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increasing rank, the limiting distribution can be represented by a linear combination of normal
and non-central 2 random variables, with normality ensuing under strong identification. Standard
error estimators are proposed that enable tests of linear restrictions and the construction of
uniformly valid confidence intervals for quadratic forms of interest. We find in Italian social
security records that leave-out estimates of a variance decomposition in a two-way fixed effects
model of wage determination yield substantially different conclusions regarding the relative
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limited.
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As economic datasets have grown large, so has the number of parameters employed in econo-
metric models. Typically, researchers are interested in certain low dimensional summaries of these
parameters that communicate the relative influence of the various economic phenomena under
study. An important benchmark comes from Fisher (1925)’s foundational work on analysis of vari-
ance (ANOVA) which he proposed as a means of achieving a “separation of the variance ascribable
to one group of causes, from the variance ascribable to other groups.”1

A large experimental literature (Sacerdote, 2001; Graham, 2008; Chetty et al., 2011; Angrist,
2014) employs variants of Fisher’s ANOVA approach to infer the degree of variability attributable
to peer or classroom effects. Related methods are often used to study heterogeneity across firms,
workers, and schools in their responsiveness to exogenous regressors with continuous variation
(Raudenbush and Bryk, 1986, 2002; Arellano and Bonhomme, 2011; Graham and Powell, 2012).
In labor economics, log-additive models of worker and firm fixed effects are increasingly used to
study worker-firm sorting and the dispersion of firm specific pay premia (Abowd et al., 1999; Card
et al., 2013, 2018; Song et al., 2017; Sorkin, 2018) and analogous methods have been applied to
settings in health economics (Finkelstein et al., 2016; Silver, 2016) and the economics of education
(Arcidiacono et al., 2012).

This paper considers estimation of and inference on wariance components, which we define
broadly as quadratic forms in the parameters of a linear model. Notably, this definition yields an
important connection to the recent literature on testing linear restrictions in models with many
regressors (Anatolyev, 2012; Chao et al., 2014; Cattaneo et al., 2018). Traditional variance compo-
nent estimators are predicated on the assumption that the errors in a linear model are identically
distributed draws from a normal distribution. Standard references on this subject (e.g., Searle
et al., 2009) suggest diagnostics for heteroscedasticity and non-normality, but offer little guidance
regarding estimation and inference when these problems are encountered. A closely related litera-
ture on panel data econometrics proposes variance component estimators designed for fixed effects
models that either restrict the dimensionality of the underlying group means (Bonhomme et al.,
2019) or the nature of the heteroscedasticity governing the errors (Andrews et al., 2008; Jochmans
and Weidner, 2016).

Our first contribution is to propose a new variance component estimator designed for unre-
stricted linear models with heteroscedasticity of unknown form. The estimator is finite sample
unbiased and can be written as a naive “plug-in” variance component estimator plus a bias cor-
rection term that involves “cross-fit” (Newey and Robins, 2018) estimators of observation-specific
error variances. We also develop a representation of the estimator in terms of a covariance be-
tween outcomes and a “leave-one-out” generalized prediction (e.g., as in Powell et al., 1989), which

allows us to apply recent results on the behavior of second order U-statistics. Building on work

'See Cochran (1980) for a discussion of the intellectual development of this early work.



by Achlioptas (2003), we propose a random projection method that enables computation of our
estimator in very large datasets with little loss of accuracy.

We study the asymptotic behavior of the proposed leave-out estimator in an environment where
the number of regressors may be proportional to the sample size: a framework that has alternately
been termed “many covariates” (Cattaneo et al., 2018) or “moderate dimensional” (Lei et al., 2018)
asymptotics. Verifiable design requirements are provided under which the estimator is consistent
and we show in an Appendix that these conditions are weaker than those required by jackknife bias
correction procedures (Quenouille, 1949; Hahn and Newey, 2004; Dhaene and Jochmans, 2015). A
series of examples is discussed where the leave-out estimator is consistent, while estimators relying
on jackknife or homoscedasticity-based bias corrections are not.

We present three sets of theoretical results that enable inference based upon our estimator
in a variety of settings. The first result concerns inference on quadratic forms of fixed rank, a
problem which typically arises when testing a few linear restrictions in a model with many covariates
(Cattaneo et al., 2018). Familiar examples of such applications include testing that particular
regressors are significant in a fixed effects model and conducting inference on the coefficients from a
projection of fixed effects onto a low dimensional vector of covariates. Extending classic proposals
by Horn et al. (1975) and MacKinnon and White (1985), we show that our leave-out approach
can be used to construct an Eicker-White style variance estimator that is unbiased in the presence
of unrestricted heteroscedasticity and that enables consistent inference on linear contrasts under
weaker design restrictions than those considered by Cattaneo et al. (2018).

Next, we derive a result establishing asymptotic normality of quadratic forms of growing rank.
Such quadratic forms typically arise when conducting analysis of variance but also feature in tests
of model specification involving a large number of linear restrictions (Anatolyev, 2012; Chao et al.,
2014). The large sample distribution of the estimator is derived using a variant of the arguments
in Chatterjee (2008) and Selvsten (2019) and a standard error estimator is proposed that utilizes
sample splitting formulations of the sort considered by Newey and Robins (2018). This standard
error estimator is shown to enable consistent inference on quadratic forms of growing rank in the
presence of unrestricted heteroscedasticity when the regressor design allows for sample splitting
and to provide conservative inference otherwise.

Finally, we present conditions under which the large sample distribution of our estimator is
non-pivotal and can be represented by a linear combination of normal and non-central x2 random
variables, with the non-centralities of the X2 terms serving as weakly identified nuisance parameters.
This distribution arises in a two-way fixed effects model when there are “bottlenecks” in the mobility
network. Such bottlenecks are shown to emerge, for example, when worker mobility is governed
by a stochastic block model with limited mobility between blocks. To construct asymptotically
valid confidence intervals in the presence of nuisance parameters, we propose inverting a minimum

distance test statistic. Critical values are obtained via an application of the procedure of Andrews



and Mikusheva (2016). The resulting confidence interval is shown to be valid uniformly in the
values of the nuisance parameters and to have a closed form representation in many settings, which
greatly simplifies its computation.

We illustrate our results with an application of the two-way worker-firm fixed effects model of
Abowd et al. (1999) to Italian social security records. The proposed leave-out estimator finds a
substantially smaller contribution of firms to wage inequality and much more assortativity in the
matching of workers to firms than either the uncorrected plug-in estimator originally considered by
Abowd et al. (1999) or the homoscedasticity-based correction procedure of Andrews et al. (2008).
When studying panels of length greater than two, we allow for serial correlation in the errors by
employing a generalization of our estimator that leaves out all the observations in a worker-firm
match. Failing to account for this dependence is shown to yield over-estimates of the variance of
firm effects.

Projecting firm effect estimates onto measures of worker age and firm size, we find that older
workers tend to be employed at firms offering higher firm wage effects; however, this phenomenon
is largely explained by the tendency of older workers to sort to bigger firms. Leave-out standard
errors for the coefficients of these linear projections are found to be several times larger than a
naive standard error predicated on the assumption that the estimated fixed effects are independent
of each other. Stratifying our analysis by birth cohort, we formally reject the null hypothesis that
older and younger workers face identical vectors of firm effects. However, the two sets of firm effects
are estimated to have a correlation coefficient of nearly 0.9, while the plug-in estimate of correlation
is only 0.54.

To assess the accuracy of our asymptotic approximations, we conduct a series of Monte Carlo
exercises utilizing the realized mobility patterns of workers between firms. Clear evidence of non-
normality arises in the sampling distribution of the estimated variance of firm effects in settings
where the worker-firm mobility network is weakly connected. The proposed confidence regions are

shown to provide reliable size control in both strongly and weakly identified settings.

1 Unbiased Estimation of Variance Components

Consider the linear model
y; = Tif + € (i=1,...,n)

where the regressors z; € R* are non-random and the design matrix S,, = > ., ;x5 has full rank.
The unobserved errors {g;};—; are mutually independent and obey E[g;] = 0, but may possess

. . . 2 2
observation specific variances E[e;] = 0.

Our object of interest is a quadratic form § = §'AB for some known non-random symmetric



matrix A € R¥F

of rank r. Following Searle et al. (2009), when A is positive semi-definite 6 is a
variance component, while when A is non-definite 8 may be referred to as a covariance component.
Note that linear restrictions on the parameter vector 8 can be formulated in terms of variance
components: for a non-random vector v, the null hypothesis v’ = 0 is equivalent to the restriction

= 0 when A = vv'. Examples from the economics literature where variance components are of

direct interest are discussed in Section 2.

1.1 Estimator

A naive plug-in estimator of € is given by the quadratic form épl = B AB, where 3 = S;xl o miy;
denotes the Ordinary Least Squares (OLS) estimator of 5. Estimation error in B leads the plug-
in estimator to exhibit a bias involving a linear combination of the unknown variances {07;2 3

Specifically, standard results on quadratic forms imply that E[0] = 6 + trace(AV[3]), where
i=1

As discussed in Section 2, this bias can be particularly severe when the dimension of the regressors
k is large relative to the sample size.
A bias correction can be motivated by observing that an unbiased estimator of the i-th error

variance is
~2 15
0; =Y (yi - xzﬂ—i) )

where [3’_1- = (Sxx — xixg)_l 22# xgy, denotes the leave-i-out OLS estimator of S. This insight

suggests the following bias-corrected estimator of §:
n
0=pAB-Y " B;o;. (1)
i=1

While Newey and Robins (2018) observe that “cross-fit” covariances relying on sample splitting
can be used to remove bias of the sort considered here, we are not aware of existing estimators
involving the leave-one-out estimators {57 }/,.

One can also motivate § via a change of variables argument. Letting T; = AS’;xlxi denote a

vector of “generalized” regressors, we can write

0=pAB=p'8,,5A8=>" Fuiip=> E[yza.
=1

i=1



This observation suggests using the unbiased leave-out estimator
n
0= Zyﬁf;ﬂ—i- (2)
i=1

Note that direct computation of B_i can be avoided by exploiting the representation

yi — @i

) - g

yi — i = ﬁa (3)
where P;; = x;Sx_xl x; gives the leverage of observation i. Applying the Sherman-Morrison-Woodbury
formula (Woodbury, 1949; Sherman and Morrison, 1950), this representation also reveals that (1)

and (2) are numerically equivalent:

Y Syl s ]
~! A ~l o—1 LR xx LiliPry ~I5 ~2
iy = YidiSen > Tele + 1P > wey = yi#iB — Byo;.
14 v 0£i
=y, % 5—Byy: =B yziB_;

A similar combination of a change of variables argument and a leave-one-out estimator was used by
Powell et al. (1989) in the context of weighted average derivatives. The JIVE estimators proposed
by Phillips and Hale (1977) and Angrist et al. (1999) also use a leave-one-out estimator, though

without the change of variables.”

Remark 1. The {622 }i—; can also be used to construct an unbiased variance estimator
n
A -1 1,2\ o1
i=1

Section 3 shows that @[BA] can be used to perform asymptotically valid inference on linear contrasts
in settings where existing Ficker-White estimators fail. Specifically, V[BA] leads to valid inference
under conditions where the MINQUE estimator of Rao (1970) and the MINQUE-type estimator of

Cattaneo et al. (2018) do not exist (see, e.g., Horn et al., 1975; Verdier, 2017).

Remark 2. The quantity V[B] is closely related to the HC2 variance estimator of MacKinnon
and White (1985). While the HC2 estimator employs observation specific variance estimators

g’ .
&2 _ (i—wiB) V[ﬁ] relies instead on ~2 yi(yi—xiB)
iHce = P elies instead on 6; = #5ip3

3

Remark 3. In some cases it may be important to allow dependence in the errors in addition to

heteroscedasticity. A common case arises when the data are organized into mutually exclusive

% The object of interest in JIVE estimation is a ratio of quadratic forms 31,282/ 55,285 in the two-
equation model y,;; = x;Bj +¢;; for j = 1,2. When no covariates are present, using leave-out estimators of
both the numerator and denominator of this ratio yields the JIVE] estimator of Angrist et al. (1999).



and independent “clusters” within which the errors may be dependent (Moulton, 1986). The same
change of variables argument implies that an estimator of the form " , ;T ch(i) will be unbiased
in such settings, where B,C(i) is the OLS estimator obtained after leaving out all observations in

the cluster to which observation ¢ belongs.

1.2 Large Scale Computation

From (1) and (3), computation of  relies on the values {Bj;, P;;}i—;. Section 2 provides some
canonical examples where these quantities can be computed in closed form. When closed forms are
unavailable, a number of options exist for accelerating computation. For example, in the empirical
application of Section 8, we make use of a preconditioned conjugate gradient algorithm suggested by
Koutis et al. (2011) to compute exact leave-out variance decompositions in a two-way fixed effects
model involving roughly one million observations and hundreds of thousands of parameters (see
Appendix B.3 for details). However, in very large scale applications involving tens or hundreds of
millions of parameters, exact computation of { B;;, P;; }i—; is likely to become infeasible. Fortunately,
it is possible to quickly approximate 0 in such settings using a variant of the random projection
method introduced by Achlioptas (2003). We refer to this method as the Johnson-Lindenstrauss
approximation (JLA) for its connection to the work of Johnson and Lindenstrauss (1984).

JLA can be described by the following algorithm: fix a p € N and generate the matrices
Rp,Rp € RP*" where (Rp, Rp) are composed of mutually independent Rademacher random vari-
ables that are independent of the data, i.e., their entries take the values 1 and —1 with probability
1/2. Next decompose A into A = %(A&AQ + A3A;) for Ay, Ay € R™* where A = Ay if Ais
positive semi-definite.® Let
and B; =

pu‘ = ;HRPXS;;% i (RBAIS;aclmi>/ (RBA2S;J;1$¢>

1
p

where X = (q,...,,)". The Johnson-Lindenstrauss approximation to 0 is

n
A 5 A 5 2
Orpa=0BA8— E Bii6i jpa
=1

!5 ~ ~ ~ ~
~2 y; (y;—; 8 p2ip? piip? . . ..
where &; = vili—eif) — ) (1 13PitE] utli ) The term 23248 8% removes a non-linearity bias intro-
i,JLA — _ P _ P
1-P, P 1-P, P 1-P,

i

duced by approximating P;;.
Section 1.5 establishes asymptotic equivalence between 0 Jra and 6. Appendix B.3 discusses

implementation details and numerically illustrates the trade-off between computation time and the

3Interpretable choices of A; and A, are typically suggested by the structure of the problem; see, for
instance, the discussion in Example 4 of Section 2.



bias introduced by JLA for different choices of p under a range of sample sizes. Notably, we show
that JLA allows us to accurately compute a variance decomposition in a two-way fixed effects model
with roughly 15 million parameters — a scale comparable to the study of Card et al. (2013) — in
under an hour. A MATLAB package (Kline et al., 2019) implementing both the exact and JLA

versions of our estimator in the two-way fixed effects model is available online.

1.3 Relation to Existing Approaches

As discussed in Section 2, several literatures make use of bias corrections nominally predicated on

homoscedasticity. A common “homoscedasticity-only” estimator takes the form

n
Ouo = B'AB - Bidtio (4)
i=1

where 650 = n—ik S (ys — m;B)Q is the degrees-of-freedom corrected variance estimator. A suf-
ficient condition for unbiasedness of éHO is that there be no empirical covariance between 02-2 and
(Bjy;, Py;). This restriction is in turn implied by the special cases of homoscedasticity where o? does
not vary with ¢ or balanced design where (Bj;, P;;) does not vary with 7. In general, however, this

estimator will tend to be biased (see, e.g., Scheffe, 1959, chapter 10, or Appendix C.1.3).
A second estimator, closely related to é, relies upon a jackknife bias-correction (Quenouille,

1949) of the plug-in estimator. This estimator can be written

n

n
éJK = néPI - ; ! Zém,ﬂ' where éPLfi = BQ’AB%-

i=1
In Appendix C.1.3 we illustrate that jackknife bias-correction tends to over-correct and produce a
first order bias in the opposite direction of the bias in the plug-in estimator. This is analogous to
the upward bias in the jackknife estimator of V[3] which was derived by Efron and Stein (1981) and
shown by El Karoui and Purdom (2018) to be of first order importance for inference with many
Gaussian regressors.

There are several proposed adaptations of the jackknife to long panels that can decrease bias
under stationarity restrictions on the regressors. Letting ¢(i) € {1,...,T} denote the time period in

which an observation is observed, we can write the panel jackknife of Hahn and Newey (2004) as
T-1
Opix = TOpy — 7 ; Opr,_, where Op;_,=p",AB,

and B_, = (Zi:t(i)# zxh) ! Zi:t(i)# x;1y; is the OLS estimator that excludes all observations from



period ¢t. Dhaene and Jochmans (2015) propose a closely related split panel jackknife

Oprq +0 . N
1 PI,2
————= where 0Opy; = B;AB;

Ospak = 20p1 —
and B, (and By) are OLS estimators based on the first half (and the last half) of an even number of
time periods. In Appendix C.1.3, we illustrate how short panels can lead these adaptations of the

jackknife to produce first order biases in the opposite direction of the bias in the plug-in estimator.

1.4 Finite Sample Properties

We now study the finite sample properties of the leave-out estimator 6 and its infeasible analogue
0" = B’AB —->r, B,L-,L-O'Z-Q , which uses knowledge of the individual error variances. First, we note
that 6 is unbiased whenever each of the leave-one-out estimators B,i exists, which can equivalently
be expressed as the requirement that max; P;; < 1. This condition turns out to also be necessary
for the existence of unbiased estimators, which highlights the need for additional restrictions on
the model or sample whenever some leverages equal one.

Lemma 1. 1. If max; P; < 1, then E[f] = 6.
2. Unbiased estimators of 0 = ' AB exist for all A if and only if max; P,; < 1.

Next, we show that when the errors are normal, the infeasible estimator §* is a weighted sum of
a series of non-central X2 random variables. This second result provides a useful point of departure

for our asymptotic approximations and highlights the important role played by the matrix
A= 5.2 A8,. 2,

which encodes features of both the target parameter (which is defined by A) and the design matrix
S

Let Ay, ..., \, denote the non-zero eigenvalues of A, where )\% > > /\3 and each eigenvalue
appears as many times as its algebraic multiplicity. We use @ to refer to the corresponding matrix
of orthonormal eigenvectors so that A = QDQ’ where D = diag();, ..., \,). With these definitions

we have
,
A4 A 52
BAB =Y by,
=1
where b = (31, ... ,l;r)/ = Q/S;J/CZB contains r linear combinations of the elements in 3. The random
vector b and the eigenvalues Ay, ..., A, are central to both the finite sample distribution provided

below in Lemma 2 and the asymptotic properties of 0 as studied in Sections 3-5. Each eigenvalue



of A can be thought of as measuring how strongly  depends on a particular linear combination of
the elements in 3 relative to the difficulty of estimating that combination (as summarized by S;xl).
As discussed in Section 5, when a few of these eigenvalues are large relative to the others, a form

of weak identification can arise.
Lemma 2. If ¢; ~ N(0,07), then

1. b~ N (b, VID]) where b = Q'S)78,

20" =i (B - Vi)

The distribution of #* is a sum of r potentially dependent non-central X2 random variables
with non-centralities b = (by,...,b,)". In the special case of homoscedasticity (o7 = 02) and no
signal (b = 0) we have that b ~ N (0, 02[T>, which implies that the distribution of ™ is a weighted
sum of r independent central X2 random variables. The weights are the eigenvalues of A, therefore
consistency of 6" follows whenever the sum of the squared eigenvalues converges to zero. The
next subsection establishes that the leave-out estimator remains consistent when a signal is present

(b # 0) and the errors exhibit unrestricted heteroscedasticity.

1.5 Consistency

We now drop the normality assumption and provide conditions under which 0 remains consistent.
To accommodate high dimensionality of the regressors we allow all parts of the model to change

with n:

Yin = Tipnbn +Ein (i=1,...,n)

where Tin € Rkna sz,n = E?:l xi,nl’;,nv E[Ei,n] =0, E[Ezn] = Ui2,n and 0, = ﬁ;LATL/BTL for some

. . k, ¥k
sequence of known non-random symmetric matrices A4,, € R™

" of rank 7,,. By treating z;,, and
A,, as sequences of constants, all uncertainty derives from the disturbances {Ez‘,n 1<i<n,n> 1}.
This conditional perspective is common in the statistics literatures on ANOVA (Scheffe, 1959; Searle
et al., 2009) and allows us to be agnostic about the potential dependency among the {xm}zn:l and
An.4 Following standard practice we drop the n subscript in what follows. All limits are taken as
n goes to infinity unless otherwise noted.

Our analysis makes heavy use of the following assumptions.

- *An unconditional analysis might additionally impose distributional assumptions on A, and consider
0=pFE 4, [A,]B as the object of interest. The uncertainty in 6—6 can always be decomposed into components

attributable to § — § and 6 — f. Because the behavior of 6 — 6 depends entirely on model choices, we leave
such an analysis to future work.
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7

all n, and (iii) max;(2}8)* = O(1).

Assumption 1. (i) max; <]E[5f] + U-_2> = O(1), (ii) there ezist a ¢ < 1 such that max; P;; < ¢ for

Part (¢) of this condition limits the thickness of the tails in the error distribution, as is typically
required for OLS estimation (see, e.g., Cattaneo et al., 2018, page 10). The bounds on (m;ﬁ)2 and
P.

., imply that 62-2 has bounded variance. Part (iii) is a technical condition that can be relaxed to

allow max;(z;8)” to increase slowly with sample size as discussed further in Section 7. From (ii) it
follows that £ < ¢ <1 for all n.

The following Lemma establishes consistency of 0.
Lemma 3. If Assumption 1 and one of the following conditions hold, then 6—-6250.
(i) A is positive semi-definite, § = B’ AB = O(1), and trace(A?) = DY A7 = o(1).
(i) A= %(A1Ay + AYA)) where 0 = B'A1AB and 0, = B’ A5 A, satisfy (i).

The first condition of Lemma 3 establishes consistency of variance components given bounded-
ness of § and a joint condition on the design matrix S, and the matrix A. The second condition
shows that consistency of covariance components follows from consistency of variance components
that dominate them via the Cauchy-Schwarz inequality, i.e., 62 = (B'A&AZB)Q < 0105. In several
of the examples discussed in the next section, trace(A?) is of order /n?, which is necessarily small
in large samples. A more extensive discussion of primitive conditions that yield trace(A?) = o(1)
is provided in Section 7.

We conclude this section by establishing asymptotic equivalence between the leave-out estimator

6 and its approximation 4 14 under the condition that p4 is large relative to sample size.

Lemma 4. If Assumption 1 is satisfied, n/p4 = o(1), V[é]fl = O(n), and one of the following
conditions hold, then V[é]fl/z(éJLA —0— B,) = 0,(1) where |B,| < %Z?:l P3| By;|os.

(i) A is positive semi-definite and E[3'AB] — 0 = S Bjo? = 0(1).

(i) A= L(A) Ayt AYA,) where 0, = ' A} A3 and 0y = ' Ay Ay satisfy (i) and %{Z}Eﬂ —0(1).
Lemma 4 requires that 6 is not super-consistent and that the bias in the plug-in estimator is
asymptotically bounded, assumptions which can be shown to be satisfied in the examples introduced
in the next section. For variance components, the Lemma characterizes an approximation bias B,
in 0 sra of order 1/p and provides an interpretable bound on B,: the approximation bias is at
most 1/p times the bias in the plug in estimator B'AB. For covariance components, asymptotic
equivalence follows when the variance components defined by A7 A4; and A5A, do not converge at
substantially slower rates than 6. Under this condition, the approximation bias is at most 1/p times
the average of the biases in the plug in estimators B/AllAl 3 and B/A’QAQ B.

11



These bounds on the approximation bias suggests that a p of a few hundred should suffice
for point estimation. However, unless n/p2 = o(1), the resulting approximation bias needs to be
accounted for when conducting inference. Specifically, one can lengthen the tails of the confidence

sets proposed in Sections 4 and 6 by % Sy E21|B”]622 74 When relying on JLA.

2 Examples

We now consider four commonly encountered empirical examples where our proposed estimation

strategy provides an advantage over existing methods.

Example 1 (Coefficient of determination).
Sewall Wright (1921) proposed measuring the explanatory power of a linear model using the
coefficient of determination. When z; includes an intercept, the object of interest and its corre-

sponding plug-in estimator can be written

2 Aoah ~2
2 B'AB ox3 52 B'AB 0X8,PI
- 7 1 n ) = 2 and RPI = 1 o —5 = )
BAB+ 5 2 im1 0 Ty 7 2ic1 (Wi — ) Ty
where
1 < - B 1 & 1
=1 i=1 =1

Theil (1961) noted that the plug-in estimator of a§< 3 1s biased and proposed an adjusted R? measure
that utilizes the homoscedasticity-only estimator in (4). The above choice of A yields B; =

L(Py; — 1), which implies Y1 | By; = % Hence, Theil’s proposal can be written

.2 MoAh k=12
~2  Oxgmo B AB—"-0no
adj — ) = ") .
Ty Ty

2
A rearrangement gives the familiar representation 1_};‘"*2dj = Z—:}C which highlights that the adjusted
PI

estimator of R? relates to the unadjusted one through a degrees-of-freedom correction.
The leave-out estimator of a?w allows for unrestricted heteroscedasticity and can be found by

noting that #; = AS,, ; = (z; — &), which yields

~2 n
n2  OX .2 1 Z VA
R = 6.726 where Uxﬁ = E yz(:l:l — l‘)lﬁii.
Y =1

In general, this estimator does not have an interpretation in terms of degrees-of-freedom correc-
tions. Instead, the explanatory power of the linear model is assessed using the empirical covariance

between leave-one-out predictions (x; — E)'B’_i and the left out observation ;.
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Example 2 (Analysis of covariance).

