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Abstract

We present a general framework for studying regularized estimators; such estima-
tors are pervasive in estimation problems wherein “plug-in” type estimators are either
ill-defined or ill-behaved. Within this framework, we derive, under primitive condi-
tions, consistency and a generalization of the asymptotic linearity property. We also
provide data-driven methods for choosing tuning parameters that, under some condi-
tions, achieve the aforementioned properties. We illustrate the scope of our approach
by presenting a wide range of applications.
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1 Introduction

It was noted as early as Stein Stein [1956] that in many complex models, the parameter
mapping, ¢, that links the probability distribution generating the data, P, to some parameter
space may be ill-behaved or even ill-defined when evaluated at the empirical distribution. The
widespread solution in these cases is to regularize the problem. Regularization procedures
are ubiquitous in statistics and elsewhere, examples of these include kernel-based estimators;
series-based estimators and penalization-based estimators among many others.® Even though
there has been an enormous amount of work in statistics and other sciences studying the
properties of these procedures, they are viewed, by and large, as separate and unrelated. In
particular, results like consistency or large sample distribution theory, when they exists, they
have only been derived in a case-by-case basis; to our knowledge, there is no general theory
or systematic approach. The goal of this paper is to fill this gap by providing the basis for an
unifying large sample theory for regularized estimators that will allow us to make systematic
progress in studying their large sample properties.

Our point of departure is the general conceptual framework put forward by Bickel and
Li (Bickel and Li [2006]), wherein the authors propose a general definition of regularization.
According to their framework, a regularization can be viewed sequence of parameter map-
pings, (¢x)72, that replaces the original parameter mapping, ¢, each element is well-behaved,
and its limit coincides with the original mapping. The index of this sequence (denoted by
k) represents what is often referred as the tuning (or regularization) parameter; e.g. it is
the (inverse of the) bandwidth for kernels, the number of terms in a series expansion, or the
(inverse of the) scale parameter in penalizations. While Bickel and Li’s framework encom-
passes many examples and applications, it is unclear what type of asymptotic properties can
be obtained in such a general framework. We provide two set of general theorems under
intuitive conditions that establish large sample properties for regularized estimators. One
set of results establishes consistency and rate of convergence, and a data-driven method
for choosing the tuning parameter that achieves these rates. Another set of results provide

!'Examples of regularizations are so ubiquitous that providing a thorough review is outside the scope of
the paper; see e.g. Bickel and Li [2006], Bithlmann and Van De Geer [2011], Hardle and Linton [1994] and
Chen [2007] for excellent reviews of several regularization methods.



foundations for large sample distribution theory by deriving a generalization of the classical
asymptotic linearity property.

Our approach to obtain consistency and convergence rate results is akin to the one used
in the standard large sample theory for “plug-in” estimators, in the sense that it relies on
continuity of the mapping used for estimation (see Wolfowitz [1957], Donoho and Liu [1991]).
The key difference is that in plug-in estimation this mapping is ¢, but for regularized esti-
mators the natural mapping is the (sequence of) regularized parameter mappings, (¢Vx)52;
this difference — in particular, the fact that we have a sequence of mappings — introduces
nuances that are not present in the standard “plug-in” estimation case. We show that the
key component of the convergence rate is the modulus of continuity of the regularized map-
ping, which, typically, will deteriorate as one moves further into the sequence of regularized
mappings, thus yielding a generalized version of the well-known “noise-bias” trade-off. While
this result, by itself, does not constitute a big leap from Bickel and Li’s framework, we use
the underlying insights to propose a data-driven method to choose the tuning parameter
that under some conditions yields convergence rates proportional to the “oracle” ones, i.e.,
those implied by the choice that balances the “noise-bias” trade-off. This method is an
extension of the Lepski method as presented in Pereverzev and Schock [2006] for ill-posed
inverse problems.?

Our second set of results are concerned with obtaining a type of asymptotic linear repre-
sentation for regularized estimators. The property of asymptotic linearity is well-known in
the literature and is the cornerstone of large sample distribution theory. This property states
that the estimator, once centered at the true parameter, is equal to a sample average of a
mean zero function — referred as the influence function — plus an asymptotically negligible
term.

In parametric models, asymptotic linearity is typically satisfied by commonly used esti-
mators like the “plug-in” estimator. In more complex settings such semi-/non-parametric
models, however, this is not longer true. In such cases, there are no estimators satisfying this
property, because, for instance, the efficiency bound of the parameter of interest is infinite,
or more generally, the parameter is not root-n estimable. For these situations, asymptotic
representations analogous to asymptotic linearity have been obtained in specific examples
for specific regularizations, but, to our knowledge, there is no general approach. This is
specially problematic as there is no systematic method for properly standardizing the esti-
mator in situations where the parameter is not root-n estimable.® Our goal is to propose

2Similar versions has been used in several particular applications. Closest to our examples are the work: by
Pouzo [2015] for regularized M-estimators; by Chen and Christensen [2015] in non-parametric IV regressions;
by Gine and Nickl [2008] for estimation of the integrated square density; by Gaillac and Gautier [2019] in a
random coefficient model; by Lepski and Spokoiny [1997] for estimation of a function at a point.

3For density and regression estimation problems there is a large literature, especially for particular func-
tionals like evaluation at a point; e.g. see Eggermont and LaRiccia [2001] Vol T and II for references and
results. In more general contexts such as M-estimation and GMM-based models, to our knowledge, the



a systematic approach by considering a generalization of asymptotic linearity that relaxes
certain features of the standard property but still provides a useful asymptotic characteri-
zation of the estimator. This property, which is already present in many examples and we
refer to as Generalized Asymptotic Linearity (GAL for short), relaxes the standard one in
two dimensions: It allows for the location term to be different from the true parameter, and
it allows for this centering and the influence function to vary with the sample size. Each
of these relaxations attempts to capture different nuances that already exists in the many
scattered examples in the literature. Our results, which we now describe, will shed more
light on the role and necessity of each.

We provide sufficient conditions for regularized estimators to satisfy GAL. Analogously
to the theory of asymptotic linearity for plug-in estimators, our results rely on a notion
of differentiability, but contrary to plug-in estimators, it relies on differentiability of each
element in the sequence of regularized mappings, (¢x)52; not on differentiability of the
original mapping ).

As a consequence of this approach, GAL for regularized estimators exhibits two simplified
features. First, the location term is given by 1, (P) which can be interpreted as a psuedo-true
parameter. The second simplified feature concerns the influence function and its dependence
on the sample size. As in the location term, the dependence on the sample size of the
influence function arises only through the dependence of the tuning parameter, k, on the
sample size. Thus, the relevant object is a sequence of influence functions, each related to the
derivative of the elements in (¢x)52 ;. We view this quantity as the natural departure from
the traditional influence function as it is the sequence of regularized mappings, (¢x)52, an
not the original mapping, ¢, the one used for constructing the estimator. This last feature
allows us to propose a natural and systematic way of standardizing the estimator regardless
of whether root-n consistency holds. To explain this, we first note that in situations where
asymptotic linearity holds, the proper standardization is given by square root of the sample
size divided by the standard error of the value of the influence function. Under GAL the
standarization of the regularized estimators turns out to be analogous except that in this case
the influence function is indexed by the tuning parameter which at the same time depends
on the sample size. Whether the standardization is root-n or slower depends on the behavior
of the standard error of the value influence function as we move further into the sequence of
regularized mappings (i.e., as k diverges).

Throughout the paper we present examples not to break new ground but to illustrate
our assumptions and results, and their scope.

literature is much more sparse with only a few papers allowing for slower than root-n parameters in partic-
ular settings. Closest to ours are the papers by Chen and Liao [2014], Chen et al. [2014] in the context of
M-estimation models with series/sieve-based estimators; Newey [1994] in a two-stage moment model using
kernel-based estimators; Chen and Pouzo [2015] in conditional moment models with sieve-based estimators;
Cattaneo and Farrell [2013] in partitioning estimators of the conditional expectation function and its deriva-
tives.



Notation. The term “wpal-P” is short for with probability approaching 1 under P,
so for a generic sequence of I1ID random variables (Z,,), with Z, ~ P, the phrase “Z, € A
wpal-P” formally means P(Z, ¢ A) = o(1). For any random variables (X,Y) we use px
and pxy to denote the pdf (w.r.t. Lebesgue) corresponding to X and X,Y resp. For any
linear normed spaces (A, ||.||4) and (B, ||.||8), let A* be the dual of A, and for any continuous,
homogeneous of degree 1 function f : (A, [|.[|a) = (B, [|.[|5), [[f]l+ = suPuea. |11 | (@)]|B-
For a Euclidean set S, we use LP(S) to denotes the set of LP functions with respect to
Lebesgue. For any other measure u, we use LP(S, u) or LP(u). The norm ||.|| denotes the
Euclidean norm and when applied to matrices it corresponds to the operator norm. For any
matrix A, let e€,,,(A) denote the minimal eigenvalue. The symbol = denotes less or equal
up to universal constants; - is defined analogously.

2 Setup

Let Z C R? and let z = (21, 29, ...) € Z* denote a sequence of IID data drawn from some
P € P(Z) C ca(Z), where P(Z) is the set of Borel probability measures over Z and ca(Z)
is the space of signed Borel measures of finite variation. For each P € P(Z), let P be the
induced probability over Z*. A model is defined as a subset of P(Z); and it will typically
be denoted as M.

Remark 2.1. Since we only consider IID random variables, it is enough to define a model
as a family of probabilities over marginal probabilities. For richer data structures, one would
have to define the model as a family of probabilities over (Z;, Zs,...). See Appendix A.2 for
a discussion about how to extend our results to general stationary models. A

A parameter on model M is a mapping ¢ : M — O with (0, ||.||e) being a normed
space.*

For the results in this paper, we need to endow M with some topology. For the results in
Section 3 it suffices to work with a distance, d, under which the empirical distribution (defined
below) converges to P. For the results in Section 6 and beyond, however, it is convenient to
have more structure on the distance function, and thus, we work with a distance of the form

[ rera - [ 1)

where S is some class of Borel measurable and uniformly bounded functions (bounded by

[|P — Ql|s = sup
fes

one). For instance, the total variation norm can be viewed as taking S as the class of
indicator functions over Borel sets, and its denoted directly as ||.||7v; the weak topology
over P(Z) is metricized by taking S = LB — the space of bounded Lipschitz functions —

41f the mapping does not point-identified an element of O, i.e., 1 is one-to-many, our results go through
with minimal changes that account for the fact that ¢(P) is a set in ©.



and its norm is denoted directly as ||.||rp; see van der Vaart and Wellner [1996] for a more
thorough discussion.

2.1 Regularization

Let D C P(Z) be the set of all discretely supported probability distributions. Let P, € D
be the empirical distribution, where P,(A) = n™' > " 1{Z; € A} for any A C Z. As
illustrated by our examples, in many situations — especially in non-/semi-parametric models
— the parameter mapping might be either ill-defined (e.g., if P, ¢ M) or ill-behaved when
evaluated at the empirical distribution P,, so it has to be regularized.

The following definition of regularization is based on the first part of the definition in
Bickel and Li [2006] p. 7. To state it, we define a tuning set as any subset of R, that is
unbounded from above, and the approximation error function as k +— By(P) = ||ix(P) —

(P)lle-

Definition 2.1. Given a model M, a reqularization of the parameter mapping v is a sequence
P = (U )kex such that K is a tuning set and

1. For any k € K, ¢y, : Dy, C ca(Z) — © where Dy O M UD.
2. For any P € M, limy_,, Bix(P) = 0.

Condition 1 ensures that ¥, (F,) and 1, (P) are well-defined and that they are singletons
for all k£ € K. Condition 2 ensures that, in the limit, the regularization approximates the
original parameter mapping; the limit is warranted as the tuning set K is unbounded from
above. In many applications the tuning set is given by N but there are applications such as
kernel-based estimators, where it is more natural to use a (uncountable) subset of R .

For each k € K, the implied estimator is given by 1y (P,) which — like the “plug-in”
estimator — is permutation invariant. While, this restriction still encompasses a wide array
of commonly used methods, it does rule out some estimation methods, notably those that rely
on non-trivial sample-splitting procedures. We briefly discuss how to extend our framework
to these cases in Appendix A.1.

Conditions 1 and 2 are not enough to obtain “nice” asymptotic properties of the regu-
larized estimator such as consistency and asymptotic normality. In analogy to the standard
asymptotic theory for “plug-in” estimators, these properties will be obtained by essentially
imposing different degrees of smoothness on the regularization.

2.2 Examples

The following examples complement those in Bickel and Li [2006] to illustrate that the Def-
inition 2.1 encompasses a wide array of commonly used methods.



Example 2.1 (Non-Parametric IV Regression (NPIV)). This example studies a popular
regression model used in economics called the Non-parametric Instrumental Variable (IV)
model, that belongs to the class of ill-posed inverse problems; see Darolles et al. [2011],

Hall and Horowitz [2005], Ai and Chen [2003, 2007b], Newey and Powell [2003], Florens [2003],
Blundell et al. [2007] among others. The model is given by

EY —h(W) | X] =0, (1)
where h is such that E[|h(W)|?] < oo, Y is the outcome variable, W is the endogenous regres-
sor and X is the IV. We show how our method encompasses commonly used regularizations
schemes such as sieves-based and penalized-based ones.

For a given subspace of L?([0,1], pw), ©, the model M is defined as the class of proba-
bilities over Z = (Y, W, X) € R x [0,1]?> with pdf with respect to Lebesgue, p, such that:’
(1) px = pw = U(0,1), E[[Y]?] < oo and ||pxw]|z~ < oo; and (2) there exists a unique
h € © that satisfies 1. The restriction (1) can be relaxed and is made for simplicity so
we can focus on the objects of interest that are h and P; it implies that L?([0,1],px) =
L*([0,1],pw) = L*([0,1]) which simplifies the derivations. The restriction (2) is what de-
fines an IV non-parametric model. It implies that for any P € M, rp(-) = [yPyx(dy,-) is
well- deﬁned and belongs to the range of the operator Tp : © C L*([0,1]) — L*([0,1]) given
by Tplh](-) = [ h(w)pwx(w,)dw for any h € L*([0,1]).” Thus, for any P € M, ¢(P) is the
(unlque) solutlon of rp = Tplh).

To illustrate our method, we consider the estimation of a linear functional of ¢)(P) of the
form v(P) = [ w(w)y(P)(w)dw for some 7 € L*([0,1]), which by the Riesz representation
theorem covers any linear bounded functional on L*([0, 1]).

It is well-known that the estimation problem needs to be regularized. First, we need to
regularize the “first stage parameters” — the operator Tp and rp;second, given the regular-
ization of Tp and rp, the inverse problem for finding ¢(P) typically needs to be regularized;
e.g. when Tp is compact or when 1 (P) is not a singleton.

By setting K = N, the regularization of the “first stage” is given by a sequence of
mappings (T p, x.p)ren such that, for any k € N, Ty, p : © — L*([0,1]) and ry p € L*([0, 1]).
The “second stage” regularization is summarized by an operator Ry, p : L*([0,1]) — L*([0,1])
for which

Qﬂk(P) = Rk’p[T];<7P[Tk7p]], VP e ZZ’/L(M U D) (2)

5This restriction is mild and can be changed to accommodate discrete variables simply by requiring pdf’s
with respect to the counting measure.

6To restrict the support to [0,1] is common in the literature (e.g. Hall and Horowitz [2005]). At this
level of generality, one can always re-define h as h o FI;,I so that pyw = U(0, 1); of course this will affect the
smoothness properties of h. The restriction px = U(0, 1) is really about px being known, since in that case,
one can always take F'x(X) as the 1nstrument

" Alternatively, we can define Tp[h = [ h(w)p(w|X)dw and rp(X) = [ yp(y|X)dy. Depending on the
type of the regularization one has at hand it is more convenient to use one or the other.



We assume that the regularization structure (T, p, 7% p, R p)ken is such that: (1) limy_, ||Rk,p[T,;‘7P[g]] -
(TpTp) ' Thlgll| 2oy = 0 pointwise over g € L*([0,1]); (2) limg_oo [|Re, [T} plrr,p —
7p)]||22(01) = 0. We relegate a more thorough discussion and particular examples of the
regularization to Appendix B.1. For now, it suffices to note that the first stage regularization
encompasses commonly used regularizations such as the Kernel-based (e.g., Darolles et al.
[2011], Hall and Horowitz [2005]) and the Series-Based (e.g., Ai and Chen [2003] and Newey and Powell
[2003]) regularizations, and the second stage regularization encompasses commonly used reg-
ularizations such as Tikhonov-/Penalization-based regularization (e.g., Darolles et al. [2011]
and Hall and Horowitz [2005]) and Series-based regularization (e.g., Ai and Chen [2003] and
Newey and Powell [2003]). For these combinations, conditions (1)-(2) haven been verified,
under primitive conditions, in the literature; e.g. see Engl et al. [1996] Ch. 3-4.

It is easy to see that under conditions (1)-(2), the expression in 2 is in fact a regularization
for ¢(P) with Dy, O MUD being a linear subspace specified in expression 16 in Appendix B.1.
From this result, it also follows that {v4(P) = [ m(w)yx(P)(w)dw}ren is a regularization
for v(P) (in this case, © = R). A

The next is not an example but rather a commonly used estimation technique that also
fits in our framework.

Example 2.2 (Regularized M-Estimators). Given some model M, the parameter mapping
is defined as

Y(P) = arg:géiélEp[qb(Z, 0)], VP € M,

where © and ¢ : Z x © — R, are primitives of the problem and are such that the argmin is
non-empty for any P € M.

We impose the following assumptions over (M, 0, ¢): © is a subspace of L? where L9 =
LY(Z, ) for any ¢ € [1,00) and some finite measure y, and for ¢ = oo, L>® = C(Z,R);® and
0 — Ep||o(Z,0)|] bounded and continuous, for all P € M.

The regularization is lifted from Pouzo [2015] and is defined using K = N by: a sequence
of nested linear subspaces of L9, (O)ken, such that dim(©;) = k and the union is dense
in ©; a vanishing real-valued sequence (A;)gen with Ax € (0,1] and a lower-semi compact
function Pen : LY — R, such that, for each k € N*

Yr(P) = arg (grelénk Ep[¢(Z,0)] + A\ Pen(6)

is a singleton for any P € M U D.

It is clear that condition 1 in Definition 2.1 holds; we now show by contradiction that
Condition 2 also holds. Suppose that there exists a € > 0 such that ||¢(P) — ¥ (P)||le > €
for all k large. Let IIy1(P) be the projection of ¥(P) onto ©y; for sufficiently large
k, ||lx(P) — ¢¥(P)|le < e. Then, by optimality of ¢4(P) and some algebra, for large

8The class C(Z, R) is the class of continuous and uniformly bounded real-valued functions on Z.
9A lower-semi compact function is one with compact lower contour sets.
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k, infoco: |jo—y(p)lo>c EP[0(Z,0)] < Ep[p(Z,¢(P))] — {Ep[¢(Z,9(P)) — ¢(Z, Tkt (P))] +
A Pen(Ilx(P))}. By continuity of Ep[¢p(Z,-)], A 4 0 and convergence of Iy (P) to
(P) the term in the curly bracket vanishes as k diverges, leading to the contradiction

infoeo: [j9-u(P)lo>c EP[¢(Z,0)] < Ep[¢(Z,¢(P))]. A

As these examples, those below and those in Bickel and Li [2006] illustrate, the formu-
lation of regularization is very flexible. Indeed, Definition 2.1 is sufficiently mild that one
may wonder whether any results can be obtained at the present level of generality. In what
follows, we establish some useful asymptotic properties by imposing additional smoothness
restrictions on the regularization.

