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This paper provides a theoretical analysis of optimal minimum wage policy in a perfectly competitive labor
market and obtains two key results. First, we show that a binding minimum wage – while leading to unem-
ployment – is nevertheless desirable if the government values redistribution toward low wage workers and if
unemployment induced by the minimum wage hits the lowest surplus workers first. Importantly, this result
remains true in the presence of optimal nonlinear taxes and transfers. In that context, a binding minimum
wage enhances the effectiveness of transfers to low-skilled workers as it prevents low-skilled wages from
falling through incidence effects. Second, when labor supply responses are along the extensive margin
only, which is the empirically relevant case, the co-existence of a minimum wage with a positive tax rate
on low-skilled work is always (second-best) Pareto inefficient. A Pareto improving policy consists of reducing
the pre-tax minimum wage while keeping constant the post-tax minimum wage by increasing transfers to
low-skilled workers, and financing this reform by increasing taxes on higher paid workers. Those results
imply that the minimum wage and subsidies for low-skilled workers are complementary policies.

© 2012 Elsevier B.V. All rights reserved.
1 We also show in Section 5 that our results extend to a model with variable hours of
work under the strong and unrealistic assumption that the government can set specific
1. Introduction

The minimum wage is a widely used but controversial policy tool.
A minimum wage can increase low-skilled workers' wages at the ex-
pense of other factors of production–such as higher skilled workers or
capital–and hence can be potentially useful for redistribution. How-
ever, it may also lead to involuntary unemployment, thereby worsen-
ing the welfare of workers who lose their jobs. A large empirical
literature has studied the extent to which the minimum wage affects
the wages and employment of low-skilled workers (see e.g., Card and
Krueger (1995), Brown (1999), or Neumark and Wascher (2007) for
extensive surveys). The normative literature on the minimum wage,
however, is much less extensive.

This paper provides a normative analysis of optimal minimum
wage policy in a conventional competitive labor market model,
using the standard social welfare framework adopted in the optimal
tax theory literature. Our goal is to use this framework to illuminate
the trade-offs involved when a government sets a minimum wage,
and to shed light on the appropriateness of a minimum wage in the
presence of optimal taxes and transfers.

The first part of the paper considers a competitive labormarket with
no taxes/transfers. Although simple, this analysis does not seem to have
been formally derived in the previous literature. We show that a bind-
ing minimum wage is desirable as long as the government values
saez@econ.berkeley.edu
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redistribution from high- to low-wage workers, the demand elasticity
of low-skilled labor is finite, the supply elasticity of low-skilled labor
is positive, and most importantly, that the unemployment induced by
the minimum wage is efficient, i.e. unemployment hits workers with
the lowest surplus first. The intuition is extremely simple: starting
from the competitive equilibrium, a small binding minimum wage has
a first order positive distributional effect but only a second order nega-
tive effect on efficiency as only marginal workers initially lose their job.

The second part of the paper considers the more realistic case
where the government also uses taxes and transfers for redistribu-
tion. In our model, we abstract from the hours of work decision and
focus only on the job choice and work participation decisions. Such
a model can capture both participation decisions (the extensive mar-
gin) as well as decisions whereby individuals can choose higher pay-
ing occupations by exerting more effort (the intensive margin). In
that context, the government observes only earnings, but not the utility
work costs incurred by individuals.1 In such a model, we show that a
minimumwage is desirable if unemployment induced by theminimum
wage is efficient and the government values redistribution toward low-
skilled workers. The intuition for this result is the following. A binding
linear tax rates on each type of labor. As recognized previously (see e.g., Guesnerie and
Roberts (1987)), the theoretical drawback of the model with variable hours of work is
that although the government observes wage rates to impose the minimum wage, it
does not use this information to design the optimal tax, which creates an informational
inconsistency in the government decision making.
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minimum wage enhances the effectiveness of transfers to low-skilled
workers as it prevents low-skilledwages from falling through incidence
effects. This result can also be seen as an application of the Guesnerie
(1981) and Guesnerie and Roberts (1984) theory of quantity controls
in second best economies. When the government values redistribution
toward low-skilled workers, the optimal tax system over-encourages
the supply of low-skilled labor. A minimum wage effectively rations
over-supplied low-skilled labor, which is socially desirable. Unsurpris-
ingly, if rationing is uniform (i.e., unemployment hits randomly and in-
dependently of surplus), then the minimum wage does not reveal
anything on costs of work and it cannot improve upon the optimal
tax/transfer allocation.