Since the work of Fisher (1925), it has been common to summarize the effects of experimen-
tally assigned treatments on outcomes with estimates of variance components. Consider a dataset
comprised of observations on N groups with T observations in the g-th group. The “analysis of

covariance” model posits that outcomes can be written
Yot = Ot + TS + €4t (9=1,...,N, t=1,....,T, > 2),

where «, is a group effect and x4 is a vector of strictly exogenous covariates.

g
A prominent example comes from Chetty et al. (2011) who study the adult earnings y,, of
n= Z;V:l T, students assigned experimentally to one of IV different classrooms. Each student also
has a vector of predetermined background characteristics z,;. The variability in student outcomes

attributable to classrooms can be written:
oa

S|

N 2
Z 1, (ag - 5‘)
g=1

where & = % Zév:l T,a, gives the (enrollment-weighted) mean classroom effect.

This model and object of interest can written in the notation of the preceding section (y; =
z}B4e; and o2 = 5 AB) by letting i = i(g,t) where i(-, -) is bijective with inverse denoted (g(-), t(-)),
Yi = ygt7 & = Egta

Ty = (dgv'x;t)/a B = (ala(S,)/v Q= (ala"'7aN>/7 d; = (1{9:1}7"'71{9:N})/7

and
n n

4 1 i o1
. 8} where Agg =3 (d;— d)(d; —d), d=—3"d,

=1 =1

A=

Chetty et al. (2011) estimate o2 using a random effects ANOVA estimator (see e.g., Searle et al.,
2009) which is of the homoscedasticity-only type given in (4). As discussed in Section 1 and
Appendix C.1.3, this estimator is in general first order biased when the errors are heteroscedastic
and group sizes are unbalanced.

Special Case: No Common Regressors When there are no common regressors (x4, = 0 for all

g, 1), the leave-out estimator of O'i has a particularly simple representation:

1 N 2 T 1 &
~2 ~ N ~2 ~2 A \2
aa—Z<Tg(%—“> ‘( ‘g>ag> for 6y =71 2.0 = %)’ ®

mn
g=1 g t=1

A T ~ o . . .
where &, = T%, > Ygt, and a = %Zé\le Tya,. This representation shows that if the model

13



consists only of group specific intercepts, then the leave-out estimator relies on group level degrees-
of-freedom corrections. The statistic in (5) was analyzed by Akritas and Papadatos (2004) in the
context of testing the null hypothesis that Ji = 0 while allowing for heteroscedasticity at the group
level.

Covariance Representation Another instructive representation of the leave-out estimator is in

terms of the empirical covariance
n
~2 7N A N N
00 = E yidi_; where B_; = (4_;,0_;).
i=1

The generalized regressor CZZ can be described as follows: if there are no common regressors then
Ji = %(dl — d), which is analogous to Example 1. If the model includes common regressors then
= T _ _ T A .

d; = % ((dl —d) — F’(:cg(i)t(i) — xg(i))) where Z, = T%, > 21 g and I is the coefficient vector from

an instrumental variables (IV) regression of d; —d on Ty(ive(i) — Tg(i) USING Tg(j)(s) @S an instrument.

g g(i
The IV residual d; is uncorrelated with Ty(i)e(;) and the covariance between d; and d; is Ayg, which
ensures that the empirical covariance between y; = d;a +$Ig(i)t(i)5+5i and the generalized prediction

I . : 2
d; &_; is an unbiased estimator of o,.

Example 3 (Random coefficients).

Group memberships are often modeled as influencing slopes in addition to intercepts (Kuh, 1959;
Hildreth and Houck, 1968; Raudenbush and Bryk, 2002; Arellano and Bonhomme, 2011; Graham
and Powell, 2012; Graham et al., 2018). Consider the following “random coefficient” model:

Ygt = Qg+ 29179 T Egt (g=1,...,N, t=1,...,T, > 3).

An influential example comes from Raudenbush and Bryk (1986), who model student mathe-
matics scores as a “hierarchical” linear function of socioeconomic status (SES) with school-specific
intercepts (a, € R) and slopes (v, € R). Letting 7 = %Z;\Ll Ty, for n = Zévzl T,, the student-

weighted variance of slopes can be written:

g:Tg (7 _77)2'

g=1

S|

2 _
oy =
In the notation of the preceding section we can write y; = z.3 + ¢; and 03 = B'AB where

T; = (d;7 d;‘th),, 6 = (alv 7/),7 Y= (717 s 77N),7 A= 0 0

Agg 0}

for y;, €;, d;, Agq, and « as in the preceding example.

Raudenbush and Bryk (1986) use a maximum likelihood estimator of 03 predicated upon nor-
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mality and homoscedastic errors. Swamy (1970) considers an estimator of O',QY that relies on group-
level degrees-of-freedom corrections and is unbiased when the error variance is allowed to vary at
the group level, but not with the level of z;,. By contrast, the leave-out estimator is unbiased under
arbitrary patterns of heteroscedasticity.

Covariance Representation The leave-out estimator can be represented in terms of the empir-

ical covariance

n . -1 - ) ~ Zg(i
= Zyigidﬁ/—i where d; = —(d; —d), % = Tz(g,f 1)~ 2ot 37
i=1 " Dot (Rt — Zg(i))

and z, = Tig Z;fil zg¢- Demeaning z,(;);(;) at the group level makes Jiéi uncorrelated with d; and
scaling by the group variability in z,(;), ensures that the covariance between dZZZ and d;zg(iy(s)
is Ayy. This implies that the empirical covariance between y; = dia + zg(i)t(i)d;'y + ¢; and the

. o g ~ 34 . . . 2
generalized prediction Z;d;y_; is an unbiased estimator of o7.

Example 4 (Two-way fixed effects).

Economists often study settings where units possess two or more group memberships, some of
which can change over time. A prominent example comes from Abowd et al. (1999) (henceforth
AKM) who propose a panel model of log wage determination that is additive in worker and firm

fixed effects. This so-called “two-way” fixed effects model takes the form:
ygt:ag+¢j(g,t)+x;t5+€gt (gzlvant:LaTgZQ) (6)

where the function j(-,-) : {1,..., N} x{1,...,max, T,} — {0,...,J} allocates each of n = Zg T,

person-year observations to one of J+1 firms. Here « is a “person effect”, ;4 1) Is a “firm effect”,

g
T4 18 a time-varying covariate, and €y is a time-varying error. In this context, the mean zero
assumption on the errors £4 can be thought of as requiring both the common covariates z, and
the firm assignments j(-, ) to obey a strict exogeneity condition.

Interest in such models often centers on understanding how much of the variability in log wages
is attributable to firms (see, e.g., Card et al., 2013; Song et al., 2017). AKM summarize the firm

contribution to wage inequality via the following two parameters:

1 N T, 2 1 N L

) _

T = ZZ Vi) — and oy = n ZZ (Vitgn =) e
g:1 —1 g:l t=1

- T : S
where 1) = % Z]gvzl > 121 ¥j(g,)- The variance component 03, measures the contribution of firm wage
variability to inequality, while the covariance component o, ,, measures the additional contribution

of systematic sorting of high wage workers to high wage firms.
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To represent this model and the corresponding objects of interest in the notation of the preceding
section (y; = =i + ¢;, ai = 5/Aw5, and o, = ﬁ’Aaﬂ/,ﬁ), let

T = (d;7fi/7x;t)/7 ﬁ = (04/,1?/75,)/7 o= (a17 . '7aN), + 1/Nw07 ¢ = (1/11 s 7¢J)/ - 1&1/)07

/
i

for y;, &;, and d; as in the preceding examples, f; = (1j(g.6=1}>- - > L{j(g.t)=J})

0 0 0 " .
Ay = |0 Ay 0] where Aff:%Z(fi_f)(fi_f)/’ fz%zfi’
0 0 0 i=1 =1

and

210 0 o n

1 0 Agr O 1 - T N/
Ayy ==y o of where Ay=—-Y (d—d)(f;—f)

Computation of the Johnson-Lindenstrauss approximation can be facilitated using the representa-
. / / /
tions Ay = Ay Ay and A, = %(AdAf + Ay A,) where

A 0 0 0 ;o dy—d ... d,—d
F=om|lA-F o fo—F] and Ag= -1 0 0 o |.
0 0 0

Addition and subtraction of ¥y in § amounts to the normalization, 1y = 0, which has no effect on
the variance components of interest. As Abowd et al. (1999, 2002) note, least squares estimation
of (6) requires one normalization of the v vector within each set of firms connected by worker
mobility. For simplicity, we assume all firms are connected so that only a single normalization is
mquired.5
Covariance Representation Abowd et al. (1999) estimated O'?p and o, ,, using the naive plug-in
estimators B/Aw,é’ and BAIAQWB which are, in general, biased. Andrews et al. (2008) proposed the
“homoscedasticity-only” estimators of (4). These estimators are unbiased when the errors ¢; are
independent and have common variance. Bonhomme et al. (2019) propose a two-step estimation
approach that is consistent in the presence of heteroscedasticity when the support of firm wage
effects is restricted to a finite number of values and each firm grows large with the total sample
size n. Our leave-out estimators, which avoid both the homoscedasticity requirement on the errors

and any cardinality restrictions on the support of the firm wage effects, can be written compactly

*Bonhomme et al. (2019) study a closely related model where workers and firms each belong to one of
a finite number of types and each pairing of worker and firm type is allowed a different mean wage. These
mean wage parameters are shown to be identified when each worker type moves between each firm type with
positive probability, enabling estimation even when many firms are not connected.
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as covariances taking the form

n n

~2 -1 P N 1 ~

Oy = Z yzx;Sxm Awﬂ—ia Oaqp = Z yz'%;‘sx:r Aa,wﬁ—i'
i=1 i=1

Notably, these estimators are unbiased whenever the leave out estimator B_Z- can be computed,
regardless of the distribution of firm sizes.

Special Case: Two time periods A simpler representation of é}?p is available in the case where
only two time periods are available and no common regressors are present (7, = 2 and z, = 0 for

all g,t). Consider this model in first differences
Ay, = Afih + Ag, (g=1,...,N)

where Ay, = ygo — yg1, Aeg = €gp — €41, and Afy = fig2) — fig,1)- The leave-out estimator of UZ,

applied to this differenced representation of the model is:

N
65 = Ay Afyl, where Afy=AgpSijasAl,
g=1

Note that the quantities S ra ¢ and 1&_9 correspond respectively to S, and B_Z- in the first differ-

enced model.

Remark 4. The leave-out representation above reveals that &i is not only unbiased under arbitrary
heteroscedasticity and design unbalance, but also under arbitrary correlation between £,y and &,.
The same can be shown to hold for &, . Furthermore, this representation highlights that &i only

depends upon observations with Af, # 0 (i.e., firm “movers”).

3 Inference on Quadratic Forms of Fixed Rank

While the previous section emphasized variance components where the rank r of A was increasing
with sample size, we first study the case where r is fixed. Problems of this nature often arise
when testing a few linear restrictions or when conducting inference on linear combinations of the
regression coefficients, say v'3. In the case of two-way fixed effects models of wage determination,
the quantity v'3 might correspond to the difference in mean values of firm effects between male
and female workers (Card et al., 2015) or to the coefficient from a projection of firm effects onto
firm size (Bloom et al., 2018). A third use case, discussed at length by Cattaneo et al. (2018), is
where v’ corresponds to a linear combination of a few common coefficients in a linear model with

high dimensional fixed effects that are regarded as nuisance parameters.
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To characterize the limit distribution of § when r is small, we rely on a representation of 6 as

a weighted sum of squared linear combinations of the data: § = DRPY <l§? - V[i)g]) where

n n
b= Z wyy; and  V[b] = wwio;
i=1 i=1
for w; = (wyy, ..., w;,) = Q/S;ml/ Qxi. The following theorem characterizes the asymptotic distribu-

tion of @ while providing conditions under which b is asymptotically normal and V[l;] is consistent.

Theorem 1. If Assumption 1 holds, r is fized, and max; wiw; = o(1), then

7 V[b]*lm(f) —b) 4, N (0,1,) where b = QIS;;{CQ )
2. Vb b B 1,
3. 0= 22:1 A (Bt% - V[M) + OP(V[é}l/z)’

The high-level requirement of this theorem that max; wjw; = o(1) is a Lindeberg condition
ensuring that no observation is too influential. One can think of max; wiw; as measuring the
inverse effective sample size available for estimating b: when the weights are equal across i, the
equality > 1", w;w; = I, implies that w?g = % Since %Z?:l wiw; = —, the requirement that
max; wjw; = o(1) is implied by a variety of primitive conditions that limit how far a maximum is
from the average (see, e.g., Anatolyev, 2012, Appendix A.1). Note that Theorem 1 does not apply
to settings where 7 is proportional to n because max; wjw; > -

In the special case where A = vv’ for some non-random vector v, Theorem 1 establishes that
the variance estimator V[ﬁ] = S;ml (Z?:l xix;@? > S;xl enables consistent inference on the linear

combination v’/ using the approximation

0,1). (7)

To derive this result we assumed that max; P;; < ¢ for some ¢ < 1, whereas standard Eicker-White
variance estimators generally require that max; P; — 0 and Cattaneo et al. (2018) establish an
asymptotically valid approach to inference in settings where max; P;; < 1/2. Thus V[B] leads to

valid inference under weaker conditions than existing versions of Eicker-White variance estimators.

Remark 5. Theorem 1 extends classical results on hypothesis testing of a few linear restrictions,
say, Hy : R8 = 0, to allow for many regressors and heteroscedasticity. A convenient choice of A
for testing purposes is %R/(RS;;R’)_IR where r, the rank of R € R"*"is fixed. Under Hy, the
asymptotic distribution of 0 is an equally weighted sum of r central X2 random variables. This

~

distribution is known up to V[b] and a critical value can be found through simulation. For a recent
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contribution to this literature, see Anatolyev (2012) who allows for many regressors but considers

the special case of homoscedastic errors.

4 Inference on Quadratic Forms of Growing Rank

We now turn to the more challenging problem of conducting inference on # when r increases with n,
as in the examples discussed in Section 2. These results also enable tests of many linear restrictions.
For example, in a model of gender-specific firm effects of the sort considered by Card et al. (2015),
testing the hypothesis that men and women face identical sets of firm fixed effects entails as many

equality restrictions as there are firms.

4.1 Limit Distribution

In order to describe the result we introduce &; = >, Migfizﬁ“fﬁg where M;p = 1g_p — xiSz_xla:@.
Note that Z; gives the residual from a regression of 1_B—}3'“_xi on x;. Therefore, ; = 0 when the
regressor design is balanced. The contribution of &; to the behavior of 6 is through the estimation
of i, BM-UZ-2 , which can be ignored in the case where the rank of A is bounded. When the rank
of A is large, as implied by condition (ii) of Theorem 2 below, this estimation error can resurface

in the asymptotic distribution. One can think of the eigenvalue ratio in (ii) as the inverse effective
A 1

S

rank of A: when all the eigenvalues are equal

Theorem 2. Recall that T; = AS’;BIQ:Z- where 6 = S y@;B_Z If Assumption 1 holds and the

following conditions are satisfied

(i) VIO~ max ((#8)° + (#8)") = o(1),  (id)

)

then V] /26 — 0) % N(0,1).
The proof of Theorem 2 relies on a variation of Stein’s method developed in Sglvsten (2019)
and a representation of 6 as a second order U-statistic, i.e.,

n

0=>"> Cuyv (8)

i=1 (i

where Cj; = B;, — 27 "M, (Ml-;lBZ-Z- + M@;IBM) and By, = x,5,,) AS,.}2,. The proof shows that
the “kernel” Cj;, varies with n in such a way that 0 is asymptotically normal whether or not fis a

degenerate U-statistic (i.e., whether or not f3 is zero).
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One representation of the variance appearing in Theorem 2 is

V[f] = En: (228 — #8) o? + 2 En: > Choioi.

i=1 i=1 0

Note that this variance is bounded from below by min; o> S (2] B)2+(5E§ 3)? since S EBES =
0. Therefore (i) will be satisfied whenever max; ((i’iﬁf + (avciﬁ)2> is not too large compared to
Z?Zl(a?gﬁ)Q + (£,8)*. As in Theorem 1, (i) is implied by a variety of primitive conditions that limit
how far a maximum is from the average, but since (i) involves a one dimensional function of x; it
can also be satisfied when 7 is large. A particularly simple case where () is satisfied is when § = 0;

further cases are discussed in Section 7.

Remark 6. Theorem 2 can be used to test a large system of linear restrictions of the form H : R =
0 where r — 0o is the rank of R € R”**. Under this null hypothesis, choosing A = %R/(Rb’x}1 R,)_lR
implies V[é]_l/ 20 4 N (0,1) since all the non-zero eigenvalues of A are equal to 1. The existing
literature allows for either heteroscedastic errors and moderately few regressors (Donald et al.,
2003, k*/n — 0) or homoscedastic errors and many regressors (Anatolyev, 2012, k/n < ¢ < 1).

When coupled with the estimator of V[f] presented in the next subsection, this result enables tests

with heteroscedastic errors and many regressors.

Remark 7. Theorem 2 extends some common results in the literature on many and many weak
instruments (see, e.g., Chao et al., 2012) where the estimators are asymptotically equivalent to
quadratic forms. The structure of that setting is such that A = ./ and 7 — o0, in which case

condition (i7) of Theorem 2 is automatically satisfied.

4.2 Variance Estimation

In order to conduct inference based on the normal approximation in Theorem 2 we now propose

an estimator of V[f]. The U-statistic representation of 0 in (8) implies that the variance of 0 is

2

V[d] :42% > Cuxi a?+2i20§a§a§.

i=1 \ l£i i=1 (i

Naively replacing {3, o by with {y;, 67 }i—1 in the above formula to form a plug-in estimator of
V[é] will, in general, lead to invalid inferences as 61-2 6? is a biased estimator of 01-2 0’?. For this reason,
we consider estimators of the error variances that rely on leaving out more than one observation.
Since this approach places additional restrictions on the design, Appendix C.5.1 describes a simple
adjustment which leads to conservative inference in settings where these restrictions do not hold.

Sample Splitting Our specific proposal is an estimator that exploits two independent unbiased
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——

estimators of 3 that are also independent of y;. We denote these estimators 3 s = Sor 2i P sYe
for s = 1,2, where Py, does not (functionally) depend on the {y;};=;. To ensure independence

between x;ﬁfl-’l and x/zﬂfi’z, we require that P, ;P9 = 0 for all £. Employing these split sample

. . . 2
estimators, we create a new set of unbiased estimators for o;:

—

/ .
9 — — 9 y.(y._x.ﬂ_,,l)7 lf P'f,l :0’
0; = (yi - xéﬁ_u) (yi - xéﬁ_i,g) and 0; ;= o /:\ ’ ) '

Yi(yi — TiB_ig), if Pyy #0,

where 61-27 _y is independent of y, and &? is a cross-fit estimator of the form considered in Newey and
Robins (2018). These cross-fit estimators can be used to construct an estimator of 01-2 a? that, under
certain design conditions, will be unbiased. Letting P, _y = P, 1 1{pu,71:0} —I—Pim,zl{pmﬁo} denote
the weight observation m receives in &2_4 and Cyy = C5+2 > i1 ConiCrt(Pri 1 Prg 2+ Pri 2 Prng 1),

we define

&1'2,—4 ’ 62—1" if P — 0P, —i =0 for all m,

_ ~2 .2 .

2 2 0; "0y —i) else if P14+ Pyo =0,

O-i O'Z =
) ~2 .
04—t 0t else if Py 1 + Pyo =0,
) _\2 .
Oi,—0° (yz - y) : 1{éi£<0}, otherwise.

The first three cases in the above definition correspond respectively to pairs where (i) 63 _p and
624 are independent, (ii) JZE%J and ;;Efm are independent of y,, and (iii) :@4’1 and :@472
are independent of y;. When any of these three cases apply, we obtain an unbiased estimator of
olo;. For the remaining set of pairs B = {(i,0) : P 0Py, —; # 0 for some m, Py q + Pyo #
0, Py1+ Py o # 0} that comprise the fourth case we rely on an unconditional variance estimator
which leads to a biased estimator of a? a? and conservative inference.

Design Requirements Constructing the above split sample estimators places additional require-
ments on the design matrix S,,.. We briefly discuss these requirements in the context of Examples
2, 3, and 4. In the ANOVA setup of Efa\mple 2, leave-one-out estimation requires a minimum

group size of two, whereas existence of {xiﬁ }s=1,2 Tequires groups sizes of at least three. Con-

—i,s
servative inference can be avoided (i.e., the set B will be empty) when the minimum group size is
at least four. In the random coefficients model of Example 3, minimum group sizes /o£ three and
five are sufficient to ensure feasibility of leave-one-out estimation and existence of {wgﬂ_m}szm,
respectively. Conservativeness can be avoided with a minimum group size of seven. e

In the first differenced two-way fixed effects model of Example 4, the predictions {1';5_1', s s=1.2
are associated with particular paths in the worker-firm mobility network and independence requires

that these paths be edge-disjoint. Menger’s theorem (Menger, 1927) implies that {x;/Bfi’S}S:l’Z
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exists if the design matrix has full rank when any two observations are dropped. Menger’s theorem
also implies that conservativeness can be avoided if the design matrix has full rank when any three
observations are dropped. In our application, we use Dijkstra’s algorithm to find the paths that

generate {xéﬁ_i’s}s:m (see Appendix B.4 for further details).

—

Consistency The following lemma shows that J? 05 can be utilized to construct an estimator of

VI[0] that delivers consistent inference when sufficiently few pairs fall into B and provides conser-

vative inference otherwise.

Lemma 5. For s = 1,2, suppose that xéﬁ_m satisfies (unbiasedness) Z?# Pz‘z,sxlzﬁ = 2,8, (sample
splitting) Py 1Py =0 for all £, and (projection property) Aax(PsP) = O(1) where P, = (Pios)ie

is the hat-matriz corresponding to xéﬁ_i’ s Let

2

Vo =43 (S Cuwe | 7 -23 3 Cuolar.

i=1 \ (i i=1 0#£i

1. If the conditions of Theorem 2 hold and |B| = O(1), then ﬁ 4 N(0,1).

A A

2. If the conditions of Theorem 2 hold, then liminf, , P (9 € [é + zaV[H]l/QD > 1 — o where

zi denotes the (1 — «) ’th quantile of a central X% random variable.

In the formula for ¥[4], the first term can be seen as a plug-in estimator and standard results
for quartic forms imply that the expectation of this term is V[4] + 237, 3, i Cyoio;. Hence,
the second term is a bias correction which completely removes the bias when B = () and leaves
a positive bias otherwise. In Appendix C.5.1 we establish validity of an adjustment to V[é] that
utilizes an upx@id biased unconditional variance estimator for observations where it is not possible

to construct {xéﬁ,iys}s:m-

Remark 8. The purpose of the condition |B| = O(1) in the above lemma is to ensure that the bias
of V[A] grows small with the sample size. Because the bias of V[f] is non-negative, inference based
on V[é] remains valid even when this condition fails, as stated in the second part of Lemma 5.
In practice, it may be useful for researchers to calculate the fraction of pairs that belong to B to
gauge the extent to which inference might be conservative. Similarly, it may be useful to compute
the share of observations where it is not possible to construct {;;Eﬂs} s=1,2 to investigate whether

upward bias in the standard error could lead to power concerns.
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5 Weakly Identified Quadratic Forms of Growing Rank

In some settings where r grows with the sample size, condition (ii) of Theorem 2 may not apply.
For example in two-way fixed effects models, it is possible that “bottlenecks” arise in the mobility
network that lead the largest eigenvalues to dominate the others.

This section provides a theorem which covers the case where some of the squared eigenvalues
)\f, ey )\z are large relative to their sum Y, ; )\?. To motivate this assumption, note that each
eigenvalue of A measures how strongly 0 depends on a particular linear combination of the elements
of B relative to the difficulty of estimating that combination (as summarized by S;xl). From
Lemma 3, trace(zﬁp) =3 \; governs the total variability in §. Therefore, Theorem 3 covers the
case where 0 depends strongly on a few linear combinations of 8 that are imprecisely estimated

relative to the overall sampling uncertainty in 6. The following assumption formalizes this setting.