3 Consistency for Regularized Estimators

We say a regularization is consistent if for each k € K, % (P,) = ¥x(P) + op(1). Using
Definition 2.1 it is straightforward to show that for consistent regularizations there exists a
tuning parameter sequence (k,), such that iy, (P,) = ¢¥(P) + op(1). This claim, however,
is silent about how to choose the tuning parameter sequence and what is the corresponding
rate. This feature does not seem to be a shortcoming of the claim, but rather a manifestation
of the fact that the consistency requirement is very mild. In other words, it would appear
that some strengthening of this requirement is needed if we want obtain stronger conclusions.
In this section and the next one, our goal is to give general but “easy-to-interpret” conditions
that will enable us to obtain convergence rates and a data-driven choice of tuning param-
eter sequence that achieves such rates, thus providing a general guideline for establishing
asymptotic concentration results for regularized estimators.

In order to do this, we take as given that the empirical distribution converges to the
truth at rate, (r,), — a diverging positive real-valued sequence — under a distance d,
i.e., d(P,, P) = Op(r;'). Such results can typically be obtained from empirical process
theory and are not the focus of this paper. Under this condition, from the classical results
of Wolfowitz [1957], continuity of the regularization (with respect to d) presents itself as
a natural condition to establish consistency of the regularization. To define the notion of
continuity formally we say a function f : R, — R, is a modulus of continuity if f is
continuous, non-decreasing and such that f(¢t) =0 iff t = 0.

Definition 3.1 (Continuous Regularization). A regularization ¥ of ¢ is continuous at P €
Dy, with respect to d, if there exists a family of modulus of continuity (x)ker such that for
any k € K

[Ur(P") — u(P)lle < ox(d(F, P)) (3)
for any P" € D,,.



The definition is equivalent to the standard “J/e”-definition of continuity because the
modulus of continuity of ¥y, d;, can converge to 0 arbitrary slowly. Admittedly, this condition
is not necessary to obtain our results as it requires continuity to hold for any deviation of
P, but the notion of consistent regularization requires continuity only along those deviations
taken by P, for all n large enough. However, we still view this condition as a reasonable
“initial step” to obtain consistency results. Moreover, the definition does not impose any
uniform bounds on ¢ across different k& € K. While such restriction would simplify the
proofs considerably, it is too strong for many applications. Recall that the regularization is
introduced precisely due to the poor behavior of ¢ at P.

As the lemma C.2 in Appendix C shows, when the regularization is continuous, the
“sampling error” term, ||[¢x(P,) — ¥x(P)||e is of order §x(r,') in probability. From this
result and the fact that limsup,,_, . dx(r;') = 0 for every k € K, a simple diagonalization
argument establishes existence of a tuning parameter sequence, (k,), for which (¢, (P,))nen
is consistent. The next theorem formalizes this claim.

Theorem 3.1 (Consistency of Regularized Estimators). Suppose a regularization, %, is
continuous (at P) with respect to d such that d(P,, P) = Op(r;'). Then there exists a
(kn)nen in K such that

By, (P) = o(1) and 6, (d(P,, P)) = op(1),
and

[, (Fn) — ¥(P)]le = op(1).
Proof. See Appendix C. O

Although constructive, the consistency result outlined above suffers from the potential
problem that the associated tuning parameter sequence makes no attempt to ensure that
the magnitude of the estimation error is in some sense minimal. Indeed, because the tuning
parameter sequence has been designed to satisfy only the minimal requirement that By, (P)+
Ok, (d(P,, P)) = op(1); the only property that can be claimed on the part of the regularized
estimator is consistency. The goal of the next section is to improve on this as well as to
construct a data-driven choice of tuning parameter.

4 Data-driven Choice of Tuning Parameter

Let K,, be the (user-specified) set over which the tuning parameter is chosen; it is assumed
to be a finite subset of K.!° Also, in this section, we strengthen the consistency of P, to
d(Py, P) = op(r; ') (remark 4.1 below discusses the reason behind this choice).

10Tn Appendix D.3 we extend the main theorem of this section to the case where K,, is any closed set of
K, not necessarily finite.

10



By Theorem 3.1 and the triangle inequality it is easy to see that the distance between the
regularized estimator, v, (P,), and the true parameter is bounded by the sum of two terms:
the “sampling error”, 8y (r; ') and the “approximation error”, By (P), which generalizes
the well-known “noise-bias” trade-off present in many applications. Thus, this observation
suggests the following criterion to construct tuning sequence (k,), that yields a consistent
estimators:

arg ,gfel%{ﬂ{%(rﬁl) + Br(P)},

which minimizes the trade-off between the approximation and the sampling errors. This
choice represents commonly used heuristics and it is a good prescription to obtain approx-
imately optimal rate of convergences (Birge and Massart [1998]). However, often times it
is unfeasible, since it relies on knowledge of the approximation error, which is typically
unknown because it depends on features of the unknown P.

It is thus desirable to construct a choice of tuning parameter that sidestep this issue
while still providing similar rates of convergence. We propose an adaptation of the Lepski
method that provides a data-driven choice that satisfies these properties, without requiring
knowledge of By(P). Due to the nature of the Lepski method, in order to establish the
desired results we need monotonicity of the sampling and approximation errors as functions
of the tuning parameter. Since these functions may not be monotonic, we replace them
by monotonic majorants. Formally, let k — Bj(P) be a non-increasing function from R,
to itself such that By(P) > |[1x(P) — ¥(P)||e for all k > 0, limy_.., Br(P) = 0, and, for
each n € N, let & + (') be a non-decreasing function from R, to itself such that
Ok(ryt) = Ok(ryh).

For each n € N, given K, and a non-decreasing function v, : K, — R, such that
ks v, (k) = 46,(r;7Y), the Lepski choice is given by

ko, =min{k: k € £,},
where
L, = Ly(v,) ={k € Ky: ||Ye(Pn) — i (Po)llo < vn(K'), VE' >k in K, }. (4)

The following theorem is the main result of this section.

Theorem 4.1. Suppose a regularization, 1, is continuous (at P) with respect to d and there
exists a real-valued positive diverging sequence (r,),en such that d(P,, P) = op(r; ). Then

145, = 6(Pllo = O (nf (3utrs") + Bu(P} ).
Proof. See Appendix D.1. O

Remark 4.1. The rate (r,), is defined as d(P,, P) = op(r;'), as opposed to d(P,, P) =
Op(r; ') as in Theorem 3.1. That is, r, diverges (arbitrary) slower than the usual rates for
P, — which is typically given by y/n in our context. This type of lost is common when
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studying choice of tuning parameters (cf. Gine and Nickl [2008] and references therein). In
our setup, it stems from the following fact: Take a rate (s,), such that d(P,, P) = Op(s;').
For this rate, there are unknown constants (e.g. M in Lemma C.2) which will render our
data-driven choice infeasible. So to avoid them it suffices to replace s, ' by a (arbitrary)
slower rate, e.g. r,;' =log(1+n)s;* or ;! =log(log(1+n))s,'. A

Remark 4.2. The rate of convergence does not depend on the “complexity” of the set K,.
This result stems from a certain “separability” property of the estimator: The probability
statements stem from the behavior of d(P,, P) which does not depend on k nor on K, the
tuning parameter k only appear through the topological properties of the regularization. A

Remark 4.3 (Heuristics of the proof of Theorem 4.1). Heuristically, for any k& € K,, that
is larger or equal than k, it follows that [, (Pn) — ¥(P)||le is bounded above (up to
constants) by 0,(r; 1) + Bi(P) with probability approaching one. Lemma D.1 in Appendix
D.1 formalizes this observation and shows that in order to establish the claim of the theorem
it suffices to show existence of a tuning parameter in K,, that is larger or equal than ky, (with
probability approaching one) and minimizes (up to constants) k + {8x(r>') + Bi(P)} over
K,,. Moreover, since k,, is chosen as the minimal value in L,,, to obtain the former condition
it suffices to show that the tuning parameter belongs to £,, (with high probability).

By studying “projections” onto K, of the tuning parameter that balances k +— & (r; ")
and k — By(P) we are able to explicitly construct a sequence of tuning parameters that
satisfies these conditions; it is in this part that the monotonicity properties of these mappings
are used. See Lemmas D.4 and D.3 in Appendix D.1. A

The following corollary is a direct consequence of Theorem 4.1 and its proof is omitted.

Corollary 4.1. Suppose k +— By(P) and k — d0x(r,; ') are continuous, and non-increasing
and non-decreasing resp.. Then under the conditions of Theorem 4.1, it follows

165, (P2) = Plle = O nf (50) + BulP)}).

Theorem 4.1 and its corollary show that our data-driven choice of tuning parameter
achieves the same rate as the one corresponding to the “infeasible” choice, provided the
monotonicity conditions hold. Hence, this result, Theorem 3.1 and Theorem 4.1 offer a
general road-map for establishing consistency and convergence rates of regularized estimators
based on continuity of the regularization.'!

HWithout further restriction on K,, there is no guarantee that infrcx, {0 (r,!) + Br(P)} is of the same
magnitude as infrer{dr(r, ') + Bx(P)}. In Appendix D.3, Proposition D.1 gives conditions on K, that
guarantee this result.
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5 Examples

The following examples illustrate how to apply our results to existing applications and in the
process establish a new result. Example 5.1 considers the case of bootstrapping the mean of
a distribution when it is known to be non-negative, and it is based on Andrews [2000]. In
this paper, the author showed inconsistency of the bootstrap and proposed several consistent
alternatives; we take one — the “k-out-of-n” bootstrap (Bickel and Freedman [1981]) — and
illustrate how our methods can be used to derive the rate of convergence of this procedure
and to choose the tuning parameter k that achieves this rate. To our knowledge this last
result is novel.'> Example 5.2 provides primitive conditions for establishing continuity in
M-estimation problems.

Example 5.1 (Bootstrap when the parameter is on the boundary). Let M be the class of
Borel probability measures over R with non-negative mean, unit variance and finite third
moments; the non-negativity of the mean is a formalization that captures the issue of a
parameter at the boundary. The object of interest is the law of an estimator of the mean,
z = To(z, P) = /n(max{n=' > " 2,0} — max{Ep[Z],0}). Thus, let, for each k € K =N,
Yy : P(R) — P(R) be defined as

Ui(P)(A) =P ({z: Ti(z, P) € A}), VA Borel.

In particular, for P = P,, it follows that

k n
Ve(P,)(A) =P, (V% <max{k—1 > Z:,0} —max{n > Z, 0}) € A) , VA Borel

i=1 =1
where (Z7)_, is an IID sample drawn from P, and P,, is the probability over Z* induced by
P,. Tt is easy to see that 1, (P,) is the standard bootstrap estimator while (P, ) for k < n
is the k-out-of-n bootstrap estimator. Andrews [2000] showed that the “plug-in estimator”,
¥, (P,), while well-defined, fails to approximate the law of T,,, ¥,,(P), even in the limit; but
he showed that for certain sequences, (k, )., ¥k, (P,) — ¥, (P) converge to zero as n diverges.
We now recast this result using the tools developed in this paper; by doing so we are able
to provide a data-driven choice of the tuning parameter k,.

To do this, we first show that the (1;)ren is continuous in the sense of Definition 3.1.
Let © = P(R) and let || - [|le = || - || B, where recall LB is the class of real-valued Lipschitz
with constant one function. This norm is one of the notions of distance typically used to
establish validity of the Bootstrap. Also, let W(-,-) denote the Wassertein distance over
P(Z), that is W(P,Q) = infeenppq) [ |2 — 2/|¢(dz,dz"), where H(P, Q) is the set of Borel
probabilities over Z? with marginals P and Q. The following proposition suggests the form
of the modulus of continuity o.

12Bickel and Li [2006] and Bickel and Sakov [2008] perform a similar exercise but for a different case:
estimation of largest order statistic.
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Proposition 5.1. For any k € N, ||[¢x(P) — ¥x(Q)|le < 2VEW(P,Q) for any P and Q in
MUD.

Proof. See Appendix D .4. O

The previous results suggests VW as the natural distance over P(Z). In addition, the
result also indicates that &;(t) = 2v/kt for all t € R, which is increasing and continuous as
a function of (¢, k).

We now apply the results in Theorem 4.1 to choose the number of draws for the k-out-n
bootstrap. Theorem 1 in Fournier and Guillin [2015] (their results are applied with d = 1,
p = 1 and ¢ = 2) shows that W(P,, P) = Op(n~%2). Therefore, we take r;' = [,n~'/?
where (l,), diverges arbitrary slowly. We also take K, = {1,...,n}; it is clear that k —
Bi(P) = By(P) and k — 6,(r;") = 6,(r; ). Given these choices, for each n € N, let k, be
the choice of tuning parameter proposed above. Theorem 4.1 imply the following result.

-----

Proof. See Appendix D.4. O

The RHS of the expression implies that the rate of convergence is given by +/I,n~/%.

To our knowledge there is no data-driven method to choose the tuning parameter in this
example. Bickel and Sakov [2008] propose a similar method to ours in a different exam-
ple: Inference on the extrema of an IID sample. The authors obtain polynomial rates of
convergence that are slower than ours but for a stronger norm. A

Example 5.2 (Regularized M-Estimators (cont.)). The following proposition shows that
the regularization is continuous and more importantly it provides a “natural” choice of dis-
tance and illustrates the role of the regularization structure ((Ag, Ok)g, Pen) and primitives
(0, ¢) for determining the rate of convergence of the regularized estimator. Henceforth, let
(0, P, k) — Qi(P,0) = Epl¢p(Z,0)] + M\ Pen(h).

Proposition 5.3. For each k € N and P € MUD,
[6(P) = v (P)||1o < T3 (d(P, P')), ¥P' € MUD,
where for all ¢ > 0

P,0) — Qr(P, Yr(P
o= {,, g, QLG
s2t | 0€0g: ||0—tr(P)||La>s S
and d(P, P') = maxyen || P — P'||s,, where Sy, = {W: NS @k}.m
Proof. See Appendix D.4 O

13We define T'x(0) = 0. The “infs>;” ensures that Iy, is non-decreasing; it can be omitted if such property
is not needed. The “mazxycy” comes from the fact that d cannot depend on k in the definition of continuity.

14



Following Shen and Wong [1994], the proof applies the standard arguments due to Wald
— for establishing consistency of estimators — to “strips” of the sieve set ©; by doing so,
one improves the rates obtained from the standard Wald approach.

The proposition suggests the natural notion of distance over the space of probabilities,

that is defined by the class of “test functions” given by (W) . By imposing
© 0cOy

additional conditions on ¢ and ©, one can embed the class S, into well-known classes
of functions for which one has a bound for the supremum of the empirical process f —
n~t3"  f(Z) — Eplf(Z)], and thus bounds for d(P,, P). For instance, if 6 % is
Lipschitz uniformly in z, then by using the mean value theorem and some algebra it follows
that S, C LB for every k, and thus d(P,, P) = Op(n~/?) (see van der Vaart and Wellner
[1996]).

The modulus of continuity, I';* is non-decreasing and is continuous over ¢t > 0 (see the
proof), and by definition I'y(0) = 0. Its behavior is determined by how well the criterion
separates points in Oy, relative to the norm ||.||Lq; the flatter Qx (P, -) is around its minimizer,
the larger T';'. Importantly, even though I'y(¢) > 0 for each k (recall that 14 (P) is assumed
to be unique), as k diverges, I'y(t) may approach zero. This phenomena relates to the
potential ill-posedness of the original problem, and will affect the rate of convergence of the
estimator.

To shed some more light on the behavior of I';, and on the potential ill-posedness, consider
the case where, ¢ = 2, Q(P,-) is strictly concave and smooth, and Pen(.) = ||.|[2,. Since
¥(P) is a minimizer, Q (P, -) behaves locally as a quadratic function, in particular I'(t) >
0.5(Ck + A\g)t for some non-negative constant C}, related to the Hessian of Q(P,-), and thus
Do(t) 2 (Cp+ M)t If Cp > ¢ > 0 then T '(t) 2 t; we deem this case to be well-
posed as |[tg(P") — ¥(P)||ra 3 d(P’, P)."* On the other hand, if liminfy_,, Cx = 0 then,
while the previous bound for the modulus of continuity is not possible, the following bound
[ '(t) 2 A\, 't is. This case is deemed to be ill-posed and ||t (P") — ¢ (P)||r« 2 A, d(P', P).

Finally, under the conditions discussed in the previous paragraph, in the ill-posed case,
ks 6r(.) = 0x(.) if k= )y is chosen to be non-increasing and continuous.’® Thus Theorem
4.1 delivers a choice of tuning parameter that achieves consistency and a rate of minkeN{)\gl X
r b+ infisy [[U(P) — ¥(P)||zq}, where (r,), is such that maxen || P, — Pl|s, = op(r;}). A

14This case relates to the so-called identifiable uniqueness condition (see White and Wooldridge [1991]).
15For the well-posed case the condition holds trivially.
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6 Asymptotic Representations for Regularized Estima-
tors

The goal of this section is to provide “easy-to-interpret” sufficient conditions to obtain a
generalized asymptotic linear (GAL) representation for regularized estimators, assuming
that P, converges to P in some sense. Throughout this section we assume © C R to simplify
the exposition; the results can be easily be extended to vector-valued parameters.'

We say a regularization, 1, is asymptotically linear if there exists v = (v4)rex such
that, for all k € K, v, € LE(P) = {f € L*(P)\ {0}: Ep[f(Z)] = 0} and

¢k(Pn> = wk(P) + n_l Z I/k(ZZ) + Op(n_1/2).
i=1
In this case, we say v is the influence of the regularization. It is straightforward to show
that for such regularizations there exists a sequence (k,), for which the following property

is satisfied:

Definition 6.1 (Generalized Asymptotic Linearity: GAL(k)). A regularization v satisfies
generalized asymptotic linearity for k: N — K at P € Dy, with influence v, if

Uiy (Pr) = Yiuy(P) =07 iy (Z3)| = 0p (02 || 22(p))- (5)
=1

If a regularization satisfies GAL(k) then, in order to study its asymptotic behavior, it

suffices to study the behavior of n=/23"" | % Moreover, this property suggests a
mll2ep)

systematic way for how to scale the estimator: Using by /n/||Vkm)||r2(p) as opposed to just
v/n. This insight is particularly useful in situations where root-n estimation is not possible.
Thus, this property can be viewed as extending the standard asymptotic linearity one for
root-n estimable parameters to a larger class of problems.

