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Define the social marginal utility of an individual’s income as the gain to society of a unit of
consumption by the individual plus the value of his marginal propensity to pay taxes out of
income. This concept rather than the social marginal utility of consumption (equal to the
first term above) seems helpful in understanding optimal tax first order conditions. For example,
with many consumers (and a poll tax as well as excise taxes) the change in aggregate compen-
sated quantity demanded is proportional to the covariance between individual quantities
demanded and social marginal utilities of income.

1. Introduction

In setting out the first-order conditions for optimal excise taxes in a one
person (or many identical individuals) economy, it has become standard to
use the Ramsey (1927) formulation® that the optimal taxes induce (approxi-
mately) equal percentage reductions in (compensated) demands for all commo-
dities (with the approximation being valid for small amounts of tax revenue).
Mirrlees (1975) has given an alternative interpretation of these same conditions —
that at the optimum, a small proportional increase in all tax rates results in a
proportional decrease in all (compensated) demands. Consideration of the
first-order conditions for optimal excise taxes in a general many-person economy
has not yet yielded similarly simple interpretations when cast into a similar
quantity change form. In considering the two-class economy, (i.e., two types
of consumers), Mirrlees (1975) has modified the standard problem by con-
sidering simultaneously excise taxes and a poll tax. For this problem he gets a
generalized Ramsey formulation that the induced changes in aggregate demand
be proportional to demand differences between typical members of the two
classes. This paper will examine the Ramsey rule for a many-person economy
with excise taxes and a poll tax. Instead of using the social marginal utilities
of consumption (i.e., increase in social welfare from increased consumption
of the numeraire good by different individuals), the interpretation will use the
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*The directly derived first-order conditions have the form that at the optimum the impact

of any tax increase on social welfare is proportional to the marginal tax revenue collected,
or alternatively to the cost of producing the induced changes in demand.
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social marginal utilities of income (i.e., gain in social welfare from provision
of additional income in numeraire units, which is the sum of gains from indivi-
dual consumption and from the marginal propensity to pay taxes out of income).
The many-person Ramsey rule is that the (approximate) percentage change in
(compensated) demands depends on the social marginal utilities of income,
being positive (negative) for goods demanded on average by individuals with
above (below) average social marginal utilities of income.? Denoting the social
marginal utility of man / by y*, and his consumption of good k by x, the many-
person Ramsey rule is

A% _ X0 D )
X, X,

where / is the average of y* (and also equals the Lagrangian on the government
budget constraint) and X, is aggregate demand for good k.

This modification of familiar first-order conditions might appear to be
simply replacing a complicated expression by an arbitrary definition, y*, which
thereby automatically simplified the expression. However, by briefly considering
three problems already analyzed in the literature, we shall see that the use of the
social marginal utility of income seems to give more natural interpretations
than use of the social marginal utility of consumption. We shall see that in the
two-class model of Mirrlees the individuals in the class with lower social mar-
ginal utility of income pay more in excise taxes. In the many-consumer economy
this generalizes to a negative covariance between social marginal utilities of
income and excise taxes paid. The same statement does not appear to hold
generally with consumption replacing income. Without using this terminology,
Atkinson and Stern (1974) have noted that in the one-consumer economy
the relative size of social marginal utility of consumption and of the Lagrangian
on the government budget constraint appears to depend on the choice of numer-
aire. As they noted, the sign of the social marginal utility of income less the
government Lagrangian, however, is the opposite of that of tax revenue,
independent of choice of numeraire. In addition we will consider the rules for
optimal public good expenditures, expressed in terms analogous to the social
marginal utility of income.

2. Many-person Ramsey rule

Since optimal tax derivations are now so familiar we will proceed directly.
For convenience in later use we shall set up the model with public goods.

q vector of consumer prices,
P vector of producer prices,

2This result has also been developed by Atkinson and Stiglitz (1974).
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t=gq—p vector of taxes,
I lump-sum income (the same for all consumers),
e level of public good expenditures,
(g, I, €) indirect utility function for consumer #,

ot . . .
o = a_UI marginal utility of income (consumption),
W@, ..., v%) social welfare function depending on utilities of the H con-

sumers,
h a W h . . g .
g = p o social marginal utility of consumption,
v

Xg, 1, ¢) vector of consumer 4 demands,
X=Yx aggregate demand,

[
F(X, e) production constraint.