Assumption 2. There exist a ¢ > 0 and a known and fized q € {1,...,r — 1} such that

A X
% =o(1) and ——+—>c foralln.
PR, PR,

Assumption 2 defines g as the number of squared eigenvalues that are large relative to their sum.
Equivalently, ¢ indexes the number of nuisance parameters in b that are weakly identified relative
to their influence on 6 and the uncertainty in 6. The assumption that ¢ is known is motivated by
our discussion of Examples 1-4 in Section 7 and the theoretical literature on weak identification,
which typically makes an ex-ante distinction between strongly and weakly identified parameters
(e.g., Andrews and Cheng, 2012). In Section 6.2 we offer some guidance on choosing ¢ in settings

where it is unknown.

5.1 Limit Distribution

Given knowledge of ¢, we can split 6 into a known function of Bq = (51, .. .,Bq)' and éq where
31, ey Bq are OLS estimators of the weakly identified nuisance parameters:
n
bq = Zwiqyiv Wiq = (wilv s 7wiq)/7
=1
q n
5 5 22 o .y 2
Oy = 0= N(bi — Vb)), Vo) =) wwi.
=1 i=1

The main difficulty in proving the following Theorem is to show that the joint distribution of

(B;, éq)' is normal, which we do using the same variation of Stein’s method that was employed for

Theorem 2. The high-level conditions involve 7;, and ¥;, which are the parts of ; and Z; that
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pertain to éq and are defined in the proof of Theorem 3.

Theorem 3. If max; w;,w;, = o(1), V[éq]_l max; ((igqﬁf + (:i’;qﬁ)2> = o(1), and Assumptions 1
and 2 hold, then

1. V[(bl,8,)) Y/ ((B;,éq)’gf]E[(B;,éq)q) L N(0,1,4)

2.0 =520, A (7 = VIby]) + 8, + 0, (VI)'/?)

Theorem 3 provides an approximation to 6 in terms of a quadratic function of ¢ asymptotically
normal random variables and a linear function of one asymptotically normal random variable. Here,
the non-centralities E[Bq] = (by,..., bq)/ serve as nuisance parameters that influence both 6 and the
shape of the limiting distribution of 6 — 0. The next section proposes an approach to dealing with

these nuisance parameters that provides asymptotically valid inference on 6 for any value of q.

5.2 Variance Estimation

In Theorem 3 the relevant variance is X, := V[(BZI, éq)’],
2 / 2
E Z ququU 2Wiq (ZZ#@ Ciquﬁﬁ) g
2 9 2 2 9
=1 2qu (nyéz quf/B) 4 (nyéz Czequ) o; + 2 Zé;ﬁz Ciéqo-i Oy

where Cj, is defined in the proof of Theorem 3. Our estimator of this variance reuses the split

sample estimators introduced for Theorem 2:

~2 ~2

n WigW ;qai 2Wiq (nyéz Ciﬁqyf) 0;
=2, 2, 2 5
=1 zq (ZZ;&@ zﬁqyé) (Z[;ﬁz zquﬁ) 0; — 2 ZZ;&@' Ciﬁqgi Oy

—~—

where C~'Mq and O'Z-Q o*? are defined in the proof of the next lemma which shows consistency of this

variance estimator.

Lemma 6. For s = 1,2, suppose that xéﬁ_m satisfies Z?# Pms:clgﬁ = z,f, Py 1Py =0 for all ¢,
and Apax (PyPL) = O(1). If the conditions of Theorem 3 hold and |B| = O(1), then Xy Eq L I

Remark 9. As in the case of variance estimation for Theorem 2, it may be that the design does not
allow for construction of the predictions :U;ﬂ_m and xéﬁ_m used in ﬁ’q. For such cases, Appendix
C.5.1 proposes an adjustment to 2q which has a positive definite bias and therefore leads to valid

(but conservative) inference when coupled with the inference method discussed in the next section.
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6 Inference with Nuisance Parameters

In this section, we develop a two-sided confidence interval for 6 that delivers asymptotic size control
conditional on a choice of ¢q. Our proposal involves inverting a minimum distance statistic in Bq and
éq, which Theorem 3 implies are jointly normally distributed. To avoid the conservatism associated
with standard projection methods (e.g., Dufour and Jasiak, 2001), we seek to adjust the critical
value downwards to deliver size control on 6 rather than ]E[(f);, éq)/]. However, unlike in standard
projection problems (e.g., the problem of subvector inference), 6 is a nonlinear function of ]E[bq].

To accommodate this complication, we use a critical value proposed by Andrews and Mikusheva
(2016) that depends on the curvature of the problem.

6.1 Inference With Known ¢

. . . . . o e . o e A
The confidence interval we consider is based on inversion of a minimum-distance statistic for (b, 6,)

using the critical value proposed in Andrews and Mikusheva (2016). For a specified level of confi-

dence, 1 — «, we consider the interval

where

The critical value function, z, ,, depends on the maximal curvature, &, of a certain manifold
(exact definitions of z, , and s are given in Appendix C.6). Heuristically, x can be thought of as
summarizing the influence of the nuisance parameter E[Bq} on the shape of §’s limiting distribution.
Accordingly, zi = 2270 is equal to the (1 — «)’th quantile of a central X% random variable. As
K — 00, ziﬁ approaches the (1 — «)’th quantile of a central Xg 41 random variable. This upper

limit on z, . is used in the projection method in its classical form as popularized in econometrics

by Dufour and Jasiak (2001), while the lower limit z, would yield size control if 6 were linear in
E[b,].
When ¢ = 0, the maximal curvature is zero and C’g simplifies to [ £ zaV[H]l/ 2}. When g =1,

the maximal curvature is &1 = M
) Lve - )
#,. This curvature measure is intimately related to eigenvalue ratios previously introduced, as K7 is
2
approximately equal to Zf)‘lAQ when the error terms are homoscedastic and 5 = 0. A closed form
=2 "M
expression for the ¢ = 1 confidence interval is provided in Appendix C.6. When ¢ > 1, inference

where p is the estimated correlation between 131 and

relies on solving two quadratic optimization problems that involve ¢ + 1 unknowns, which can be

achieved reliably using standard quadratic programming routines.
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The following lemma shows that a consistent variance estimator as proposed in Lemma 6 suffices
for asymptotic validity under the conditions of Theorem 3 and Appendix C.5.1 establishes validity

when only a conservative variance estimator is available.

Lemma 7. If Eq_lffq = I,y and the conditions of Theorem 3 hold, then

liminf P (0 € C’aq> >1—a.
n—oo

The confidence interval studied in Lemma 7 constructs a ¢ + 1 dimensional ellipsoid qu and

maps it through the quadratic function (61, . ,bq,Hq) — 22:1 Agi)? + éq. This approach ensures

uniform coverage over any possible values of the nuisance parameters by, . .. , b, which are imprecisely

estimated relative to overall sampling uncertainty in 0.

Remark 10. An alternative to Lemma 7 is to conduct inference using a first-order Taylor expansion
of ZZII )\gl;? + éq. This so-called “Delta method” approach is asymptotically equivalent to using
the confidence interval [0 + z V[Q]l/ ?] studied in Section 4. However, the Delta method is not
uniformly valid in the presence of nuisance parameters as approximate linearity can fail when
ming<, b? = O(1). Section 7 introduces a stochastic block model with ¢ = 1 and characterizes
bf as the squared difference in average firm effects across two blocks multiplied by the number of
between block movers. Thus the Delta method will potentially undercover unless there are strong

systematic differences between the two blocks.

6.2 Choosing g

The preceding discussion of inference considered a setting where the number of weakly identified
parameters was known in advance. In some applications, it may not be clear ex ante what value
q takes. In such situations researchers may wish to report confidence intervals for two consecutive
values of ¢ (or their union). This heuristic serves to minimize the influence of the specific value of

q picked, and both our simulations and empirical application suggest that C’e q barely varies with
2

SIY
Th1s observatmn a2lso suggests a heuristic threshold for choosmg q; namely, to let g be such that
>\ A A7

> L g+1 _
> 1)\2 > 10 and Sy < 10,Wlthq 0 when Y
motivated under a shght strengthening of Assumptlon 2 which allows one to learn ¢ from the data.

< 10 Consequently, little power is sacrificed by taking the union.

< ==. A similar threshold rule can be

Assumption 2'. There exist a ¢ > 0, an € > 0, and a fized q € {1,...,7 — 1} such that
2 )\2

A
0@ and >c  for all n.

r 2
D=1 N Y
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A threshold based choice of ¢ is the unique ¢ for which

22 22
G+ — 5 <¢ and 7(12 > ¢, for some ¢, — 0,
A ST A
PIYRPY, =10
2

Y Az%
that ¢, is chosen so that ¢,r® — oco. This condition is satisfied when ¢, shrinks slowly to zero, e.g.,

< ¢,. Under Assumption 2, ¢ = ¢ in sufficiently large samples provided

with ¢ = 0 when

when ¢, o« 1/log(r).

7 Verifying Conditions

We now revisit the examples of Section 2 and verify the conditions required to apply our theoretical

results. Appendix C.7 provides further details on these calculations.

Example 1. (Coefficient of determination, continued) Recall that § = agm = B AB where A =
LS (z; — %) (z; — %) and A= L, - nS_1/2"/5’ ;/2). Suppose Assumption 1 holds.
Consistency Consistency follows from Lemma 3 since A\, = % for ¢ =1,...,r where r = dim(z;) —
1. Thus trace(A?) = r/n* < 1/n = o(1).

Limit Distribution If dim(z;) is fixed, then wjw; = P; — % and Theorem 1 applies under the
standard “textbook” condition that max; P;; = o(1). If dim(z;) — oo, then Theorem 2 applies if
V[0] ! max;(#:8)* = o(1) which follows if, e.g., max; \[ >ore1| Myl = o(1) where My = 14y —
z; Sm x, (this condition holds in the next two examples). Equality among all eigenvalues excludes
the weak identification setting of Theorem 3.

Unbounded Mean Function Inspection of the proofs reveal that Assumption 1(iii) max;(z;8)* =

O(1), can be dropped if the above conditions are strengthened to max;, P, (278)? = o(1) when
dim(x;) is fixed or max; e ]Bl(H% M) _ = o(1) when dim(z;) — co.
Example 2. (Analysis of covariance, continued) Recall that = o7 = L Z g=11y (o — a) where

Ygt = Qg + xgtcs + €4¢, g index the N groups, and T}, is group size.

No Common Regressors This is a special case of the previous example withr = N—-1, P, =T (l)
and #; = 0. Assumption 1(ii),(iii) requires 7, > 2 and max, a = O(1). Theorem 1 applies if the
number of groups is fixed and ming 7, — oo, while Theorem 2 applies if the number of groups is
large. Theorem 3 cannot apply as all eigenvalues are equal to %

Common Regressors To accommodate common regressors of fixed dimension, assume |0 H2 +
nrlaxgytH:):gtH2 = O(1) and that %25:1 EtTil(acgt —Zg) (T — :Tcg)/ converges to a positive definite
limit. This is a standard assumption in basic panel data models (see, e.g., Wooldridge, 2010,
Chapter 10). Allowing such common regressors does not alter the previous conclusions: Theorem 1

applies if N is fixed and min, T, — oo since wiw; < Py = () +O(n~ ), Theorem 2 applies if
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N — oo since >y, |M;| = O(1), and Theorem 3 cannot apply since n), € [cq, ¢y for £=1,...,r
and some ¢y > ¢; > 0 not depending on n.

Unbounded Mean Function All conclusions continue to hold if max,, ag + ngt||2 =0(1) is

. max 042—&-\\:5 I 2 N T 2
replaced with Wmmgi} =o(1) and o, + 2 D og=1 it llzgll” = O(1).

Example 3. (Random coefficients, continued) For simplicity, consider the uncentered second mo-

ment 0 = %Z;V:l Tgfys where y,, = a4 + z;t’yg + €4 Suppose Assumption 1 holds and assume
. T _

that max,; oy + 73 + z; = O(1) and min, S,, , > ¢ > 0 where S,, , = > 2 (2 — zg)2. Note that

min, S, , > 0 is equivalent to full rank of S, and S, , indexes how precisely v, can be estimated.

Consistency The N eigenvalues of A are Ag = %S;Z%g for g =1,..., N where the group indexes
are ordered so that A\; > --- > Ay. Consistency follows from Lemma 3 if /\1_1 = nSZTZl’l — o0o. This

is automatically satisfied with many groups of bounded size.

Limit Distribution If N is fixed and ming S, , — oo, then Theorem 1 applies. If TLTSZZJ — 00,

then Theorem 2 applies. If \/TJQVSZZ’Q — 00, ‘/T]?SZZJ = O(1), and S,,; — oo, then Theorem 3

applies with ¢ = 1. In this case, v; is weakly identified relative to its influence on 6 and the
O(1) where S, ; is the

identification strength of ~;, T} provides the influence of v, on 6 and 1/v/N indexes the variability

of 6.

overall variability of 6. This is expressed through the condition \/T]lvszz,l =

Example 4. (Two-way fixed effects, continued) In this final example, we restrict attention to the
first-differenced setting Ay, = A f;w + Ag, with T, = 2 and a large number of firms, J — oo.
Our target parameter is the variance of firm effects § = 012/, = %Eév:l Zfﬁl (¢j(g7t) — @)2 and we
consider Assumption 1 satisfied; in particular, max;[+;| = O(1).

Leverages The leverage P, of observation g is less than one if the origin and destination firms
of worker g are connected by a path not involving g. Letting n, denote the number of edges
Therefore, if max,n, < 100 then

99
ng = 12, leading

in the shortest such path, one can show that P, < l_t—jlg
Assumption 1(ii) is satisfied with max P,;, <.99. In our application we find max,
to a somewhat smaller bound on the maximal leverage. The same consideration implies a bound
on the model in levels since Py 1)i(g,t) = %(1 + Pyy).

Eigenvalues The eigenvalues of A satisfy the equality

1
A= —" for £=1,...,J

nAjp1-s

1/2EE1/2. L is the normalized

where )\1 >0 > A 7 are the non-zero eigenvalues of the matrix £
Laplacian of the employer mobility network and connectedness of the network is equivalent to full
rank of S, (see Appendix C.7 for definitions). E is a diagonal matrix of employer specific “churn

rates”, i.e., the number of moves in and out of a firm divided by the total number of employees
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in the firm. F and £ interact in determining the eigenvalues of A. In Example 3, the quantities
{T, [15’22’@}?[:1 played a role directly analogous to the churn rates in F, so in this example we focus
on the role of £ by assuming that the diagonal entries of E are all equal to one.

Strongly Connected Network The employer mobility network is strongly connected if \/JC — oo
where C € (0,1] is Cheeger’s constant for the mobility network (see, e.g., Mohar, 1989; Jochmans
and Weidner, 2016). Intuitively, C measures the most severe “bottleneck” in the network, where
a bottleneck is a set of movers that upon removal from the data splits the mobility network into
two disjoint blocks. The severity of the bottleneck is governed by the number of movers removed
divided by the smallest number of movers in either of the two disjoint blocks. The inequalities
Ay >1-v1-¢? (Chung, 1997, Theorem 2.3) and /\3/2‘;:1 A< 4(\/j}\J)_2 imply that a strongly
connected network yields ¢ = 0, which rules out application of Theorem 3. Furthermore, a strongly
connected network is sufficient (but not necessary) for consistency of  as Z‘Zzl Ao < %(\/ﬁ)\ )72
Weakly Connected Network When /JC is bounded, the network is weakly connected and can
contain a sufficiently severe bottleneck that a linear combination of the elements of 1 is estimated
imprecisely relative to its influence on 6 and the total uncertainty in . The weakly identified
linear combination in this case is a difference in average firm effects across the two blocks on
either side of the bottleneck, which contributes a X2 term to the asymptotic distribution. Below
we use a stochastic block model to further illustrate this phenomenon. Our empirical application
demonstrates that weakly connected networks can appear in practically relevant settings.
Stochastic Block Model Consider a stochastic block model of network formation where firms
belong to one of two blocks and a set of workers switch firms, possibly by moving between blocks.
Workers’ mobility decisions are independent: with probability p, a worker moves between blocks
and with probability 1 — p, she moves within block. For simplicity, we further assume that the two
blocks contain equally many firms and consider a semi-sparse network where ‘HOT‘E:(J) + % —0.°
In this model the asymptotic behavior of 6 is governed by py: the most severe bottleneck is between
the two blocks and has a Cheeger’s constant proportional to p,. In Appendix C.7, we use this
model to verify the high-level conditions leading to Theorems 2 and 3 and show that Theorem 2
applies when v/.J p, — 00, while Theorem 3 applies with ¢ = 1 otherwise. The argument extends to
any finite number of blocks, in which case ¢ is the number of blocks minus one. Finally, we show
that 6§ is consistent even when the network is weakly connected. To establish consistency we only

log(J)

impose e 0, which requires that the number of movers across the two blocks is large.

The semi-sparse stochastic block model is routinely employed in the statistical literature on spectral
clustering, see, e.g, Sarkar and Bickel (2015).
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8 Application

Consider again the problem of estimating variance components in two-way fixed effect models of
wage determination. Card et al. (2018) note that plug-in wage decompositions of the sort introduced
by AKM typically attribute 15%-25% of overall wage variance to variability in firm fixed effects.
Given the bias and potential sampling variability associated with plug-in estimates, however, it has
been difficult to infer whether firm effects play a differentially important role in certain markets or
among particular demographic groups.

In this section, we use Italian social security records to compute leave-out estimates of the AKM
wage decomposition and contrast them with estimates based upon the plug-in estimator of Abowd
et al. (1999) and the homoscedasticity-corrected estimator of Andrews et al. (2008). We then
investigate whether the variance components that comprise the AKM decomposition differ across
age groups. While it is well known that wage inequality increases with age (Mincer et al., 1974;
Lemieux, 2006), less is known about the extent to which firm pay premia mediate this phenomenon.
Standard wage posting models (e.g., Burdett and Mortensen, 1998) suggest older workers have had
more time to climb (and fall off) the job ladder and to receive outside offers (Bagger et al., 2014),
which may result in more dispersed firm wage premia. But older workers have also had more time
to develop professional reputations revealing their relative productivity, which should generate a
large increase in the variance of person effects (Gibbons and Katz, 1992; Gibbons et al., 2005). The
tools developed in this paper allow us to formally study these hypotheses.

8.1 Sample Construction

The data used in our analysis come from the Veneto Worker History (VWH) file, which provides
the annual earnings and days worked associated with each covered employment spell taking place
in the Veneto region of Northeast Italy over the years 1984-2001. The VWH data have been used
in a number of recent studies (Card et al., 2014; Bartolucci et al., 2018; Serafinelli, 2019; Devicienti
et al., 2019) and are well suited to the analysis of age differences because they provide precise
information on dates of birth. These data are also notable for being publicly available, making the
costs of replicating our analysis unusually low.”

Our baseline sample consists of workers with employment spells taking place in the years 1999
and 2001, which provides us with a three year horizon over which to measure job mobility. In
Section 8.4 we analyze a longer unbalanced sample spanning the years 1996-2001 and find that it
yields similar results. For each worker-year pair, we retain the unique employment spell yielding

the highest earnings in that year. Wages in each year are defined as earnings in the selected spell

"See http://www.frdb.org/page/data/scheda/inps-data-veneto-workers-histories-vwh/doc_
pk/11145 for information on obtaining the VHW.
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divided by the spell length in days. Workers are divided into two groups of roughly equal size
according to their year of birth: “younger” workers born in the years 1965-1983 (aged 18-34 in
1999) and “older” workers born in the years 1937-1964 (aged 35-64 in 1999). Further details on
our processing of the VWH records is provided in Appendix A.1.

Table 1 reports the number of person-year observations available among workers employed by
firms in the region’s largest connected set, along with the largest connected set for each age group.
Workers are classified as “movers” if they switch firms between 1999 and 2001. Comparing the
number of movers to half the number of person-year observations reveals that roughly 21% of all
workers are movers. The movers share rises to 26% among younger workers while only 16% of
older workers are movers, reflecting the tendency of mobility rates to decline with age. The average
number of movers per connected firm ranges from nearly 3 in the pooled sample to roughly 2 in the
thinner age-specific samples, suggesting that many firms are associated with only a single mover.

Our leave-out estimation strategy requires that each firm effect remain estimable after removing
any single observation. The second panel of Table 1 enforces this requirement by restricting to firms
that remain connected when any mover is dropped (see Appendix B.1 for computational details).
Pruning the sample in this way drops roughly half of the firms but less than a third of the movers
and eliminates roughly 30% of all workers regardless of their mobility status. These additional
restrictions raise mean wages by roughly 5% and lower the variance of wages by 5-10% depending
on the sample.

To assess the potential influence of these sample restrictions on our estimands of interest, we
construct a third sample that further requires the firm effects to remain estimable after removing
any two observations.® This “leave-two-out connected set” is also of theoretical interest because
it provides a setting where the requirements for consistency of the variance estimator of Lemma
5 appear to be satisfied. On average, the leave-two-out connected sets have roughly half as many
firms and 20% fewer movers than the corresponding leave-one-out sets, and the average number of
movers per firm ranges from approximately 5.6 in the sample of older workers to 4.3 in the sample
of younger workers. Restricting the sample in this way further raises mean wages by 3-4% but
yields negligible changes in variance, except among the sample of older workers, which experiences
a nearly 7% increase in variance. We investigate below the extent to which these changes in

unconditional variances reflect changes in the variance of underlying firm wage effects.

8.2 AKM Model and Design Diagnostics

Consider the following simplified version of the AKM model:

ygt:ag+¢j(g,t)+€gt' (gzly'--7N7t:1>2)

$We thank an anonymous referee for this suggestion.
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We fit models of this sort to the VHW data after having pre-adjusted log wages for year effects in a
first step. This adjustment is obtained by estimating an augmented version of the above model by
OLS that includes a dummy control for the year 2001. Hence, y,, gives the log wage in year ¢ minus
a year 2001 dummy times its estimated coefficient. This two-step approach simplifies computation
without compromising consistency because the year effect is estimated at a v/ N rate.

The bottom of Table 1 reports for each sample the maximum leverage (max; P;;) of any person-
year observation (Appendix B.3 discusses the computation of these leverages). While our pruning
procedure ensures max; P; < 1, it is noteworthy that max; P;; is still quite close to one, indi-
cating that certain person-year observations remain influential on the parameter estimates. This
finding highlights the inadequacy of asymptotic approximations that require the dimensionality of
regressors to grow slower than the sample size, which would lead the maximum leverage to tend to
Zero.

The asymptotic results of Section 5 emphasize the importance of not only the maximal leverage,
but the number and severity of any bottlenecks in the mobility network. Figure 1 illustrates the
leave-two-out connected set for older workers. Each firm is depicted as a dot, with the size of the
dot proportional to the total number of workers employed at the firm over the years 1999 and
2001. Dots are connected when a worker moves between the corresponding pair of firms. The
figure highlights the two most severe bottlenecks in this network, which divide the firms into three
distinct blocks. Each block’s firms have been shaded a distinct color. The blue block consists of
only five firms, four of which are quite small, which limits its influence on the asymptotic behavior
of our estimator. However, the green block has 51 firms with a non-negligible employment share
of 9.5%. Theorem 3 and the discussion in Section 7 therefore suggest that the bottleneck between
the green and the larger red block will generate weak identification and asymptotic non-normality,

predictions we explore in detail below.

8.3 Variance Decompositions

Table 2 reports the results of applying to our samples three estimators of the AKM variance decom-
position: the naive plug-in (PI) estimator fpy originally proposed by AKM, the homoscedasticity-
only (HO) estimator 030 of Andrews et al. (2008), and the leave-out (KSS) estimator 6. The PI
estimator finds that the variance of firm effects in the pooled leave-one-out connected set accounts
for roughly 20% of the total variance of wages, while among younger workers firm effect variability
is found to account for 31% of overall wage variance. Among older workers, variability in firm
effects is estimated to account for only 16% of the variance of wages in the leave-one-out connected
set.

Are these age differences driven by biases attributable to estimation error? Applying the HO

estimator of Andrews et al. (2008) reduces the estimated variances of firm effects by roughly 18% in
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the age-pooled sample, 27% in the sample of younger workers, and 16% in the sample of older work-
ers. However, the KSS estimator yields further, comparably sized, reductions in the estimated firm
effect variance relative to the HO estimator, indicating the presence of substantial heteroscedastic-
ity in these samples. For instance, in the pooled leave-one-out sample, the KSS estimator finds a
variance of firm effects that accounts for only 13% of the overall variance of wages, while the HO
estimator finds that firm effects account for 16% of wage variance.

Moreover, while the plug-in estimates suggested that the firm effect variance was greater among
older than younger workers, the KSS estimator finds the opposite pattern. The KSS estimator also
finds that the pooled variance of firm effects exceeds the corresponding variance in either age-
specific sample, a sign that mean firm effects differ by age. We explore this between age group
component of firm variability in greater depth below.