Representations akin to GAL are already present in many examples; our contribution,
as we view it, is to put these insights on a common framework so they can be applied more
generally and to provide primitive properties on the structure of the regularization that
guarantee asymptotic linearity — and consequently, guarantee GAL. Regarding this last
point, it is well known that in cases where the “plug-in” method is used, differentiabilty is the
natural property, the definition of asymptotic linear regularization suggests differentiability
of 1y for each k£ € K as reasonable starting point. Before presenting the definition of
differentiable regularization we present a classical example that illustrates GAL, the influence
and the scaling when the parameter is not root-n estimable

16Tn other cases where the parameter of interest is infinite-dimensional GAL is too weak and a stronger
notion is needed; we refer the reader to a previous version of this paper Jansson and Pouzo [2017] for this
case.
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Example 6.1 (Density Evaluation). The parameter of interest is the density function eval-
uated at a point, which can be formally viewed as a mapping from the space of probabil-
ity distributions to R, given by P — ¥ (P) = p(0), where p denotes the pdf of P. It is
well known that this problem needs to be regularized. The standard estimator is given by
n~t ST ke(Z;) where ki (-) = kk(k-), k is a kernel (i.e., a smooth function over R\ {0} that
ingrates to one); 1/k acts as the bandwidth of the kernel estimator. This estimator can be
cast as Y (P,) where
P p(P) = (ke x P)(0) = / ki (2) P(dz), Yk € N.
R
It is well-known that the parameter, p(0) = 1(P), is not root-n estimable and thus the

proposed estimator is not asymptotically linear. The following representation, however, does
hold:

U(Pa) = U(P) =n~" Y {ri(Z:) — Epl[m(2)]}
i=1

which can be viewed as a generalization of asymptotic linearity in which the estimator ¥.(P,)
is centered at ¥y, (P) = [ ki(2)p(z)dz instead of ¢)(P) = p(0). Moreover, by drawing an anal-
ogy with the standard approach for root-n estimable parameters (see Hampel et al. [2011],
Bickel et al. [1998], Newey [1990]), for each k, the term in the curly brackets can be thought
as an influence function. This term plays a crucial role on determining the asymptotic distri-
bution of the estimator and on determining the proper way of standardizing it. For general
regularized estimators, exact representations of this form are not always possible; however,
in this section we identify a class of regularizations — satisfying a certain differentiability
notion (see Definition 6.2) — that admit, asymptotically, an analogous representation, with
the influence function being a function of the derivative of the regularization.

It is well-known that the scaling is given by \/n/k, which is slower (for some k, that
diverges with n) than the “standard” \/n. The /k, correction arises because it is the
correct order of the influence function, i.e., \/Varp (n=123"" {1, (Z:) — Eplsr, (2)]}) =
VVarp (kr,(Z)) < Vk,. Our results extend this simple observation to a large class of
regularizations, thereby providing a systematic way for “standardizing” the estimator: By
using /n divided the standard deviation of the influence function, which it depends on n
through the tuning parameter. A

We now present the definition of differentiable regularization. For this, let Tp = {au: a >

0 and pn € D—{P}} and let 7 be any locally convex topology over ca(Z) dominated by ||.||7v .
17

17Since we are working with measures, and not probabilities, it is convenient to allow for (non-metrizable)
topologies. Locally convex topology means that it is constructed in terms of a family of semi-norms; domi-
nated by ||.||7v means that for any semi-norm, p, p(Q) = O(||Q||rv) for all Q € ca(Z).
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Definition 6.2 (Differentiable Regularization: DIFF(P,C)). A regularization v is differen-
tiable at P € Dy, tangential to Tp under the class C C 277, if for any k € K, there exists a
Dy (P) : Tp — O T-continuous and linear such that for any U € C,

13%2‘;5 Ine(tQ)|/t = 0, where Q — mp(Q) = V(P + Q) — Yp(P) — Dp(P)[Q].  (6)

Remark 6.1. The functional Dy (P) acts as the gradient of ¢, at P. The set Tp is
the tangent set, i.e., the set that contains all the directions of the curves at P that we
are considering. It turns out that to obtain an asymptotic linear representation for the
regularization, it is enough to consider curves of the form ¢ — P + t\/n(P, — P). So, the
choice of tangent set seems to be the most natural one. Of course, larger tangent sets will
also deliver the desired results but establishing differentiability under them can be harder.

The definition does not impose any linear structure on 7p and ¢ is restricted to be non-
negative. This feature of the definition is analogous to the idea of directional derivative in
Shapiro [1990] which has been shown to be sufficient for showing the validity of the Delta
Method (see Shapiro [1990]), and turns out to be enough to also carry out our analysis. See
also Fang and Santos [2014] and Cho and White [2017] for further references, examples and
discussion. A

Remark 6.2. The class C determines the degree of uniformity of the limit and thus defines
different notions of differentiability. It is known that common notions of differentiability
can be obtained from different choices of C; see Dudley [2010] for a discussion. We now
enumerate a few:

1. 7-Gateaux: C is the class of finite subsets of Tp; denoted by 7.
2. 7-Hadamard: C is the class of 7-compact subsets of 7p; denoted by H.,.
3. 7-Frechet: C is the class of 7-bounded subsets of Tp; denoted by &..
JAN
The following is the main result of this section.
Theorem 6.1. Suppose there exists a class C C 27 such that + is DIFF(P,C) and '®

For any € > 0, there exists a U € C and a N such that P (y/n(P, —P)eU) >1—¢
foralln > N.

18Implicit in the differentiability condition lies the assumption that for any Q € Tp, t — P +tQ € Dy.
For this to hold, it is sufficient that P belongs to the algebraic interior of M relative to Tp. However, by
inspection of the proof of the Theorem, it can be seen that this assumption is not really needed since we
only consider curves of the form ¢ — P + t,a,(P, — P) where (t,,a,) are such that the curve equals P,
which is in Dy.
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Then, there exists a k: N — K for which v satisfies GAL(k) and lim,,_,, k(n) = oc.
Proof. See Appendix E. O

It is easy to check that the influence of the regularization implied by the theorem is given
by the sequence of LZ(P) mappings, (¢r(P))ren where
2+ or(P)(2) = DyYp(P)[d, — P].
While the theorem shows existence of a sequence of tuning parameters for which general-

ized asymptotic linearity holds, it is silent about how to construct such sequence; we discuss
this in Section 6.2.

Remark 6.3 (Heuristics of the Proof). The proof is straightforward and is comprised of two
steps. First, it is shown that v satisfies GAL(k) for any fixed k, i.e., k(n) = k. Showing
this result is analogous to showing that the regularization is asymptotic linear in the sense
defined above, thus, it suffices to show that the reminder of the linear approximation is
asymptotically negligible for each fixed k, i.e.,

(P — P) = op(n™'/?). (7)

This is a standard condition for “plug-in” estimators (e.g. Van der Vaart [2000]), and the

restriction over the class C and the definition of differentiability imply it. In some cases,
however, it might be straightforward to verify condition (7) directly or by other means.

Second, a diagonalization argument is used to show existence of a diverging sequence. A

Remark 6.4. A common way of using Theorem 6.1 is by finding a class S that is P-Donsker,
which implies that (v/n(P, — P))nen is ||.||s-compact (see Lemma E.1 in Appendix E), and
ensuring ||.||s-Hadamard differentiability; e.g. Van der Vaart [2000] Ch. 20. Dudley [2010]
proposes an alternative way of using this result by showing that /n(P, — P) belongs, with
high probability, to bounded p-variation sets, so the relevant notion of differentiability is
Frechet differentiability (under the p-variation norm). A

6.1 Examples

We now present a series of examples. The goal here is not to break new ground but to use
classical examples to illustrate the conditions and components of Theorem 6.1.
The following example is the celebrated integrated square density, for which Bickel and Ritov

[1990] showed that even though the efficiency bound is finite, no estimator converges at root-

n rate; thereby illustrating that in some circumstances studying the local shape of ¢) can be
quite misleading. Our approach does not suffer from this criticism since it directly captures
the (local) behavior of the estimator at hand. It is also general enough to encompass many
of the proposed estimators in the literature, including “leave-one-out” types.
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Example 6.2 (Integrated Square Density). The parameter of interest in this case is given
by

P—y(P)= /p(:z)zdx.

The model is defined as the class of probability measures, P, with Lebesgue density, p, such
that p € L>°(R) and

Ip(z +1) —p(z)| < C(2)t]°, Ytz €R, (8)
with C' € L*(R) and ¢ € (0,0.5). This restriction is rather mild and is similar to those
used in the literature, e.g. Bickel and Ritov [1988], Hall and Marron [1987] and Powell et al.
[1989]. The mapping ¢ is well-defined over the model, but not when evaluated at the
empirical probability distribution, P,, since P, does not have a density; it thus needs to be
regularized. We consider a class of regularizations given by

Py (P) = / (ki x P)(2)P(dz), Yk € K, (9)

where & is a kernel such that [ |k(u)|lul?du < oo, and ¢ — kg(t) = kr(kt). Thus, 1/k acts
as the bandwidth for each k € K which is a tuning set in R, .

Depending on the form of k this regularization encompasses many estimators proposed
in the literature. For instance, when k = p 4+ A\(p — p % p) with some A € R and some kernel
p, and, for any k > 0, z — py(2) = 237" | pi(Z; — z), it follows that'

L. For A = 0, the implied estimator is n™' Y31 pr(Zi) = n=2 37, pu(Zi — Zj).
2. For A = —1, the implied estimator is [(px(2))*dz = n=> 3, (p* p)r(Zi — Z;).

3. For A = 1, the implied estimator is 2n~" > 71" | pr(Zi) — [(pr(2))?dz = n=2 3, (20 —
(p*p))(Zi — Z;).

The first two estimators are standard; the third estimator is inspired by the one considered

in Newey et al. [2004], wherein & is a twicing kernel. Moreover, the formalization in display

(9) captures commonly used “leave-one-out” estimators by simply imposing x(0) = 0. For
instance, the “leave-one-out” versions of the estimators 1-3 are given by

. For A = 0, the implied estimator is n=2>7 . pe(Z; — Z;).
2. For A = —1, the implied estimator is n =2 Y izi(px p)u(Zi — Zj).
3". For A = 1, the implied estimator is n=2 3", (2o — (p % p)&)(Zi — Z;)

These estimators are essentially the ones considered by Gine and Nickl [2008] and Hall and Marron
[1987] (see also Powell and Stoker [1996] and references therein); the estimator 3’ is also a
somewhat simplified version of the one considered in Bickel and Ritov [1988].

9Details of the claims 1-3 and 1’-3’ below are shown in the Appendix B.
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We now show that Definition 6.2 is satisfied by our class of regularizations and also
establish a rate for the remainder term, n (P, — P) which is used to verify for which sequence
of tuning parameter condition 7 holds.

Proposition 6.1. For any P € M, the regularization defined in expression (9) is DIFF (P, &|.)-
For each k € K,

Qs DUy (P)Q) = 2 / (% P)(2)Q(d2),

and Q — nx(Q) = [(kr*Q)(2)Q(dz) is such that there exists a Ly < oo such that |n,(Q)] <
Li||Q]|3 5 for all Q € ca(Z).

Proof. See Appendix E.1. O

This proposition implies that for each k € K, ¢y is ||.||op-Frechet differentiable, and
since LB is P-Donsker, the conditions in Theorem 6.1 are met. The influence is given
by z = @i(P)(2) = 2{(kr * P)(2) — Ep[(kr x P)(Z)]}, and since supy ||¢r(P)||r2p) <
2||p||zom)||£l| L1 () (see Lemma E.2 in Appendix E.1), the natural scaling for GAL is \/n. A

Next, we consider the NPIV example. It is not hard to see that the influence of ~
will be given by z — [ Dy (P)*[7](z) — Ep[Dyw(P)*[7](Z)] provided Dy (P) : Tp —
L3([0,1]) and its adjoint Dy (P)* : L*([0,1]) — T5 exists (T3 is the dual of Tp). For sieve-
based and penalization-based regularization schemes, we characterize Dy (P)* and show
how its standard deviation can be used to appropriately scale the estimator to obtain a
generalized asymptotic linear representation regardless of whether the parameter is root-n
estimable or not. This last result, illustrates how our method can be used to generalize the
approach proposed in Chen and Pouzo [2015] to general regularizations. As a by-product, we
extend the results in Ackerberg et al. [2014] and link the influence function of the sieve-based
regularization to simpler, fully parametric, misspecified GMM models.

Example 6.3 (NPIV (cont.): The sieve-based Case). We study the sieve-based regulariza-
tion approach, which is constructed using two basis for L*([0,1]), (ug, vk )ren, and two indices

k— (J(k), L(k)) such that

(9.2) = Tiplg)(2) = (' (@) Quu Bp [’ ®(X)g(W)],

z > ryp(2) = (/@) Quy Eplu’ M (X)Y],

Ri,p = (I Ty p Ty, pllp)
where u*(z) = (ui(2), ..., ux(z)), v*(w) = (vi(w), ..., vi(w)), My = L3([0,1]) — lin{v*®)}
L2([0,1]) is the projection operator, g — I;[g] = (VEM)TQ! [vE®) (w)g(w)dw, and Q.
Epep[u® (X)(u(X))T], Quv = Ep[u*(X)(v*(W))T] and Quy = Erep[v"(W) (v (W))].

The next proposition proves differentiable of the regularization « and provides the ex-

pression for the derivative.

1

21



Proposition 6.2. For any P € M, the sieve-based regularization ~y is DIFF(P, &) For
each k € N,

@+ Du(P)Q) = [ D(PY ()Q(:)
where
Dby (P)*[7)(y, w, ) =(y — i (P)(w)) (' ® (2 ))TQJUIQM(QZUQL}Quu)_lELeb[ R W)m(W)]
+ {Ep (V(P)Y(W ) Ye(P) (W) (" (X)T] Q™ ()
x (V" (W) (Qr, Qs Quo) ™" Erep[v"® (W)m (W)} (10)
And, for each k € N, the reminder of i, 1, is such that |7:(¢)| = o(||¢||Ls) for any ¢ € D%

Proof. See Appendix E.2. O

Even though expression for Dy (P)*[n] may look cumbersome, it has an intuitive inter-
pretation: It is identical to the influence function of the parameter [ 67vE® (w)7(w)dw where
6 is the estimand of a miusspecified linear GMM model where the “endogenous variables” are
v"®) (W) and the “instrumental variables” are u’(*)(X); cf. Hall and Inoue [2003]. The first
term in the RHS of expression 10 also has an intuitive interpretation: It is the influence
function of the parameter [ §7vE® (w)r(w)dw but in well-specified linear GMM model.

The proposition implies that for the “fix-k” case, expression 10 is the proper influence
function to be considered. However, one can ask whether as k diverges, the second term (the
one in curly brackets) in RHS of expression 10 can be ignored. To shed light on this matter,
it is convenient to use operator notation for expression 10:

D (P)[7](y, w, 2) =Tk p R pLk[] (x) X (y — ¢ (P)(w))

+ R pi[m)(w) X Ty, p[(P) — i (P)](x) (11)
(we derive this equality in expression 21 in Appendix E.2). The term T} p[)(P) — ¢x(P)]
is multiplied by Ry, pll;[n], which is different to T} pRy plli[n] — the factor multiplying
(y — ¥r(P)(w)). If m € Range(Tp) both multiplying factors converge to bounded quantities
as k diverges.Thus, since Ty p[t)(P) — ¢ (P)] vanishes, the first summand in the RHS of
expression 10 “asymptotically dominates” the second one. This is framework considered in
Ackerberg et al. [2014]. However, if 7 ¢ Range(Tp) — and thus v(P) is not root-estimable
(see Severini and Tripathi [2012]) — the situation is more subtle and without additional
assumptions it is not clear which term in expression 10 dominates. The reason is that
the aforementioned multiplying factors will no longer converge to a bounded quantity, and
moreover, the rate of growth of Tj, pRy plli[r] can can be dominated by the rate of Ry, pIlj[7].

For this last case of m ¢ Range(Tp), the results closest to ours are those in Chen and Pouzo
[2015] wherein the influence function for slower than root-n sieve estimators is derived. Their
expression for the influence function is simpler than ours, but this arises from a different set

20The “0” function may depend on k.
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of assumptions and, more importantly, a different approach that directly focus on expressions
for “diverging k”. A

Example 6.4 (NPIV (cont.): The Penalization-based Case). We study the penalization-
based regularization case given by

(x,9) = Tk plyl(z) = //{k(x’ — 1) /g(w)P(dw,da:')

x> 1 p(x) = /Iik(l’, — ) /yP(dy,d:c’)
Rip = (T pTep + M)~
where ki (+) = kr(k-) and & is a smooth, symmetric around 0 pdf.
As opposed to the previous case, there is no obvious link to a “simpler” problem like
GMM and thus it is not obvious a-priori what the influence function would be and what
the proper scaling should be when +(P) is not root-n estimable. Theorem 6.1 suggests

Dy (P)[x] and v/n/Varp(Dy;(P)[r]) as the influence function and scaling factor resp.; the
next proposition characterizes it.

Proposition 6.3. For any P € M, the Penalization-based regularization « is DIFF (P, & |, ,)-
For each k € N, D (P)[¢] = [ D¢ (P)*[7](2)¢(dz), where

Dy(P)[7|(y, w, @) =KgTp(TpKETp + \ed) " m](2) x (y — ¥(P)(w)) (12)
+ M(TpIETp + M) ™l (w) x KETe(TpkETe + M)~ [thia(P)] (2).
where Ky, is the convolution operator g — Ky[g] = kr*g. And, for each k € N, the reminder
of Y, M, is such that |nx(C)| = o([[C][zp) for any ¢ € Dy, *!

Proof. See Appendix E.2. O

If 7 € Range(Tp), then the variance term converges to ||Tp[v*|(X)(Y —(P)(W))| |%2(p) =
Ep[(Tp(THTe) Hr|(X))2Ep[(Y — ¢(P)(W))?|X]] as k diverges, where v* = (TpTp) " [x].
The function (y, w, z) — Tp[v*](z)(y—1(P)(w)) is the influence function one would obtained
by employing the methods in Ai and Chen [2007a] (with identity weighting) and v* is the
Riesz representer of the functional w — [ m(w)g(w)dw using their weak norm ||Tp[-]||12(p).

If 7 ¢ Range(Tp), the variance diverges, and, as in the sieve case, without additional as-
sumptions it is not clear which term dominates the variance term Varp(Dyj(P)[r]), as
k diverges. This case illustrates how our results can be used to extend the results in
Chen and Pouzo [2015] for irregular sieve-based estimators to more general regularization
schemes. A

2IThe “o” function may depend on k.
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6.2 Data-driven Choice of Tuning Parameter and Undersmooth-
ing
Theorem 6.1 implies existence of a n k( ) such that??