Finally, when labor supply responses are solely along the partici-
pation margin, a realistic assumption supported by the empirical
labor supply literature, we show that imposing a positive tax rate
on the earnings of minimum wage workers is second-best Pareto in-
efficient. Reducing the minimumwage and compensating low-skilled
workers with higher transfers financed by extra taxes on high-skilled
workers lead to a Pareto improvement. This result remains true even
if rationing is inefficient. This result is therefore perhaps the most
striking finding of the paper and the most policy relevant one. Indeed,
many OECD countries, which initially had significant minimumwages
and high tax rates on low-skilled work, have moved in this direction
by reducing payroll taxes on low-skilled work and expanding in-work
benefits along the model of the US Earned Income Tax Credit. This re-
sult could possibly also be applied to other situations where low
skilled wages are downward rigid.

There are two strands in the recent normative literature on the
minimumwage. The first, most closely associated with labor econom-
ics, focuses on efficiency effects of the minimumwage in the presence
of labor market imperfections such as monopsonistic competition
(Robinson, 1933; Manning, 2003; Cahuc and Laroque, in press), effi-
ciency wages (Drazen, 1986; Jones, 1987; Rebitzer and Taylor,
1995), bargaining models (Cahuc et al., 2001), signaling models
(Lang, 1987; Blumkin and Sadka, 2005), search models (Swinnerton,
1996; Acemoglu, 2001; Flinn, 2006; Hungerbuhler and Lehmann,
2009), or endogenous growth models (Cahuc and Michel, 1996). In
many of those situations, a minimumwage can improve efficiency ab-
sent any redistributive consideration. These studies are complemen-
tary to our analysis that focuses on the equity-efficiency trade-off
under perfect competition.

A second smaller literature in public economics investigates, as we
do, whether the minimum wage is desirable for redistributive reasons
on top of optimal taxes and transfers. In contrast to our occupational
choice model, this previous literature has mostly focused on the
Stiglitz (1982) model with two skills and endogenous and competitive
wages and has found that a minimumwage is in general not helpful to
supplement the optimal nonlinear tax system (Allen, 1987; Guesnerie
and Roberts, 1987).2 The Stiglitz (1982) model however focuses solely
on the intensive margin and hence cannot capture the participation
elasticity of low-skilled workers that is at the heart of the policy discus-
sion and empirical analysis of the minimumwage. We discuss in detail
the reasons for the discrepancy between those earlier findings and our
findings in Section 5 where we consider a model with variable hours of
work. As an important caveat, our results only extend to the variable
hours of work model under strong and unrealistic assumptions on the
tax tools available to the government.

The remainder of the paper is organized as follows. Section 2 pre-
sents the model. Section 3 analyzes optimal minimum wage policy
2 In contrast, Boadway and Cuff (2001), using a continuumof skillsmodel as inMirrlees
(1971), show that a minimum wage policy combined with forcing non-working welfare
recipients to look for jobs (and accept job offers) indirectly reveals skills at the bottom
of the distribution. This can be exploited by the government to target welfare on low
skilled individuals, thus improving upon the standard Mirrlees (1971) allocation.
with no taxes. Section 4 extends the analysis to the case with optimal
taxes and transfers. Since our main analysis abstracts from the hours-
of-work decision, in Section 5, we discuss how our results extend to a
model with variable hours of work. Interestingly, efficient rationing of
low-skilled work is no longer an assumption, but instead naturally oc-
curs in this context. Section 6 concludes. Formal proofs of our propo-
sitions are presented in the Appendix A.