A potential concern with analyzing the leave-one-out connected set is that worker and firm
behavior in this sample may be non-representative of the broader (just-)connected set. To assess
this possibility, we also report estimates for the leave-two-out connected set. Remarkably, the KSS
estimator finds negligible differences in the variance of firm effects between the leave-one-out and
leave-two-out samples for both the pooled sample and the sample of younger workers. Among
older workers the estimated firm effect variance falls by about 11% in the leave-two-out sample,
though we show below that this difference may be attributable to sampling variation. The broad
similarity between leave-one-out and leave-two-out KSS estimates is likely attributable to the fact
that trimmed firms tend to be small and therefore contribute little to the person-year weighted
variance of firm effects that has been the focus of the literature.

PI estimates of person effect variances are much larger than the corresponding estimates of firm
effect variance, accounting for 66%-88% of the total variance of wages depending on the sample.
The PI estimator also finds that person effects are much more dispersed among older than younger
workers, which is in accord with standard models of human capital accumulation and employer
learning. The estimated ratio of older to younger person effect variances in the leave-one-out
sample is roughly 2.6. Applying the HO estimator reduces the magnitude of the person effect
variance among all age groups, but boosts the ratio of older to younger person effect variances to
3.2. The KSS estimator yields further downward corrections to estimated person effect variances,
leading the contribution of person effect variability to range from only 50% to 80% of total wage
variance. Proportionally, however, the variability of older workers remains stable at 3.2 times that
of younger workers.

PI estimates of the covariance between worker and firm effects are negative in both age-restricted
samples, though not in the pooled sample. When converted to correlations, these figures suggest
there is mild negative assortative matching of workers to firms. Applying the HO estimator leads
the covariances to change sign in both age-specific samples, while generating a mild increase in the

estimated covariance of the pooled sample. In all three samples, however, the HO estimates indicate
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very small correlations between worker and firm effects. By contrast, the KSS estimator finds a
rather strong positive correlation of 0.21 among younger workers, 0.27 among older workers, and
0.28 in the pooled leave-one-out sample, indicating the presence of non-trivial positive assortative
matching between workers and firms. While the patterns in the leave-two-out sample are broadly
similar, the KSS correlation estimate among older workers is substantially smaller in the leave-two-
out than the leave-one-out sample (0.18 vs 0.27).

Finally, we examine the overall fit of the two-way fixed effects model using the coefficient of
determination. The PI estimator of R? suggests the two-way fixed effects model explains more than
95% of wage variation in the pooled sample, 91% in the sample of younger workers, and 97% in
the sample of older workers. The HO estimator of R?is equivalent to the adjusted R? measure of
Theil (1961). The adjusted R? indicates that the two-way fixed effects model explains roughly 90%
of the variance of wages in the pooled sample, which is quite close to the figures reported in Card
et al. (2013) for the German labor market. Applying the KSS estimator yields very minor changes
in estimated explanatory power relative to the HO estimates. Interestingly, a sample size weighted
average of the age group specific KSS R? estimates lies slightly below the pooled KSS estimate
of RQ, which suggests allowing firm effects to differ by age group fails to appreciably improve the

model’s fit. We examine this hypothesis more carefully in Section 8.5.

8.4 Multiple Time Periods and Serial Correlation

Thus far, our analysis has relied upon panels with only two time periods. Table 3 reports KSS
estimates of the variance of firm effects in an unbalanced panel spanning the years 1996-2001. To
analyze this longer panel, we expand our set of time varying covariates to include unrestricted year
effects and a third order polynomial in age normalized to have slope zero at age 40 as discussed
in Card et al. (2018).9 Allowing up to six wage observations per worker yields a substantially
larger estimation sample with roughly three times more person-year observations in the age-pooled
leave-one-out connected set than was found in Table 1. For older workers, who have especially low
mobility rates, allowing more time periods raises the number of person-year observations in the
leave-one-out connected set by a factor of roughly 5.7 and more than triples the number of firms.

While these additional observations will tend to reduce the bias in the plug-in estimator, using
longer panels may present two distinct sets of complications. First, the equivalence discussed
in Remark 4 no longer holds, which implies that leaving a single person-year observation out is
unlikely to remove the bias in estimates of the variance of firm effects when the errors are serially

correlated. Second, pooling many years of data may change the target parameter if firm or person

9Pre—a’:mdjusting for age has negligible effects on the variance decompositions reported in Table 2 but is
quantitatively more important in this longer panel. Age adjustments are particularly pronounced among
younger workers who generally exhibit greater wage growth and tend to move rapidly to higher paying firms.
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effects “drift” with time. The bottom rows of Table 3 probe for the importance of serial correlation
by leaving out “clusters” of observations — as described in Remark 3 — defined successively as
all observations within the same worker-firm “match” and all observations belonging to the same
worker; see Appendix B.3.1 for computational details. Because worker ¢’s person effect is not
estimable when leaving that worker’s entire wage history out, we estimate a within-transformed
specification that eliminates the person effects in a first step.

Leaving out the match yields an important reduction in the variance of firm effects relative to
leaving out a single person-year observation, indicating the presence of substantial serial correlation
within match. By contrast, leaving out the worker turns out to have negligible effects on the
estimated variance of firm effects, suggesting that serial correlation across-matches is negligible.
As expected, pooling several years of data reduces the bias of the PI estimator: the magnitude
of the difference between the PI estimates of the variance of firm effects and the leave-worker-out
estimates tends to be smaller than the corresponding difference between the PI and KSS estimates
of the variance of firm effects reported in Table 2.

Remarkably, the firm effect variance estimates that result from leaving out either the match
or worker are nearly identical to the KSS estimates reported in Table 2 for both the age-pooled
samples and the samples of younger workers, suggesting the firm effects are relatively stable over
this longer horizon. Among older workers, the leave-cluster-out estimates of the variance of firm
effects are higher than those reported in Table 2, which is unsurprising given that the number of
firms under consideration more than tripled in this longer panel. Reassuringly, however, Table 3
reveals that the KSS estimates of the variance of firm effects among older workers in the leave-
one-out and leave-two-out connected sets are very close to one another. The general stability of
the KSS estimates of firm effect variances to alternate panel lengths may be attributable to the
relatively placid macroeconomic conditions present in Veneto over this period, see the discussion
in Devicienti et al. (2019).

Our leave-cluster-out exercises suggest researchers seeking to analyze longer panels may be able
to avoid biases stemming from serial correlation by simply collapsing the data to match means in a
first step and then analyzing these means using the leave-one-observation-out estimator. This two-
step approach should substantially reduce computational time while generating only mild efficiency
losses due to equal weighting of matches. In what follows, we revert to our baseline sample with

exactly two observations per worker.

8.5 Sorting and Wage Structure

The KSS estimates reported in Table 2 indicate that older workers exhibit somewhat less variable
firm effects and a stronger correlation between person and firm effects than younger workers. These

findings might reflect lifecycle differences in the sorting of workers to firms or differences in the
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structure of firm wage effects across the two age groups.

Table 4 explores the sorting channel by projecting the pooled firm effects from the leave-one-
out sample onto a constant, an indicator for being an older worker, the log of firm size, and the
interaction of the indicator with log firm size. Because these projection coefficients are linear
combinations of the estimated firm effects, we use the KSS standard errors proposed in equation
(7) and analyzed in Theorem 1. For comparison, we also report a naive standard error that
treats the firm effect estimates as independent observations and computes the usual Eicker-White
“robust” standard errors. In all cases, the KSS standard error is at least twice the corresponding
naive standard error and in one case roughly 24 times larger. In light of the consistency results
of Theorem 1, this finding suggests the standard practice of regressing firm effect estimates on
observables in a second step without adjusting the standard errors for correlation across firm effects
can yield highly misleading inferences.

The first column of Table 4 shows that older workers tend to work at firms with higher average
firm effects. Evidently older workers do occupy the upper rungs of the job ladder. The second
column shows that this sorting relationship is largely mediated by firm size. An older worker at a
firm with a single employee is estimated to have a mean firm wage effect 0.16 log points lower than
a younger worker at a firm of the same size, an economically insignificant difference that is also
revealed to be statistically insignificant when using the KSS standard error. As firm size grows,
older workers begin to enjoy somewhat larger firm wage premia. Evaluated at the median firm
size of 12 workers, the predicted gap between older and younger workers rises to 0.54 log points,
a gap that we can distinguish from zero at the 5% level using the KSS standard error but is still
quite modest. We conclude that the tendency of older workers to be employed at larger firms is a
quantitatively important driver of the firm wage premia they enjoy.

Figure 2 investigates to what extent the firm wage effects differ between age groups. Using
the age-restricted leave-one-out connected sets, we obtain a pair of age group specific firm effect
estimates {1/33/, 1%0 }jeg for the set J of 8,578 firms present in both samples (see Appendix B.5 for
details). Figure 2 plots the person-year weighted averages of 1[13/ and 1@0 within each centile bin
of 1[1]0 A person-year weighted projection of 1&3/ onto 1[1]0 yields a slope of only 0.501. To correct
this plug-in slope estimate for attenuation bias, we multiply the unadjusted slope by the ratio of
the PI estimate of the person-year weighted variance of wjo to the corresponding KSS estimate of
this quantity. Remarkably, this exercise yields a projection slope of 0.987, suggesting that, were it
not for the estimation error in gﬁjo, the conditional averages depicted in Figure 2 would be centered
around the dashed 45 degree line. Converting this slope into a correlation using the KSS estimate
of the person-year weighted variance of %Y yields a person-year weighted correlation between the
two sets of firm effects of 0.89, which indicates the underlying (@DJY, ¢JQ) pairs are tightly clustered
around this 45 degree line.

Theorem 2 allows us to formally test the joint null hypothesis that the two sets of firm effects
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are actually identical, i.e., that both the slope and R? from a projection of %Y onto 1/1j0 are one. We
can state this hypothesis as H : @Z)]-O = 1/)}/ for all j € J. Using the test suggested in Remark 6 we
obtain a realized test statistic of 3.95 which, when compared to the right tail of a standard normal
distribution, yields a p-value on Hj of less than 0.1%. Hence, we can decisively reject the null
hypothesis that older and younger workers face exactly the same vectors of firm effects. However,
our earlier correlation results suggest that Hy nonetheless provides a fairly accurate approximation

to the structure of firm effects, at least among those firms that employ movers of both age groups.

8.6 Inference

We now study more carefully the problem of inference on the variance of firm effects. For conve-
nience, the top row of Table 5 reprints our earlier KSS estimates of the variance of firm effects in
each sample. Below each estimate of firm effect variance is a corresponding standard error estimate,
computed according to the approach described in Lemma 5. As noted in Remark 8, these standard
errors will be somewhat conservative when there is a large share of observations for which no split
sample predictions can be created. In the leave-one-out samples this share varies between 15% and
22%, indicating that the standard errors are likely upward biased. In the leave-two-out samples,
however, this source of bias is not present as the split sample predictions always exist. The stan-
dard errors will also tend to be conservative when there is a large share of observation pairs in the
set B, for which there is upward bias in the estimator of the error variance product. However, for
both the leave-one-out and leave-two-out samples, this share varies between only 0.03% and 0.46%,
suggesting only a small degree of upward bias stems from this source.

The next panel of Table 5 reports the 95% confidence intervals that arise from setting ¢ = 0,
q =1, or ¢ = 2. While the first interval employs a normal approximation, the latter two allow for
weak identification by employing non-standard limiting distributions involving linear combinations
of normal and X2 random variables. We also report estimates of the curvature parameters (kq, k)
used to construct the weak identification robust intervals. In the pooled samples both curvature
parameters are estimated to be quite small, indicating that a normal approximation is likely to be
accurate. Accordingly, setting ¢ > 0 has little discernible effect on the resulting confidence intervals
in these samples. However, among older workers, particularly in the leave-two-out sample, we find
stronger curvature coefficients suggesting weak identification may be empirically relevant. Setting
g > 0 in this sample widens the confidence interval somewhat and also changes its shape: mildly
shortening the lower tail of the interval but lengthening the upper tail.

Treating the samples of younger and older workers as independent, the fact that the confidence
intervals for the two age group samples overlap implies we cannot reject the null hypothesis that
the firm effect variances are identical at the (1 — 0.952) x 100 = 9.75% level. The significance of

the 0.23 log point difference between the leave-one-out and leave-two-out estimates of firm effect
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variance in the sample of older workers turns out to more difficult to assess. By the Cauchy-
Schwartz inequality, the covariance between the leave-one-out and leave-two-out estimators is at
most (0.0026)7(0.0014)* = 3.64 x 10~°. Hence the standard error on the difference between the two
estimators is at least 0.0012, which implies a maximal t-statistic of 1.92. Therefore, even when using
a normal approximation, we find rather weak evidence against the null that the leave-one-out and
leave-two-out estimands are equal. However, because the leave-one-out standard error estimator is
likely upward biased, this finding is somewhat less conclusive than would typically be the case.

Theorem 3 suggests two important diagnostics for the asymptotic behavior of our estimator are
the Lindeberg statistics {max; W?S}SZLQ and the top eigenvalue shares {\2/ DY )\2}5:17273. The
bottom panel of Table 5 reports these statistics for each sample. The top eigenvalue shares are fairly
small in the pooled sample and among younger workers. A small top eigenvalue share indicates the
estimator does not depend strongly on any particular linear combination of firm effects and hence
that a normal distribution should provide a suitable approximation to the estimator’s asymptotic
behavior (i.e. that ¢ = 0). Accordingly, we find that the confidence intervals are virtually identical
for all values of ¢ in both the pooled samples and the two samples of younger workers.

Among older workers the top eigenvalue share is 31% in the leave-one-out sample and 58% in
the leave-two-out sample. The next largest eigenvalue share is, in both cases, less than 5%, which
suggests this is a setting where ¢ = 1. In line with this view, confidence intervals based upon
the ¢ = 1 and ¢ = 2 approximations are nearly identical in both samples of older workers. The
accuracy of these weak-identification robust confidence intervals hinges on the Lindeberg condition
of Theorem 3 being satisfied. One can think of the Lindeberg statistic max; w?s as giving an inverse
measure of effective sample size available for estimating the linear combination of firm effects
associated with the s’th largest eigenvalue. The fact that these statistics are all less than or equal
to 0.05 implies an effective sample size of at least 20. We study in the Monte Carlo exercises below
whether this effective sample size is sufficient to provide accurate coverage. Reassuringly, the sum
of squared eigenvalues is quite small in all six samples considered, indicating that the leave out

estimator is consistent also in our weakly identified settings.

8.7 Monte Carlo Experiments

We turn now to studying the finite sample behavior of the leave-out estimator of firm effect variance
and its associated confidence intervals under a particular data generating process (DGP). Data were

generated from the following first differenced model based upon equation (4):

Ay, = Af " + Ae,, (9=1,...,N).
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Here 9*““® gives the J x 1 vector of OLS firm effect estimates found in the pooled leave-one-out
sample, rescaled to match the KSS estimate of firm effect variance for that sample. The errors Ae,
were drawn independently from a normal distribution with variances given by the following model

of heteroscedasticity:
V[Ae,] = exp(ag + a1 By, + asPyy +agln Lyy +ayln L),

where L, gives the size of the firm employing worker g in period ¢. To choose the coefficients of

2

5 in the pooled leave-one-out sample,

this model, we estimated a nonlinear least squares fit to the &

which yielded the following estimates:
Gg = —3.3441, a; = 1.3951, ay = —0.0037, a3 = —0.0012, a, = —0.0086.

For each sample, we drew from the above DGP 1,000 times while holding firm assignments fixed
at their sample values.

Table 6 reports the results of this Monte Carlo experiment. In accord with theory, the KSS
estimator of firm effect variances is unbiased while the PI and HO estimators are biased upwards.
As expected, the KSS standard error estimator exhibits a modest upward bias in the leave-one-
out samples ranging from 15% in the sample of older workers to 44% among younger workers.
In the leave-two-out sample, however, the standard error estimator exhibits biases of only 6% or
less. Unsurprisingly then, the ¢ = 0 confidence interval over-covers in both the pooled leave-one-
out sample and the leave-one-out sample of younger workers. In the corresponding leave-two-out
samples, however, coverage is very near its nominal level, both for the normal based (¢ = 0) and
the weak identification robust (¢ = 1) intervals.

In the samples of older workers, the normal distribution provides a poor approximation to
the shape of the estimator’s sampling distribution, which is to be expected given the large top
eigenvalues found in these designs. This non-normality generates substantial under-coverage by
the ¢ = 0 confidence interval in the leave-two-out sample. Applying the weak identification robust
interval in the leave-two-out sample of older workers yields coverage very close to nominal levels
despite the fact that the effective sample size available for the top eigenvector is only about 20.

In sum, the Monte Carlo experiments demonstrate that confidence intervals predicated on
the assumption that ¢ = 1 can provide accurate size control in leave-two-out samples when the
realized mobility network exhibits a severe bottleneck. We also achieved size control in leave-one-
out samples, albeit at the cost of moderate over-coverage. Hence, in applications where statistical
power is a first-order consideration, it may be attractive to restrict attention to leave-two-out
samples, which tend to yield estimates of variance components very close to those found in leave-

one-out samples but with substantially less biased standard errors.
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9 Conclusion

We propose a new estimator of quadratic forms with applications to several areas of economics.
The estimator is finite sample unbiased in the presence of unrestricted heteroscedasticity and can
be accurately approximated in very large datasets via random projection methods. Consistency is
established under verifiable design requirements in an environment where the number of regressors
may grow in proportion to the sample size. The estimator enables tests of linear restrictions of
varying dimension under weaker conditions than have been explored in previous work. A new
distributional theory highlights the potential for the proposed estimator to exhibit deviations from
normality when some linear combinations of coefficients are imprecisely estimated relative to others.

In an application to Italian worker-firm data, we showed that ignoring heteroscedasticity can
substantially bias conclusions about the relative contribution of workers, firms, and worker-firm
sorting to wage inequality. Accounting for serial correlation within a worker-firm match was found
to be empirically important, while across match correlation appears to be negligible. Consequently,
those studying longer panels may wish to collapse their data down to match level means and then
apply the leave-observation-out estimator. Alternately, researchers can simply extract and analyze
separately balanced panels of length two, which also facilitates analysis of the temporal stability of
the firm and person effect variances.

Leave-out standard error estimates for the coefficients of a linear projection of firm effects onto
worker and firm observables were found to be several times larger than standard errors that naively
treat the estimated firm effects as independent. These results strongly suggest that researchers
seeking to identify the observable correlates of high-dimensional fixed effects should consider em-
ploying the proposed standard errors, including when studying settings falling outside the tradi-
tional worker-firm setup (e.g., Finkelstein et al., 2016; Chetty and Hendren, 2018). Stratifying our
analysis by birth cohort, we formally rejected the null hypothesis that older and younger workers
face identical vectors of firm effects but found that the two sets of firm effects were highly correlated.
Corresponding techniques can be used to study multivariate models.

A Monte Carlo analysis demonstrated that bottlenecks in the worker-firm mobility network can
generate quantitatively important deviations from normality. The proposed inference procedure
captured these deviations accurately with a weak identification robust confidence interval. In
cases where the mobility network was strongly connected, accurate inferences were obtained with
a normal approximation. Our results suggest that in typical worker-firm applications, the normal
approximation is likely to suffice. However, when studying small areas, or sub-populations with

limited mobility, accounting for weak identification can be quantitatively important.
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Figure 1: Realized Mobility Network: Older workers

®  Firms in second block — High weight mobility ®  Firms in main block
——  Within-block mobility ——  Within-block mobility
®  Firms in third block
—— Within-block mobility

Note: This figure provides a visualization of the design matrix S,, for the leave-two-out sample of older
workers (see Table 1 for reference). The graph is plotted in the statistical software R using the igraph
package and the large-scale graph layout (DrL) using the option to concentrate firms from the same blocks.
High weight mobility refers to observations that have wigl or wng above 1/500 and these observations form

the bottlenecks between the three blocks.
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Figure 2: Do Firm Effects Differ Across Age Groups?

8
Pl Slope: .50; Pl Correlation: .54.
8 KSS Slope: .99; KSS Correlation: .89. Phe
~
Test Statistic for equal firm effects: 3.95. - g

Firm Effects - Younger Workers

-.8 -6 -4 -2 0 2 4 .6 .8
Firm Effects - Older Workers

Note: This figure plots the mean of the estimated firm effects for younger workers (%Y) by centiles of the
estimated firm effects for older workers (zﬁjo) in the sample of 8,578 firms for which both sets of effects
are leave-one-out identified. Both sets of firm effects are demeaned within this estimation sample. “PI
slope” gives the coefficient from a person-year weighted projection of Iﬁjy onto zﬁ;j “KSS slope” adjusts for
attenuation bias by multiplying the PI slope by the ratio of the plug-in estimate of the person-year weighted
variance of wjo to the KSS adjusted estimate of the same quantity. “PI correlation” gives the person-
year weighted sample correlation between 1&? and @Y while “KSS correlation” adjusts this correlation for
sampling error in both 1/3? and z/;jy using leave out estimates of the relevant variances. “Test statistic” refers
to the realization of @ o/ \ /\Af[é Ho] where 0 1, 1s the quadratic form associated with the null hypothesis that
the firm effects are equal across age groups, see Remark 6 and Appendix B.5 for details. From Theorem 2,

éHO / V[éHO} converges to a A/(0,1) under the null hypothesis that @bjo = %Y for all 8,578 firms.
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Table 1: Summary Statistics

Pooled Younger Workers Older Workers
[1] (2] (3]

Largest Connected Set

Number of Observations 1,859,459 1,011,111 643,020
Number of Movers 197,572 133,627 53,035
Number of Firms 73,933 62,848 26,606
Mean Log Daily Wage 4.7507 4.6741 4.8925
Variance Log Daily Wage 0.1985 0.1321 0.2722
Leave One Out Sample

Number of Observations 1,319,972 661,528 425,208
Number of Movers 164,203 102,746 35,467
Number of Firms 42,489 33,151 10,733
Mean Log Daily Wage 4.8066 4.7275 4.9455
Variance Log Daily Wage 0.1843 0.1200 0.2591
Maximum Leverage ( P;; ) 0.9365 0.9437 0.9513
Leave Two Out Sample

Number of Observations 1,126,964 514,284 301,948
Number of Movers 128,705 70,703 21,066
Number of Firms 24,424 16,263 3,756
Mean Log Daily Wage 4.8307 4.7528 4.9834
Variance Log Daily Wage 0.1898 0.1232 0.2760
Maximum Leverage ( P;; ) 0.8333 0.8481 0.8604

Note: Data in column 1 corresponds to VHW observations in the years 1999 and 2001. Column 2 restricts
to workers born in the years 1965-1983. Column 3 considers workers born in the years 1937-1964. The
largest connected set gives the largest sample in which all firms are connected by worker mobility. The
leave out sample is the largest connected set such that every firm remains connected even after
removing a worker from the sample, see Appendix B1 for details. The leave two out sample is the largest
connected set such that every firm remains connected even after removing two workers from the
sample, see Appendix B2 for details. Statistics on log daily wages are person-year weighted.



Table 2: Variance Decomposition

Pooled Younger Workers Older Workers
Leave one Leave two Leave one Leave two Leave one Leave two
out sample out sample out sample out sample out sample out sample
Variance of Log Wages 0.1843 0.1898 0.1200 0.1232 0.2591 0.2760
Variance of Firm Effects
Plugin (PI) 0.0358 0.0316 0.0368 0.0314 0.0415 0.0304
Homoscedasticity Only (HO) 0.0295 0.0271 0.0270 0.0251 0.0350 0.0243
Leave Out (KSS) 0.0240 0.0238 0.0218 0.0221 0.0204 0.0180
Variance of Person Effects
Plug in (PI) 0.1321 0.1341 0.0843 0.0827 0.2180 0.2406
Homoscedasticity Only (HO) 0.1173 0.1214 0.0647 0.0663 0.2046 0.2298
Leave Out (KSS) 0.1119 0.1179 0.0596 0.0634 0.1910 0.2221
Covariance Firm, Person Effects
Plug in (PI) 0.0039 0.0077 -0.0058 -0.0008 -0.0032 -0.0006
Homoscedasticity Only (HO) 0.0097 0.0117 0.0030 0.0049 0.0040 0.0041
Leave Out (KSS) 0.0147 0.0149 0.0075 0.0075 0.0171 0.0115
Correlation of Person, Firm Effects
Plug in (PI) 0.0565 0.1189 -0.1040 -0.0155 -0.0334 -0.0068
Homoscedasticity Only (HO) 0.1649 0.2033 0.0726 0.1205 0.0475 0.0542
Leave Out (KSS) 0.2830 0.2803 0.2092 0.2016 0.2744 0.1826
Coefficient of Determination
Plugin (PI) 0.9546 0.9559 0.9183 0.9183 0.9774 0.9781
Homoscedasticity Only (HO) 0.9029 0.9078 0.8184 0.8256 0.9524 0.9551
Leave Out (KSS) 0.8976 0.9047 0.8091 0.8209 0.9489 0.9536

Note: See Table 1 for sample definitions. All variance components are person-year weighted. Wages have been pre-adjusted for a
year fixed effect.



