + €<x>%f<x>) g(x)w(x)dx

=0 1= )Pﬂl/ e {x?Hp <ﬂ> — o Hps (ﬂ)] f(x)*dx
O'l R4 g g1
2
_ (_1)PPBZ/ e (ﬂ) Hp (ﬂ) — EHP_H (ﬂ) f(x)%dx
0, R o} o o o)

-1 Pﬁ
- el# /Rd [uiHp(w) — wHpi(w)] ¢p,(n)*du

Now, from Olver et al. (2010; Table 18.17.48) we have

_1\@Q P
[ g @) e = GO g0~ (<3) 1),

23
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where (), = Fgf(j;)" ) and also

/R $(u)>du = % /]R w2 (u)>du = #

Using these results, we obtain

/R , [u*Hp(u) — uHpi1(u)] ¢p,(u)*du
= [ He( ooy, (w?du+ | He(wHo(w)oy(widu— | Hpo(w)Ha(u)or, (w)°du
= {/Rqﬁ(u)Qdu] . {HP”(O) + Hp(0) n HP+2(O):|

1

oP/2+2, [r T 9P/2+1 /x| 9P/2+2 /1

= omrRTs [Hp+2(0) + Hp(0)]

) ] I'(P) [ 1(P+2)(P+1)P

~ QHPRLART (P)2) {_5 (P/2+1) P/2 }
(1" T(P) [_1 (P+2)(P+)P P }

T 2tPrd2T(P/2) | 2 (P/2+1)P/2 ' PJ2
(=1)*ap T(P)

—= - C .
9d-+P d/2 F(P/Q) H

For the case of d = 3, the following table gives same values of Cy:

P Cr

2 L5 =0.0224484

4 _&r%/? = —0.0673452

6 45— (0.252544

3273/2

8 —olm = —1.17854

10 4725 — 6.62929

12873/2
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Table C2: Some values of DGP constant

(P if the order of the kernel used).

As a consequence, we have

SH CSCHZe, P!W”

3.3. Summary of Results. The ROT-based constants are

d
=CpB =) eCpB,  and
(=1

with

D=3 a S

25

P|Q|1/2 ’

Cs = “2;41 /Rupk:(u)du, Cp = —k(0) +% (/R k(u)Qdu)d,

(-1)*a2p T(P)

Oy = 24+Prd/2 T (P/2)’
Recall from above that:
P Cg Cs &Y
2 —0.0522604 ~1-_05 L7 =00224484  sgn(Ci) = sgn(CsCh)
4 —0.160354 £=0.125 —5 35 = —0.0673452 sgn(Cp) = sgn(CsCy)
6  —0.29707 —-+ = —0.0208333 oo = 0.252544  sgn(C) = sgn(CsCh)

48

8  —0.455492 3%4 = 0.00260417

10 —0.632168 —0.000260417

3840 o

105 — _1.17854

T 167372

T2 = 6.62929

12873/2

sgn(Cp) = sgn(CsCy)

sgn(Cp) = sgn(CsCy)
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Thus, the AMSE becomes

AMSE[@,,(H,,)] = (nﬁgn' + S(Hn)> (n|f_§n| +S(Hn>>,

d P 2
C CsCyhy,,
= E egeg< 5 + P 1é/72 ﬂ?
=1 Hl 1 P Oy 2]

3.4. Case 1: AMSE[a’8,,(h,I;)]. Recall that in general

(steit)™ it sen(a'By) # sen(@'S(1))

h: =
n 1
(Pﬂ?‘;l(gi’l)‘ %) e if sgn(a’By) = sgn(a’S(1y))
Given our ROT calculations above, we have for a = (1,0,0,---,0)’
CsCn 4

a'By=Cga'B=CgBy, aSy) =CsCy|Q a8 =

Therefore, the ROT choice becomes

1
) (01 Hz L0l Hfg; %) o if sgn(Cp) # sgn(CsCx)
hROT—ld,n =

(P Ty 7l 1) ™ it sgn(Ca) — sgn(CsCr)

Note that if, in addition, o = 0y = - - = 04, then we obtain Aoy 14, X

For our simulations, recall that

27 (—729 + 2048V/2) 1 3
Cp = — =—0.160354, Cs==, Cy=-——+
s 65536772 o Us=g U= oan

y )
‘7{3 Hl:l 01

26

(oPHa)L/(Pd) —
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and hence sgn(Cp) = sgn(CsCy), which implies that

1
. _ PTT? 0Bl \T7 1)
hroT1dm = (01 Hz=1 7p |CsChy| !