) (Pn) — f By (P
V(W (Pa) = (P —1/22 Zi) O( V1 By (P) ) op(1). (13)
||er(m) (P )||L2(P ||S0k [er(m) (P22 p)
L.e., the asymptotic behavior of the regularlzed estimator — once scaled and centered —

||L2(P

is characterized by a term due to the approximation error and a stochastic term. For ob-
taining asymptotic distributions, it is common practice to try to find sequences (k(n)),
satisfying Theorem 6.1 for which the approximation term in expression (13) vanishes. Un-
fortunately it is known that such sequences do not always exists at this level of generality:;
e.g. Bickel and Ritov [1988] and Hall and Marron [1987]. In view of this remark it is natural
to seek choices of tuning parameter that make the terms in the RHS of expression (13) as
“small as possible”. Such choices will guarantee that GAL and the asymptotic negligibility
of the approximation error both hold when possible, and otherwise, will at least yield good
rates of convergence for i (F,) — ¥(P).

The result in this section shows that the data-driven way of choosing tuning parameters
described in Section 3 satisfies this property. For each n € N, the data-driven choice of
tuning parameter is of the form k, = argmin{k: k € £,(A)} for a suitable chosen function
k + A(k). In section 3, the relevant function was k + 46 (r;1); in this case, however, the
structure of the problem is different. In particular, in addition to the reminder term ()
implied by differentiability and the scaled approximation error, there is the additional term
given by n=1/23" e (PNZ) -y following assumption introduces the quantities to

i=1 ||99k(n)(P)HL2(P)
construct (Ag)x. For each n, let K,, be the grid defined as in Section 3.

Assumption 6.1. There exists a (n, k) — §;x(n) for j € {1,2} non-decreasing and a N € N
such that

(i) SupPgek, % <1 wpal-P.

(u) supk,>k in K, HW(P)S::Z(HP))HLQ(P) <1 foralln> N,

As the proof of Lemma E.7 in Appendix E.3 suggests, the sequence that defines our
tuning parameter, for each n € N, is given by k — A(k) = 4(01.4(n) + do1(n)).

Remark 6.5 (Discussion of Assumption 6.1). Part (ii) implies that (dyx(n)),x acts as a
growth rate for an object that, on the hand, involves the complexity of K,, — given by |K,|

#The display hold provided liminf, o ||@k(n) (P)||r2(py > 0 For the applications we have in mind, this
restriction is natural and non-binding. Our results are not designed for cases where limg o ||0% (P)||z2(p) =
0; this case can be handled separately — and rather easily — since both the approximation error and the
rate of k — ng (P, — P) decrease as k increases.
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— and on the other hand, involves the “length” of K, — measured by k — ||0i(P)||r2(p)
In cases where (||¢x(P)||r2(p))x is uniformly bounded, the “length” of K,, (measured by &
||¢r(P)||L2(p)) is also uniformly bounded and part (ii) boils down to ‘&' < infieg, 62.1(n)).
Part (i) implies that (&, x(n)), also acts as the growth rate, but of a very different quantity:
The reminder term of GAL, uniformly on k € K,,.

To shed more light on Assumption 6.1, suppose there exists a norm ||.||s such that

C1: There exists, for each k € K a modulus of continuity 7, : R, — R, such that n;(Q) =
M ([1Qlls)-

C2: There exists a real-valued positive diverging sequence (r,), such that ||P, — P||s =

op(r;t).

Condition C1 states that n is continuous with respect to some norm ||.||s and C2 ensure
convergence of P, to P under this norm. These conditions are analogous to the assumptions
used to show Theorem 4.1.

Under these conditions it is easy to see that Part (i) follows by choosing 01 4(n) = 7 (r; 1),
which acts as dx(r; ') in Theorem 4.1, and, in particular, it does not depend on the grid.
Part (ii), however, is not necessarily implied by this choice. If the growth rate of the re-

K|

minder, 7;,(r; '), is small compared to = SUD>k in K, l|¢r (P) — @i (P)||L2(py then part (ii)

requires that d5(n) to be larger than the latter, i.e., dox(n) > Ulj%\ SUDgrsk in &, |9k (P) —

@ (P)|[r2(p)
Below we illustrate how to verify these assumptions in the context of Example 6.2.A

Proposition 6.4. Suppose all the conditions of Theorem 6.1 hold, and Assumption 6.1

holds. Then
B V) S D) o ((cp i g (Dl a0+ I,
||r, (Pl L2(p) ||r, (Pl L2(p) keKn |lex(P)|z2(p)
_ lex (Pl 20p)
where C), = supy 4 in k, m.
Proof. See Appendix E.3. O

The rate in the proposition is — up to C? factor — the minimum value of the sum

of two terms: /n w that controls the reminder term of GAL and another one,
L4(P

Vn H%B’“ﬂfz( that controls the approximation error term. Therefore, if there exists a
L4(P)
choice of tumng parameter for which both these terms are asymptotically negligible, our

result implies that

Sl P —0(P) Ly g, (P)(Z)

e, (Pl 2 Tlor, Pl

—I—Op(l).
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i, (Pa)—(P) 12 or, (P)(Z)
That is, the asymptotic distribution of \/77”%” Pla given that of n=1/23"" | Tor Pz,

On the other hand, if no such sequence exists, the proposition readily implies a rate of con-
Ui, (Pn)—9(P) ~1/2 2 {51 e (n) 4021 (n)+ By (P) })

||99kn( )||L2(P) OP ( + C lnkaK” ||80k(P)HL2(p) ’

The sequence (C),), quantifies the discrepancy of k > ||k (P)||r2(p) within the grid. In

vergence of the form

cases where Assumption 6.1(ii) holds for all ¥ and k in K, it readily follows that C, =
L+ K| supgex, 02,6(n)/llok(P)l | r2(p)

In order to shed more light on these expressions and the assumptions, we applied our
results to the estimation of the integrated square PDF (example 6.2). In this setting,
Gine and Nickl [2008] already provide a data-driven method to choose the bandwidth which
is akin to ours. In fact, our method can be viewed as generalization of theirs to general
regularizations, and the example illustrates that, at least in their setup, we do not have to
pay an extra price for the added generality.

Example 6.5 (Integrated Square Density (cont.)). In this example the relevant tuning
parameter is the bandwidth of the kernel, so we let k — k~!, and as the grid, K,,, we use the
one proposed by Gine and Nickl (Gine and Nickl [2008]), i.e., K, = {k: k~' € H,,} where

4 1
’Hn:{he {(l(’g”), L ]: hy = — hlzloi", hy = Zn hir1 = hi/a, wfzz,za,...}

nZ  pl-o nl-o’
where a > 1, (I,,),, diverges to infinity slower than logn and I;! < logn and § > 0 is arbitrary

close to 1; in particular 0 > 0 is such that 2o < 2(11+55 Of importance to our analysis are
the fact that |K,| = O(logn) and that for sufficiently large n, any two consecutive elements

in H,, are such that hyyq/hi < 1/a.
The following lemma suggests an expression for the functions (n,k) — §;x(n) for i €

{1,2}.
Lemma 6.1. For any M > 0, there exists a N such that for alln > N,
sup  [|p1/n(P) = o1m (Pl 2py < 4|C||r2(pyh Bl [U™F4].

h'<h in Hn
where the function C' is the one in expression 8 in Example 6.2, and

P (sup valm(Po— P 2 0 (S0 + ) ) <

Proof. See Appendix E.3.2. O

Therefore, {(n, k) + & x(n)}i=12 can be chosen as

Jkr(0) + vk (logn)?k—(m+o)

The lemma and this display illustrate the different nature of Assumptions 6.1(i)(ii). Part (i)

bounds the reminder of the linear approximation and it increases with k and decreases with

M in the display. Part (ii) on the other hand essentially

(n, k) = 014 = (logn)® , and (n, k) = gy =

n; this is reflected in the term
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requires that the bandwidths in the grid H,, are not “too far apart”. In particular, it depends
on the size of the bandwidths in H,,; this is reflected in the term £7¢ in the display.

It follows that sup, .y C, < 0o because there exists a constant C' > 1 such that k —
lok(P)||r2(py € [C~F, C] and is continuous for all k£ > 1.

We verified that all assumptions of Proposition 6.4 hold. Moreover, Proposition B.1 in
Appendix B implies that h — By ,(P) = O(h??). Thus, the rate of Proposition 6.4 is given
by
infy,e9,,{(logn)? <MW + h9> + /nh*}. In fact, given our choice of H,, and §, some
straightforward algebra shows that, at least for large n, the infimum over K,, and be replaced
by the infimum over R, . Therefore,

Vi, (P) = 6(P) a7 V2Y0 g (P)(Z)
e, (P)llz2ee) s, (P)llz2r)

0.5

Op (bﬂ)l%f 7)) if Kk(0) =0

n

0

Op [ (1222) ™%} if x(0) > 0

n

For the case k(0) = 0, we replicate the results by Gine and Nickl [2008]: if o > 0.25, the
reminder is negligible and root-n consistency follows, otherwise the optimal convergence rate
is achieved. A

7 Conclusion

We propose an unifying framework to study the large sample properties of regularized esti-
mators that extends the scope of the existing large sample theory for “plug-in” estimators
to a large class containing regularized estimators. Our results suggest that the large sample
theory for regularized estimators does not constitute a large departure from the existing large
sample theory for “plug-in” estimators, in the sense that both are based on local properties
of the mappings used for constructing the estimator. This last observation indicates that
other large sample results developed for “plug-in” estimators can also be extended to the
more general setting of regularized estimators; e.g., estimation of the asymptotic variance of
the estimator and, more generally, inference procedure like the bootstrap. We view this as
a potentially worthwhile avenue for future research.
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Notation: Recall that ca(X) for some set X is the Banach space of all Borel measures
over X endowed with the the total variation norm, ||u||ry = |p|(X) where |.| is the total
variation. For a real-valued sequence (x,)n, x, T a € RU {oo} means that the sequence is
non-decreasing and its limit is a; x, | a is defined analogously.

A Extensions of our Setup

In this Appendix we briefly discuss how to extend our theory to general stationary models
(Section A.2), we also discuss how to extend our setup to capture some sample splitting
procedure commonly used in the literature (Section A.1).

A.1 Sample-Splitting Procedures

Our regularized estimator — like the plug-in one — is defined in terms of P,, and as such is
permutation invariant. Thus, estimators that do not enjoy this property are not covered by
our setup; perhaps the most notable class of estimators that falls in this category are esti-
mators that rely on sample splitting procedures. We now argue that a slight generalization
of our framework can encompass some splitting-sample procedures.
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In order to illustrate the challenges and proposed solutions that arise from these pro-
cedures, we present the problem in a simple canonical example. Suppose the parameter of
interest is comprised of two quantities: a vector, denoted as h € H (H being some subset of
a Euclidean space), and a real number, denoted as § € R. The former should be treated as
a so-called “nuisance parameter” and the latter as the parameter of interest. Moreover the
following “triangular structure” holds:

P = p(P) = (0(P,h(P)), h(P)), (14)

where P +— h(P) € H is the mapping identifying the nuisance parameter and (P,h) —
O(P,h) € R is the mapping identifying the parameter of interest. The “triangular structure”
means that h only depends on P whereas 6 depends on both P and h(P). An example of
this structure is one where 0(P, h) = Ep|[¢(Z, h)] where ¢ is a known function that depends
on the data Z but also the nuisance parameter.

Suppose the following estimator is considered. The data is divided in halves (for simplicity
we assume the sample size to be even). An estimator, denoted as @El, is constructed by using
the first half to construct an estimator of h and using this estimator and the second half of the
sample to construct the estimator for 6. Another estimator, denoted as %, is constructed by
reversing the role of the first and second halves of the sample. The final estimator is simply
w = 0. 51D1 + 0. 51p2 To keep the setup as simple as possible, we assume, for now, that the
plug-in estimator is used (within each sub-sample) for estimating both 6 and h, i.e., there is
no need to regularized the problem.

It is easy to see that 1& is not permutation invariant and thus does not fall in our frame-
work. We now propose an alternative formulation of the original problem that, while seem-
ingly redundant and even contrive at first glance, will allow us to extend our framework
to this problem. This formulation entails thinking of ¢ as a function of two probability
distributions over Z. Formally, ¢ : M x M — R x H, where

(P, Py) = (0(Py, h(Py)), h(P)). (15)

At the population level this distinction is superfluous because, if the true probability is
given by P, then (P) = (P, P). However, by taking v as the parameter mapping, the
split-sample estimator can be formulated as follows. Let PV be the empirical distribution
generated by the first half of the sample and P? be the empirical distribution generated by
the second half of the sample. It follows that

b = 0.50(PW, P@)Y 4 0.50(P®, PW).

That is, the split-sample estimator can be seen as Welghted avera e of two plug in estimators
using the parameter mapping 1. Since the estimators ( P , n2 will converge to (P, P)
under the same conditions that ensure convergence of P to P (except in the former case
the relevant sample size is n/2 not n), then one can establish consistency and asymptotic

linearity by using the typical results for plug-in estimators, but using v as the original
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parameter mapping, and not .

The formulation using v allow us to tackle the case in which the estimation problem for
h or 6 needs to be regularized; e.g. if h is a function or a high-dimensional vector. We do
this by proposing a regularization — in the sense of Definition 2.1 — for 1 as opposed to 1,
and construct the regularized estimator as

0.5¢x (P, PP + 0.5, (P?, PW), Vk € N.

Thus our results can be applied to this case, by taking the regularization to be (). For
instance, to establish consistency, following Theorem 3.1, it suffices to verify continuity of

(¢n)k-

The example given by expression (14) has 3 features that we believe are key in order
to extend our general theory for regularized estimators to encompass sample-splitting pro-
cedures. We now extrapolate these feature from this simple canonical example to a more
general setup

1. The number of splits in the sample is fixed, in the example was 2, in general it can be
s € N but s is assumed not to grow with n. Following the insight in expression 15,
the new parameter is given by ¥(P,, ..., P,) where P, ..., P, belong to the model M.
Moreover, assuming, for simplicity, that n = sm for some m € N, it also follows that
one can construct a vector P,Sl), e P,SS’ of empirical probability distributions, one for
each sub-sample.

2. The estimation procedure within each sub-sample admits a regularization as defined
in our paper. That is, there exists a sequence (¢) such that wk(Pr(fl), . PT(L”S)) is
well-defined for each permutation 7y, ..., 7s of {1, ..., s}, and ¢y (P, ..., P) converges to

Y(P, ..., P) =1(P) for each P € M.

3. The final estimator is a convex combination of the estimators @k(Pr(fl), e PT(L”S)). For
instance, if s = 3, then the final estimator is of the form Zi,j,ke{l,..,s} wm,kqﬁk(Pygi), P,gj), Pr(Lk))
where (w; j )i, are given weights. This last assumption is, in our opinion, less critical
than the other two since we conjecture the convex combination can be replaces by a
“smooth” operator.

We believe these features are general enough to encompass the sample-splitting proce-
dures commonly used in applications They, however, do rule out cases where the sample
splitting procedure demands number of splits that grow with the sample size.

A.2 Extension to General Stationary Models

We now briefly discuss how to extend our theory to general stationary models. In this case
a model is a family of stationary probability distributions over Z> i.e., a subset of P(Z>)
(the set of stationary Borel probability distributions over Z>).
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Let P denote the marginal distribution over Zy corresponding to P € P(Z>) (by sta-
tionarity, the time dimension is irrelevant). For a given model M, let M denote the set of
marginal probability distribution over Z, corresponding to M>. A parameter on model
M® is a mapping from M to ©. That is, we restrict attention to mappings that depend only
on the marginal distribution. Our theory can also be extended to cases where ¢ depends on
the joint distribution of a finite sub-collections of Z*°. Allowing for the mapping to depend
on the entire P is mathematical possible, but such object is of little relevance since it cannot
be estimated from the data.

A regularization of a parameter v is defined analogously and the (relevant) empirical
distribution is given, for each z € Z*, by P, (A) =n"'Y " | 1{z: Zi(z) € A} for any Borel
set A C Z.

Theorem 3.1 can be applied to this setup essentially without change, the difference with
the i.i.d. setup lies on how to establish converges of P, to P under d. Similarly, the notion of
differentiability (Definition 6.2) can also be applied without change. The influence function
will also be given by z +— Diy(P)[d, — P]. The scaling, however, will be different, since

:||90k(P)||%2(P)
+207" Y Ep [(Dys(P)[07 — P)) (Dvw(P)[dz, — P))]

1<j

n—1 n
=llex(P)[Zapy +2n7" Y > vin(P)

=|lex(P)[72(p) (1 + 28,,1(P))
where 7, x(P) = Ep [(DY1(P)[0z, — P]) (Dyy(P)[bz, — P])] and

S

1=1

Hence, the natural scaling is ||ox(P)||r2(p)v/(1 4 2®,,%(P)) and not ||ox(P)||z2(p) as in
the IID case. We note that our theory, a priori, does not require limsup,,_, . @, x(P) = occ.
In view of the previous discussion, the relevant restriction in Theorem 6.1 is

nk(Pn - P)
[lox(P)l22(p) /(1 + 224,1(P))

An analogous amendment applies to Theorem ?77.

NG

= Op(l).
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B Appendix for Section 2

The next lemma formalize verifies Claims 1-3 and 1’-3” in the text. Throughout, let pi(-) =
kp(k-) for any k € K.

Lemma B.1. For all h > 0, t — (p1/n * p1/n)(t) = (p* p)1/n(t).
Proof. For allt € R,

(punepin)(® = [ pntt = Dop(e)ds b [ p((e = o) mpla/mde =17 [ plap(e/h — u)d
=h""(p*p)(t/h)

where the last line follows from symmetry of p. O

Lemma B.2. Claims 1-3 and 1°-3" in the text hold.

Proof. For each case 1-3 and 1’-3’, we show that the x yields the associated estimators and
that x is a valid choice in each case.

(1) Follows directly from the fact that pi/, x P, = p1/a-

(2) By Lemma B.1, ¢ — (pi/n * pi/n)(t) = h™'(p* p)(t/h). Hence, by taking k = p*p
it follows that ¢ — ky/,(t) = h™ (p* p)(t/h) = (p1jn * p1/n)(t). Moreover,  is indeed a pdf,
symmetric and continuously differentiable.

We now show the form of the implied estimator. We use the notation (.,.) to denote the
dual inner product between L*(R) and ca(R), so

[ anx PY@PU@D) ~tpropx PP = [ [ pune = 9)ounx Pw)yPl)

:/(m/h*P)(y)/ph(y—x)P(d@dy
=(p1/n* P, pijn % P) 2

where the second line follows by symmetry of p. Since p;, x B, = pj, the result follows.

(3) Take £(-) = (—p*p(-)+2p(+)). It follows that [ k(u)du = — [ pxp(u)du+2 [ p(u)du =
1. Smoothness follows from smoothness of p. Finally, we note that one can write k() as
{pxp(t) +2(p(t) — pxp(t))}.

By Lemma B.1 ¢ — rk1/,(t) = h ™ (pxp)(t/h)+2h  (p(t/h) — p*p(t/h)) = (p1/n*p1n)(t)+
2(p1/n(t) — pi/n* p1/n(t)). So the expression of the estimator follows from simple algebra.