Table 3: Variance of Firm Effects under Different Leave-Out Strategies

Pooled Younger Workers Older Workers

Leave one Leave two Leave one  Leave two Leave one Leave two

out sample out sample out sample outsample outsample out sample
Descriptive Statistics
Number of Observations 5,163,446 4,758,713 2,632,596 2,290,223 2,016,202 1,652,729
Number of Movers 440,323 391,313 276,338 229,013 123,777 92,568
Number of Firms 86,646 60,896 71,673 46,084 32,809 16,396
Mean Log Daily Wage 4.7511 4.7662 4.6644 4.6799 4.8841 4.9158
Variance Log Daily Wage 0.1839 0.1854 0.1156 0.1162 0.2477 0.2579
Maximum Leverage ( P;; ) 0.9021 0.7713 0.9056 0.7775 0.9174 0.7639
Variance of firm Effects
Variance of Firm Effects (PI) 0.0304 0.0278 0.0303 0.0273 0.0376 0.0336
Variance of Firm Effects (Leave Person-Year Out) 0.0296 0.0273 0.0302 0.0272 0.0314 0.0322
Variance of Firm Effects (Leave Match Out) 0.0243 0.0231 0.0221 0.0218 0.0265 0.0280
Variance of Firm Effects (Leave Worker Out) 0.0241 0.0233 0.0227 0.0218 0.0270 0.0268

Note: These samples consist of VHW data spanning the years 1996-2001 (T=6). "Pooled" considers all workers, "Younger workers" were born
in the years 1965-1983, "Older workers" were born in the years 1937-1964. Variance of Firm Effects (PlI) denotes the uncorrected plug-in
estimate of the variance of firm effects. Variance of Firm Effects (Leave Person-Year Out) computes the leave-out bias correction by leaving a
single person-year observation out. Variance of Firm Effects (Leave Match Out) computes the leave-out bias correction by leaving entire
worker-firm matches out. Variance of Firm Effects (Leave Worker Out) computes the leave-out bias correction by leaving out each worker's
entire employment history. See Appendix B3.1 for computational details. Wages have been pre-adjusted for a cubic in age and year fixed

effects.



Table 4: Projecting Firm Effects on Covariates

(1) (2)
Older Worker 0.0272 -0.0016
(0.0009) (0.0024)
[0.0003] [0.0001]
Log Firm Size 0.0276
(0.0007)
[0.0001]
Older Worker x Log Firm Size 0.0028
(0.0005)
[0.0002]
Predicted Gap in Firm Effects Older vs. Younger Worker 0.0272 0.0054
(0.0009) (0.0019)
[0.0003] [0.0008]
Number of Observations 1,319,972 1,319,972

Note: This table reports projections of the firm effects estimated in the pooled leave one out sample defined in Table 1
onto worker and firm characteristics. In Column 1, the firm effects are projected onto a constant and a dummy for the
workers being born in the years 1937-1964. In Column 2, we regress firm effects on a constant, a dummy for workers born
in the years 1937-1964, log firm size and an interaction between these two covariates. The brackets show the standard
error associated with a given linear projection coefficient. In round brackets we report the standard error based on
Theorem 1. In square brackets we report the naive standard error that one would obtain when regressing firm effects on a
given covariate and using standard Eicker-White heteroskedastic robust standard errors. "Predicted Gap in Firm Effects"
reports the predicted difference in firm effects between older and younger workers according to either Column 1 or
Column 2 evaluated at the median firm size (12 Workers). See text for details.



Table 5: Inference on the Variance of Firm Effects

Pooled Younger Workers Older Workers
Leave one out Leave two out Leave one out Leave two out Leave one out Leave two out

sample sample sample sample sample sample
Variance of Firm Effects
Leave out estimate 0.0240 0.0238 0.0218 0.0221 0.0204 0.0180

(0.0006) (0.0006) (0.0006) (0.0006) (0.0025) (0.0013)
Sum of Squared Eigenvalues 2.1141E-06 1.6236E-06 3.9720E-06 2.9863E-06 0.0001 0.0001
Percentage of movers with no split sample estimator 14.92% 0.00% 21.00% 0.00% 22.00% 0.00%
Percentage of mover pairsin B 0.04% 0.05% 0.03% 0.05% 0.21% 0.46%

Confidence Intervals

95% Confidence Intervals - Strong id (q=0)
95% Confidence Intervals - Weak id (q=1)
95% Confidence Intervals - Weak id (q=2)

[0.0228; 0.0251]
[0.0228; 0.0251]
[0.0228; 0.0251]

[0.0227; 0.0249]
[0.0227; 0.0249]
[0.0227; 0.0251]

[0.0207; 0.0230]
[0.0207; 0.0230]
[0.0207; 0.0231]

[0.0210; 0.0232]
[0.0209; 0.0234]
[0.0209; 0.0234]

[0.0155; 0.0254]
[0.0157; 0.0267]
[0.0158; 0.0272]

[0.0154; 0.0205]
[0.0158; 0.0221]
[0.0161; 0.0231]

Curvature - K1 0.0182 0.0416 0.0197 0.0689 0.3333 0.7845
Curvature - K9 0.0271 0.1458 0.0444 0.0678 0.2779 1.1088
Diagnostics

Lindeberg Condition - q=1 0.1878 0.0865 0.2061 0.0371 0.0359 0.0503
Lindeberg Condition - q=2 0.0866 0.1604 0.0237 0.1639 0.0491 0.0479
Eigenvalues Ratios

Eigenvalue Ratio - 1 0.0135 0.0233 0.0189 0.0211 0.3132 0.5883
Eigenvalue Ratio - 2 0.0131 0.0202 0.0058 0.0135 0.0387 0.0499
Eigenvalue Ratio - 3 0.0112 0.0131 0.0050 0.0087 0.0314 0.0187

Note: This table conducts inference on the variance of firm effects using the samples described in Table 1. The round brackets report standard error estimates constructed
according to the procedure described in Section 4.2. Associated confidence intervals are computed under different assumptions on g, as described in Section 6.1. Curvature

reports the maximal curvature, see Appendix C6.1 for further details. "Eigenvalue ratio - 1" gives the ratio of the squared largest eigenvalue of the matrix A to the sum of all its
squared eigenvalues. "Eigenvalue Ratio - 2" and "Eigenvalue Ratio - 3" report the same ratio using the second and third largest eigenvalues respectively. "Percentage of movers
with no split sample estimator" reports the percentage of movers for which it is impossible to find two independent unbiased estimators of their conditional mean. "Percentage
of mover pairs in B " gives the fraction of mover pairs where we use an unconditional variance estimate, see Section 4.2 for details.



Table 6: Montecarlo Results

Pooled Younger Workers Older Workers
Leave one out Leave two out Leave one out Leave two out Leave one out Leave two out
sample sample sample sample sample sample

True Variance of Firm effects 0.0240 0.0208 0.0219 0.0186 0.0222 0.0199
Mean, Standard deviation across Simulations
Variance of Firm Effects - Leave Out (KSS) 0.0239 0.0208 0.0219 0.0186 0.0223 0.0198

(0.00037) (0.00037) (0.00040) (0.00039) (0.00221) (0.00276)
Variance of Firm Effects - Homescedatic Only (HO) 0.0336 0.0260 0.0328 0.0242 0.0345 0.0264

(0.00036) (0.00036) (0.00037) (0.00038) (0.00216) (0.00275)
Variance of Firm Effects - Plugin (PI) 0.0352 0.0270 0.0352 0.0256 0.0360 0.0273

(0.00036) (0.00036) (0.00036) (0.00038) (0.00216) (0.00275)
Mean Estimated Standard error: 0.00050 0.00039 0.00058 0.00042 0.00254 0.00273
Coverage Rate
Leave out - Strong id (q=0) 0.9890 0.9610 0.9970 0.9600 0.9720 0.8820
Leave out - Weak id (g=1) 0.9900 0.9640 0.9970 0.9630 0.9800 0.9590

Note: See Section 8.7 for description of data generating process (DGP). "True variance of firm effects" gives the variance of the firm effects in the DGP. KSS, Pl, and HO report
the average of the estimated variance of firm effects across simulations for the three different estimators. Round brackets report the standard deviation of estimator across
simulations. “Leave Out - Strong Id" reports the coverage rate of confidence interval for the variance of firms effects based upon KSS standard error and a normal
approximation. “Leave Out - Weak Id" reports the coverage rate of the confidence interval described in Section 6.1 under g=1. All results based upon 1,000 Monte Carlo draws.



Appendix A Data

This Appendix describes construction of the data used in the application of Section 8.

A.1 Veneto Workers History

Our data come from the Veneto Workers History (VWH) file, which provides social security based
earnings records on annual job spells for all workers employed in the Italian region of Veneto at
any point between the years 1975 and 2001. Each job-year spell in the VWH lists a start date,
an end date, the number of days worked that year, and the total wage compensation received by
the employee in that year. The earnings records are not top-coded. We also observe the gender of
each worker and several geographic variables indicating the location of each employer. See Card,
Devicienti, and Maida (2014) and Serafinelli (2019) for additional discussion and analysis of the
VWH.

We consider data from the years 1984-2001 as prior to that information on days worked tend
to be of low quality. To construct the person-year panel used in our analysis, we follow the sample
selection procedures described in Card, Heining, and Kline (2013). First, we drop employment spells
in which the worker’s age lies outside the range 18-64. The average worker in this sample has 1.21
jobs per year. To generate unique worker-firm assignments in each year, we restrict attention to
spells associated with “dominant jobs” where the worker earned the most in each corresponding
year. From this person-year file, we then exclude workers that (i) report a daily wage less than
5 real euros or have zero days worked (1.5% of remaining person-year observations) (ii) report a
log daily wage change one year to the next that is greater than 1 in absolute value (6%) (iii) are
employed in the public sector (10%) or (iv) have more than 10 jobs in any year or that have gender
missing (0.1%).
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Appendix B Computation

This Appendix describes the key computational aspects of the leave-out estimator é, with an
emphasis on the application to two-way fixed effects models with two time periods discussed in

Example 4 and Section 8.

B.1 Leave-One-Out Connected Set

Existence of 8 requires P; < 1 (see Lemma 1) and the following describes an algorithm which
prunes the data to ensure that P; < 1. In the two-way fixed effects model of Section 8.2, this
condition requires that the bipartite network formed by worker-firm links remains connected when
any one worker is removed. This boils down to finding workers that constitute cut vertices or
articulation points in the corresponding bipartite network.

The algorithm below takes as input a connected bipartite network G where workers and firms
are vertices. Edges between two vertices correspond to the realization of a match between a worker
and a firm (see Jochmans and Weidner, 2016; Bonhomme, 2017, for discussion). In practice, one
typically starts with a G corresponding to the largest connected component of a given bipartite
network (see, e.g., Card et al., 2013). The output of the algorithm is a subset of G where removal
of any given worker does not break the connectivity of the associated graph.

The algorithm relies on existing functions that efficiently finds articulation points and largest
connected components. In MATLAB such functions are available in the Boost Graph Library and

in R they are available in the igraph package.

Algorithm 1 Leave-One-Out Connected Set

1: function PRUNINGNETWORK(G) > G = Connected bipartite network of firms and
workers

2 Construct G; from G by deleting all workers that are articulation points in G

3 Let G be the largest connected component of G;

4: Return G

5: end function

The algorithm typically completes in less than a minute for datasets of the size considered in
our application. Furthermore, the vast majority of firms removed using this algorithm are only

associated with one mover.

B.2 Leave-Two-Out Connected Set

We also introduced a leave-two-out connected set, which is a subset of the original data such that

removal of any two workers does not break the connectedness of the bipartite network formed by
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worker-firm links. The following algorithm proceeds by applying the idea in Algorithm 1 to each
of the networks constructed by dropping one worker. A crucial difference from Algorithm 1 is that
two workers who do not break connectedness in the input network may break connectedness when
other workers have been removed. For this reason, the algorithm runs in an iterative fashion until

it fails to remove any additional workers.

Algorithm 2 Leave-Two-Out Connected Set

1: function PRUNINGNETWORK2(G) > G = Leave-one-out connected bipartite network
of firms and workers

2: a=1

3: while a > 0 do

4 gdel _ @

5: forg=1,...,N do

6: Construct G; from G by deleting worker g

7 Add all workers that are articulation points in G; to g
8: end for

9: a = |gdel|

10: if a > 0 then

11: Construct G; from G by deleting all workers in G
12: Let G5 be the largest connected component of G,
13: Let G be the output of applying Algorithm 1 to G,
14: end if

15: end while

16: Return G
17: end function

~

B.3 Computing 6
Our proposed leave-out estimator is a function of the 2n quadratic forms
I o—1 I o—1 -1 .
Pii == szxac ZT; B“ = szxz ASmx Z; fOI' 1 = 1, ey T

The estimates reported in Section 8 of the paper rely on exact computation of these quantities. In
our application, k is on the order of hundreds of thousands, making it infeasible to compute Sm_xl
directly. To circumvent this obstacle, we instead compute the k-dimensional vector 2; cyqct = S;xlsci

separately for each ¢ = 1,..,n. That is, we solve separately for each column of Z_,,.; in the system

/
Sxeezact =X
kxk kxn kxn
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/ !/ . . .
We then form Pj; = %72 cyoer @a0d Bjj = 2 cpact A% epact- The solution z; op4 is computed via

MATLADB?’s preconditioned conjugate gradient routine pcg. In computing this solution, we utilize
the preconditioner developed by Koutis et al. (2011), which is optimized for diagonally dominant
design matrices S,,. These column-specific calculations are parallelized across different cores using
MATLAB’s parfor command.

B.3.1 Leaving a Cluster Out

Table 3 applies the leave-cluster-out estimator introduced in Remark 3 to estimate the variance of
firm effects with more than two time periods and potential serial correlation. The estimator takes

the form 6

all observations in the cluster to which observation i belongs. A representation of écluster that is

cluster = D1 yiiﬂgﬁ,c(i) where ch(i) is the OLS estimator obtained after leaving out
useful for computation takes the observations in the c-th cluster and collect their outcomes in y,.

and their regressors in X,.. The leave-cluster-out estimator is then

C
Octuster = B'AB =Y 4eB(I = P) ™ (ye — X.),
=1
where C denotes the total number of clusters, P, = XCS;xlXé, and B, = XCS;;AS;;XQ. Since
the entries of P, and B, are of the form P;, = xéS;;xg and B, = x;S;mlAS;xlx@, computation can
proceed in a similar fashion as described earlier for the leave-one-out estimator.

When defining the cluster as a worker-firm match, Table 3 applies éclustﬂ to the two-way fixed
effects model in (6). When defining the cluster as a worker, the individual effects can not be
estimated after leaving a cluster out. Table 3 therefore applies écluste,. after demeaning at the
individual level. This transformation removes the individual effects so that the resulting model can

be estimated after leaving a cluster out.

B.3.2 Johnson-Lindenstrauss Approximation

When n is on the order of hundreds of millions and k is on the order of tens of millions, the exact
algorithm may no longer be tractable. The JLA simplifies computation of P;; considerably by only
requiring the solution of p systems of k linear equations. That is, one need only solve for the

columns of Z; 4 in the system

SmeJLA = (RPX)lv
kxk kxp kxp

which reduces computation time dramatically when p is small relative to n.

To compute B;;, it is necessary to solve linear systems involving both A; and A,, leading to 2p
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systems of equations when A; # Ay. However, for variance decompositions like the ones considered
in Section 8.2, the same 2p systems can be reused for all three variance components, leading to a
total of 3p systems of equations for the full variance decomposition. This is so because the three
variance components use the matrices A, = A/fAf, Apy = %(A&Af + A/fAd), and A, = ALA,

where

) 0 0 0 ) dy—d ... d,—d
A= |\A-F -« fu—f| and Ag= | o 0 o |-
0 0 0

Based on these insights, Algorithm 3 below takes as inputs X, A;, Ay, and p, and returns ]5“ and
three different Bii’s which are ultimately used to construct the corresponding variance component

éJLA as defined in Section 1.2.

Algorithm 3 Johnson-Lindenstrauss Approximation for Two-Way Fixed Effects Models
1: function JLA(X A A,p)
2: Generate Rp, Rp € RP*" where (Rp, Rp) are composed of mutually independent
Rademacher entries

3: Compute (RpX)', (RgA;), (RgAy) € RM?

4: fork=1,...,pdo

5: Let v, 0, 71, Tho € R* be the x-th columns of (RpX)', (RpA;), (RpAy)

6: Let z,, € R* be the solution to S,z = 70 for £=10,1,2

7: end for

8: Construct Z, = (214, ..+, 2,¢) € R¥? for £=10,1,2

9: Construct ]511 = %HZéxiHQ, Bmp = %HZ{xZ 2, Elm %HZéa:i”Q, Bu’,aw =

%(Z{xi)/(Zéa:i) fori=1,...,n
10: Return { P, Bii v, Bii o B’ii,aw}znzl
11: end function

B.3.3 Performance of the JLA

Figure B.1 evaluates the performance of the Johnson-Lindenstrauss approximation across 4 VWH
samples that correspond to different (overlapping) time intervals (2000-2001; 1999-2001; 1998-
2001; 1997-2001). The z-axis in Figure B.1 reports the total number of person and firm effects
associated with a particular sample.

Figure B.1 shows that the computation time for exact computation of (B;;, P;;) increases rapidly
as the number of parameters of the underlying AKM model grow; in the largest dataset considered
— which involves more than a million worker and firm effects — exact computation takes about 8
hours. Computation of JLA complete in markedly shorter time: in the largest dataset considered

computation time is less than 5 minutes when p = 500 and slightly over 6 minutes when p = 2500.
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Notably, the JLA delivers estimates of the variance of firm effects almost identical to those computed
via the exact method, with the quality of the approximation increasing for larger p. For instance,
in the largest dataset, the exact estimate of variance of firm effects is 0.028883. By comparison,
the JLA estimate equals 0.028765 when p = 500 and 0.0289022 when p = 2500.

In summary: for a sample with more than a million worker and firm effects, the JLA cuts

computation time by a factor of 100 while introducing an approximation error of roughly 104

B.3.4 Scaling to Very Large Datasets

We now study how the JLA scales to much larger datasets of the dimension considered by Card
et al. (2013) who fit models involving tens of millions of worker and firm effects to German social
security records. To study the computational burden of a model of this scale, we rely on a synthetic
dataset constructed from our original leave-one-out sample analyzed in Column 1 of Table 2, i.e.,
the pooled Veneto sample comprised of wage observations from the years 1999 and 2001. We scale
the data by creating replicas of this base sample. To connect the replicas, we draw at random
10% of the movers and randomly exchange their period 1 firm assignments across replicas. By
construction, this permutation maintains each (replicated) firm’s size while ensuring leave-one-out
connectedness of the resulting network.

Wage observations are drawn from a variant of the DGP described in Section 8.7 adapted to
the levels formulation of the model. Specifically, each worker’s wage is the sum of a rescaled person
effect, a rescaled firm effect, and an error drawn independently in each period from a normal with
variance % exp(ag+ a1 By + a9 Pyg+agIn Ly +agIn Lyp). As highlighted by Figure B.1, computing
the exact estimator in these datasets would be extremely costly. Drawing from a stable DGP allows
us to instead benchmark the JLA estimator against the true value of the variance of firm effects.

Figure B.2 displays the results. When setting p = 250, the JLA delivers a variance of firm
effects remarkably close to the true variance of firm effects defined by our DGP. As expected, the
distance between our approximation and the true variance component decreases with the sample
size for a fixed p. Remarkably, we are able to compute the AKM variance decomposition in a
dataset with approximately 15 million person and year effects in only 35 minutes. Increasing the
number of simulated draws in the JLA to p = 500 delivers estimates of the variance of firm effects
nearly indistinguishable from the true value. This is achieved in approximately one hour in the
largest simulated dataset considered. The results of this exercise strongly suggest the leave-out
estimator can be scaled to extremely large datasets involving the universe of administrative wage

records in large countries such as Germany or the United States.
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Figure B.1: Performance of the JLA Algorithm
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Note: Both panels consider 4 different samples of increasing length. The four samples contain data from
the years 2000-2001, 1999-2001, 1998-2001, and 1997-2001, respectively. The z-axis reports the number of
person and firm effects in each sample. Panel (a) shows the time to compute the KSS estimate when relying
on either exact computation of {B,;, P;; };—; or the Johnson-Lindenstrauss approximation (JLA) of these
numbers using a p of either 500 or 2500. Panel (b) shows the resulting estimates and the plug-in estimate.

Computations performed on a 32 core machine with 256 GB of dedicated memory. Source: VWH dataset.



Figure B.2: Scaling to Very Large Datasets
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Note: Both panels consider synthetic datasets created from the pooled Veneto data in column 1 of Table 2
with T' = 2. It considers {1, 5, 10, 15, 20} replicas of this sample while generating random links across replicas
such that firm size and T are kept fixed. Outcomes are generated from a DGP of the sort considered in
Table 6. The z-axis reports the number of person and firm effects in each sample. Panel (a) shows the time
to compute the Johnson-Lindenstrauss approximation 6 714 using a p of either 250 or 500. Panel (b) shows
the resulting estimates, the plug-in estimate, and the true value of the variance of firm effects for the DGP.

Computations performed on a 32 core machine with 256 GB of dedicated memory. Source: VWH dataset.



B.4 Split Sample Estimators

Sections 4.2 and 5.2 proposed standard error estlmators predicated on being able to construct
independent split sample estimators xzﬁ ;1 and xlﬂ_m. This section describes an algorithm for
construction of these split sample estimators in the two-way fixed effects model of Example 4. We
restrict attention to the case with T, = 2 and consider the model in first differences: Ay, = A féw—i—
Agg for g =1,...,N. When worker g moves from firm j to j', we can estimate Aféw = wj/ —
without bias using OLS on any sub-sample where firms j and j' are connected, i.e., on any sample
where there exist a path between firm j and j'. To construct two disjoint sub-samples where
firms j and j' are connected we therefore use an algorithm to find disjoint paths between these
firms and distribute them into two sub-samples which will be denoted &; and S;. Because it can
be computationally prohibitive to characterize all possible paths, we use a version of Dijkstra’s
algorithm to find many short paths.10

Our algorithm is based on a network where firms are vertices and two firms are connected by
an edge if one or more workers moved between them. This view of the network is the same as the
one taken in Section 7, but different from the one used in Sections B.1 and B.2 where both firms
and workers were viewed as vertices. We use the adjacency matrix A to characterize the network
in this section. To build the sub-samples §; and S,, the algorithm successively drops workers from
the network, so A_g will denote the adjacency matrix after dropping all workers in the set S.

Given a network characterized by A and two connected firms j and ;' in the network, we let
ij/(A) denote the shortest path between them."' If j and j' are not connected ij/ (A) is empty.
Each edge in the path ij/ (A) may have more than one worker associated with it. For each edge in
ij/(A) the first step of the algorithm picks at random a single worker associated with that edge
and places them in &;, while later steps place all workers associated with the shortest path in one
of §; and Sy. This special first step ensures that the algorithm finds two independent unbiased
estimators of A f;w whenever the network A is leave-two-out connected.

For a given worker ¢ with firm assignments j = j(g,1),5’ = j(g,2) and a leave-two-out con-
nected network A the algorithm returns the { Py 1, Pg“}é\f:l introduced in Section 4.2. Specifically,

Afg ZZ 1 Py 1Ay, and Afgw = Zévzl Py 2Ay, are independent unbiased estimators of

9T he algorithm presented below keeps running until it cannot find any additional paths. In our empirical

implementation we stop the algorithm when it fails to find any new paths or as soon as one of the two
sub-samples reach a size of at least 100 workers. We found that increasing this cap on the sub-sample
size has virtually no effect on the estimated confidence intervals, but tends to increase computation time
substantially.

11Many statistical software packages provide functions that can find shortest paths. In R
they are available in the igraph package while in MATLAB a package that builds on the
work of Yen (1971) is available at https://www.mathworks.com/matlabcentral/fileexchange/
35397-k-shortest-paths-in-a-graph-represented-by-a-sparse-matrix-yen-s-algorithm?
focused=3779015&tab=function.
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A féw that are also independent of Ay,. If A is only leave-one-out connected then the algorithm
may only find one path connecting j and j. When this happens the algorithm sets Py o =0 for all

¢ as required in the formulation of the conservative standard errors proposed in Appendix C.5.1.

Algorithm 4 Split Sample Estimator for Inference

—_

. function SPLITSAMPLEESTIMATOR(g, j, j', A) > A = Leave-one-out connected network
Let S; =0 and S, =0
For each edge in P] 7/ (A_g), pick at random one worker from A_, who is associated
with that edge and add that worker to S;

4: Add to S, all workers from A_, sy who are associated with an edge in PJ (A gsy)

5: Add to &; all workers from A_y, s s,3 who are associated with an edge in Py (A_,)

6: Let stop = 1{1:')]‘3"(-’4—{9,81732}) =0} and s =1

7 while stop < 1 do

8: Add to S all workers from A_y, s s who are associated with an edge in
ij’ (A—{g,sl,SQ}) .