2. The model

For our main analysis, we utilize a discrete labor type model of the
economy. The supply side follows the optimal tax model presented in
Saez (2002), which can be shown to be a discrete version of the sem-
inal optimal tax model of Mirrlees (1971). The key difference is that
we explicitly model the demand side to allow for imperfect substitu-
tion of labor types. We consider this a necessary extension since, as
we discuss below, perfect substitutability (i.e., infinitely elastic labor
demand at each skill) – apart from being unrealistic, and unsupported
by empirical evidence – trivially results in the minimum wage being
undesirable. Importantly however, introducing imperfect substitution
in production does not affect the optimal tax analysis (without mini-
mum wage), as originally shown by Diamond and Mirrlees (1971).

2.1. Demand side

We consider a simple model with two labor inputs where produc-
tion of a unique consumption good F(h1,h2) depends on the number
of low-skilled workers h1 and the number of high-skilled workers
h2. We assume constant returns to scale in production. As we shall
see, the production function can be generalized to many labor inputs
without affecting the substance of our results. We assume perfectly
competitive markets so that firms take wages (w1,w2) as given. The
production sector chooses labor demand (h1,h2) to maximize profits:
Π=F(h1,h2)−w1h1−w2h2, which leads to the standard first order
conditions where wages are equal to marginal product:

wi ¼
∂F
∂hi

; ð1Þ

for i=1,2. We will assume that we always have w1bw2 in the equi-
libria we consider.3

2.2. Supply side

Each individual faces costs θ=(θ1,θ2) of working in occupations 1
and 2 respectively and has three labor supply options: (1) not work
and earn zero, which we henceforth denote occupation 0, (2) work in
occupation 1 in the low-skilled sector and earn w1 at cost θ1, (3) work
in occupation 2 in the high-skilled sector and earn w2 at cost θ2. The
cost of work vector θ is smoothly distributed across individuals in the
population with cumulative distribution H(θ) and support Θ. The popu-
lation is normalized to one. Heterogeneity in θ reflects heterogeneity in
ability and taste for work. Costs θ can also represent the costs of acquir-
ing skills through education so that our framework can also capture
long-term human capital investments.

We realistically assume that the government can observe earnings
outcomes (0, w1, w2), but not the individual costs of work θ. There-
fore, the government can condition tax and transfers only on observ-
able earnings outcomes. As there are only three outcomes, we can
denote by Ti with i=0,1,2 the tax on each of the three possible earn-
ings outcomes w=0,w1,w2 and by ci=wi−Ti the disposable income
3 This is not a strong assumption. If we had w2bw1, then the definition of high-
skilled vs. low-skilled labor would naturally be reversed.



Fig. 1.Minimumwage with no taxes and transfers. The figure depicts the desirability of
introducing a small minimum wage starting from the competitive equilibrium. A small
minimum wage creates a first order transfer to low skilled workers from other factors
and a second order welfare low due to involuntary unemployment (under the key as-
sumption of efficient rationing).
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in each situation. This represents a fully general nonlinear income tax
on earnings as in Saez (2002).

We rule out income effects by assuming that utility is linear. 4

Each individual chooses an occupation i=0,1,2 which maximizes
utility ui=ci−θi (assuming θ0=0 with a slight abuse of notation).
Let Θi={θ∈Θ|ui=maxjuj} denote the subset of individuals choosing
occupation i. Let hi(c)=|Θi| be the aggregate supply function, i.e., the
fraction of the populationworking in occupation i as a function of the
disposable income vector c=(c0,c1,c2). We assume that the distri-
bution H(θ) is regular enough so that the aggregate supply functions
hi(c) are also smooth. Importantly, our simple discrete labor supply
model captures both the extensive and intensive labor supply mar-
gins. The extensive margin is for individuals choosing between
working and not working, and the intensive margin is for individuals
choosing between occupation 1 and occupation 2.

2.3. Competitive equilibrium

If there is no minimumwage, for given tax parameters T0,T1,T2 de-
fining a tax and transfer system, combining the demand side and the
supply side defines the competitive equilibrium (h1,h2,w1,w2).