(1’) Since P does not have atoms, Z; = Z; iff i = j a.s.-P. It follows that the estimator is
given by n=2 37, - kiyn(Zi — Z;) = n” rn(0) + 072 Y0 wyn(Zi — Z;) a.s-P and the result
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follows since k(0) = 0.
(2’) The expression of the estimator follows from analogous calculations to those in 1°.

(3’) By the calculations in (3)
/ (hn(2))2dz = / (o % payn + Pa)(@)Palda) = 072 3" pusnx puym(Zi — Z3) + n~Ypusn + payn0)
i#]

=n"? me *piyn(Zi = Zj) +n7! /(Puh(z))zdz

i#j
where the last line follows by symmetry. Hence
Jon@ra: =2 [z 07 [z =0 s oz - 2)
i#]
= — n_2 Zpl/h *pl/h(Zi — Zj) X 1{Zz - Zj # 0}

1,J

where the last line follows because P does not have atoms, so Z; = Z; iff i = j a.s.-P.
Similarly,

n! Zﬁh(zi) — 2p1/n(0)/n =2 ( Zpl/h (Z; — Z;) p1/h(0)/n>

=2n"" Zm/h (Zi = Zj)
i#]

i7j

The following proposition provides bounds for the approximation error.

Proposition B.1. There exists a finite constant C' > 0 such that for any £ € K and any
PeM,

Bi(P) < Ck™E,[|U|*).
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Proof of Proposition B.1. Since P € M it admits a smooth pdf, p, it follows that
(P = o(P) = [ ([ wate = dptopay — pia) ) )i
_ / / k()p(e — u/k)du — p(a)p(a)da
= [ pxpu/t) - pp(0) (w)du

where ¢ +— p(t) = p(—t). Henceforth, let t — g(t) = p* p(t).
Our condition (8) implies that p and p belong to the Besov space B3 (R). Lemma
12 in Giné and Nickl [2008] implies that g € B22_ (R), in fact since 20 ¢ N, g is Holder
continuous with parameter 2p. This implies and the previous display imply that By(P) <
CEk™? [ |u|*|k(u)|du for some universal constant C' < oco.
U

Remark B.1 (Remarks about the Condition 8). Gine and Nickl [2008] imposes p € HS(R),
whereas our restriction essentially implies that p € B3 (R). In that paper and in ours the
smoothness coefficient p is less than 0.5, i.e., we have “low” degree of smoothness. Because
of this, whether or not the kernel is a “twicing kernel” does not matter for the control
of the approximation error. For larger levels of smoothness, e.g. o > 1, we expect the
“twicing kernel” — or higher order kernels in general — to yield different bounds for the
approximation error. The goal of this example is to illustrate the scope of our methodology

and thus we decided to stay as closed as possible to the existing literature and omit the case
0>0.5. A

B.1 Some Remarks on the Regularization Structure in the NPIV
Example.

The general regularization structure, (R p, Tk p, 7k, p)ken, and conditions 1-2 are taken from
Engl et al. [1996] Ch. 3-4. It is clear from the problem that

Dy = {p € ca(R x [0,1]*): E,[[Y]?] < 00 and E,[|[h(W)|*] < 0o Vh € L*([0,1])}.  (16)

The next lemma presents useful properties of D,. The proof is straightforward and thus
omitted.

Lemma B.3. (1) Dy D MUD; (2) Dy is a linear subspace.

We now discuss canonical examples of regularizations methods for the first and second
stage that we consider in this paper.

FIRST STAGE REGULARIZATION. For any P € D, and any k € N, we can generically
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write 7, p as

Tkp / /UkSL’ LL’ dy,dl’) VSL’E[O 1]

where Uy € L*([0,1]?) symmetric. For instance, if
(', 2) = Up(2', ) = ku(k(z — 2"))

where u is a symmetric around 0, smooth pdf, then x — 4 p(z) = [y [ ku(k VP(dy, dx'),
which is the the so-called kernel-based approach; e.g., for 1ll-posed inverse problems see
Hall and Horowitz [2005] among others.

In the case one defined rp using conditional probabilities, i.e., rp(z) = [ yp(y|x)dy. The
kernel approach becomes

f]gu x—ua )P(dy,dxl).
=y p(r) = / [ ku(k(x —2'))P(da’)

(e.g. Darolles et al. [2011]). Observe that rp is only defined for probability measures for
which the pdf exists.
Another approach is to directly set

(', 2) = Up(a',2) = (u"(2))" Qpuu*(2'),

where (uy,)gen is some basis function in L%([0,1]) and Quu = Ere|(v*(X))(w*(X))T]. In this
case, z — 1 p(z) = (uF(2))T Q.  Ep[uf(X)Y], which is the so-called series-based approach;
e.g., for ill-posed inverse problems see Ai and Chen [2003], Newey and Powell [2003] among
others.

Analogously, one can define T}, p as

g+ Trplgl(z) = /g(w)/Uk(x',:B)P(dw,dx’), vz € [0,1],

and the same observations above applied to this case.

The next lemma characterizes the adjoint for any P € M (i. e P as a pdf p) In this
case, we can view the regularization as an operator actlng on Tplg f g(w)p(w, z)dw,
given by Uy, : L*([0,1]) — L*([0, 1]), where Uy Tp[g](z) = [ Ux(a',z fg p(w x)dwd:v

Lemma B.4. For any k € N and any P € M (in particular, it admits a pdf p), the adjoint
of Tr.p is Tj; p - L*([0,1]) — L*([0,1]) and is given by

[ Tl:,P[f] = T"U[f].
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Proof. For any k € N and any P € M,

(Tirlo) Priogoy = [ WTrlgla) f(a)do

/ //Uk 2 x) f(z)dep(w, 2')dr' dw

=(g, TpUx[f1) 2(j0.1))
for any g, f € L*([0,1]). O

If P ¢ M, in particular if it does not have a pdf (with respect to Lebesgue), the adjoint
operator is different; the reason being that 7% does not map onto a space of functions because
P does not have a pdf. In this case, consider the operator Ap : L*([0,1]) — ca([0,1])
given by f = Ap[fI(B) = [,cp [ f(x)P(dw,dx) for any B C [0,1] Borel. Note that
|Ap[f]()| < [1f(z)|P(dz) < 00 prov1ded that f € L*(P), which is the case for any P € Dy.
The next lemma characterizes the adjoint in this case.

Lemma B.5. For any k € N and any P € Dy, the adjoint of Ty, p is given by
f = T plf] = Apli[f].

Since Uy € L*([0,1]?), Ty p[£1([0,1]) = [If[lz2)||Ukl2(0,12) which is finite for P € Dy,
So T} p[f] in fact maps to ca([0, 1]).

Proof. For any k € N and any P € D,
(Tirlo) Doy = [ [ atw) [ Ut 0)P(dw, o) (o)
_ / g(w) < / Un(e', 7) f(x)dx) P(dw, dz’)

- [ tw) [t i)

for any g, f € L*([0, 1]). O

One possibility to avoid the aforementioned technical issue with the adjoint operator is
to define a regularization given by

9 Tuslale) = [ otw){ [ Ui ot )Plaw' ) o, o € 1)

where U, € L>=([0,1]%) symmetric. For example, if Vi(w',w) = h; 'v((w’ — w)/hy, (and
Uy is also given by the kernel-based approach), then in this case (z,w) — Wi[P](z,w) =
[ Ui(2, 2)Vi(w', w)P(dw',dz’) is a pdf over [0,1]* (regardless of whether P has a pdf or
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not), and thus

Frs Toplflw) = [ F@WalPl (e, wde

For instance, Hall and Horowitz [2005] considered a method akin to this.

In the case Tp is defined as a conditional operator, one can consider the sieve-based
approach for Uy and Vi (w',w) = (vF(w))TQ,v*(w') for some (vi)ren basis function in
L*([0,1]). Then, in this case,

Tr,plg)(x) =(u*(2))" Quu Ep[u" (X) (0" (W) Q) Epe[v" (W) g(W))]]
uF (1)) Qrt Quo Qi Eres[v" (W) g(W)]

[ atw { [ Q) ) @) P dx')} dho

=(
=(

where Qo = ELep[(vF (W) (0F(W))T] and Qup = Ep[u*(X)(v*(W))7], and
fe= T plfl(w) =" (w))" Q@ Qs Erep[u” (X) f(X)]
_ / F@)WilP)(z, w)da

where Wi[P)(z, w) = [ (u*(2))" Quu* (@) (0" ()" Qy, v"(w) P(dw', dx').

SECOND STAGE REGULARIZATION. For the second stage regularization, one widely used
approach is the so-called Tikhonov- or Penalization-based approach, given by solving

argmin{ Ep [(r,p(X) — T p[0] (X))°] + MelO1 220}
which is non-empty and a singleton. This specification implies that
Rip = (Ty pTip + Med) ™!

which is well-known to be well-defined, i.e., 1-to-1 and bounded for any A\, > 0.
Another widely used approach is the sieve-based approach that consists on setting up

arg érlfeliéfllc Ep [(T’k,P(X) — Ty.pl0)] (X)ﬂ

and specifie the (O); such that (1) Ug©y is dense in © and O has dimension k, and (2)
arg min exists and is a singleton. For instance if Oy is convex, then a solution exists and is
unique provided that Kernel(Tj p|©y) = {0}. In this case

Ri,p = (I Ty p T, p11)

where Il is the projection onto Oy.
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VERIFICATION OF DEFINITION 2.1. The next Lemma shows that given Conditions 1-2
listed in Example 2.1, (¢ (P))ren (and hence (7x(P))ren) is in fact a regularization.

Lemma B.6. Suppose Conditions 1-2 listed in Example 2.1 hold. Then (¢Yr(P))ken (and
hence (vix(P))ken) is a reqularization with Dy, given in 16.

Proof. Condition 1 in Definition 2.1 is satisfied by Lemma B.3. Regarding condition 2 in
Definition 2.1, note that

[e(P) = W(P)|| 2o < | Rk,pTh plre.r — 7p)| 20,01 + [|(Risp T p — (TTp) " TH) ]| 2(0,1))5

which vanishes as k diverges by our conditions 1-2. O

C Appendix for Section 3

The next lemma provides an useful “diagonalization argument” that is used throughout the
paper.

Lemma C.1. Let S = {ky, ko, ...} with k; < ki1 for alli € N. Take a real-valued sequence

(Tkn)kesnen such that, for each k € N, lim,_,o |xrn| = 0. Then, there exists a mapping
n = k(n) € S such that (a) lim, o |Trm)n| = 0 and (b) k(n) 1 co.

Proof. By pointwise convergence of the sequence (), for any I € N, there exists an(l) € N
such that |z, .| < 1/2% for all n > n(l). WLOG we take n(l + 1) > n(l).

We now construct the mapping n — k(n) as follows: For each [ € N, let k(n) = k; for
all n € {n(l) +1,...,n(l+1)}; and k(n) = 0 for n € {0,...,n(0)}. Since the cutoffs n(.)
are increasing the set {n(l) + 1,...,n(l + 1)} is non-empty for each [. For integer L > 0,
k(n) > kg, for all n > n(L) + 1; since (k;); diverges, (b) follows.

To show (a), for any € > 0 take [, such that 1/2% < e. Observe that for any n > n(l.)+1,
|Zk(n)n| < 1/2'% < € by construction of (n, k(n)). Thus, (a) follows. O

As the next lemma shows, when the regularization is continuous, the “sampling error”
term, || (Pn) — ¥r(P)l|e is of order & (r; ') in probability.

Lemma C.2. Suppose a reqularization, 1, is continuous (at P) with respect to d and there
exists a real-valued positive sequence (1 )nen such that d(P,, P) = Op(r;'). Then, for any
€ > 0, there exists a M > 0 and a N € N such that

sup P (1r(Pn) — vi(P)llo > 0x(Mr, ")) <€

foralln > N.

Proof of Lemma C.2. For any k € K and any n € N, by continuity it follows ||¢x(P,(Z)) —
Ur(P)|le < 0k(d(P,(Z), P)) a.s.-P. In what follows, we omit the dependence on Z.
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So it suffices to show that there exists a diverging (k,,), such that for any € > 0, there
exists a N € N and a M > 0 such that

sup P (04(d(Py, P)) > 6x(Mr, ")) <e
kek
for all n > N.
Since t — ;(t) is non-decreasing for all k € K, it follows that P (63, (d( Py, P)) > di(Mr,; 1)) <
P (d(P,, P) > Mr; ') for any (n,k) € N x K and any M > 0. Hence,

sup P (6x(d(Pp, P)) > 6x(Mr, ")) < P (d(P,, P) > Mr;")
keK
for any n € N and any M > 0.
By assumption, r,d(P,, P) = Op(1). This fact and the previous inequality imply the
desired result. O

Proof of Theorem 3.1. Fix any € > 0. By the triangle inequality and laws of probability, for
any (k,n) € N x K,

P ([[vn(Fn) — ¥(P)lle > €) < P ([[u(Fn) — ¢r(P)lle > 0.5¢) + 1{|[tx(P) — ¥ (P)[le > 0.5¢}.

By assumption, there exists a (7, )neny such that r;! = o(1) and d(P,, P) = Op(r; ).
Thus, by Lemma C.2, there exists a N € N and a M > 0 such that for all £ € K and all
n>N,

P (|[yw(Pn) = (P)lle > €) < €+ 1{ak(Mr,") > 0.5¢} + L{[|[w(P) — ¢:(P)lle > 0.5¢}.

Observe that for each k, d,(Mr,') = o(1). Since K is unbounded it contains a diverging
increasing sequence, therefore, by Lemma C.1, there exists a diverging (k,)n,en such that
Ok, (Mr1) = o(1). This result, condition 2 in the definition of regularization and the previous
display at k = k,,, imply that

lim sup P ([|¢ox, (Pn) — ¢(P)lle > €) <€

n—o0

Finally, we show that oy, (d(P,, P)) = op(1). Since t — &(t) is non-decreasing for all
k € K and d(P,, P) = Op(r;!) it follows that P (&, (d(Py, P)) > 6, (Mr; 1)) < € for all
n > N' (WLOG we take N’ = N). Since 8, (Mr; ') = o(1) the result follows. O

D Appendix for Section 4

Observe that the set £,, is random. To stress this dependence, with some abuse of notation,
we will sometimes use £,,(z) to denote the set.
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D.1 Proof of Theorem 4.1

The next lemma provides two sufficient conditions that ensure the result in Theorem 4.1.
To do this, for any n € N, let

D,={z€Z>*: d(P,(z),P) <r;'}.
Lemma D.1. Suppose there ezists a sequence (J,)nen Such that

1. For any € > 0, there exists a N such that P ({z € Z*°: j, € L,(2)} N D,) > 1 — € for
alln > N.

2. There exists a constant L < oo such that §;, (r;1) + B;,(P) < Linfyeg, {0k(r;?) +
Bi(P)}.

Then
145, = 6(Pllo = O (nf (3utrs") + Bu(P} ).

Proof. Let A, ={z € Z>: j, € L,(2)}.
For any z € A, N D, it follows that
(2)) = ¥, (Pa(2)

U3,y (Pa(2)) = D (P)llo <[tz 2y (Fn(2 )Mo + [[¢;.(Fu(2)) — (P)lle
<5, 2y (Pa(2)) = ¥5 (Pu(2))ll0 + 05, (r ") + Bj, (P)

<40, (ry") + 05, (") + By (P),

where the first linear follows from triangle inequality; the second line follows from the fact

that z € D,, and t — 0 (t) is non-decreasing; the third line follows from the fact that z € A,
and thus j, > k,(z). Thus,

An 01D € {2 € 22 15, ) (Pal2)) — (P)lle <5 (5, (r7) + B, (P)) }

C {z € 2% |[ihg, (o) (Pa(2)) — %(P)]o < 5Lki€nﬂgn{5k(r;1) + Bk(P)}}

where the last linear follows from the second condition. Since by condition 1, A, N D,, occurs
with high probability, the result follows. O

We now construct a sequence (h,,), that satisfies both conditions of the lemma. To do
this, let for each n € N,
KF ={k e K,: o(r;")

n

K, ={k € K,: o(r; ")

n

(P)}
(P)}-

Remark D.1. For any n € N, K or K are non-empty. A

By
By

IN IV
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For each n € N, let

T, = gh; (r') + Bhi(P)
if K is non-empty where
h = min{k: k € KI'};

n —

and TF = 400, if K is empty. Similarly,

if K is non-empty where

h, =max{k: k € K };
and T, = 4o0, if K is empty.

Remark D.2. (1) Observe that when K (resp. K ) is non-empty, since it is discrete, h;
(resp. h; ) is well-defined.

Intuitively, A, is the “round up” version within K,, of k(n); and h,, is the “round down”
version within K,, of k(n).

(2) By our previous observation and the fact that either K or K is non-empty, it follows
that either 77 or T, is finite. A

Finally, for each n € N| let h,, € K,, be such that
by =T <T,y+h, {T7 >T,}.
Lemma D.2. For eachn € N, h,, exists and
O, (ry") + By, (P) = min {T,, . T," } .

Proof. For each n, by our previous remark, either T.F or T is finite.
If T;F = oo, then T, < oo =T,F so h,, exists and h,, = h.
If T, = oo, then T,f < oo =T, so h} exists and h, = h}.
Finally, if both are finite, then both A and A exist.
The fact that

On, (rt) + By, (P) = min {T,,, T;}
follows by construction. O

Lemma D.3. For each n € N,

On, (r) + B, (P) < 2 nf {0x(ry") + Bi(P)}.
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Proof. Observe that

inf {0x(r, ") + Bu(P)} > min{ inf {dx(r;") + B(P)}, inf {x(r,") + Br(P)}}

k€Kn keG;h keGrn

where the infimum is defined as +oc0 if the corresponding set is empty.
Fix any n € N, if G # {0},

inf {dx(r; ") + Bu(P)} > kiengﬁ{gk(ﬁl)} = 0 (') 2 05 (04 (") + By (P)

keG,t

where the first inequality follows from the fact that B, (P) > 0; the second one (the equality)
follows from the fact that k ~ d,(r;!) is non-decreasing and that A} is minimal over G7;
the third inequality follows from the fact that 4, (r, ") > B, (P).

Similarly, if G, # {0},

nf {0(r,") + Bi(P)} > kiengff{Bk(P)} = B,-(P) 2 0.5 (0, (r,") + B, (P)) -

Observe that here we use monotonicity of k + By (P).
Thus,

mf{dk( )+Bk( )}>O5m1n{ n n )

keKny

and by Lemma D.2 the desired result follows.

Lemma D.4. For anyn € N, P({z € Z*: h, ¢ L,(2)}) < P(D?).
Proof. For any n € N,
P{zcZ>*: h, ¢ L,(2)}) <P{z€Z>: h, ¢ L,(2)}nD,)+P(D).
By definition of £,, (omitting the dependence on Z),
fho & £} € {3k €Ky k > hy and |[0(P) =, (Pl > 43,(5)}

By triangle inequality and the fact that ¢ ~— ;(t) is non-decreasing,

17)
We now derive a series of useful claims.