We can now set up the welfare function maximization as
Max W(v'(q, L, e), . . ., (g, I, ¢)), )
subject to
F(X(g, L, e),e) = 0.

Forming a Lagrangian expression with multiplier A we are in a position
to generate first-order conditions. Assuming I and e are given and zero, we can
calculate the first-order conditions for g,

oW v’ X;
WO _ vy g oA 3
;611" 0, ZF g ®)

Choosing good one as numeraire and selecting units appropriately we shall
write p, = F; = 1 = ¢,. Using the properties of the indirect utility function
we can write this in the familiar form (e.g., see, Diamond and Mirrlees (1971))

h
S =AT T, @
b B i dx

Replacing p; by g;—t;, noting that Y, ¢(0x%/dg,) = —x}: (from the individual’s
budget constraint), and using the Slutsky equation, we have

=iy (13 (h-n ), ®

h

where s}, is the derivative of the compensated demand curve.
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Defining the social marginal utility of income, y*, as the gain to society from
additional income given to consumer 4, we see that y* is made up of two parts.
One part is the social evaluation of the increased utility of A made possible by
higher income. This equals B*. The second part is the social evaluation of the
additional tax revenue collected, Y ¢, (0x}/0I), as a consequence of his having
more income. We shall elaborate on this definition in section 4. Thus

P =B+ At (0x[ol). ©®
Using this definition we can write the first-order conditions (5) as
;(V"—i)xﬁ = iz;tis?k' ™

From the symmetry of the Slutsky matrix, so that s* = s}, this has the form
of eq. (1), where

AX, = ;;sl’:iti (®)

is the change in compensated aggregate demand for good k as a result of a
marginal proportional increase in all tax rates. Eq. (7) holds as a consequence
of the optimal excise taxes. The interpretation of (7) becomes more interesting
if we also have an optimal poll tax. From (2) the first-order condition coming
from differentiation with respect to /is

E’;ﬂh=lZFi(6X,-/61). (9)

Following the same sequence of steps as before we can write this as

oxt ax! ox!
h = /1 ._—E = A =, _——l- = l 1— t s .
S-S TnG <158 a0 - 13 (1- )
(10)
Thus we have the result that A is equal to the average of y* in the economy

o= AH. an

With A equal to the average of the y*, we can interpret (1) as a covariance
formula, since we can subtract ) (y"— )%, from the left hand side, where X,
is the average of xj. Thus, for each good, the change in aggregate compensated
quantity demanded is proportional to the covariance between individual
quantities demanded and social marginal utilities of income.The percentage
change in demand equals the covariance divided by the product of the two means.
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3. Two-class economy

We can move directly from (7) and (11) to the results of Mirrlees. Assume
there are m consumers of type 1 and »n consumers of type 2. Then, from (11),

(m+mA = my* +ny*. (12)
Thus using (12), eq. (7) becomes

AYS tish
T

m(y* = Dxi +n(y” — i
= n(A—y*)xg +n(* — x;
= n(y? = A)(xg —xi). 13

Thus the induced changes in compensated aggregate demand are proportional
to the differences in demand between the two types. Multiplying (13) by %
and summing over k we have

n(p%—=2) (Z hxXE—Yy. th,}> =1y Z Y tishte < 0. 14

h i k

The sign follows from the negative semidefiniteness of the Slutsky matrix.
Since the signs of 2 — 1 and y? —y* are the same, we see that an individual with
greater social marginal utility of income pays less in excise taxes under the
optimal excise and poll tax regime.

Applying the same procedure to the general economy, from (7) we have the
result that with optimal excise taxes

y ((y"—l) ; th,*;> <0. (15)

h

If we add an optimal poll tax we can again go to a covariance formulation.
With Y (y"—2) equal to zero we can multiply it by the average over 4 of
Y« tixh and subtract it from (15).