9: Let stop = 1{P,/(A_(ys,s,;) = 0} and update s to 1 + 1{s = 1}

10: end while

11: Fors=1,2and {=1,...,N,let P, , =1{l € Ss}Afé(Zmess AfmAf,%)TAfg
12: Return {P,,;, ng72}£1

13: end function

In line 5, all workers associated with the shortest path in line 3 are added to S; if they were not
added to Ss in line 4. This step ensures that all workers associated with ij/(A_g) are used in the
predictions. In line 11, Py, ; is constructed as the weight observation ¢ receives in the prediction
Af;zﬂs where 1&8 is the OLS estimator of ¢ based on the sub-sample S,.

B.5 Test of Equal Firm Effects

This section describes computation and interpretation of the test of the hypothesis that firm effects
for “younger” workers are equal to firm effects for the “older” workers which applies Remark 6 of
the main text.

The hypothesis of interest corresponds to a restricted and unrestricted model which when

written in matrix notation are

Ay = AFy + Ae 9)
Ay = AFpp° + AFypY + AFyhs + Ae = X3+ Ae (10)
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where Ay and AF collects the first differences Ay, and Af, across g. AF represents AF for
“doubly connected” firms present in each age group’s leave-one-out connected set interacted with a
dummy for whether the worker is “old”; AFy- represents AF for doubly connected firms interacted
with a dummy for young; AFj represents AF for firms that are associated with either younger
movers or older movers but not both. Finally, we let X = (AFy, AFy,AFy), = (1/)0', @ZJY/,d)é)/,
and ¢ = (7,5’

The hypothesis in question is wo — wy = 0 or equivalently RS = 0 for R = [I,,—1,,0] and
r=|J| = dim(wO). Thus we can create the numerator of our test statistic by applying Remark 6
to (10) yielding

N
0=pFAB- By, (11)
g=1

where A = %R/(RS;;R’)AR; B, and 6’2 are defined as in Section 1.

Two insights help to simplify computation. First, since AFHLAFy, = 0, AFH,AF; = 0 and
AF{/AF;)) = 0, we can estimate equation (10) via two separate regressions, one on the leave-one-
out connected set for younger workers and the other on the leave-one-out connected set for older
workers. We normalize the firm effects so that the same firm is dropped in both leave-one-out
samples.

Second, we note that B’AB = 4/ By where

Px — Pap
T b

B=XS,'AS, X' = (12)
Py = XS, X', and Pap = AF(AF'AF) 'AF'. Equation (12) therefore implies that B;; in
(11) is simply a scaled difference between two statistical leverages: the first one obtained in the
unrestricted model (10), say Py 44, and the other on the restricted model of (9), say Pag 4, Section
B.3 describes how to efficiently compute these statistical leverages. To conduct inference on the

quadratic form in (11) we apply the routine described in Section 4.2.
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Appendix C Proofs

This Appendix contains all technical details and proofs that where left out of the paper. The

material is primarily presented in the order it appears in the paper and under the same headings.

C.1 Unbiased Estimation of Variance Components
C.1.1 Estimator

Lemma C.1. [t follows from the Sherman-Morrison- Woodbury formula that the two representa-
tions of  given in (1) and (2) are numerically identical, i.e., that B/AB—Z?:I B;67 = S YR

whenever S, has full rank and max; P;; < 1.

Proof. The Sherman-Morrison-Woodbury formula states that if S, has full rank and P,; < 1, then

—1 ! a—1
-1 Sx:c xzxzsxaz n—1
Szx + 7 A—1 = (S:m: - xzxz> .
1- szmx Z;

1 a1 1401
Furthermore, we have that z;S,, ; = ;5,5 ASy, x; = B;; so

—1 ra-1
15 - Y TS xS
yzx;/g—z = yixz ( Txr Zl’gyg yzx Sa:ac foyf + = xx/SZle = Zxéyﬂ
(+i (+i T TiRzx Ti gt
-1
~1' A 2 A
=y %8 — Byy; + y; By 7 — Z Teye = Y8 — Byyi(y; — v16_;)
Szx Z; 144
=1237i

where the last expression equals y;& 15 Bma This finishes the proof since ,6’ AB S YT IB.

In the above the Sherman-Morrison-Woodbury formula was also used to establish that

. _ St
l‘;ﬁ—i = l‘; (Sm - JUZLU;) ! Zfﬁew = S_ Z LoYe,
xx

0i Li pi
— 2B
and from this it follows that y; — Zﬂ, ﬁ as claimed in the paper. O

C.1.2 Large Scale Computation

All discussions of the computational aspects are collected in Appendix B.

C.1.3 Relation To Existing Approaches

Next we verify that the bias of éHO is a function of the covariation between 0? and (By;, Py;).
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. A . n
Lemma C.2. The bias of 0o is OB, 02 + SptE0p 2 where

11994

n
- 2 2y 2 1 2 _ _ 2 2
OnB,; 02 = E Bi(oj —07), 0" = n ElUiy Sp = E By, 9p, 02 = n 4 Py(oj — 7).
1= =

Proof. Since 6> = -5 (y; — 235)* = LS Sl Myeiep we get that

E[éHO] —0= En:Bz'z’Uz'Q - (En: Bii) niik zn: Miiazz
i=1 i=1

=1

- 2 2 1 O 2 2
:Z;Bii(ai -0 )_SBn_kZIMii(Ui —-07)

2+SBLO' 2. O

=0
nB;;,05 n—k Pio;

Comparison to Jackknife Estimators

This subsection compares the leave-out estimator 0 to estimators predicated on jackknife bias
corrections. We start by introducing some of the high-level assumptions that are typically used to
motivate jackknife estimators. We then consider some variants of Examples 2 and 3 where these
high-level conditions fail to hold and establish that the jackknife estimators have first order biases
while the leave-out estimator retains consistency.

High-level Conditions Jackknife bias corrections are typically motivated by the high-level as-
sumption that the bias of a plug-in estimator épl shrinks with the sample size in a known way and

that the bias of % Sy §p17_i depends on sample size in an identical way, i.e.,

A D D
Elfp] =0+ 2+ -2, E
n n

1~ D D
— g Op_i| =0+ ——+ 2 5 for some Dy, Dy, (13)
ne— n—1 (n-1)

Under (13), the jackknife estimator 0y = nfp; — an Sy épL_i has a bias of —%.
For some long panel settings the bias in épl is shrinking in the number of time periods 71" such
that

; D, D L
Elfp1] =0 + ?1 + T—; for some Dy, D,.

In such settings, it may be that the biases of % Z;le GAPL_t and %(épm + éPLQ) depend on T in an

identical way, i.e.,

1 X
T Z Op1,—¢
t=1

D D
=0+ ———+—2
-1 (T-1)

1, ; 2D, 4D
; and E [2(9131,1 + 9131,2)] =0+ =1+ T—QQ

E
T
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From here it follows that the panel jackknife estimator ép K = Tépl — % Zle HAPL,t has a bias
of —% and that the split panel jackknife estimfator Osprx = 20p; — %(épm + HAPLQ) has a bias

2D, D,

of — 7 both of which shrink faster to zero than = if T" — oo. Typical sufficient conditions for
bias-representations of this kind to hold (to second order) are that (i) 7' — oo, (ii) the design is
stationary over time, and (iii) that épI is asymptotically linear (see, e.g., Hahn and Newey, 2004;
Dhaene and Jochmans, 2015). Below we illustrate that jackknife corrections can be inconsistent in
Examples 2 and 3 when (i) and/or (ii) do not hold. Finally we note that fp; (a quadratic function)
need not be asymptotically linear as is evident from the non-normal asymptotic distribution of 6

derived in Theorem 3 of this paper.

Examples of Jackknife Failure

Example 2 (Special case). Consider the model
Ygt = Qg + Eg (g=1,...,N, t=1,...,T > 2),

2 2 . . N 2
where o, = ¢” and suppose the parameter of interest is § = % > g=1 Q- For T even, we have the

g
following bias calculations:

2 2

o 1 o » o o
E[fp] = 60 + — E 7§ Opr | =0+ — +
Op1} =0+ 7 n & PL’] +T+n(T—1)’

1 o 1, . 20°
E TEHPL—t :9+ﬁ7 E 5(9131,1‘*'9131,2) :9‘*'?‘
The jackknife estimator 6 Ji has a first order bias of —ﬁil), which when T' = 2 is as large as

that of épI but of opposite sign. By contrast, both of the panel jackknife estimators, 0 pyi and the

leave-out estimator are exactly unbiased and consistent as n — oo when T is fixed.

This example shows that the jackknife estimator can fail when applied to a setting where the
number of regressors is large relative to sample size. Here the number of regressors is N and the
sample size is NT, yielding a ratio of 1/T" and we see that 1/T — 0 is necessary for consistency of
éJK. While the panel jackknife corrections appear to handle the presence of many regressors, this

property disappears in the next example which adds the “random coefficients” of Example 3.

Example 3 (Special case). Consider the model

Ygt = Qg + TgeOg + Egy (9g=1,...,N, t=1,...,T > 3)
where azt =o%and 6 = %Z;V:l 53.
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An analytically convenient example arises when the regressor design is “balanced” across groups

as follows:

(xghnga <. '7ng) = (371,(172,. . '7'1"T)7

where x1,zq9, T3 take distinct values and Zthl x; = 0. The leave-out estimator is unbiased and

consistent for any 7' > 3, whereas for even T' > 4 we have the following bias calculations:

2
~ g
E[QPI] 0 + T PR
t=1 Tt

1 . 0_2 T 1
E|= GPI,—t]—g‘i‘ —,

r tzl T t=1 Zs;ﬁt(l‘s —zy)
1 . N o2 o2

E [(QPI,l + '9131,2)] =0+ + 7 —»

2 2 Zth/f Ly — 331)2 2 Zt:T/2+1(xt —Iy)

_ 1 _ 2 T/2 _ 2 T
where T_; = 75 ZS# Lgy X1 = 7T Zt:/1 zy, and Ty = & Zt:T/ZJrl Lt
The calculations above reveal that non-stationarity in either the level or variability of x; over

time can lead to a negative bias in panel jackknife approaches, e.g.,

A 202 o? o2

_ _ <0
= 7T 2 T/2 2 T -
D1 Tt 2 th/l Ty 2X—r/41 T

where the first inequality is strict if Z; # T9 and the second if ZtT:/f 2? ZtT:T /241 2?. In fact, the

following example
(a:l,wQ,...,xT) = (—1,2,0,...70,—1)

renders the panel jackknife corrections inconsistent for small or large 7"

; 7/5 1 A 8/5 1
Elfpyk] =0 — éUQ +0 <T> and  E[fspyk] =0 — é02 +0 <T) .

Inconsistency results here from biases of first order that are negative and larger in magnitude than

the original bias of fp; (which is %2)

Computations For this special case of example 2 we have that A = IﬁN and S,, = Ty so that

A= % and trace(A%) = NITQ = 0(1) which implies consistency of §. Similarly we have that the
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bias of @ is

N
—ZTV& ;;O‘Q where &, = T Zygt.

9 t=1

The same types of calculations lead to the other biases reported in the paper.

0 TI 0
For this special case of example 3 we have that A = IN] and S,, = N P 2]
N 0 InD g7
which implies that trace(A2) = ——21 - = 0(1) and therefore consistency of §. Similarly we

N(Z?:l x?>2
have that the bias of 8 is

o2
. . z
— g TV5 e where 597 Zt 1 tygt
Zt 1% Zt 13%

The same types of calculations lead to the other biases reported above. Now for the numerical

example (z1,xq,...,27) = (—1,2,0,...,0,—1) we have Zthl z; =6, ZtT:T/QH(xt — T =1— 2
T/2 N2 T/2 2 2

th/l(a:t—xl) :2Zt/1 Ty — Tx1:5—%, and

2 — A ift=2,

T—1
S — )= 5 gl e (LT,
s#t .
6 otherwise,
Thus
To* o (T — 1) 1
Elfpx] =0 = =7 > —
t=1T¢ T =1 Zs;ﬁt(xs —T_y)

6 T T—1 2_ﬁ 6
2<2 4 T-1 2 T-1 1 ) 7 +0<1>
~% 13 6T T i |7 739°
3 6T T 5- L T 2- L 30 T
. 202 0_2 02
and E[QSPJK]—QZ T + T —
Siaar 2w —5)° 25 g ( — T2)

o (1 1 1 ) 8 1
=0 | - — ol 1 =——0°+0
(3 0-4 2-4 30 T
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C.1.4 Finite Sample Properties

Here we provide a restatement and proof of Lemmas 1 and 2 together with a characterization of

the finite sample distribution of 6 which was excluded from the main text.
Lemma C.3. Recall that 0* = 3'AS — St Biio
1. If max; P; < 1, then E[f] = 6.
2. Unbiased estimators of 0 = ' AB exist for all A if and only if max; P;; < 1.
3. Ife; ~ N(0,02), then 0% = S0_, A, (z}% - V[Bg]) and b~ N (b,w}]).

4. If max; P, < 1 and ¢; ~ N(0,0’?), then 6 = 221 A (C) (gﬁ — VM) where § ~ N (u, V),
n=QeXB. V= QoEQc. C = (Cu)ie, £ = diag(or.....07), and C = QuDeQe is a
spectral decomposition of C' such that Do = diag(Ai(C), ..., A\, (C) and r¢ is the rank of C.

P’I"OOf First note that B AB 27, 1 ZE 1 Zéyzyf and o0 U — yz( Y; — 1/8 ) - sz ZE 1 'Léyb S0

n n
N —1
=) Biyiye — BiM;; My,

i=1 =1
n n n
-1 -1 1
=> > (BM -2 My (BiiMii + By My, >> vive =YY Ciotite-
i=1 (=1 i=1 i

The errors are mean zero and uncorrelated across observations, so

Z > CiynpryB = Z Z By By — ByiMj; My BB = 0,

i=1 (#13 i=1 (=1

since > ), Bywwy = A and 3", Mz, = 0. This shows the first claim of the lemma.

It suffices to show that no unbiased estimator of 3'S,, 3 exist when max; P;; = 1. Any potential
unbiased estimator must have the representation 3Dy + U where E[U] = 0 and D = (Dig)ie
satisfies (i) D;; = 0 for all 4 and (i) X'DX = S,, for X = (xy,...,x,)". (ii) implies that D must
be D =1+ PDM + MDP + MDM for some D where P = (Py)ie and M = (M;); 4. If the exist
a i with P; =1, then Y, Pfg = P;; yields M;, = 0 for all £ which implies that D;; must equal 1
to satisfy (ii). However, this makes it impossible to satisfy (i). This shows the second claim.

Recall the spectral decomposition A = QDQ’ and definition of b= Q'S. 1/ 26 which satisfies that
b~ N(b,V[b]) when &; ~ N(0,07). We have that 0 = S7,_ )\, (bg V[bg]) since

BAB = B'SY2ASY23 = Db = ZAM,
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and

n
Z Bj;07 = trace(BX) = trace(AV[3]) = trace(DV[b Z A VD).
i=1
where B = (By;); ¢ This shows the third claim.

The matrix C is is well-defined as max; P; < 1. Define j = Qo (yy, - .., ¥,) which satisfies that
g~ N(u, V) when g; ~ N(0,07). Furthermore,

ro
0=y'Cy=9'Dci=> MO,
(=1
and C;; = 0 for all 4, so that >, A\, (C') Vy = trace(CY) = 0. This shows the last claim. O

C.1.5 Consistency

The next result provides a restatement and proof of Lemma 3.

Lemma C.4. If Assumption 1 and one of the following conditions hold, then -6 0.
(i) A is positive semi-definite, = 3’ AB = O(1), and trace(A*) = i1 Ap = o(1).
(i) A= 1(A Ay + ASA)) where 0, = B'ATA B, 05 = B'AyAyB satisfy (i).

Proof. Suppose that A is positive semi-definite. The difference between 0 and 0 is

Q_QZZwaéﬁg +ZZBM55K+ZBM g —0 z >

i=1 ¢=1 i=1 {#£i

and each term has mean zero so we show that their variances are small in large samples. The

variance of the first term is
42 (Z B Kg;gﬁ) o? <4dmaxo:f X'B* X = 4maxor B AS, L AB < 4max a6\ = o(1)
i1 : 1 1 1

where B = (By); 4, the last inequality follows from positive semi-definiteness of A, and the last

equality follows from 6 = O(1) and A\, < trace(flz)l/ ? = 0(1). The variance of the second term is

n n n
2 2 2 4 2 4 72
2 g E Bjo;0; < 2mzaxai g E B, = 2mzaxai trace(A”) = o(1).

i=1 i =1 (=1
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Finally, the variance of the third term is

Z (Z My By M, wﬁﬁ) o; +2ZZM_2 M2o20?

=1 \/=1 i=1 E;ﬁz
n
Py 2 32N g2 B2
<5 maxo; mlax(xzﬁ) Z i +  max o} E =
c

i=1

where min; M; > ¢ >0 and > -, B2 < trace(A%) = o(1). This shows the first claim of the lemma.
When A is non-definite, we write A = % (A/1A2 + A'QAl) and note that

BAS AR < = (@1 Amax (A2) + O\ maX([h)) and  trace(A?) < trace(fl%)1/2‘51r3u(3e(fl§)1/2

where A, = S_l/QAkAkS_l/ for £ = 1,2 and Ay (As) is the largest eigenvalue of A,. Thus
consistency of 8 follows from ©; = O(1), Oy = O(1), trace(A}) = o(1), and trace(A3) = o(1). O

The next result provides a restatement and proof of Lemma 4.

Lemma C.5. If Assumption 1, n/p* = o(1), V[l] " = O(n), and one of the following conditions
hold, then VI0)™*(8,,4 — 6 — B,) = 0,(1) where |B,| < 1571, Pi|Bylof.

(i) A is positive semi-definite and B[S AB] — 0 = O(1).

(i) A=L1(AAy+ A4A,) where 0, = B AYALB, 0, = B AbAyB satisfy (i) and %[‘Z]W —0(1).

n 4 2 2
_ 1 QZZZ;ﬁ'PM_Pii(l_Pii)

Proof. Define B, = ZZ 1 Biioi Z(I_PH)Q
11

proximation of 6,4 — 0, we first show that E [(9JLA —HA)Q} = B, and W = O(%).

Then we finish the proof of the first claim by showing that the approximation error is ignor-

. Letting (0,74 — 0)5 be a second order ap-

able. The bias bound follows immediately from the equality ;. i Pj = P,;(1— P,;) which leads to
0< 37 Py < Pi(1— Py)”.
We have 0,74 —0 = (0574 — 0)y + AE, where

n 3 2
N N 9 A L - .o 13FP;+ P;
(Oypa —0)2 = E 0 (Bii — B;; — Bya; — By; (ai - *%
i1 b L=

~. — Pu i1
for a; = 5= P and approximation error

2 ~3
AEQ 262311 1 Sf)u + Pu — (31311 + Rz)(l + 1) o a; )
i=1 b (1+a’)(1_PM) 1—|—CL7;
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For the mean calculation involving (0774 — 0)y we use independence between B,

N

2
and &7,

unbiasedness of Bm, P, and 0 , and the variance formula

i)

Via,] = »

Taken together this implies that

‘P’iia
2 2 4
— S P _13P+ P Pl = Py)” — 2300, P
(1 ~P)' p 1D p(1 = Fy)?
n 3 2
A A 9 . 13F; + P;
E {<0JLA - 9)2} =- ZBz'iUi (V[ai] - *% =B,.
izl b L—=1Iy
For the variance calculation we proceed term by term. We have for y = (y;,. . ., yn)/ that

A2
v ZUiBii ly
i=1

1 ZZB?K]E {a aé] -0

7,1@1

trace(A?)
p b

no "o 2 O 2 BBy B |E[6767]
A2F A 25 2
\% ZoiBnai =E |V Z(&'Bnai\y»RB s - » § :ZPZ (1- P/;](l Pu;
i—1 i=1 i=1 ¢=1
_0 (trace(/?) n trace(ﬁ%)lptrace(flg)lﬂ>
= 2
p p

Sol 2 A ASY for £ =1,2,

~ Via)

where A, =

> atBy (aF

i=1 4=1

= zn:f:E [B”Bge} E [0 U’/} Cov (dzzvd%)

( trace(A?) n

trace(fl%)UZtm%me(/l%)l/2 >

2 3
p p
—~ 5 (A 23 7. P — Ph(1— Py) B trace(A?)
V{;ﬁ(B”_B”) l#< P, }‘O< v )
[Rpmaot o) E R o ()

From this it follows that V[d]~"/2 ((é A — )y —

V[64]V[65]
pvid)?

=o(1).

We now treat the approximation error while utilizing that E[a;] = O ( 12), Elaj] = O (%),
p P

and max;|a;| =

0,(log(n)//p) which follows from (Achlioptas, 2003, Theorem 1.1 and its proof).
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Proceeding term by term, we list the conclusions

p
(n) ]E[él,PI — 04+ ]E[é2,PI - 92])

A

a2

" .G lo
S 2B, ~-0 (
i Pig ~ P 2
i ]-+ ai P
1 Zn ap 3P+ P — (3P + P)(1+ ) log(n)\ E[©; pr — O] + E[O p1 — O4]
]; O'i Bii Op ]. +
=1

(14 a;)*(1 - Py) VP p’

E

Il
N

which finishes the proof. O

C.2 Examples

All mathematical discussions of the examples are collected in Appendix C.7.

C.3 Quadratic Forms of Fixed Rank

The next result provides a restatement and proof of Theorem 1.

Theorem C.1. If Assumption 1 holds, r is fized, and max; wiw; = o(1), then
1. VB Y20 — b) S N (0, ) where b= Q'SY?8,
2. V[V B I,
8. 0=y M (B = VIbe]) + 0, (VIA)'/?),

Proof. The proof has two steps: First, we write 6 as DRPY (l;? — V[i)g]) plus an approximation
error which is of smaller order than V[§]. This argument establishes the last two claims of the
lemma. Second, we use Lyapounov’s CLT to show that beRis jointly asymptotically normal.

Decomposition and Approximation From the proof of Lemma 2 it follows that

=1 =1

(V[a)'7?).

. 2 A2\ -
where we now show that the mean zero random variable > " ;| By(0; —6;) is o

p
We have

n n n n n
2 2 —1 2 2 —1
Z By(6; —o7) = Z B;; Z M;; @B Mype, + Z Byi(ei —o7) + Z B;; Z M;;~ Mipeie-
i=1 =1 i=1

i=1 i=1 0£i

5



The variances of these three terms are

n n 2 =
Dot <Z My BiM;;' ’ﬁ) < maxo? Y BEM2(e}6)? < maxo? max({9)Mi? x 3" B,
/=1 =1

i=1 i=1

n
> BiV[ei] < max Efe Z B2,
=1
n

2 —2 —1 —1
3 (Bz'iMii + BiiM;; By My, ) Mjoio] < 2max o7 My ? x ZBZZ
i=1 (£

Furthermore, we have that

n T
-1 Z B2 < max wiw; V[ Z A (A) < mzaxw;wi Jnazau(oi_4 = o(1),
i=1 =1

so each of the three variances are of smaller order than V[6].

V[v'b)— V[v b
Viv'D]

v € R" with v'v = 1. Let v € R" be nonrandom with v'v = 1. As above we have that §(v) =

For the second claim it suffices to show that d(v) := = 0,(1) for all nonrandom

Dy w;(v)(67 — o) is a mean zero variable which is 0,(1) if 37", w;(v)* = o(1) where w;(v) =
(v'w,)”

m But this follows from

—4 /
E w; ( 1< Maxo; ~ Max wiw; = o(1)
1

where the inequality is implied by max; wjw; = o(1), v'v = 1, and .1 | ww; = I,.

Asymptotic Normality Next we show that all linear combinations of b are asymptotically normal
Let v € R” be a non-random vector with v'v = 1. Lyapunov’s CLT implies that V[v'b]~ 1/2 v (b— b)
N(0,1) if

/b]72 En:E[Ez Q Sxml/Q z U /3 - ZE 0(1) (14)

We have that max; wjw; = o(1) implies (14) since maxi(v’wi)z < max; w,w; and
Z:(fu'wi)2 =1, V'8! < maxa; % = O(1), max E[e]] = O(1),

=1

by definition of w; and Assumption 1. O
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C.4 Quadratic Forms of Growing Rank

This appendix provides restatements and proofs of Theorems 2 and 3. The proofs relies on an

auxiliary lemma which extends a central limit theorem given in Sglvsten (2019).

C.4.1 A Central Limit Theorem

The proofs of Theorem 2 and Theorem 3 is based on the following lemma. Let {v,;};, be a

triangular array of row-wise independent random variables with E[v,, ;] = 0 and Vv, ;] = 072%1-, let

{0}, be a triangular array of non-random weights that satisfy >, wi’iai,i =1 for all n, and

nxn

let (W,,),, be a sequence of symmetric non-random matrices in R with zeroes on the diagonal

that satisfy 237, > et Wiwaiiaivg = 1. For simplicity, we drop the subscript n on v, ;, J?M-,
Wy, ; and W,,. Define

n n
S, = Z wv; and U, = Z Z W,pv,0,.
i=1 i=1 i

Lemma C.6. If max; E[v}] +o; 2 = O(1),

(4) miaXU'f? =o(1), (i) Amax(W?) = 0(1),

then (S,,U,)’ 4 N(0, I,).