Claim 1: If there exists k € K,, such that £ > h,, and h,, = h, then k € GI. Proof: If
h, = h., then h,, is the largest element of G and thus k& ¢ G, which means that k € G.
O
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A corollary of this claim is that if there exists k € K,, such that k > h,, and h, = h,
then G is non-empty. From this claim, we derive the following two claims.

Claim 2: If there exists a k > hy, then &, (r;") + By, (P) < 20,+(r;'). Proof:
If h, = hf, then 0, (r;%) + By, (P) < 5h+( )+Bh+(P) < 25h+( U, If h, = h,
by the previous claim it follows that G! is non-empty and thus hJr is well-defined, thus
Onn (T 1) + B, (P) < 6,6 (ry ") + Byt (P) < 26,4 (rh). O

Claim 3: For any k > hy, 6,(r;%) > Br(P). Proof: If h, = h} then the claim follows
because k + 6 (r;t) — Br(P) is non—decreasmg. If h, = h;, then k € G by Claim 1 and
thus 0y (r; 1) > Bk(P) O

By Claims 2 and 3, it follows that if there exists £ € K, such that & > h,, then
Su(rzY) 4 Br(P) + 0n, (r7Y) + By, (P) < 20p(r7Y) + 25h+( —1) < 46,(r7') where the last
inequality follows monotonicity of k + &,(r;1) and the fact that k > h} because k > h,
and so by Claim 1 k € K and A is minimal in this set. Applying this to expression 17, it
follows that

{ho ¢ L.} N D, C {3k € K,: k > h,, and 46;(r,, ") > 46,(r, )}, (18)

which is empty. Hence, P({z € Z*°: h,, ¢ L,(2)}) < P(DY) as desired. O

Proof of Theorem 4.1. We verify that (h,),en satisfies both conditions in Lemma D.1. By
Lemma D.3 condition 2 in the Lemma D.1 holds with L = 2. To check condition 1 in the
Lemma D.1, observe that

P(Z*\{{z€Z>: h, € L,(2)}ND}) <P({z€Z>: h, & L,(2)})+P(DY).

Thus, by Lemma D.4 and the fact lim,, o, P(DS) = 0, (hy,)nen condition 2 is satisfied. [0

D.2 Proof of Proposition D.1

For any n € N, let
k(n) = min{k € Ry : &(r; ") > Br(P)}.

Lemma D.5. For each n € N, k(n) ezists and solves

Sy (ri!) = Byn)(P) = ]?enn max{&(r; '), Bx(P)}.

Proof. For each n consider the set {k € Rp: dx(r>') > Bi(P)}. The set is closed since
k +— By(P) and k — 0x(r;!) are continuous. Since 5k( 1) > 0 and By(P) = o(1), if follows
that there exists a K(n) < oo such that dg(r; 1) > Bk(P) for any k£ > K(n). Thus the set
is non-empty and since we are minimizing the identity function, the minimizer exists and
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uniquely determined by
Sk(n)(rgl) = Bk(n)(P).
The second equality is obvious. O

The next lemma shows that balancing the sampling and approximation error yields the
same rate as the “optimal” choice.

Lemma D.6. For anyn € N,

gk(n)(T‘gl) < inf {Sk(T‘gl) + Bk(P)} < 25k(n)(T7:1>-

keR 4

Proof. Observe that for any n € N and any € > 0, there exists k*(n) such that

Sk*(n)(rgl) + Bk*(n)(P) —e< kler[lRf {5;@(7’51) + Bk(P)} < 25}@(71)(7“;1)-
+

The upper bound follows from the fact that infyer, {01, ")+ Bi(P)} < ki) (1) + Bign) (P)
and definition of k(n). ) )
If k*(n) > k(n), then dp(ny(r, ") > Opm)(ry, ') since k +— 0x(t) is non-decreasing for any

¢t > 0 On the other hand, if k*(n) < k(n), then By (P) > Bin)(P) = 0kn)(r,, ') where the
last equality follows from Lemma D.5. Therefore, for any n € N and any € > 0,

Sy (1) — € < ]ilgﬂg{gk(ril) + Bi(P)} < 260 (r, ")

Since € > 0 is arbitrary the result follows. O

D.3 Extensions of Theorem 4.1

In this section we show that Theorem 4.1 can be extended to whole when K, is any closed
set of K. The extension is merely technical as one needs to ensure that some minimizers are
attained over K,, when this set is not finite.

First, one needs to ensure that k, exists with probability approaching 1. Lemma D.4
shows that with probability approaching one, the set £, is non-empty. Thus, it suffices to
argue that £, is closed. It is easy to see that the following assumption is sufficient for this.

Assumption D.1. For each P € D and each t > 0, the mapping k — ¥y (P) is continuous
over K,,.

Observe that when K, is finite this condition is trivially satisfied and that is why it is
not imposed in the text.

The following theorem is an extension of Theorem 4.1 to the case where K,, is a closed
set (not necessarily finite) of K.
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Theorem D.1. Suppose all assumptions in Theorem 4.1 hold. And suppose further that
K, is a closed set (not necessarily finite) of K and that Assumptions D.1 holds. Then

145,(P2) = 0(P)lle = O (f (ulrs) + B(P) )

Proof. The proof is identical to the one of Theorem 4.1. Assumption D.1 and the fact that
K is closed ensure that the quantities defined in the proof exist. O

The following proposition extends the result in Theorem 4.1 to an un-restricted one —
where the infimum is not restricted to the set K, but is taken over the whole K. Unsurpris-
ingly, in order to obtain this result, additional conditions are needed.

Proposition D.1. Suppose all conditions in Theorem 4.1 hold, and that k Ox(t) and
k — By(P) are continuous and

mityer %) _ ) (19)
maXy g~ k()

where K = {k € K,: 6,(r;!) > Bi(P)} and K, = {k € K,: &(r;") < Bi(P)} are
non-empty. Then

I45,(P.) = 6(Pllo = O (jui(3utrs") + P} ).

Proof of Proposition D.1. By inspection of the proof of Lemma D.1 it suffices to show exis-

tence of a sequence (j,), for which Condition 1 and the following strengthening of condition
2 holds:

~ Condition 2": There exists a constant L < oo such that 8, (raV)+B;, (P) < Linfegr, {0x(ry )+
By(P)} for any n € N.

As for the proof of Theorem 4.1, we propose j, = h, for all n € N. By Lemma D.4
condition 1 holds, so it only remains to show that Condition 2’ holds.

Under the conditions in the proposition, ht and h; are well-defined for all n € N.
Moreover, they are either the same or consecutive elements in K,,. Thus, under the conditions
in the proposition, there exists a C' < oo and a N € N such that 6,4+ (r,") < C6,- (") for
all n > N. Therefore, for all n > N,

==
S
—
)
S
iR
S~—
+
o
>
3
—
)
S~—
Il
s
B
—_
=%
>
S
—~
=
S|
i
S—
wal]
>
S
—~
=
S—
|

3
—
)
S|
iR
— —
+
o
>
Sy
—~
=
S—
——

Observe that h, < k(n) because, by definition 4§, (r;') < B,-(P) but k(n) satisfies
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+1) > By (P), so under the fact that k — By(P) is non-increasing it must follow
that h_ <k

(n). Thus, &, (r;") < 0k (r,") and the result follows from Lemma D.6. O

Remark D.3 (Sufficient conditions for K and K to be non-empty in the proposition).
The condition that §;(r; 1) < B;(P) for some j € K, is easy to satisfy as any fix j (e.g.
j = 1) will satisfy thls condition eventually. The other inequality is more delicate but the
next lemma provides the basis for its verification.

Lemma D.7. limsup,_, 0xm)(r, ") = 0.

n

Proof. Suppose not. Then there exists a sub-sequence (n(j)); and a ¢ > 0 such that
Ok (T _(1].)) > ¢ for all j. Clearly (k(n(j))); must diverge, so Bym@)(P) = o(1), but
then k(n(j)) cannot be balancing both terms. O

Let (j(n)), be such that liminf, . 8;((r,') > 0. Since limsup,, . ok (r,!) = 0, it
follows that j(n) > k(n) eventually and thus 6;(,)(r, ") > Bjm) (P).

Thus, any set K, such that K, 3 {1,j(n)} will satlsfy that K and K are non-empty,
at least for sufficiently large n. A

Remark D.4 (On the conditions in the proposition). The continuity condition is technical
and it ensures that certain minimizers/maximizers are well-defined. Condition 19 imply the
following two restrictions that are used in the proof:

(1) The fact that both K and K are non-empty ensures that the set K,, surrounds the
choice of tuning parameter that balances the sampling error and the monotone envelope of
the approximation error. If this condition fails, the minimal value of k +— {0 (1) + Bp(P)}
over K,, cannot be expected to be close to the value achieved when balancing both terms and
thus close to the minimal value over R, . In Appendix D.2 we argue that K, = {1,....,j(n)}
where (j(n)), is such that liminf, . ;i) (r,') > 0 satisfies this assumption, at least for
large n.

(2) The second role is more subtle. It essentially restricts — uniformly — the coarseness
of the set K,, in terms of k + &(t). If 0x(t) = a(t) x Oy and K,, = N, then the condition
essentially imposes that limsup,_, . Ck+1/Cr < oo; thus it allows for C, =< Poly(k) and
log C < k but not for log C}, < k2. A

D.4 Appendix for Section 5

For any probability P over a set A and any k € N, let ®f:1 P be the product probability

measure over Hle A induced by P. Also, recal that the Wasserstein distance for p > 1 over
P([1L, Z) for some k > 1 is defined as

wir=(, | ||x—y||w<dx,dy>)l/p

HEH(P,Q)
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for any P, in P(Hle Z), where H(P,(Q)) is the class of Borel probability measures over
Z2* with marginals P and Q. It is well-known that

(P.Q) 1P = Qllyip(pe, 2y = Wi(P.Q)

where for any set A, let LB(A) to denote the class of bounded Lipschitz (with constant 1)
real-valued functions on A; see Villani [2008] p. 60.
The following lemma is used in the proof

Lemma D.8. Forany P,Q inP(Z), anyk € N and anyp € H(P,Q), ®le weH (®le P, ®f:1 Q).

Proof of Lemma D.8. It is clear that the marginal of ®f:1 wof a pair (x;,y;) is u. Therefore,
for any Ay, ..., A, Borel subsets on Z,

k k k

Q) 1 (A1 X Z), ... (Ap x Z)) = [ [ u(As x Z) =" T P(4)

i=1 i=1 i=1
where * follows because u € H(P, Q). Equivalently,

k k

[ 9@ @uiaz.dp = [ 9@ @ Plan

i=1 i=1

for any g belonging to the class of “simple” functions on Hle Z:: 'The class of functions of the
form ¢(%) = Zle 14,(x;) for any Ay, ..., Ay Borel subsets on Z. Since the class of “simple”
functions is dense in C(Z* ,R) (the class of continuous and bounded functions over Z), by
taking limits and using the previous display one can show that

[ 1@ Qutaz.dn) = [ 1@ @ Plan

for any f € C(Hf:1 Z,R). That is, the marginal probability of ®f:1 u for the first & coordi-
nates is ®f:1 P. A completely analogous argument shows that the marginal probability of
®f:1 u for the last k coordinates is ®f:1 Q. O

Proof of Proposition 5.1. First note that, for any f € LB, Ey, p[f(Z)] = [¢a(P)(f(Z) >
t)dt = [P(f(T,(z, P)) >t)dt = Ep [f (T,,(z, P))]. Hence, it follows that

|r(P) = ¥i(Q)lle < sup |Ep [f (Tk(z, P))] — Eg= [f (Ti(2, P))]|

f€Lip

+ sup |EQoo [f (Tk(Z,P)) - f(Tk(z>Q))]|

f€Lip

=T11(P, Q) + To (P, Q).
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We now show that both terms, T} (P, Q) and Ty (P, Q), are bounded by VAW, (P, Q).
For any k € N, f(Tp(2,P)) = fi (\/Emax{k_l Zle Zi(z),()}) where fr = f(- —

VEkmax{Ep[Z],0}). It is easy to see that for any k, f, € LB (given that f € LB). Moreover,
the mapping ¢ — gx(t) = fr(max{t,0}) is also in Lip because

l9(t) = g(t')] < [max{t,0} — max{t', 0} < [t' =1, Vi, 1.

Finally, the mapping ¢ — gx(v/kt)/Vk is also in LB since g, € Lip. Hence,
k k

f (k‘1 > ZZ) f (k:‘1 > ZZ)
i=1 =1

For any g : R — R, let g : R¥ — R¥ be defined as

7= (z1,.h2) = g(2) =g (k‘_l Zz,) .

We now show that for any g € LB(R), kg € LB(R*). This follows because

T1x(P,Q) <Vk sup

— FE o
f€Lip ®iz1 @

Egt . p

’. )

k
9(2) =g < K1Y {a— 2 < K7HIZ =2
i=1

This result allow us to bound from above the LHS of the expression 20 so that

. k
et Fer f<k_lzz"> ~Fata|f (’C_lZZ’) '
feLB - >
<k Y2 sup |Egr N — E 7
fELB(RF) ®§=1P[f( ) ®,’§:1Q[f( )]

k k
S (@ r @)
=1 =1
For any u € H(P,Q), @, u € P(ZF x ZF) where Z*F = [[._, Z. Moreover, by Lemma

D.g, ®f:1 peH <®f:1 P, ®f:1 Q)'
For any n > 0, let u* € H(P, Q) be the approximate minimizer of W; (P, @), i.e.,

/ |z — y|p*(dz, dy) < Wi(P, Q) + 1,
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as @y € H QL P.QL, Q). it follows that
k k k
M <®P>®Q) < [ =it @ (i)
=1 =1 i=1
k k
= Z/ |z — il ®/~L*(d$€i, dy;)
i=1 2 i=1
k
= Z/ |z — yil " (ds, dy;)
i=1 Y27

=kW1 (P, Q) + kn.
Since n > 0 is arbitrary, it follows that Wy (P*, Q%) < kWi (P, Q). Thus implying
Ty x(P,Q) < VEWi(P,Q).
Regarding the term T3 (P, @), observe that

Tow(P, Q) <|Ti(z, P) — Ti(2, Q)|
—Vk| max{Ep|Z],0} — max{Ey[Z'],0}|
<Vk|Ep[Z] — EqZ')|.

Since Ep|Z] = [, zp(dz,dz") for any p € H(P,Q).
1,4(P.Q) < VEIE,(Z) - E,(2) < VE [ |z - #|uldz,d2).
Choosing p as the (approximate) minimizer of W; (P, @) it follows that
Ty (P, Q) < VEWi(P,Q).

O

To show the proposition 5.2, let ¥/(P) € P(R) be defined as the probability of max{¢, 0}
if P is such that Ep[Z] = 0 and the probability of ¢ otherwise, where ( ~ N(0,1). The
following lemma shows that ¢ (P) is the limit of (¢ (P))gen-

Lemma D.9. For any k € N and any P € M,

14x(P) = ¢(P)l|Ls < 6k~ Ep[|Z) + I{Ep[Z] > 0}28(—VEEp([Z])
Proof. Since P € M, Ty(z, P) = max{k 2% (Zi(z) — Ep|Z]), ~VkEp|[Z]} for any
k € N.
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By triangle inequality and definition of ||.||.5,
||[oe(P) = (P)||Lp < sup B Hf (Ti(2,P)) — f (max{g, —\/%EP[Z]}) H
+ sup E Hf <max{§,—\/EEP[Z]}> - f(SP(C))H

feLB
=Termy (k) + Terms(k),

where ¢ ~ N(0,1) and t — sp(t) = max{t,0} x I{Ep[Z] =0} +t x 1{Ep[Z] > 0}.
We now provide a bound for terms Term;(k). For any f € LB and any k € N, the
mapping t — f(t) = f(max{t, —vVkEp[Z]}) satisfies, for any t < #/,

o) — fo(®)| < |max{t', —VEkEp[Z]} — max{t, —VkEp[Z]}|

where the RHS is equal to 0if t <t' < —kEp[Z],t'—(—kEp|Z]) <t —t;ift < —kEp[Z] < t/;
and t' —tif —kEp[Z] <t <t'. Hence |fi(t) — fu(t)] < |t' —t|. The same inequality holds
when ¢/ <, so f; is in LB. Therefore,

f <k‘1/2 Z(Zi - EP[ZD) —f (o]

where the last line follows from Berry-Esseen Inequality for Lipschitz functions (see Barbour and Chen
2005] Thm. 3.2 in Ch. 1).

Regarding Terms(k), we note that if Ep[Z] = 0, then Termay(k) = 0, because sp(() =
max{(,0}. So we only need a bound for Ep[Z] > 0. Under this condition,

Termy(k) < sup
feLB

Ep < 6k V2Ep[|Z)7]

Terma(k) < sup E [1{¢ < —VEEp[Z]} ‘ f (max{g,—\/%Ep[Z]}) - f(g)H .

feLB

Since || f|| =~ < 1, the inequality further implies that Terms(k) < 2F [1{( < —\/EEP[Z]}] =
20(—VkEp[Z)). O

Proof of Proposition 5.2. By the triangle inequality,
5, (Pn) = ¥n(P)l[LB <[ltbg, (Pn) = ¥(P)lls + [[W(P) = ¢¥n(P)l|L5
By Lemma D.9, [[¢(P) — 0(P)|lus < 6k=2Ep[|Z]Y) + 1{Ep|Z) > 0}28(—VEEp|Z)).

Thus, we can invoke Theorem 4.1 and its corollary to show that |[vy (P.) — ¥(P)||lts =
Op (infke{l Al VER V2 + 1{Ep[Z] > 0}20(—VEEp[Z)) +k:‘1/2EpHZ\3]}>. It is clear

that the choice k that achieves the infimum will diverge with n, so for this choice of
k, 1{Ep[Z] > 0}2®(—VEkEp[Z]) will eventually be dominated by k~'/2Ep[|Z|?]. Hence

-----
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The desired result follows from the fact that for sufficiently large n, ||¢(P) — ¢, (P)||Ls <
8n~Y2Ep[|Z]%] and the fact that there exists a C' > 0 such that infyeqy  an{lnVhn Y2 +

.....

E~V2Ep(|Z1F]} > On~'/2 for all n. O

Proof of Proposition 5.3. Throughout, fix k and P, P’ and let ||.||e = ||.||pe- Let Ox(M) =
{0 € ©: |10 — Yr(P)|le > M}. And, let

t— U(t) = eeiélf(t) Qr(P,0) — ka(P, ¢k(P))

Towards the end of the proof we show that Uy is continuous. Let ¢ — ['y(t) = infss; Uk(s);
it follows that ['y, < Uy, I'y is non-decreasing and by the Theorem of the Maximum I’y is
continuous.

We show that ||, (P) — ¢(P')|le > M =T, ' (d(P, P')) cannot occur.?? To do this, we
show that 1{||¢vr(P) — ¥ (P")||le > M} = 0. Observe that

{||¢n(P) — u(P)|lo > M} =1{U;en{2' M > |[¢w(P) — Y (P')|lo > 277" M}}
Sr?eaR?( {2/ M > ||p(P) — vu(P")|Jle = 277" M}.