Denoting average values by a bar we thus have the result that with optimal
excise and poll taxes,

; {(}’h—)—’) (; th2—; thk>} <0. (16)

That is, with optimal excise and poll taxes there is a negative covariance between
social marginal utility of income and excise taxes paid.
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4. One-consumer economy

Consider an outside agency planning to give aid to a one-consumer economy
with optimal excise taxes. The agency might give the aid to the consumer
directly or to the government, and the aid might be given in any commodity.
One would expect that it is better to give the aid to the government if revenue
is being raised by distorting taxes, whatever the good being considered. (And
to give it to the consumer if the government is disposing of a surplus by
distorting subsidies.) This is precisely the answer given by (15), evaluating the
social worth of aid to the consumer and government respectively by y and A.
From the definition of y, it is clear we are evaluating aid assuming it is provided
while markets are still open. Thus the consumer engages in trade with the income
provided him, generating a change in tax revenue, as well as a direct utility
rise for the consumer.

Suppose, alternatively, that aid is provided ‘after markets are shut’. That is,
no changes in trades are allowed after aid is provided. For arbitrarily small
amounts of aid, the fact that the consumer was at a utility maximizing consump-
tion plan implies that his direct gain in utility from the aid is unaffected by the
prohibition of further trading. Thus the value to society of aid provided to the
consumer in this way is 5. The question of the comparative advantage of giving
this aid to the consumer rather than the government is a comparison of f
with A.® However, the government’s rate of substitution between different
commodities is equal to the ratio of producer prices, p, while the consumer’s
rate of substitution is equal to the ratio of consumer prices g. Thus a change
in units in which aid is given (corresponding to a change in choice of numeraire)
has the potential of altering the answer to the question of the choice of recipient
which most increases social welfare.

5. Public good expenditures

The first-order condition for public expenditures, like any equation, can be
arranged with different terms on either side of the equation. We shall consider
a rearrangement which parallels the structure considered above. For some of the
interpretations, it will not be necessary to assume that all taxes are optimally
set since the equations derived will also hold when those taxes not being opti-
mally set are held constant at given levels. Let us define 6* to be the value to
society of providing the public good to consumer A. It is made up of two parts,
the social evaluation of his utility increase, (0 W/0v")(8v"/0e), and the value of
any change in taxes paid, A Y ; ¢; (9x}/de),

3Atkinson and Stern (1974) discuss this issue in terms of « and A. These are obviously the
same where, in the one-consumer economy, the social welfare function and the utility function
are the same.
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oW ot ox!
LRt ed it 17
0 ov* 65+AZ,-[' de (17
0v"/6e ox!
— ph it
=P ettty

Returning to the problem of social welfare maximization, (2), differentiation
with respect to the public good expenditure gives

ow ov" 2X;
—— = +4 18
;60" de AZF' de Fe (18)
oxt
= AZZ(qi—tl)——l"'A'Fe
h i Oe

Since Y, g; (0x}/de) is zero by the consumers budget constraint, we can write
the first-order condition for public expenditures as

28 = AF.. (19)

Thus, for the optimum, the sum over individuals of the value to society of
providing each of them with the public good is equated to the resource cost
of public provision of the public good, measured in units of social welfare.
Put this way, this is an obvious first-order condition. The complication is to
measure correctly the value to society of provision of the public good to the
individual. Dividing (19) by A we can, alternatively, express the first-order
condition in units of numeraire. The right-hand side is the resource cost of
public good provision. Since the public good expenditure comes out of the
government budget it makes sense that the left-hand side is the sum over indi-
viduals of the marginal rate of substitution between the social cost of expendi-
ture from the public budget and the social gain from the individual’s enjoyment
of the public good. This first-order condition is valid whatever mix of excise
and poll taxes and other public expenditures is varied optimally, the remaining
government choice variables being held constant.

To get an expression more closely resembling that in the lump-sum tax
world, we can assume that the poll tax is among the variables being optimally
set. Then A is the average of social marginal utilities of income in the economy,
and the first-order condition for public goods equates the marginal rate of
transformation in production to the sum over consumers of social marginal
rates of substitution between public good consumption by the consumer and
income averaged over the population.
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We are still a long way from having an intuition for resource allocation
questions in economies with distorting taxes which parallels the level of
intuition in first-best economies. Perhaps by using the social marginal utility
of income rather than the seemingly more natural social marginal utility of
consumption we can develop such a level more rapidly.
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