This lemma extends the main result of Appendix A2 in Sglvsten (2019) to allow for {v;}; to
be an array of non-identically distributed variables and presents the conclusion in a way that is
tailored to the application in this paper. The proof requires no substantially new ideas compared

to Selvsten (2019), but we give it at the end of the next section for completeness.

C.4.2 Limit Distributions

Theorem C.2. If

N o2 2 SN
(i) VIO max ((@8)° + (#8)°) = 0(1),  (id) AR

and Assumption 1 holds, then V[0 "/*(0 — 0) 4 N(0,1).

Proof. The proof involves two steps: First, we decompose 0 into a weighted sum of two terms of
the type described in Lemma C.6. Second, we use Lemma C.6 to show joint asymptotic normality

of the two terms. The conclusion that 6 is asymptotically normal is immediate from there.
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Decomposition The difference between 6 and 0 is

é —0= i (253;,3 — JV);B) &+ i Z Ci€€i€€>

i=1 i=1 O£

where these two terms are uncorrelated and have variances

n

Vs =Y (238 —#B)%0; and V;=2) Y Cihojof.

i=1 i=1 (i

Thus we write V[é]_l/z(é —0) = w;S,, + wold,, where

n

Sn = VS_1/2 Z (Qj;ﬁ - j;ﬁ) Eis un = VL[_1/2 Z Z Ciﬁgigb

i=1 i=1 {#i
wy =/ Vs/V[d], wy =\ Vi /V[6).

Asymptotic Normality We will argue along converging subsequences. Move to a subsequence
where w; converges. If the limit is zero, then V[é]fl/ 20— 0) = wyld, + 0,(1) and so it follows from
Result C.2 below and Theorem 2(ii) that g is asymptotically normal. Thus we consider the case
where the limit of w; is nonzero.

In the notation of Lemma C.6 we have

w; = (1/2) and WM = W
VS VM
For Lemma C.6(i) we have
~1 0\2 I o\2
maxw? < 4w;1 max (mzﬁ) +A($7,B) _ 0(1)7
i i V[e]

where the last equality follows from Theorem 2(i) and the nonzero limit of w.

For Lemma C.6(ii) we show instead that trace(W?*) = o(1). It can be shown that for all n,
trace(C?) < ¢y - trace(B*) = ¢y - trace(A?) < ey A? - trace(A?) and Vi, > ¢ min; o - trace(A), where
the finite and nonzero constants ¢;; and ¢;, do not depend on n (but depend on min; M;; which is

bounded away from zero). Thus, Assumption 1 implies that

2 72 2
trace(W?) < o 4t1"ace(A )~2 5 =0 Lﬂ = o(1)
(cr, min; o; - trace(A”)) trace(A”)

where the last equality follows from Theorem 2(ii). O
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Theorem C.3. If max; WigWiq = o(1), V[é B
1 and 2 holds, then

2. 0=30_1 N\ (6? —~ V[ZSE]) + 0, +0,(V[A]'?)

for
2 2
V[(Bl é ),] n Wqu;qUi 2Wiq (ZE#@ Czﬁqx2/3> g;
qrYq = 2 2 2 2 2 217
i=1 2qu (Zé;éi Ci&ﬂ’%ﬁ) o 4 (Zé;éi Ciquéﬁ) o; +2 Zé;ﬁi Cz‘éqaz' Oy
—1 —1 —1 —-1/2 7 —1/2 1
Cz'fq = BiZq -2 My (Mu Biiq + MM BMq): Bifq = x;Smm/ Aquz/ Ly, Aq = ZZ:q—‘,—l AZQZQ27

~ n - n -1
Tig = > yp—q Biegwe, and &g = Y p_y MMy, By,

Proof. The proof involves two steps: First, we write 6 as the sum of (la) a quadratic function
applied to Bq, (1b) an approximation error which is of smaller order than V[é], and (2) a weighted
sum of two terms, S,, and U,,, of the type described in Lemma C.6. Second, we use Lemma C'.6 to
show that (B;,Sn,l/{n)/ € R is jointly asymptotically normal.

Decomposition and Approximation We have that

q n
0 =" N(by = VIbe)) + 0, + 0,(VIO]'?) for 0, =" Crgiti
=1 i=1 (i

q n o n
BAB =" Nbi + > Bigguive
=1

i=1 (=1

since

and
n n

n n
2 2 A2 ~2 2
D Biti = Binoi + ) Bigdi + ) Bigl67 — o)
1=1 i=1

i=1 i=1

AVIb) + 3" Biig6? + 0,(VI0]'?)
1 =1

I
M=

~
Il

o = Bii — By, and it follows from max; wj,w;, = o(1) and the calculations in the proof
2 2

of Theorem 1 that the mean zero random variable > " | B;; _,(6; — 0;) is op(V[é]l/ %),

where B;; _

We will further center and rescale éq by writing

V07 (6, — El0,)) = 1S, + wilhy
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where

Sn = VS_1/2 Z (2~,q5 v;qﬁ) Eis un = Vvl,{_l/2 Z Z Ciéqgigév
im1 i=1 04
VS = Z (2'%;‘16 V;qﬁ) Jl ’ VU =2 Z Z szqaz U@?
i=1 1=1 (#£i
VS/V[éqL Wy = VZ/{/V[éq]a

and U,, is uncorrelated with both S,, and Bq.

Asymptotic Normality As in the proof of Theorem 2, we will argue along converging subse-
quences and therefore move to a subsequence where w; converges. If the limit is zero, then the
conclusion of the theorem follows from Lemma C.6 applied to (V[v/Bq]fl/z (U,Bq - E[v/Bq]),Un)/ for
v € R? with v'v = 1. Thus we consider the case where the limit of w; is nonzero.

Next we use Lemma C.6 to show that

<v/6q — E[U/Bq] +usS,

/

d
- U | S A,
Vib, + uS,]"/? ) (0, 22)

for any non-random (v, u)" € R?™ with v'v 4+ u® = 1. In the notation of Lemma C.6 we have

/ —1/2 (ot i
0 — U Wi+ uVS (233?52— xiqﬁ) and W, = %‘
Vb, + uS,]" v,/

A simple calculation shows that V[v/Bq + uS,,] > min,; o? > 0, so max; W = o(1) follows from
Theorem 3(i), Theorem 3(ii), and w; being bounded away from zero.

Similarly, we have as in the proof of Theorem 2 that

,
trace(C’;l) < ctrace(Bg) < c)\§+1 Z A and Vg o> wy miin oitrace(A?)?
l=q+1

for C, = (Cy4q)i 0 and B, = (Bjgq)i e, s0 Assumptions 1 and 2 yield trace(W?) = o(1). O

C.4.3 Proof of a Central Limit Theorem

The proof of Lemma C.6 uses the notation and verifies the conditions of Lemmas A2.1 and A2.2 in
Solvsten (2019) referred to as SS2.1 and SS2.2, respectively. First, we show marginal convergence
in distribution of §,, and U,,. Then, we show joint convergence in distribution of §,, and U,,. Let
V,, = (v1,...,v,) where {v;}; are as in the setup of Lemma C.6.

Before starting we note that max;o; > = O(1) and 250 >0z W, 20707 = 1 implies that
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trace(W?) = Yo oz W % = 0(1) and therefore that
Amax(W?) = 0(1) & trace(W?) = o(1).

Marginal Distributions

Result C.1. max; E[v]] + 0; 2 = O(1), S wio? = 1, and Lemma C.6(i) implies that S, LN
N(0,1).

In the notation of SS2.1 we have,
n
0 . 2, 2 2
A;S, =ww; and  E[T,|V,] =143 E w; (v — 07),
i=1

and it follows from max; E[v}] + o; 2 = O(1), Yo wio} =1, and Lemma C.6(i) that

7

4
E[T, |V,] = ZE [(AYS,)%] =1, ZE [(AYS,) <maXE[1;i]wi2:0(1),

i

so Result C.1 follows from SS2.1.

Result C.2. maXiE[U?] t+o;%= O(1), 25", 2oz W, nwafma ¢ =1, and Lemma C.6(ii) implies
that U, % N(0,1).

In the notation of SS2.1 we have,
A Z/I = 21] Z WZ[Ug and E T | V Z Z Z v; + 0' ZZWku[Ukv
0+ i=1 (#£i k#i

and

D OE(AMU) =2, > E[(AU,)"] < 2° maxE[v;]’ max o7 max Y Wi,
i=1 i=1 ' ' Lo
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where max; » W5 < y/trace(W*) = o(1). Now, split E[T, | V,,] — 1 into three terms

n

21,2 2 o
a, =YY 0iWi(vg + vi — 07)

i=1 (£
n n
2 2 9 9
b, =2 Z Z Z oW Wigvive + Z Z Wigvi(vg — o7)
=1 (i ki i=1 (£
n
2 2
G =)0 WiWir (v — 07)vguy.
i=1 O£ ki

Interlude: Convergence in £'

a,,b,, and c, are a linear sum, a quadratic sum, and a cubic sum. We will need to treat similar sums

later, so we record some simple sufficient conditions for their convergence. For brevity, let Z?# =

. 4
S > ozis and Z?ﬂ#k =3, D 0zi Dokpipr €bc. We use the notation u; = (v;1, vig, i3, via) € R

to denote independent random vectors in order that the result applies to combinations of v; and

2 2. . . . .
v; —o; asin a,, b,, and ¢, above. For the inferential results we will also treat quartic sums, so we

provide the sufficient conditions here.

Result C.3. Let S, = Y1 wivin, Sna = D iz WitVirVezs Sn3 = Doipppr, WitkVi1VeVks, and Spy =
Z?##k#m WipkmVi1Vr2Vk3Uma Where the weights w;, wip, Wik, and Wippy, are non-random. Suppose
that Eu,;] = 0, max; E[uju,;] = O(1).

1
1 If> w? = o(1), then S, £50.
n 2 ct
2. If >0 sowig = o(1), then Spo = 0.
n 2 c'

2 c!
4. If Z?##k#m Wigkm = 0(1), then S, = 0.

Consider S,,3, the other results follows from the same line of reasoning. In the notation of SS2.2

we have,

0
A;Sps = vi E E WigkVp2Vk3 1 Vo E E Wik V1 Vg3 1 V53 E E WiV Vg2-

O£ kil O£ kil 040 kil

82



Focusing on the first term we have,

n

n
3 2
DTE v D] D wikveavis < m?XE[U’iUi] > (wiék + Wi@kwiké)
=1

LFi k#i L 1#LFk

<2maXEuu Z kaa
iAl£k

so the results follows from SS2.2, Zf{;#k wiye = o(1), and the observation that the last bound also
applies to the other two terms in A?Sng.

Marginal Distributions, Continued

1 1 1 B
To see how a,, £, 0, b, £50 and Cn £—> 0 follows from Result C.3, let W, = >~} Wy, Wy, and
note that trace(W*) = S > 1 Wis. We have

2
n n
> | DooiWi | <maxoi Y Wi
)
1=1

i=1 \ (i

n

2
n n
ZZ Z oWuWi | < m?XU?ZZWiQK
i=1 O

vy i=1 (=1
Z Z Ww = <max W; >
i=1 (%1
n
ZZ Z WZQZVVZZk =0 maXZWZ% )
=1 £ kAi R

all of which are o(1) as trace(W*) = o(1).

Joint Distribution

Let (up,uy) € R? be given and non-random with u% + u% = 1. Define W,, = w1 S,, + uxld,,.
Lemma C'.6 follows if we show that W, 4 N(0,1). In the notation of SS2.1 we have,

A?Wn = ulwivi + ’LLQQUZ' Z Wig’l)g
£
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and

BT, |V,] = (1 . az>) PSS S 04 ) W Wy
=1

i=1 04 ki

n
2 2y .
+U1U23ZZ(’Ui +O'i )’LUlWM’UJ
i=1 (i

The proofs of Result C.1 and Result C.2 showed that
D E[(AIW,)?] = 0(1), Y E[(AIW,)"] = o(1)
i=1 i=1

and that the first two terms of E[T}, | V,,] converge to u} + u3 = 1. Thus the lemma follows if we

show that the “conditional covariance”

3 z”: Z(U? + 07 )i Wigv;

i=1 0+

converges to 0 in £°. This conditional covariance involves a linear and a quadratic sum so

2
n n
Z ZangWM < miauxafL max (W) Zw? = O(m?x A2 (W)
i=1 \ (i i=1
n n
SSatwd < 33 Wi maxii? = Ofmaxu?)
i=1 i i=1 (£

ends the proof.

C.5 Asymptotic Variance Estimation

This appendix provides restatements and proofs of Lemmas 5 and 6 which establish consistency
of the proposes standard error estimators that rely on sample splitting. Furthermore, it gives ad-
justments to those standard errors that guarantee existence whenever two independent unbiased
estimators of ;vgﬁ cannot be formed. However, these adjustments may provide a somewhat con-
servative assessment of the uncertainty in @ as further investigated in the simulations of Section
8.7.

Lemma C.7. For s = 1,2, suppose that 95;/34,5 = Z?ﬁ Py sy satisfies ZZ&Z PM’S:CZB = 2.8,
Py 1Py =0 for all £, and Ay (PP2) = O(1).

1. If the conditions of Theorem 2 hold and |B| = O(1), then @fe}% 4 N(0,1).
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2. If the conditions of Theorem 2 hold, then liminf, , P (9 € {9 + 2z V[G]I/ﬂ) >1—-«

Proof. The proof continues in two steps: First, we show that V[é] has a positive bias which is of
smaller order than V[0] when |B| = O(1). Second, we show that V[0] — E[V[0]] = op(V[é]). When
combined with Theorem 2, these conclusions imply the two claims of the lemma.

Bias of V[0] For the first term in V[4], a simple calculation shows that

2 2
n n
E 42 ZC%«W G; :42 Zciﬂéﬁ o; +4ZZCMU o7
=1 \ £ =1 \ £ i—1 (£
n n
+ 42 Z Z CmiCmZ(Pmi,lme,Q + Pm P, ml, 1)0 Uﬁ
i=1 f#i m=1
n ~
= V[0] +2 Z Z Cyoio}.
i=1 (A

For the second term in V[@] we note that if Py, Py, _; = 0 for all k, then independence between

—

error terms yield E[afolg] = E[&i_g]E[&g,_i] = o207 Otherwise if Py1+ Pyo =0, then

E[@}—E Z 5 1€ Z won | (208 +e) e — Zpem —i€m

j#i k#£i m#L

:afa§+x'g,3[€ Z ij,1€5 Z ik,2€k Zpﬁm —i€m

VED k#i m#£L

where the second term is zero since Py, = 0 and P;;1F;;, = 0 for all j. The same argument
applies with the roles of 7 and ¢ reversed when Py, ; + Pgm =0.
Finally, when (i,¢) € B we have

E [a/Qo\ﬂ = <a? (03 + (20 - i)’ﬁf) +0 (i)) Lié,<0p

where the remainder is uniform in (4,¢) and stems from the use of § as an estimator of z' 3. Thus
for sufficiently large n, E[Cj,070;] is smaller than Cj,0;0} leading to a positive bias in V[f]. This

bias is

- B 1. .
> Cuof (031 (o0 + (@ —2)8)*1 {éw<0}) +0 <nw[9]>

(i,0)eB

which is ignorable when |B| = O(1).
Variability of V[f] Now, V[§]—E[V[0]] involves a number of terms all of which are linear, quadratic,
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cubic, or quartic sums. Result C.3 provides sufficient conditions for their convergence in £' and
therefore in probability. We have already treated versions of linear, quadratic, and cubic terms
carefully in the proof of Lemma C.6. Thus, we report here the calculations for the quartic terms
(details for the remaining terms can be provided upon request) as they also highlight the role of
the high-level condition A, (P.P.) = O(1) for s = 1,2.

The quartic term in 437", (Z#i C,-gyg)2 57 is D it ttmatk WitmkEi€EmE), Where

1, if i = ¢,

n
Witmk = Z CjicjeMjm,lek,z and My s = o
j=1 —Py s, ifi# L

Letting ® denote Hadamard (element-wise) product and M, = I,, — P,, we have

> Wik £ Y Wik = Z(C ) ((My My) ;0 (MyM3) ;o
iAlEmAR itmk 4.4’
= trace ((02 © C*) (MM & MzMé))

< A (My M} © MyM3) trace (€2 © C°) = O (trace (C*) ) = 0 (VIO

where A\ .« (MIM{ ©) MQMé) = 0(1) follows from M. (P;P.) = O(1) and we established the

—

last equality in the proof of Theorem 2. The quartic term involved in 23 ; >, i C’MJ? ag has

variability of the same order as E?ﬂ#m#k WigmkEi€rEmEL Where
n
Wigmk = Cie My 1 My 1 + Z Cii My 1 M1, 1 M o
Letting C = (C’ig)w, we find that

Z wzﬁmk < QZCM MlMl i M2M2 ot 222 i Z] MlMl)u(MlMl) (MQMé)jj’
1AbEMAEk ]
n
OS2+ trace ( C? & My M) (M, M. & MzMg))

1,0

~0 (trace (02)) .

We have C = C © C +2(C 0 P,) (C® Py) +2(C® P,)'(C® P)), from which we obtain that

trace(C?) = O <(H£XCZ + )\maX(C2)> trace(C2)) —o <V[é]2)
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where we established the last equality in the proof of Theorem 2. O

Section 5.2 proposed standard errors for the case of ¢ > 0, but left a few details to the appendix
since the definitions were completely analogous to the previous lemma. Those definitions are
C’Z‘gq = Z-ng + 230 1 CrniqCuntg(Prmi1 P2 + P2 Pre1) where Cyy, was introduced in the proof
of Theorem 3 and is of the form Cyp, = By, — 27 "M (M;Bﬁq + M;Bﬂq) for By, = By —

=1 AsWisWys.

Furthermore, the proposed standard error estimator relies on

2

&i 061 i if Py _oPp_; = 0 for all k,
;;2;/?: 512'5? —is else if Py + Pyyo =0,
04—t ° Uz» else if Py 1 + Py o =0,
o (Yo — 17)2 : 1{éi2q<0}7 otherwise.

Lemma C.8. For s =1,2, suppose that x;ﬁfﬁs satisfies Z?ﬁ P,L'&Sl‘éﬁ = Py 1P =0 for all
¢, and )‘max(PsP;) = 0(1) where P, = (f)if,s)i,f'

1. If the conditions of Theorem 3 hold and |B| = O(1), then Z’;lﬁ’q 2, Iy
2. If the conditions of Theorem 3 hold, then liminf, . P (9 € CA'OQC,q) >1—-o.

The following provides a proof of the first claim of this lemma, while we postpone a proof of

the second claim to the end of Appendix C.6.

Proof. The statements V[Bq]_1V[Bq] 2, I, and V[éq}_lqu] 2, 1 follow by applying the arguments

in Theorem C.1 and Lemma C.7. Thus we focus on the remaining claim that

§(v) == AR ]1‘1/’2 dl » 2,0 where C[/ by, b, —2ZUqu ZCwqyg 52
v by 0#1

for all non-random v € R? with v'v = 1.

Unbiasedness of C[v' bq, Gq] Since &7 is unbiased for o7, it follows that

[é Bq,éq] = QZU Wig chql'eﬁ o; +2ZUqu ZCMJ e,57] :C[v/Bq,éq]
U#£i A1

as split sampling ensures that E[sga | for £ # 4.
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Variability of C[v'b,, 0,] Now, C[v'b,, 0,]—C[v'b

and quartic sums:

o q] o Aq] is composed of the following linear, quadratic,

n

Z U Wig (5 —0; ) Z CirgzB + 0; Z Cieger + Z Citg0t Z w01 Mo + My oMy 1) €y,

=1 £ i £ k#L
Z U Wiq Z Czﬂqxﬂﬂ Z Z im, lek 2EmEE T+ Z i0q€e (52 - 012)
O£ m k#m 0+
+ ) Cirg > (Mg My 5 + My s My 1) & (54—%)]
122 k#£L
Z U Wig Z Czéq Z Z im k 25€€m5k
=1 £ m#l k#£m, ¢

These seven terms are op(V[v/Bq]l/ QV[éq]l/ %) by Result C.3 as outlined in the following.

2

n

D Wwi)? | Y CiggiB | = O(max Wi V(0,]) = o(V['b,[V[,))
=1 (#i

3

(z wo) O (COVIVBy]) = OO2 11 VIt'By]) = o(VIe'BVId,)
/=1 =

n n 2
(Z v'wig cqumMikQ) O(maxw Wigtrace(C, My © C,My)) = o(V[v'b,]V[d,))

k=1 \i=1 4
2 2
n n n n
Z Z U Wiq Z Cz@quﬁ im1 My, ,2 =0 Z U Wiq Z C’Léquﬁ
1k=1 \i=1 LF#1 i=1 -0

=i

iq

ZC’wq vwlq —O(maxw w; V[é )]

i=1 0#£i
n n n 2
<Z v W; Cz z( 1Mik,2> =0 (V[U/bq])‘ma:c((cq © Ml)(c © Ml) )) - O(V[U/bq]qu])
k=1+¢=1 \i=1
n n 2
Z Z (Zv Wiq quMim,lMisz) =0 (V[v/bq]Amaz(Cg)) O
(=1 m=1k=1

C.5.1 Conservative Variance Estimation

The standard error estimators considered in the preceding two lemmas relied on existence of the
independent and unbiased estimators xéﬁ_m and xéﬁ_w. This part of the appendix creates an

adjustment for observations where these estimators do not exist. The adjustment ensures that one
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can obtain valid inference as stated in the lemma at the end of the subsection.

For observations where it is not possible to create x;ﬁfm and xéﬁfm, we construct :cgﬁfi,l to
satisfy the requirements in Lemma 6 and set Py, = 0 for all £ so that x;ﬂfiyz = (. Then we define
Q,=1 {max, P3 =0} 85 a1 indicator that x;B_m could not be constructed as an unbiased estimator.

Based on this we let

2
n n —_—
o 2 5 2 2
V0] :42 ZCMW 0i2 —2ZZCMUz‘Uzz
i=1 \ (i i=1 O
~2 ~2 2
where 655 = (1 — Q;)0; + Q;(y; —¥)” and
(62,62, if Py, Py, =0 for all k and Qi = Qp =0
57 - 67 i else if Py + Pyp =0 and Q; = Q;; =0,
/2\2 6'12’75 . 5'!?, else if P@i,l + PZ’L',Q =0 and Q[ = Qw = O,
0;0¢9 = ) 2 .
05 —¢" (yg - y) : 1{éié<0}’ else if Q'M = Ov
(yz - g)Q : a-l?,fi ' 1{C~’ié<0}a else if Qli = 07
(i =97 (Yo —9)° - 115, ) Otherwise

where we let Q; = lyp, 2040,}- The defintion of V,[0] is such that V5[] = V[4] when two
independent unbiased estimators of l‘;ﬁ can be formed for all observations, i.e., when Q; = 0 for
all 4.

Similarly, we let

I A2 ~2
- WigWiqT1i,2 2w, <Ze¢i Ciéqye) 0;2

Zq72:§: 2 22

~2 ~2 2 2 2
i=1 2W;q <Z€;£i Ci@q?/e) 0io 4 (Zz;&i Cizqye) i — 22(;&,‘ Citgoi 002

where (32-272 = (1—Q;)67 + Qi(y; — )* and o0}, is defined as o707, but using éigq instead of Cy.
The following lemma shows that these estimators of the asymptotic variance leads to valid

inference when coupled with the confidence intervals proposed in Sections 4 and 6.

Lemma C.9. Suppose that Zz;i Pi571$,gﬁ = 2.8, either Z’Z# PM’Q:E}B = 23 or max, me = 0,
Py1Piypo =0 for all £, and )\max(PsP;) = O(1) where Py = (P ); -

2

1. If the conditions of Theorem 2 hold, then liminf,_, P (0 € {HA + 2, V, [é]l/Q]) >1-—a.

2. If the conditions of Theorem 3 hold, then liminf, , P (0 € CZ( Aq72)> >1-—a.
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The following provides a proof of the first claim of this lemma, while we postpone a proof of

the second claim to the end of Appendix C.6.

Proof. As in the proof of Lemma 5 it suffices to show that Vg [é] has a positive bias in large samples
and that V,[0] — E[V,[]] is op(V[é]). The second claim involves no new arguments relative to the
proof of Lemma 5 and is therefore omitted. Thus we briefly report the positive bias in Vg [é]

We have that

2
E[V00]) = Vil +4 > | CuslB | (- 2)8)
1:Q,=1 \ {#i
+2 Y Cuo? (o710 + (@0 = 391y, o))
(3,0)eBy
+2 3 Cuot (071,00 + (0= D81, gy
(3,0)€By
+2 3 Cu(ootlig,m0p + (207 (e = 2)'B) + (2 — ) Blog — 8)'8)) 1, <0y)
(i,0)€B;

+0<iv@>

where the remainder stems from estimation of § and By, By, Bs refers to pairs of observations that

fall in each of the three last cases in the definition of 01-2 032. O

C.6 Inference with Nuisance Parameters

This Appendix starts by defining curvature and accompanying critical value for a given curvature as
introduced in Section 6. Then it derives the closed form representation of C’g(f]l) for any variance

matrix f]l € R**? where for general ¢ we have

q q
Cz(i’ )= ~min ) )\gb? +0 . max ) )\gi)? +6
T by bgy) €Ea () o @a;; !