For each (j,k) € N2, let S;x = {0 € Or: 22M > ||x(P) — 0|l > 277 M}. It follows
that, for any j € N,

Ho(P) € Sy <1 int Q(P.0) < QP uP) )

because 1 (P) € O \ Sjx. Observe that, for any 6 € Sj U {¢y(P)} C {6 € O: (|0 —
Ur(P)lle < 27M}

Q(F",0) — QP yu(P)) 2Q(P,0) — Q(P, v (P))
—|Q(P",0) = Q(P', i (P)) —{Q(P,0) — Q(P, ¢ (P))}
>Q(P,0) — Q(P,vi(P)) — 2 MA;i(P, P')

where

A; (PP = Q(F",6) = Q(F', ¢ (P)) = {Q(P, 0) = QP (P}

sup
00y : [|0—i(P)|lo<29 M 16 — ¥ (P)lle

23Note that Uk_l(t) =inf{s: Up(s) > t}.
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Hence,

. QP,0) — Q(P, ¢u(P))
/ . < < . . /
HOP) € ik <1 {9€®k: \\9—1#11(115)\\@221'—11\4 20-1M < 0.5454(P, )
<1 inf v QP0) _.Q(P’ Ve (P)) < 0.5max Ay x(P, P')
0€0: [|0—1y(P)||e>21"1 M 2i-tM keN ’

<1 {Fk(Qj‘lM) < 0.5 max Ao x(P, P’)} :
€
Since Uy, is non-decreasing, the previous display implies that
H{yn(P') € Sji} <1 {2j‘1M < T (0.5 max As (P, P’))}
€

which equals zero by the definition of M, the fact that I';! is non-decreasing and 2/-% > 1.

We now show that ¢t — Ug(¢) (and thus I'y) is continuous. Consider the problem
infyeo, (1) Qx (P, 0), and consider the set Ly(M) = {0 € O,(M): Pen(0) < A\, 'Q(P,0k)}
for some (any) 6y € Or(M) which is non-empty and close. To solve the former minimization
problem it suffices to solve infoer, () Qi (P, 0), because the minimum value cannot be outside
Ly (M). Because Pen is lower-semi-compact, Ly (M) is compact (a closed subset of a compact
set) so this and lower-semi-continuity of Q (P, -) ensures that infycy, (1) Qr(P, ) is achieved
by an element in L;(A/) and the same is true for the original Vi, (M) = infyco, (1) Qr(P, 0).
We just showed that the correspondence M — Ly (M) is compact-valued, it is also continu-
ous. By virtue of the Theorem of the Maximum, Vj, is continuous; it is also non-decreasing.
The function ¢ — Ug(t) = Vi(t)/t is also continuous in ¢ > 0. O

E Appendix for Section 6

Proof of Theorem 6.1. We first show the desired result for a fixed k, i.e., k(n) = k for any
n € N.

Let (z,k) — wr(P) = Dyyp(P)[d, — P] which is well-defined because §, — P € Tp.
We now show that ¢ (P) € LZ(P). The fact that has mean zero (provided it exists) is
trivial, so we only show that [ |px(P)(2)]*P(dz) < oo. The topology is locally convex
and thus generated by a family of semi-norms. Suppose there exists a L < oo such that
| Dy (P)[0, — P]| < p(6, — P) where p is a member of the family. Because the topology 7 is
assumed to be dominated by ||.||7y it follows that p(d, — P) < C||0, — P||rv < 2C for some
finite C' for any z € Z. And thus [ |¢k(P)(2)[*P(dz) < 2CL < oo as desired.

We now show that there exists a member of the family of semi-norms, p, and a L < oo
such that |Dyy(P)[Q]] < Lp(Q) for all Q) € ca(Z). Suppose not, that is, for any R > 0
and any p, there exists a () such that p(Q) = 1 and |Dyx(P)[Q]| > R. Since Dy (P) is
continuous with respect to 7, there exists a member, p, of the family of semi-norms such that
for any € > 0 there exists d > 0 such that if @ is such that p(Q) < 6, then |Dyy(P)[Q]| < €.
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Let R = €/6. There exists a @) such that p(Q) = 1 and 6| Dy (P)[Q]| > €. Let v = §Q), then
p(v) =6 but 0| D (P)[Q]| = |DYx(P)[0Q)| = |DYw(P)[v]| > € but this is a contradiction.
We now show that n, (P, — P) = op(n~"/?) for each k € K. Let n — G, = /n(P, — P).
It follows that, a.s.-P, t — P 4+ tG,, is a valid curve because G,, € Tp a.s.-P.
Fix any ¢ > 0 and let U € C be as in the condition of the statement of the theorem.
Then, letting D,, = {z € Z>: G,(z) € U}, it follows that

P (vnlm(P, = P)| 2 €) <P (Val(P, — P)| = €| D,) +P(Dy).

The second term in the RHS is less than € for all n > N. Regarding the first term in the
RHS it follows that, over D,,

7k (P = P) |/tn < sup |ng (6.Q) |/tn
QeU

where t,, = 1/y/n. Thus, by definition of differentiability, the first term in the RHS also
vanishes as n — 0o. So the desired result follows.
Therefore, for any k € K

V| (P, — P)|
|[ox(P)||L2(p)

L) - —-n—lj{jzﬁwk )[oz, — P]| =

o (P)]|z2(p)

P, ‘
and \\@%\\LQ(JJ = op(1), as desired.

We now shows existence of a diverging sequence by using the first part and the diagonal-
ization lemma C.1.
For any € > 0, £k € N and n € N, letT(ekn)_P<\/_M>e) To show

Ilﬂpk ||L2(P)
the desired result it suffices to show that there exists a non-decreasing diverging sequence

(5(n))n such that for all € > 0, there exists a N such that
T(e,j(n),n) <e

for all m > N.

We shows that, for any k € K, lim, ., T(27%,k,n) = 0. By Lemma C.1, there exists
a non-decreasing diverging sequence (j(n))pey such that lim, . 7(277™, j(n),n) = 0; i.e.,
for any € > 0, there exists a N(e) such that 7(277™ j(n),n) < e for all n > N(e).

Since j(.) diverges, there exists a N, such that 1/2/(" < ¢ for all n > N,. By these
observations and the fact that e — T'(¢, k,n) is non-increasing,

T(e,j(n),n) < T2, j(n),n) <e

for all n > N, = max{N,, N(e)}, and we thus showed the desired result.
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The following result is a well-known representation result (see van der Vaart and Wellner
[1996]) and is stated merely for convenience.

Lemma E.1. Let z — G,(z) = /n(P,(z2) — P). Suppose S is P-Donsker. Then there
exists a tight Borel measurable G € L*(S) such that for any € > 0, there exists a Borel set
A CZ> such that P(A) > 1 —¢€ and ||G,(z) — G||s = o(1) for all z € A.

In the following proof, almost uniformly means that for any € > 0, there exists a Borel
set A € 7 such that P(A) > 1 — e and sup, ., |G, (1) — G||Loo = 0(1)

Proof of Lemma E.1. Tt is well-known that the following representation is also valid: G,

7> — L>(S). Since S is a Donsker Class, G,, converges weakly to some G tight Borel
measurable element in L>(S) (e.g. see van der Vaart and Wellner [1996] Ch. 2.1). By
Theorem 1.10.3 in van der Vaart and Wellner [1996] there exists a probability space (2=, P)
and a sequence of maps G, : 2> — L®(S) for all n € N and G : Z* — L*®(S) such that (i)
|G, — G| ~(s) = o(1) almost uniformly; and (ii) G,, and G have the same law as G,, and G
resp. U

E.1 Appendix for Example 6.2
Lemma E.2. Forallk € N and P € M,

lon(P) 22y < Py l151 1L gy

Proof. Tt suffices to show that Ep[|(rki *x P)(Z)|?] < |[pllie ([ |5(u |du) To do this, note
that

Erll(se+ P2 = [ ( JEECE z)k)p(x)dx)2p<z>da:

_ / ( / m(u)p(z—i—u/l{;)du)z p(2)dz
<t~ ( [ \n(u)\du)z.

Proof of Proposition 6.1. Consider the curve t — P + tQ for any @ € ca(R). It is a valid
curve because Dy, = ca(R). Therefore

O

u(P +1Q) — b (P) =t { s @t + [ P)(x)@(dx)}
i / (1% Q) () Q ().
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Since r is symmetric, [(kg * P)(z)Q(dz) = [(ki * Q)(z)P(dz). From this display, @

M (Q) = [ (k1 x Q)()Q(dx) and Q — Dy (P)[Q] =2 [ (k). x P)(2)Q(dx).
The mapping Q — 2 [(ky x P)(2)Q(dx) is clearly linear. Also, note that for any reals x
and 2’

|(ki % P) () = (ki % P)(2')] =k ‘/p(y)('f(k(y — x))dy — r(k(y — 2)))dy
<CK*|x — 2|

for some C' < oo. The last inequality follows from the fact that = +— k(z) is smooth.
Therefore = +— (k*/C) (kg * P)(z) is in LB. This implies that for any Q" and Q in ca(Z),

[x PY@QU) ~ [ s P < KON - @l

and thus Q — 2 [ (kg x P)(x)Q(dx) is ||.|| . p-continuous.
We now bound @ — n(Q). For any 2’ > x and any @ € Tp, it follows that

M*Q@w—@*@@ﬂ=/kw@@—x»—auy—fm@wm
_ / & / " Ky — 1)dtQ(dy)

=k’ /x ' / R (y — 1)Q(dy)

where the last line follows from the fact that ¢ — k(t) is bounded. Since x is smooth,
y — K/(y — t) is Lipschitz (with some constant L) for any ¢ € R. Hence

|k % Q(z) — i+ Q') < Lo’ — /|| Q] 5.

Thus, the mapping = — (k; x Q)(x) is bounded and Lipschitz with constant L||Q||.5-
Therefore,

I (Q)] < LIQIIL -

E.2 Appendix for Examples 6.3 and 6.4

First, note that Dy, C ca(R x [0,1]?) (defined in Appendix B.1). For any k € N, let F}, :
L*([0,1]) x Dy — L*(]0,1]) be such that

Fu(0,0) = (T3 oTho + MD)[0] = Ty glrrgl  for Penalization — Based
W) = (T3 o T L) [0] — TETY o7k for Sieve — Based

29



for any (6, Q) € L*([0, 1]) xDy. Note that for any @ € Dy, the integrals defining the operators
are well-defined by assumptions and so is T} 5; see Appendix B.1 for a discussion.

Let ep(Y, W)=Y —(P)(W) and g4, p(Y, W) =Y — 4 (P)(W). Also, throughout this
section we use the notation introduced in Appendix B.1 to denote T}, p and other quantities.

Lemma E.3. For any P € Dy, and any k € N, 4y, is ||.||Ls-Frechet differentiable tangential
to Dy, at P with derivative given by:
(1) For the Penalization-Based:

D (P)[Q] =(T pTr.p + M) ' Ty pTr 0k, P)
— (T pTiop + Med) ' T T, p [k (P) — (P)], VQ € Dy,

where x> Ty, plg)(z) = [ rr(2’ =) [(r(P)(w) — y)Q(dy, dw, dz’).
(2) For the Sieve-Based:

Dy, (P)[Q) =T}, pTi,pILe) ' I pTrlen, )
— (T3 p T, pT0) 0T o Tk p [k (P) — ()], VQ € Dy
where z = Ty plg](x) = (u/®(2))T Quu Ep[u’® (X)g(Y,W)] for any g € L*(P).
Proof. See the end of this Section. 0
The following corollary trivially follows.

Corollary E.1. For the sieve-based and the penalization-based: For any P € D,
(1) The regularization v is DIFF (P, &|.z)-

(2) For each k € N, the reminder of v, ng, is such that |n.(¢)] = o(||¢||zs), for any
¢ €Dy
Proof. See the end of this Section. O

Proof of Proposition 6.2. The result follows from Corollary E.1. Lemma E.3(2) derives the
expression for Dy (P); we now expand this expression in terms of the basis functions.
For any g, f € L*([0, 1]),

T, pTl[g)(x) =Ty p [(0"® () Qy) Brep[o"® (W) g(W)]] ()
=(w'™(2))" Qs Quv @y Erep[v™ ™ (W) g (W),

24The “o” function may depend on k.
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and

(T, pUklg), f) 2oy = [ (0" ®(2))T Qua QuuQy Eres[v"™ (W) g(W)] f (x)dx

/
]

so I} Ty p = L*([0, 1], Leb) — L*([0, 1], Leb) and is given by

Epep[(u’®(X))" f ()] Qus Quo @y 0" ® (w) g (w) dw

f= TRTE A1) = Eral(u’® (X)) F(X)]Qus QuuQuy v" ™ ().
Hence
Ty p T pTIk[9)() = (0" ())T QL) Q1 Qut QuuQuy Eres[v" ™ (W) g(W)].

We now compute the inverse of this operator. Consider solving for g(.) = (v*®()TQ b
for some b € R* such that

LT3 p T, pIelg] () = (0" ()7 @y
= Q1 Qs QuuQy) By [v" ™ (W) g(W)] =
<~ ELeb[ (k)(W) ( )] - Q’U’U(QZI}QU’!}QU’U) 1b‘

Hence, (IL;T3; p Tk, 1) 7 [g] () = (v2® () T(QL,QuaQuv) . Therefore

(I Ty p T, pX0) IR T p T glen,p) =0 () (QF, Qut Quo) ™ QuoQua Eres[t” ™ (X) Tr g er,pl]
= ("B (NT(QL, Qi Quo) ™ QuoQus Eq[u’™ (X )er p(Y, W)].

And

(I T3 p T p Y1) TR o T p [0k (P) — ia(P)]
=W P (N (QL,Quu Quo) " Erep[v™™® (W)L Ty T p [t (P) — hia(P)J(W)].

It is easy to see that for any Q, Dvx(P)[Q] = [ m(w)Dyy(P)(w)[Q]dw, the goal is to cast
this as [ Dyj(P)[n](z)Q(dz). To this end, note that

/ 7(w) Dy (P) (1) Q)duw
_ / () (0O (1)) (QT, Q2 Q) QuoQ) Eo[ur"® (X )y p(Y, W] duw
- / () (08 (1)) (@, Qi Qo) ™ B (WY o T p e (P) — tal P (W)

=Termy + Termyy,.
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Regarding the first term, note that
Termis = [ Bralr )0 00) @@ Qu) " Qun Q™ ()21 ply, ) QUdy, dw, d).

We can cast Termyy, = — (I [x], (T3 p Ty, pX0k) ™t [T T3 o Tk P[0k (P) — ia(P)]]) 2, and
thus

Termyy = — (Tr oy Ty pTr pX1k) " i [7], T, p (105 (P) — tia(P)]) 12
=— /(u‘](k) ()" Qo Equ’ ™ (X) (I T3: p Ty, pXL:) T[] (W) T, p o1 (P) — thia(P)] () da

Z/EP[(wid(P)(W)—@Dk(P)(W))(u 'X)Quu” ™ (@) LT p T, p1L) T[] (w)
X Q(dw, dr)

where the second line follows from definition of T}, p.
Therefore,

Dy (P)[)(y, w, x) =Ere[m(W) ("™ (W) Q1 Qu Quo) ™ Quo @y’ ™ (@), p(y, )
+ Bp[($ia(P)(W) — ¢ (P)(W)) (u” ™ (X))"Q, ('“)( )
x (v (W) (Q Qra Quw) 1ELeb[vL(k)(W)7T(W)]-

In the operator notation this expression equals

Dyye(P) 7] (y, w, #) =T p(I; T p T, pIL) " 7] (), p(y, w)
+ Tr,p[ia(P) — Ur(P))(x) x (RT3 pTy pI) " g [m] (w).  (21)

O

Proof of Proposition 6.3. The result follows from Corollary E.1. Lemma E.3(1) derives the
expression for Dy (P); we now expand this expression in terms of the basis functions

Note that Qﬂk(P) = (T]:’PT]C,P—F)\]CI) 1Tk plk,P and Tk, p f Iik ' — fwzd (’UJ, x’)dwdm’
so that ’Qbk(P) = (T,:’PTkJD + )\kI)_lT]:,PTk,P[wzd( )] Hence

(Tr pT.p + Ned) 7Tt o T p [0 (P) — hia(P)]
=Ty pT.p + Ned) Tyt T, p[(Th p T, + Med) ™ T p T p — I tbia(P))]
= — )\k(T]:’PTk,p + )\kf)_lT]:’QThp(T];PTk’P + )\kf)_l[i/Jld(P)]
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Thus

Dy (P)|Q] =(7, R, p Ty, p Tk [k, p]) 12
+ Med7, R, p Ty Tk, PR, p[Via (P)]) 2
=(T,pRe.p[7], Trqler,p]) L2
+ M TR, p[7], T, pRic,p[tia(P)]) 2

Note that
Ty plg) () = / k(' — ) / 9(w)p(e, o' )dw, de’ = / (2’ — ) Tplg)(a') e’ = K [Tr[g])(x)

and by symmetry of , T p = Tp[Ky], where Ky is simply the convolution operator.
Therefore,

(Ty.. PR p[7], Tr.qlek.pl) 2 :/Tk7p7?,k7p[7l'](l')//€k(l’,—l’)/€k7p(y,w)Q(dy,dw,dZL’/)dl’
:/ </ ki (T —:E')Tk,pth[W](x)dx) er.p(y, w)Q(dy, dw, dx’)

_ / KT p R p (7] () (9, w)Q(dy, duw, de).

and
(TigReplal, T Replisa(P)) 1 = [ [ sala’ =) [ Racplrl () QU do")To R pluna P )
= [ Reslrlw) ( [t - x>Tk,pm,pwid<P>1<x>dx) Q(dw, d')
— [ Replm) (W)L R plua P ) Qs ).
Therefore

D (P)[m)(y, w, x) =KiTpRypr)(x)er,p(y, w) + MR p[] (w) KiTp R, p[0ia(P)] ().

E.2.1 Proofs of Supplementary Lemmas.

Proof of Lemma E.3. The proof follows by the Implicit Function Theorem in Ambrosetti and Prodi
[1995] p. 38 with one minor modification.

First observe that Fy, takes values in L?([0,1]) x D,, which is a subspace of L2([0, 1]) x Dy,
— the closure being taken with respect to ||.||rp. The space L*([0,1]) x Dy is a Banach
space under the norm ||.||r2(p) + ||.||LB-
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We now check the rest of the assumptions of the theorem for each case separately.

(1) Observe that 6 — Fj (0, Q) is linear, so W = (T pTr,p + A1) : L*([0,1]) —
L?([0,1]). By our conditions (1)-(2) stated in Example 2.1 Kernel((Tj; pTr,p + A1) = {0}
and (T; pTy,p + AiI) has closed range — the range of an operator A is closed iff 0 is not an

accumulation point of the spectrum of A*A. Thus W is 1-to-1 and onto.