1
d|C P+d
0_( | B| > nfl/(Per) ifo':()‘l = .- =0g.

P |CsCy]

Assuming o = 1 and n = 700, we obtain
hrot-1a., = 0.573517.

3.5. Case 2: tr(AMSE[0,,(h,I;)]). In this case we need to solve:

d P 2
mintr(AMSE[én(hnId)]) — min (C’B OSCth> )

hn>0 hn>0 . nhd P |Q|1/2 0
- d (1 ghP> 52 CsCon
= 1 R — s = -
>0 <= \ B ¢ Q"2 ¢,

The first-order condition is

d
1 chP d Pchl—1
2 (o) (o) =

(=1

d
2 S, Ptd P+d
<:> —_ —
Zﬁe(wrgphn )(1 h )
(=1
d 3 p
o Zﬁz+g(1_ )wwz Ol P+d>z
/=1

& ag+ arz + agz? =0,

27
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with z = h+4 and

d d 2

P—d I6] P

GOZZﬁza ap = —¢ d Z_}fw a2:—§23 Tl;;
/=1

The discriminant of the quadratic equation is given by A = a? — 4aga,. We want

2
pP_ 2 d 2 d J2 d 2
AzO@&(—d) §j5—;; +4 1) B (=D 55 =0,
d — oy — d o

and therefore we have two real roots since in fact A > 0. The roots are given by

N 4 3 N2 a B2\ d 2 a B2
g%l( =1 é)i\/<2 (u) < (=1 é) +4(Zz=15e> <<2§ =1 UTZP>

_92P N B
2g dZ€:1 O'%P

Y

and the positive root is given by

e (S ) -\ () (2, ) e (S ) (255 )
—2§2§ Z?:l fgf%’
—¢ (P —d) ( i %) + <] \/(P— d)’ < . %)2 +4pPd <ZZ:15?> (Zzzl %)
:
o (31, 5)
P () (5 ) () 0 =0 (2.
N 2P (Y, )
\/(P — dy? 4 apaER A EL AT ) (p - q)

(=i, 83/0F) Sy Bi/oF
<] 2P Y, By o3t
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which implies that 2% > 0 (and the other root is negative) because by Holder inequality

(Z?:l 5?) (Z?:l 532/‘7%3) > 1,
(i B2/

and recall that P > d. So we can write the solution as

1
! rO—P PFd
N Q2 |Cy \/ (P —d)* +4PdERIEER) — sen(s) (P — d) go-P28 1
ROT-tr,n — |CSC’H| 2P ﬂ/Q_P,B n
If c =01 =--- =0y, then the bandwidth choice simplifies to
P
+
. [ POyl \/(P —d)? +4Pd — sgn(s) (P —d) 1
ROT-tr,n |CSCH| 2P n
_(_ICs| (P+d)—sen(s) (P—d) 1) 7+
N |CSCH| 2P n '
For our simulations, assuming 0 =0, =--- = 04 =1 and n = 700, we obtain

h;{OT—tr,n = 0.573517 = h;{OT—ld,n’

because recall that sgn(Cp) = sgn(CsC%) (hence sgn(s) = 1) and therefore

(P+d)—sgn(s)(P—d) d
2P P

However, if we assume different variances across covariates then Aror-14,n 7 AROT-tr,n 1D

general.
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3.6. Case 3: tr(AMSE[#,(H,)]). In this case we need to solve:

d
min tr(AMSE[0,,(H,,)]) = min S’s N Cscyf/2
H, H, nHl:]_ hl,n P |Q|

d 2
. 1 ghén
= Hﬁm i @Z,
w3 \ I hl,n oy

Next, note that

o SRR R >2 SLE % KB
B =1~/ Z
(Hf—l hin UZ o Hl:l Ln Hl 1l Z

571) 53

N CSCHTL
|Q|1/2 OB

d
6( h2P
; ln>

=1
and hence the first-order conditions are, for k = 1,2,--- ., d,
d
_ Z€=d1532 Zﬁe 2P Bth 1—|—2g2P Bk th 1_p
hk,n Hl:l hl’ hk N Hl 1 hl N 9y Hl 1 ln k
d 2 2
P
= —Zf—lﬁ; = B—Ph,fn+ © /3’%” +Pg2%h§{;:o
Hl—lh Hz 1 4 Ot Hz  h Tk

2

- Zﬁﬂrz o (hMHh,n>

k

(h,anhln>—<2P (hanh,n> _

Aad ;55 —i—;sgn )87 (Jfg’hfnnhln> — sgn(s) PG} (ldh ghl,n>

—PB? (’g‘ thn) -0
d d

& ZB?+ngn VB2 20 — sgn(q)PBizy, — PRzt =

= (=1

where

< p T
—= O._Pth H hl’n.
k =1
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We need to consider two cases:

e sgn(¢) = —1. In this case, a solution is 2z} =1, k =1,2,--- , d, because

d d d d
S° B+ sen(<) B2 —sen(o) PRz —PBAz) = 0 & Y 5= B+ PE—PF, = 0.
/=1 /=1

(=1 (=1

e sgn(s) = 1. The first-order conditions reduce to

d
Z@%ﬂLZB?Zz—Pﬁsz—PBZzg:O, k=1,2,---,d.

d
(=1 /=1

These first-order conditions do not have a closed form solution in general. Nonetheless,

a solution can be shown to be z; = 2;(¢), k= 1,2,--- ,d, with
1 AC
(O == | 14— 1],

where the constant ( is determined by the equation

d

4¢
Bl 1+ =25 +1| =2
2R
A closed form solution is obtained if we assume 3, = 1 (say) for £ = 1,2,--- d. We

then have

d
d+ZZg—sz—Pz,§:0,

/=1

in which case a solution can be obtained by setting z; = 2* and noting that

d+ (d—P)z* — P(z*)* =0
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and hence (recall that P > d)

(P —d)+/(d— P)* + 4Pd
9P '

* —_—
Z:I:_

Thus, taking the positive root, we obtain

 —(P-d+\Jd-PP+4Pd oy g .
7 = % =5p=p"

32

The final step is to solve, for some (possibly equal) constants ¢;, [ = 1,2,--- ,d, the

equations:

d

S

Ck:L_I‘Dhithl,na ]{:172a"'7d>
k =1

or, equivalently,

d
1= |€|PhkP7thl,n, k=12 d.
=1

A solution for the latter is

B gec;/P 1\ 7 CE}PM)/P Pra
bn = 1/(P+d) (_) = o 12 1qd _1/P
(H;i:1 Ulcll/P> |§| |§| |Q| =1 G

1
. CgPer)/P ‘CB| 1) 7+
= Z —_—
[Ty " 1CsCrlm
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because

B B Ukcllc/P i Pra ﬁ UgC;/P i Prd
=P y L\ VER) \ ¢ 1/(P+d)
kO (Hl . lCl/ ) <] )

1 ak Ck yp
- 1/P Hagc -
kO, Hz 101G

Therefore, if 5, = 3, =--- = 5, =1 (say), we have ¢, = 2} = d/P and hence
h d |CB| 1 %M
=04 = — .
ROT-tr,4,n 14 P |CSCH| n
If, in addition, 0; = 09 = --- = 04 = 1 we obtain for our simulations (recall sgn(Cp) =

Sgn(CSCH)> h‘I*%OT—tr,E,n - 0573517 - hEOT—ld,TL - h‘l*%OT—tr,n fOI' all g - 1, 2, st ,d.