( 17"'7bqvéq)/6Ea
~ / A~
- b,—b ~ b,—b
_ / / q+1 | q q —1 q q < 2 _
Ea(Eq) {(b(p 9(1) eR : (éq . gq) Zq <éq . 0q> — Za,n(Z'q)} :

Finally, it proofs validity of (Z*fi,q = Cg(i’q) and Cz(i’qg) for any fixed ¢q. As for f]q and EA%Q,

and

we partition ffq into ZN’q =
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C.6.1 Preliminaries

Critical value function For a given curvature x > 0 and confidence level 1 — «, the critical value

function z, , is the (1 — a)’th quantile of

2
p(gxam) =+ (a+ s ) — =
g X1 q 1 P P

where xﬁ and X% are independently distributed variates from the y-squared distribution with ¢ and

1 degrees of freedom, respectively. p (an X1, /ﬁi) is the Euclidean distance from (x,,x1) to the circle
with center (0, —%) and radius % The critical value function at k = 0 is the limit of 2, , as x | 0,
which is the (1 — «)’th quantile of a central X% random variable. See Andrews and Mikusheva
(2016) for additional details.

Curvature The confidence interval Cg(i’q) inverts hypotheses of the type Hy : 8 = c versus
H, : 0 # ¢ based on the value of the test statistic

~ / ~
min lfq ~ b f];l lfq b
by.04:9(bg.04,0)=0 \ 6, — 0, 0, — 0,

where g(b,,0,,¢) = >0, )\gb? +6,—cand b, = (by,...,b,). This testing problem depends

on the manifold S = {z = i‘;lm(bq,@q)/ : g(bg,04,¢) = 0} for which we need an upper bound
on the maximal curvature. We derive this upper bound using the parameterization x(y) =
2;1/2(3)1, N D ) A7) which maps from R to S, is a homeomorphism, and has a Jacobian

of full rank:

dx(y)zg—m[ diag(1,...,1) ]

2\ 01, -y — 20T

The maximal curvature of S, /{(f]q), is then given as /{(ffq) = max,cgs Ky where

_ (I = Py)V(uou) em1)2 0
Ky - Sup . 2 9y V - q 5
ueR? [[dx()ull —2X1, ., —2)

and P, = dx () (dx(9)'dx()) "'dx(y)’. See Andrews and Mikusheva (2016) for additional details.

Curvature when g = 1 In this case the maximization over uw drops out and we have

V/V . (U/V)2
K(Z) = 131)1&? o o7 where v = 2;1/2(1, —2)\9)
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=—1/2 ¥ V[0 - Clby.0 . L
and V = X / (0,—2X;). The value y° = _21;1“[/[%}1} = WMEL]W is both a minimizer of
2|2 [V[by]

/ e 2 ) =\
v and (v'V)7, so we obtain that k(X)) = TP

Curvature when ¢ > 1 In this case we first maximize over g and then over u. For a fixed u we

want to find

ViV~ ViByY, ) ‘ )
max Y Q,L vy u, where V,, = 2(1_1/2(0, —QZ Agup), Vyy = 2;1/2(1/, —2u'D,y),

and D, = diag(Ay,...,A,). The value for g that solves —2D,y = @[qul@[ﬁq, Aq] sets PV, =0
and minimizes v;’yvu’y. Thus we obtain

|u' Dgul o o
: PR e, T 211 (V1b,]"*D, Vb))
r(2g) = 12 1/2
T S e Ve b N
<V[9q]—(C[bq,0q] V[b,] @[bq,eq]) (V[eq]—@[bq,eq] V[b,] C[bq,eq])

where )'\1 (+) is the eigenvalue of largest magnitude. This formula simplifies to the one derived above

when ¢ = 1.

C.6.2 Closed Form Representation of C?(%,)

An implicit representation of 02(21) is
Cg(ﬁl) = [)‘lbi— +6; _, /\1b%,+ + 91,4

where by 4 and ¢, 4 are solutions to

. - . ~ 1/2
biae=biE2,,.5) (V[bl](l - a(bl,j:))> ; (15)
I VR . o 1/2
Ore =0, — p%lﬂm(m —bs) £ 2y sy (VB0 = 570y ) (16)
1

-1

Vb, Vi-5
This construction is fairly intuitive. When p = 0, the interval has endpoints that combine

- ; 2
for a(b;) = 1+<sgn<xl>nl</221>bl . >

. R } 1/2\ 2 - 1/2
A (bl 2, 50 (V[bl](l fa(bli))) ) and 0, %7, , 5 (V[Hq]a(bli))

where a(b;) estimates the fraction of V[4] that stems from 6; when E[b;] = b;. When p is non-zero,

C?(%,) involves an additional rotation of (by,0;)". This representation of C%(%,) is however not
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unique as (15),(16) can have multiple solutions. Thus we derive the representation above together
with an additional side condition that ensures uniqueness and represents b; . and 6; ; as solutions
to a fourth order polynomial.

Derivation The upper end of C’g(i‘l) is found by noting that maximization over a linear function
in A, implies that the constraint must bind at the maximum. Thus we can reformulate the bivariate

problem as a univariate problem

. . . . ~ A 7 7 \2
Cmax | Ab2 46, = max \ b+, — ﬁ‘ﬁ? ]1/2 (by — by) + \/V[Ol](l — ) (zi wiy — ik )
(blvel)eEa(Zl) bl [b } ’

where we are implicitly enforcing the constraint on i)l that the term under the square-root is non-
negative. Thus we will find a global maximum in 61 and note that it satisfies this constraint. The

first order condition for a maximum is

o SV b Vid](1-p>)
2Mby + P TS \/ ECERLA

z A(ED T T

which after a rearrangement and squaring of both sides yields (b @_[i)b]) =(1- a(b))zfy w(5,)- This
1 b

in turn leads to the representation of b; y given in (15). All solutions to this equation satisfies the

implicit non-negativity constraint since any solution b satisfies

) (by —by)?

z o — ——— =a(b))z> &, >0.
a,k(X1) V[bl] ( 1) a,k(X1)

A slightly different arrangement of the first order condition reveals the equivalent quartic condition

2 SN 2
(by—b)) sgn(A)r(5)b; _ [ sen(A)k(X1)by 5 2
Viba) (1 " ( Vb, T 1,02) ) B ( v[f)l]l/? + 1-5° Fak(£y) (17)

which has at most four solutions that are given on closed form. Thus the solution b; ; can be found

as the maximizer of

1/2 . ~

. . L N1)2
MbE 4+ 01— ST (b = b1) + 20 0 (VOyJa(by)

among the at most four solutions to (17). More importantly, the maximum is the upper end of
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02(21). Now, for the minimization problem we instead have

. 9 . 9 4 V612 5 : ~ A 2 2 by —by)?
om0 = min B0y — TR (b b) - \/V[Hﬂ(l = %) (22 o) — B5)

which when rearranging and squaring the first order condition again leads to (17) as a necessary

condition for a minimum. Thus b; _ and the lower end of C’g(i’l) can be found by minimizing

. N _T16.11/2 - . IR . 1/2
ML+ 01— i (b = by) = 2, 5, (V16,Jatby))

over the at most four solutions to (17).

C.6.3 Asymptotic Validity

Lemma C.10. If E;lffq 2, 1,41 and the conditions of Theorem 3 hold, then

lim inf P (0 € é§,q> >1-a.

n—oo

Proof. The following two conditions are the inputs to the proof of Theorem 2 in Andrews and
Mikusheva (2016), from which it follows that

A / ~
. b,—b,\ - (b —b
lim inf P (9 e’ q) — liminfP min A IS vl ISCRICE IS U [ et
n—00 ’ n—00 (by,0,) :g(bg.04,0)=0 \ 0, — O 0,—0 w

where g(by,0,,60) = > 7], by + 0,— 0 and b, = (by,...,b,)".
Condition (i) requires that ﬁ’q_lﬂ ((B;, éq)/ — E[(b !
Theorem 3 and Z;lﬁ'q 2, Iy
Condition (ii) is satisfied if the conditions of Lemma 1 in Andrews and Mikusheva (2016) are
satisfied. To verify this, take the manifold

S = {x e R . (i) = 0}
for

1D, 0] - . D, 0] .
§(i) = i’ 5} [0‘1 0] 3%+ (2E[b,)', 1) [oq 1] 5125,

The curvature of S is &, g(0) = 0, and g is continuously differentiable with a Jacobian of rank 1.
These are the conditions of Lemma 1 in Andrews and Mikusheva (2016). O

Proof of the second claims in Lemmas C.8 and C.9. The proof contains two main parts. One part
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is to establish that the biases of ﬁ’q and Z:’qg are positive semidefinite in large samples, and that

E[S,) 'S, — 4y and E[S£,,] ' 5,5 —

presented in the proofs of Lemmas C.8 and C.9 and are therefore only sketched. The other part is

I,+1 are oy(1). These arguments are analogues to those

to show that this positive semidefinite asymptotic bias in the variance estimator does not alter the
validity of the confidence interval based on it. We only cover ZA'q’Q as that estimator simplifies to
ﬁ’q when the design is sufficiently well-behaved.

Validity First, we let QDQ’ be the spectral decomposition of E[ﬁ‘q’z]*lﬂEqE[ﬁ‘q,Q]71/2. Here,
QY = Q'Q = I,41 and all diagonal entries in the diagonal matrix D belongs to (0,1] in large

samples. Now,

~ / ~
. b, —b - b, —b
P(6ecC? =P min ) B LT ) <2 +o(1
( ( q,z)) ((bg,eq)’:g(bq,eq,e):o <0q —6q> =2 (0 -0 > = Tan(ElZg.]) W

where the minimum distance statistic above satisfies

~ / ~
b, —b . b, —b
min 29 E[X, 7 ) = min(€ —2) (€ — )
(by.04) :9(bg.04,0)=0 \ 8, — 0, ’ 0, — 0, T€S,

where Sy = {z: z = Q/IEJ[ZA’(LQ]*U2 ((b/ 0,) —E|[(b,0 )/]) ,g(b,,0,,0) =0} and the random vector

9 7q 9’ 7q Q@

. . A - d
£ = Q/]E[qu} 1/2 ((b;,Oq)/ - E[(b;,ﬁq)/D has the property that D 2¢ 4 N(0,1,:1). From the

geometric consideration in Andrews and Mikusheva (2016) it follows that S, has curvature of

k(E[Y, 2]) since curvature is invariant to rotations. Furthermore,

. N (e < 2 S
min(€ —2)'(€ ) < * (€] 1] £(ELZ,2]))
<" (10729 411,10 20)ul, w(ELE, )
where £ = (&,¢" ;) and D_1/2§ = ((D_1/2§)1, (D_1/2§)/_1) and the first inequality follows from the
proof of Theorem 1 in Andrews and Mikusheva (2016). Thus
liminf P (6 € C1(5,.)) = liminf P (iréiél(g —a)(E-a) < Zi,n(E[ﬁq,ﬂ))

o 2 3 2
> hnrgloréfﬂ” <p <Xq7X17 KJ(E[EqQ])) = Za,H(E[Eq,z})> =l-e

. d
sice (|’€—1”7 |€1D - (Xq?Xl)‘
Bias and variability in Y, , We finish by reporting the positive semidefinite bias in X, 5. We
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have that

/
R 0 0 A
E [Eq,Q} = Eq + z2 ( "ia ) ( s ) © (1V[9}>
vot \2% 0 CuiB) \23 s CiB 0 B "
where
2 —\/ 2
=2 Z Citq® (O—’Z Lic,>op + (¢ — 7)) 1{@eq<0})
(Z E 681
+2 3 Cugot (760 + (5= 2816, <o)
(i,0)eBy
+2 Y Gy (o20f1y, oy + (203 — 28 + (s — ) Blae — 2)8)°) Ly, <o)
(i,0)eBs

for By, By, By referring to pairs of observations that fall in each of the three last cases in the
. 2 2
definition of o; 0y ,. O

C.7 Verifying Conditions

Example 1. The only non-immediate conclusions are that:

Vﬁlm%(ﬁ)—O<m“mwf@2>:o<mmmmf>

min; o trace(A?) r

V@*mm@mf=o<m“ M (P — 1) (28)” (| Mifl)’ /n >

min; o; trace(AQ)

()<nwxw@éﬁ)(§k 1[Mae)) >.

Example 2. We first derive the representations of &i given in section 2. When there are no

common regressors, the representation in (5) follows from B;; = nTl(-) (1 — %) and
g(i
| &
A2
T > gt | Yar - Z Ygs 7 Ti
7= T 1z izg(i)=g
which yields that
n N
1 T,
A2 2
St =13 (1-32) 4
=1 g=1



With common regressors, it follows from the formula for block inversion of matrices that

X = AgL D’] 1 (D' —d1y,) (I—X(X/(I—PD)X’)_IX'(I—PD))
TT / _TL .

1

n

D' —di, —I"X'(I — Pp)
0

where D = (dy,...,d,)", X = (Zg0)u(1)s - - - » Tg(myi(m))’s Po = DSz D', 1, = (1,...,1)', and Syg =
D'D. Thus it follows that

7 - _
= (dz’ —d =T (zgqy) — %m)) _

(2 n 0
The no common regressors claims are immediate. With common regressors we have
-1 -1 N - _ -1 -1
Py = Ty Lg=g0} T 1 ooy = To) W (g00) = Tg(n)) = Ty(i)Lii=ey + O(n )

where W = 1 Z;V:l Zle(xgt —ZTy) (g — i‘g)/ so P; < C < 1 in large samples. The eigenvalues of

A are equal to the eigenvalues of
1 /2 = e 1 _ _
- (IN —nS,,dd s, 2) (IN + =S D'Xw X' DS, 2)
n n

which in turn satisfies that - <\, < 2 for £ =1,...,N — 1 and ¢y > ¢; > 0 not depending on n.

wiw; = O(P;;) so Theorem 1 applies when N is fixed and ming T, — oo. Finally,

2 21 yn 2 2
- max, ; o + |z 17 L S @ ol o
max V[6] ' (#8)* = O < Ko, 0 + 1ot X[ZZ—IH sll°o )

( max; ; (23)° <2?:1\Mm>2>
N

max V[6] ' (#;8)* = O

and Y_,_,|M;| = O(1) so Theorem 2 applies when N — co.
We finish this example with a setup where an unbalanced panel leads to a bias and inconsistency

in éHO‘ Consider
Ygt = Qg + €y (g=1,...,N, t=1,...,T,)
where N is even, (T, = 2, E[e%,] = 20°) for g < N/2 and (1, = 3,E[e2,] = 0°) for g > N/2, and the

g gt gt
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estimand is,
N
1 ) 5N
9:nngga9 where n = Eng:2.
g= 9=

Here we have that A = Iy/n and trace(A*) = N/n* = o(1) as n — 0o so the leave-out estimator

is consistent. Furthermore,

1, ifi <N, ) 20%, ifi <N,
nB; = Py = ) ) 9 =3 .
5, otherwise, o”, otherwise,
SO
o N 302
_Q_ZBMU :n<N+2> :Tu
A n 20 2 20° o
El0go] — 0 = S =— 4= = —
(o] Tubol VOB NPl T 50 3 50 15
Example 3. A is diagonal with N diagonal entries of %%, SO A, = %Sszg,g forg=1,...,N.
~9 A ’ (zge—Z )2 .
trace(A”) < — lzzg Zg 1 Tg = O(\y). max; w;w; = max,, égzizgg = o(1) when min, S,, , —
oo. Furthermore, V[0] ™" = O(W)v S0
2252
Vé 2 =0 9t79 = 1 ,
(0] max(;3) (Ir;%x NS.., o(1)

and M;, = 0 if g(i) # g(¢) so

v max( 18)* = max M 2 = O | max 1 2 = o(1)
" g VN B 9 \VNS,,, B

both under the condition that N — oo and % — 0o. Used above:
R (Zg(i)t() — Z9()) (Zg(iyt0) — Zg(i)
Pie = Ty Hgt)=g(0} + 5o o Lg(=g(e)}

B - LA ~ %60 Toe)
n Szz,g(i) Szz,g(i)
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Finally,

g e ¢ Szz,l
2 2'2#52
j 9t% | _
V[0,]” " max(z;,8)" = O (}g;}i NSZZg) = o(1),

2
. T
-1 - 2
vt =0 e (e ) ] <o

under the conditions that ngszzg —ooand S,,; — oco. Thus, Theorem 3 applies when TLJXSZZJ =

0(1).

Example 4. Let fz = (1{j(g,t):0}7fi/)/ = (l{j(g,t):(]}71{j(g,t):1}7' . 'a]-{j(g,t):J})/ and define the
following partial design matrices with and without dropping vy from the model:

n n N N
Srp=D_fifis  Spp=Y_fifis  Sapar =Y AfAfe  Sajaj= > AfAL,
i=1 i=1 g=1

g=1

where Afg = fi(gg) — fi(g,l). Letting D be a diagonal matrix that holds the diagonal of SAfAf' we
have that

E=DS;} and L=D"25;, ;D"

i faf

Sa N is rank deficient with S, faflivt = 0 from which it follows that the non-zero eigenval-

ues of EY2LEY? (which are the non-zero eigenvalues of S;fl Sa A f) are also the eigenvalues of

Safa f(SJTfl + ; fJfljl ). Finally, from the Woodbury formula we have that Ay, is invertible with

L S—lffls—l 1 1/
At =n(Ssr—nff) t=n(Sit4nLs T ) = (97 4 2L )
s =Sy —nff) Y s ity

SO

1 1
Moo= M(AppSiiag) = B _
PO N siSararAs])  ndjiy o BVPLE)

With E;; =1 for all j, we have that

A A 4
T 2 w7 2= L \2
DI ERP VERD Sy Py (VM)
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since Ay < 2 (Chung, 1997, Lemma 1.7). An algebraic definition of Cheeger’s constant C is

. =D jex 2akgX SAFAF ik
C— min o j EX TAFAS
XC{0,}: 3 jex Dy <5 50 Dy 2jex Djj

and it follows from the Cheeger inequality A; > 1 — /1 — c? (Chung, 1997, Theorem 2.3) that
\/j}\J—>ooif\/jC—>oo.

For the stochastic block model we consider J odd and order the firms so that the first (J+1)/2
firms belongs to the first block, and the remaining firms belong to the second block. We assume

that A fg is generated i.i.d. across g according to
Af=W(1-D)+BD

where (W, B, D) are mutually independent, P(D =1) =1-P(D =0) =p;, < %, W is uniformly dis-
tributed on {v € R v’lJH =0,0'v =2, max; v

J
R/ V154 = 0,0'v =2, max; v; = 1, (v/c)2 =4} for ¢ = (1/(J+1)/2, —1/(J+1)/2)/. In this

=1,0v¢c= 0}, and B is uniformly distributed
on {v € i Vj
model E;; =1 for all j. The following lemma characterizes the large sample behavior of S, N
and L. Based on this lemma it is relatively straightforward (but tedious) to verify the high-level

conditions imposed in the paper.

Lemma C.11. Suppose that % + ‘“OTg(J) —0asn— oo and J — oco. Then
1,1 15,41
HETJ;LHSAf'Af' — L+ = = 0p (1) and H['TE — L+ = = o ()
where L =171 — 1"3173“ —(1- 2pb)f—j/1 and ||-|| returns the largest singular value of its argument.

Additionally, max, Ag_l‘j\g - AZ) = 0,(1) where 31 > 2> AJ are the non-zero eigenvalues of cl.

Proof. First note that

!
J+1 ], 242p oyl o ap, o
wBSajafl —L=F7 Ly — =5 1) T Ioi

n

and QT =I5 — Lysilisn _ (1 — L) e oo

15,41
HETTE[SAfAf'] — Ly + =

242 (7 Ll o + -2 e’
T—1 J+1 J+1 J+1 T—1J+1

2+4-2py,
J—1
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Therefore, we can instead show that ||S|| = 0,(1) for the zero mean random matrix

N
g=1

where s; = 4/ J+1Afg 2p — Afg \/ﬁ Now since

1 - J 1
ss —O<n—|—> and ZE[sgsgsgsg] :O<n+>

Py =1 1Py

2 (L+5k)
it follows from (Oliveira, 2009, Corollary 7.1) that P(||S|| > t) < 2(J + 1)e S0 for some
log( J/5n) + Jlog( J/6,,)

constant ¢ not depending on n. Letting ¢ \/ for §,, that approaches zero

slowly enough that log(‘;/bé n) 4 Jlogle/é BN yields the conclus10n that ||S]| = o,(1).
Since £ = D_1/2SAfAfD_1/2 the second conclusion follows from the first if H%D — 1,4 =
0,(1). We have JHIE[D] =1I;,1 and J‘HD = Lt Zév I(Af; ])2 where e; is the j-th basis vector
in R’ and P((Afle;)? =1) = 1-P((Af; ]) = 0) +2.. Thus it follows from V(£ D) < 25

and standard exponential inequalities that HJHD — I = max; |J+1D — 1] = 0,(1) since
Jlog(J)
n

— 0.

< € implies

Finally, we note that HETE — I+ l”fij:l’“

v Lu(l —€) < 'Ly < v Lu(l+€)

which together with the Courant-Fischer min-max principle yields (1 —¢) < &2 < (1 +¢). O

7]
A

Next, we will verify the high-level conditions of the paper in a model that uses 775 L in place

of S, N and %QT in place of A and Iy, in place of D. Using an underscore to denote objects

J+1
from this model we have

. . 19
max P, = max %Af;éTAfg = 2% + 2% =o(1),

g
ot £H?y  J-1 1
trace(d) = LUE)) _JoL L ),
n n 4(npp)
A 1 1

ZZ:1A? - Aitrace((é”% C(J=1)dpE+1
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< 1. Furthermore,

which is o(1) if and only if v/.Jp, — oo, and Z =<7
= l—f

maxw

2 —max<M7>2:< 2 >2:2:0(1)
g 9t g Vn V2ppn np, ’

2
max(z,)* = (/L8 ) < 5
n

g
1 1
— O —_ _—
<n2 i <npb>2>

which is o (V[é]) if v/ Jp, — oo as trace(Az) = O(V[d]) and

. 1\? - .
m;iX(Afgw)Q + <1 - 2pb> (wcl,l - wcl,2)2]

max(,6)° = max ( W Afg) _0 (;) = o (Vi)

Finally,
m;ix gﬁ Z ng = <m;1x ngtrace(;l))
where
m;mxﬁ gg = ma Af; J: ! (ET) Afg = QJJ ! 1(;})?)’? =0 (trace(ﬁ))
trace(A) = J; ! + 2]311;71 =o(1)

7 72
so max, B, trace(4) = O(trace(A”))o(1).
Finally, we use the previous lemma to transfer the above results to their relevant sample ana-

logues.
mgax\ng -P,|= max|Afg( AFAFT ZléT)Afg|
1,41 ;
= Jngax‘Afg g)lm <él J+1STAfAf£1/2 et %) (éT)lmAfg‘
_ TJ+1 1,410 —
=0 (Hé TTSAf'Af — Ly + =5 ) mjxﬂgg =0 <mgangg>
J . .
~ ~ 1 1 ~ Ap— A ~
trace(A? — AQ)’ = Z -z - —| = trace(AZ)O max| =4 ] = o (trace(AQ))
S nPh ¢ A
A Al

. . 2 52
B A2 Ay — Al trace(A — A )‘ B
= =7 3¢ - + = = 0p(1)
PIRP.Y Ay trace(4 ")

SN S A
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As ,\2

with a similar argument applying to —52— . Furthermore,
ZZ:I )‘Z ZZ 1 —Z
2
maxwy; = max (A, (52LN (L3284 50 )20 < N(Lg Sk ) I max By,
and maxg|(£;ﬁ) ( B)?| = (trace(ﬁ)) since

. ’ 2
L ma (AfsL" (LSaparD = Lywn + 2ot ) )

[
X By T

max(Z 96 - ﬁ)
g

: 1,,,1/
< HLSAfAfD — IJ+1 + 7J+Jl+i7+1

=0, (trace(A?))

= Op(l)

and this also handles max;|(Z}, B)? — @/915)2’ = 0,(1) as the previous result does not depend on

the behavior of v/ Jp,. Finally,

J+1 oot (n ot t 1 t
mgX|ng_§gg‘: 2 mSX‘Afgé (THLSAfAfDSAfAfE Iy + =57 Hl)ﬁ Afg‘
n 1 J+1 7y n_ ot 1,.,1

< ﬁéSAfAf n DTASAf'AfL*IJHJF% mgxﬁgg
zop(mgxngg)
L T N, —
trace(A — A)‘ = —— — ——| = trace(4)O | max| “—=£ | = 0, (trace(A))
— nAp NNy Ay
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