Thus, by the Implicit Function Theorem in Ambrosetti and Prodi [1995] p. 38, there

_ —1
exists a ||.||p-open set U of P in Dy, such that Dy (P) = (W) [%] for
any P e U.
We now characterize this expression. For any £ € N and any @) € Dy,

dFk(wg ](DP), P) Q) =(T}; o Tr.p + Tp p T @) [Un(P)] — (Tiiolre.p) + Tiplrug))

=—Tiorrp — Thp[u(P)]] + T} p [Tr@[r(P)] — 7r,0)
=Term; + Terms.

Note that

re.p = Trp[bn(P)]() = / k(@ = )y = e (P)(w))p(y, w, 2')dydwdz’
=Tl (P) = i(P)](.)
where the last equality follows because [(y — ¢(P)(w))p(y, w, X )dydw = 0. Thus
Term1 = — T;7QTk7p[w(P) — ¢2d(P)]

Also

TeQlbn(P)]() —rrol) = /%k(l" - -)/(%(P)(w) —y)Q(dy, dw, dx’)
T€T’/ﬂ3 = Tk7ka’Q [€k7p]

Thus, the result follows.

(2) The proof is analogous to the one for part (1), so we only present an sketch. By
assumption, ITY pTy pIl is 1-to-1 for each P.
Also, for any k € N and any @) € Dy,

dP

Q] =(T Ty o T p Mk + T T p T QUi ) [901(P))]

— I (T3 olre.p) + T plrrl)
=IT; (T oTu.p + Ty pTe0) [0k (P)] — (Tr olrr,p] + Ty plreo]) ]
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where the second line follows because Il [ (P)] = ¥r(P).
We note that

Tea[tu(P)] — rro =(uw(X)"Quu [ v/® (@) (r(P)(w) — y)Q(dy, dw)
= — Trqler,p]

and

T, p[ti(P)] = rip =(w’ (X)) Quu [ w/® (@) (r(P)(w) — ¢ia(P)(w) — ep(y, w)) P(dy, dw)
=Ty p[Ur(P) — ¥ia(P)]
since [ ep(y,w))P(dy,dw) = 0. O

Proof of Corollary E.1. (1) By lemma E.3, for each k € N, 1), is ||.|| . g-Frechet differentiable,
i.e., for any @) € Dy,

[91(Q) = ¥u(P) = Dyoi(P)IQ = Pll| 20,17y = 0[P = Q).

Since Dy, is linear and Dy, D lin(D — {P}) (see Lemma B.3), the curve t — P 4 t¢ with
¢ € Dy maps into Dy,. Therefore, 9 is DIFF(P,&)|,,)-
By duality

sup [£[Ye(P +1¢) = ¥u(P) — tDy(P)[C]]] = to(l[C]|LB)

€eL2([0,1]): 114l 12(jo,17) =1

(here we are abusing notation by using £ as both an element of L?([0,1]) and as the func-
tional). Since 4 is linear functional of v, this display readily implies that v is ||.||Ls-Frechet
differentiable. This in turn implies part (1).

(2) Part (1) implies that,

k()] = o([I¢]]LB)

for any ¢ € Dy.

E.3 Appendix for Section 6.2

In this section, with a slight abuse of notation we will use £,, or £,(z) to denote L, (A) for
a given realization of the data z.

65



E.3.1 Proof of Proposition 6.4
In analogy to the proof of Theorem 4.1, let n — k(n) be defined as

k(n) = min {k € Ry: 61 4(n) > Br(P)}.

Also, for each n € N, let

b= ez up BRI )

keKn d1.5(n) N
and
S T CELETAGIICEL Y
K>k in K do (1)
and

k— 5_k(n) = 5_17k(n) + gg,k(n).
Lemma E.4. Suppose there exists a sequence (jy,), such that

1. For any e > 0, there exists a N such that P({z € Z*°: j, € L,(z)} NA, N B,) > 1—¢
foralln > N.

Jn(n)+BJn(P) ( )+Bk(P)
2. There exists a L < oo such that o (P, < Linfpeg, ™ TPz

Then for any € > 0, there exists a N such that

Vn . 0p(n) + /nBy(P)
P - (P,) —Y(P)— Diy;, (P)|P, — P|| > 2C,L inf <
<||so,;(n)<P>||Lz<p) Vi (Fn) = 9LP) = D (PP = PI| 2 26 I =0 P T )“

for alln > N, where C' is as in Assumption 6.1(iv).

Proof. For any n € N and any z € {z € Z*: j, € L,(2)} N A, N B,

V| (Pu(2)) — G(P) — Dy o (P)[P(2) — P
o (Pl

<yl (Pulz) = P) + B, (P)
18,0 P)llzce)
b ([ (Pu(2)) — i, (Pu(2)| + [ D (PPA(2) — PL = Dty (PY[EL(2) — P]])
05,0 Plllzce)
5 1)+ 5, () - G,
Wt P+ Top o Pl

<2v/n
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where the first inequality follows from the definition of differentiability and simple algebra;

the second inequality follows from the fact that z € A,NB,, and from the fact that 7, > k,(2)
and the definition of £, (z).

This result and the definition of (C,,), in the Proposition 6.4 imply

NLD
||801;n(z)(P)||L2(P)

Thus, by condition 2,

i
12, (2) (D) 2(p)

B z)) — — p z)— n in 5k(n)+Bk(P)
Vi, (Pa(2)) = 0(P) = Dt (P)Pu(z) = P)| < 2LC,v/m it len(P)|zae)

The result thus follows from condition 1. O

We now construct a sequence (h,), that satisfies both conditions of the lemma. The

construction is completely analogous to the one in the proof of Theorem 4.1 but using
ox(n)/+/n instead of oy, (r;').
Let, for each n € N,

For each n € N, let

if K is non-empty where
ht =min{k: k € KI};
and TF = 400, if K is empty. Similarly,

Oz (n) + By (P)

T, =+/n
l[on- (P z2(p)

if K is non-empty where
h, =max{k: k € K };

and T, = 4o0, if K is empty.
Finally, for each n € N| let h,, € K,, be such that

ho =h T <T;}+ b, {T,F > T}

67



Lemma E.5. For each n € N, h,, exists and

ghn(n) + Bhn(P)
l[on, (P)|| 2Py

=min {7, , T, }.

Proof. The proof is identical to the one of Lemma D.2. O
Lemma E.6. Suppose Assumption 6.1 holds. For each n € N,

5k( )+ Bi(P)

ngh"(n) + Bn, (P) < 2C,\/n inf
[ (P)||2(p)

l[on, (P)||L2(p) k€K

where (Cy,),, s as in Proposition 6.4.

Proof. Observe that

inf \/ﬁgk( n) + By(P)

kein " o (P)]]2(p)

> \/_mm{ inf 5k( )+Bk(P)a ' 5k(n)+Bk(P)}
ket || oe(P)llr2py "kegn |l0e(P)||r2cp)

where the infimum is defined as o0 if the corresponding set is empty.
Fix any n € N, if G # {0},

¢ Sk(n) +Bk(P) > inf gk(n) > -1 h;( n) 0‘501;1 (5_@(”) +Bh$(P)>

kGt |[ox(P)leapy — wegir llon(P)llcapy = 7 Ml (P2 — [lons (Pl L2p)

where the first inequality follows from the fact that By(P) > 0; the second one follows from

-1
L . Iy, (P)ll 2 llew(P)ll L2
+ + hy (P) . L4(P)
the fact that i) is minimal over G, and the fact that inf; .5+ ToePem, — (SUpkegi Tors P2 ) (P)IILz(p>) >

-1
ller(P) 2 (p) > o1

SUPkeR,: k2ht Tlp, (P2 () o

Similarly, if G, # {0},

5 B 3 B,—(P 5, — B,—(P
e 0(n) + Bi(P) _— By (P) S ot he (P) > 0501 hy (n) + B, (P) .
ke |1oe(P)ll2py — kegr ||ox(P)]|r2p) |[on= (P)]]2p) o= (P)|2(p)

- = . e, (P
Where here we use monotonicity of k — By(P) and the fact that inf, ;- iGN

RIS
P2 \ Pl \
L=(P) L2(P) -1
(Supkeg ||§0h7(p) ) > <SupkeKn k<hy “@_}7(7}3) ) > Cn .

12y 122y
Thus,

inf {0x(r. ") + Br(P)} > 0.5min{T,

keKn,

n? n ?

and by Lemma E.5 the desired result follows.
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O

Lemma E.7. Suppose Assumption 6.1 holds. For anyn € N, P({z € Z*: h, ¢ L,(2)} N
A,) < P(BY).

Proof. For any n € N,
P{z€Z% h, ¢ L,(2)}NA,)<P{ze€Z>®: h,¢& L,(2)}NA,NB,) +P(BY).
By definition of £,
{(z€Z%: h, ¢ L(2)} CCr={2€Z%: 3k €Kyt k> hy, and |Y(Pu(2)) — ¥n, (Pu(2))] > 46(n) }

where (n, k) + 0,(n) = 61 x(n) + dox(n).
For any k € K, such that k& > h, and any z € C,, N B, N A, (to ease the notational
burden we omit z from the expressions below)

[r(Fr) = tn, (Po)] < [Wk(Pn) — ©(P) — DYw(P) [Py — Pl + [¢n,(Pn) — ¥(P) — Dy, (P) [P — P
+ | Dy (P)[P, — P] — Dy, (P)[P, — P
+ [Ue(P) = ¥(P)] + [¥n, (P) — (P)]
<|nk(Pn = P)| + [nn,, (Po = P)| + d2,1(n) + Br(P) + By, (P)
<61 1(n) + 011, (n) + Sax(n) + Br(P) + By, (P)

where the second inequality follows from the definition of 7, the fact that z € B, and the
fact that k > h,,; the third inequality follows from the fact that z € A,,. Thus,

{hn ¢ L,} NA,NB,
- {3]{7 eK,: k> h, and Sl,k(n) + 5717hn(n) + Sg,k(n) + Bk(P) + Bhn(P> > 4&(7@)} . (22)

We now derive a series of useful claims.

Claim 1: If there exists k € K,, such that £ > h,, and h,, = h, then k € GI. Proof: If
h, = h., then h,, is the largest element of G and thus k& ¢ G, which means that k € G.
O

A corollary of this claim is that if there exists k € K,, such that k > h,, and h, = h,,
then G is non-empty. From this claim, we derive the following two claims.

Claim 2: If there exists a k > hy, then 0y, (n) + By, (P) < 26,+(n). Proof: If
hy = R, then by, (n) 4+ By, (P) < &+ (n) + B+ (P) < 20,+(n). If h, = h,, by the previous
claim it follows that G} is non-empty and thus b, is well-defined, thus d, (n) + By, (P) <
Syt () + By (P) < 20,5 (n). O

Claim 3: For any k > h,, 6, 4(n) > B(P). Proof: If h, = h! then the claim follows

because k — 6p(n) — Bi(P) is non-decreasing under Assumption 6.1(i). If h, = h,,, then
k € G by Claim 1 and thus dx(n) > Bi(P). O
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~ By Claims 2 z}nd 3, it _follows tha’g if thereiexists k € K, such that k& > h,,, then
0x(n) + Bip(P) + 0p,(n) + Bp,(P) < 26k(n) + 205, (n) < 46k(n) where the last inequality

follows from the fact that k& — dx(n) is non-decreasing by Assumption 6.1(i) and the fact
that k > h;}" because k > h,, and so by Claim 1 k € K} and A} is minimal in this set.

Hence applying this result to expression 22 and since dx(n) = 01 x(n) + do.x(n), it follows
that

{hn & L,}NA,NB, C {Elk € K,: k> h, and 46,(n) > 45k(n)} , (23)

which is empty. Hence, P({h, ¢ £,} N A,) < P(BY) as desired. O

Proof of Proposition 6.4. We verify that (h,,)nen satisfies both conditions in Lemma E.4. By
Lemma E.6 condition 2 in the Lemma E.4 holds with L = 2C,,. To check condition 1 in the
Lemma E.4, observe that

P(Z*\{{z €Z>: h, € L,(2)} NA,NB,}) <P ({2 €Z®: h, ¢ L,(2)}) + P (AY) + P (BY)
<P({z€Z®: h, ¢ L,(2)}NA,)+2P (AS) + P (BY)
Thus, by Lemma E.7
P(Z*\{{z€Z>: h, € L,(2)} NA4,}) < 2P (AS) +2P(BY).
Under assumption 6.1(i) the first term in the RHS vanishes. Regarding the second term, by

the union bound and the Markov inequality

P(B}) SM sup 8,7, (n) Bp [(Dyw (P)[Py — P] — Dty (P)[P, — P])’]

N >k in K,

=t LS 6,5 (m) e (o (P)(Z) = ¢i(P)(2))7]

=o(1)

where the last line follows from Assumption 6.1(ii).

E.3.2 Appendix for Example 6.5

Next, we provide an explicit characterization of ny(P, — P).

Lemma E.8. For any P € M and any k € N,

6(0) |, 2l VEVIBlT= | llplles M||f~e||mfup||m> |
n

n n n?

nk(Pn_P):OP<
Proof. The proof is relegated to the end of this section. O
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Proof of Lemma 6.1. Observe that z +— ¢1/,(P)(2) = (ki/n * P)(2) — Ep[(k1/n * P)(Z)]. So
for any h and I/,

Ep (801/h wl/hf(P)(Z))Q}
=Ep (( kin * P)(Z) — Ep|(kin *x P)(Z)] —{(Kl/h/*P)(Z)—EP[(Kl/h/*P)(Z)]}))2]
~Ep (0> P)Z) = (ke PY(Z) = {Brllsayn « PZ)] = Biellsau « PXZ)
<4FEp (/ k(uw){p(Z + hu) — p(Z + h'u)}du) ] :

By expression (8), it follows that |p(Z + hu) —p(Z + h'u)| < C(z)(|h|2+ |/ |?)|u|?. Thus,
for any z,

//—ﬂ(u){p(z + hu) — p(z + h'u) du
< / k(uw)p'(2)(h + R )udu + C(2)(Jh|™F2 + |A'|9) / |k (u)]|u|®du.

By symmetry of s, [ k(u)udu = 0.
Therefore,

Er [(n(P)(2) ~ (P2 < aBn (2] (@0 + @) [ llean)

By the proof of the Lemma E.8, for any h > 0 and any M > 0, there exists a N such
that

—

. ( u(F =) 1) .
M (52 + 1)

nvV'h

for all n > N. By the union bound

(P — P)| k(P — P 3
P(f&i(()mﬁ) ):%;LP( (()k+\/_>> )<K"M '

O

Proof of Lemma E.8. Consider the curve t — P+t(). It is a valid curve because Dy, = ca(R).
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Therefore
Uu(P 41Q) — bu(P) =t { s @@)Pin + [ ns P)(x)@(dx)}
2 / (k% Q) (2)Q(dx).

Since £ is symmetric, [(kg* P)(2)Q(dz) = [(kg* Q)(x)P(dz). From this display, n;(tQ) =
t2 [ (ki * Q)(2)Q(dx) and Dy (P)[Q] = 2 [ (rx * P)(x)Q(dx).

The mapping Q +— 2 [(ky x P)(2)Q(dx) is clearly linear. Also, note that (kj x P)(.) =
[ £(u)p(- + ku)du. Hence, for any reals z and 2’

| (ki % P) () = (ki P)(2')] = /%(U){p(HU/iﬁ)—p(x’+U/7f)}dU-

Thus, under the smoothness condition on p in expression (8), it follows that x — (k% P)(z)
is uniformly continuous and bounded, so the mapping @ — 2 [(k;*P)(x)Q(dx) is continuous
with respect to the ||.||z5.

To establish the rate result, we use the Markov inequality. We also introduce the following
notation [(kx * Q)(z)Q(dz) = (kn, * Q,Q) where (.,.) is the inner produce of the dual
(L*(R), ca(R)).

It follows that

\/E (1 ( P — P))2] Z\/E [((ki* (P, — P), P, — P>)2}
—\/E (k1 # Py Pa) — 2% P, Pa) + (i P, P))?]

where the second line follows from symmetry of x which implies (kj x P,, P) = (P, ki * P).
We note that

(ki * Py, P,) ==+ Z ke(Z; — Z;)
i#]
_Iik(O) 1 n—1 n Z Z n i—1 Z Z
== Tz ;j;lfﬁk( i~ j)+;;/€k( i=Z) |
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also

n

(k% P, P,) :%Z(Hk*za)( ZEP kn(Zi— 7)]
=1
:_ZEpnkZ Z) ZEP@Z Z)]”;i
n—1 .
:_;Epnkz Z)n ZEP@Z Z)]”;Z
n i—1
=2 j=1 i=1 j=i+1

+ %EP[I{k(Zl - Z)]

where the third line follows because Ep[t(Z, —Z)]*=" = 0, and the fourth one follows from
the fact that by iid-ness, Ep|ki(Z; — Z;)] = Ep|kp(Z; — Z)] for all j.
Therefore,

n—1 n n  i—1
(k% Py Po) = 2(si % P, Po) ==+ — > ke(Z; — Z;) + ' ngk(z,- —Zj)

i=1 j=it+l i=2 j=1
2 n  i—1 1 n—l n
- Eplki(Z; — Z;)] + 2 Eplki(Zi — Z;)]
=2 =t i=1 j=i+1
2
- EEP[/%(Z1 - Z)]
1 n
2 Z > k(2 — Zj) — 2Epln(Z; — Z;)]}
i=1 j=i+1
1 n -1
T YO sz = 7)) = 2Eplki(Zi — Z))]}
i=2 j=1
Kk (0 2
L l0) S Eplri(2 - 7))

:% Z{/{k(zi — Z;) — 2Ep|ki(Z; — Z;)]}

i<j
Kk(O) 2
——=F Z— 7
+ n n2 P[K’k( 1 )]>

where the last line follows by symmetry of & since k(Z; — Z;) = k(Z; — Z;) for all i, j.
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Since (ky * P, P) = Ep.plki(Z — Z')] = & > Epplrk(Z — 2", it follows that

<"€k*Pn>Pn> —2<K,k*P,Pn>—|—</€k*P,P>

:% Z’_fk(Zz - Zj) + K]ZEO) - %Ep[lik(zl - Z)] + %E[Hk(z — Z/)]

1<j

where (z,2,) = Rp(2—2') = kp(z2 —2') — Eplin(z — Z2)| — Ep|kn(2 — Z2)| + Ep.plan(Z — Z')).
Therefore,

VE [(n(Pa. P))?] <2J E [(; > Rk(Zi - Zj)> } - K’jio) + %\/E (Elrn(Z1 — 2)))7]

1<J

+ %E[mk(Z _ 7))

We now bound each term on the RHS. First note that

CEl(Z— 2] = [ bulh(z - )ple)pl)dzd
1

- / k(uw)p(2' +u/k)p(2)dz du < n_1||pHLoo,

:\/k /(’f(u))Qp(z +u/k)p(u)dzdu < k2 /[p|[ e[| 2

where the first line follows by Jensen inequality. Finally, by Gine and Nickl [2008] Sec. 2

Hezmes

2 - v < 2llElze /Il
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