For the general case (unknown (3’s and ¢’s), we solve numerically:

d
X . C CsC
ROT-tr,n — min ( 5 + chet P > Bﬁv

H nll— hin o} 9
: * - * * *
with | T dlag(hROT-tr,Lm hROT—tr,Q,n’ T ROT-tr,d,n)'

3.7. Case 4: AMSE[a’@n(Hn)]. For a = (1,0,0,---,0)/, under our parametrizations we

have

D CB CSCH p
AMSE[a’0,,(H,,)| = + n /3 ,
nIll i, o Q2 i)

and hence this optimization problem is not well-defined. A natural approach to this problem

is to compute the next higher-order terms for the first element of the vector. This will lead



GENERALIZED JACKKNIFE ESTIMATORS 34

to a valid asymptotic MSE of the form

d 2
- Cg CsCxy 2
AMSE[a'8,,(H,,)] = ( . + W+ Shi) B
nll—ihin  of ’Q|1/2 =2 7
for some Sy’s (“smoothing bias” constants) that should be non-zero. (If they are zero, then
we will have to expand even further, leading to higher exponent on the hy,,’s.) The resulting

bandwidth choices will have different rates of convergence.

4. APPENDIX D: ADDITIONAL SIMULATION EVIDENCE

In this section we present the main results from our Monte Carlo experiment, which are
collected in 30 tables (3 models, 10 tables per model). Each table reports results for both
the classical estimator 9n(Hn) and the generalized jackknife estimator én(Hn, c), where H,
is either selected from a grid of possible bandwidths around the population MSE “optimal”
bandwidth (denoted H*), or estimated using a ROT bandwidth choice (denoted H,). Differ-
ent tables corresponds to different ways of constructing the generalized jackknife estimator
én(Hn, c), as explained in the main text (and further below). For both estimators, each table
reports (i) MSE, (ii) squared bias, (iii) variance, (iv) absolute bias divided by square-root of
variance, and (v) coverage rates for 95% confidence intervals.

As explained in the paper, for a given bandwidth on the grid, each generalized jackknife
estimator is constructed by employing the adjacent bandwidths in the grid as determined

by the particular procedure considered. We investigated five different generalized jackknife

estimators, which are described as follows:
o J=2,¢c,=2,cy=0.
[ ] le,CLzl,CUZO.

o J:1,CL:0,CU:1.
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° J:2,CL:0,CU:2.
o J=2,c,=1,cy=1.

Each of these procedures describe the number of constants employed and in which di-
rection(s). For example, the procedure (J =1,¢; =0,cy = 1) employs only J = 1 and
uses the bandwidth above of the bandwidth under consideration on the grid to construct
the generalized jackknife procedure. (Note that J = ¢ + ¢y by construction.) Similarly,
the procedure (J =2,¢p = 1,cy = 1) uses J = 2 and employs the bandwidth below and
the bandwidth above (of the bandwidth under consideration on the grid) to construct the
generalized jackknife procedure.

Finally, we present results for the three models described in the main text when using
either a common bandwidth or different bandwidths. The resulting 30 tables are organized

as follows:

e Tables D1 — D5: Model 1, with common bandwidth (H,, = h,I;), for each of the 5

generalized jackknife procedures.

e Tables D6 — D10: Model 1, with different bandwidths (H,, = diag(h1 ., hon, hsn)), for

each of the 5 generalized jackknife procedures.

e Tables D11 — D15: Model 2, with common bandwidth (H,, = h,I;), for each of the 5

generalized jackknife procedures.

e Tables D16 — D20: Model 2, with different bandwidths (H,, = diag(hq,, hon, hs.)),

for each of the 5 generalized jackknife procedures.

e Tables D21 — D25: Model 3, with common bandwidth (H,, = h,I;), for each of the 5

generalized jackknife procedures.
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e Tables D26 — D30: Model 3, with different bandwidths (H,, = diag(h1n, hon, hsn)),

for each of the 5 generalized jackknife procedures.
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