It is useful to depict the competitive equilibrium for low-skilled
labor in our model using the standard supply and demand curve rep-
resentation as in Fig. 1. Both the demand D1(w1) and supply S1(w1)
curves in the low-skilled labor market are defined assuming that
the market clears in the high-skilled labor market as we describe in
Appendix A.1. Therefore, Fig. 1 implicitly captures general equilibri-
um effects as well. This representation is useful for the analysis of
the minimum wage because the demand equation always holds as
employers cannot be forced to hire or layoff workers. The low-
skilled labor demand elasticity η1 is defined as:

η1 ¼ −w1

h1
⋅D′

1 w1ð Þ; ð2Þ

where the minus sign normalization is used so that η1>0.

2.4. Government social welfare objective

Assuming no exogenous spending requirement, the government
budget constraint is: 5

h0c0 þ h1c1 þ h2c2≤h1w1 þ h2w2: ð3Þ

We will denote by λ the Lagrange multiplier associated with this
constraint in the government's optimization problem.

As is standard in the optimal taxation literature, we assume that
the government evaluates outcomes using a social welfare function
of the form: SW=∫G(u)dH(θ) where u→G(u) is an increasing and
concave transformation of the individual money metric of individual
utilities u=ci−θi. The concavity of G(.) represents either individuals'
decreasing marginal utility of money and/or the social preferences for
redistribution. Given the structure of our model, we can write social
welfare as:

SW ¼ 1−h1−h2ð ÞG c0ð Þ þ ∫Θ1
G c1−θ1ð ÞdH θð Þ þ ∫Θ2

G c2−θ2ð ÞdH θð Þ; ð4Þ

It is useful for our analysis to introduce the concept of social
marginal welfare weights for each occupation. Formally, we define
g0=G′(c0)/λ and gi=∫Θi

G′(ci−θi)dH(θ)/(λ⋅hi) as the average social
4 Our results do not change if we consider income effects with concave utilities of
the form u(ci)−θ; see Appendix B.3 of Lee and Saez (2008). We rule out income effects
to simplify the exposition.

5 None of our results would be changed if we assumed a positive exogenous spend-
ing requirement for the government.
marginal welfare weight of individuals in occupation i=1,2. Intui-
tively, gi measures the social marginal value of redistributing one dol-
lar uniformly across all individuals in occupation i. In our model,
because all individuals have a choice to not work and receive payoff
c0, workers will always be better off than non-workers in equilibrium.
Hence concavity of G(.) implies g0>g1 and g0>g2.

Because of no income effects in labor supply, when the govern-
ment sets c0,c1,c2 optimally, we have:

h0g0 þ h1g1 þ h2g2 ¼ 1: ð5Þ

This can be proven as follows. Suppose that the government si-
multaneously increases c0,c1,c2 all by $1. Because of no income ef-
fects, there are no behavioral responses so that the total fiscal cost
is equal to the mechanical fiscal cost of $1. The social welfare gain
(expressed in terms of government funds) is by definition equal to
h0g0+h1g1+h2g2, which proves Eq. (5).

3. Desirability of the minimum wage with no taxes

Let us assume away taxes and transfers in this section so that
T0=T1=T2=0 and c0=0, c1=w1, c2=w2. While this analysis is
not directly necessary to understand the case with optimal taxes cov-
ered in Section 4, it is worth presenting as it does not seem to have
ever been presented in prior work and it helps build intuition on
the key tradeoffs created by the minimum wage.

Starting from the market equilibrium (w1,w2,h1,h2) illustrated in
Fig. 1, we introduce a small minimum wage just above the low-
skilled wage w1, which we denote by �w ¼ w�

1 þ d �w. As shown in
Fig. 1, the minimum wage creates loss of employment in the low-
skilled labor market. Those losing their job because of the minimum
wage either become unemployed and earn zero or shift to the high-
skilled sector and earn w2 depending on which occupation was
their second-best option. Conceptually, the minimum wage creates
an allocation problem: which workers lose their low-skilled job due
to the minimum wage? Let us introduce the important assumption
of efficient rationing.

Assumption 1. Efficient rationing

Workers who involuntarily lose their low-skilled jobs due to the min-
imum wage are those with the least surplus from working in the low-
skilled sector.

image of Fig.�1
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Obviously, the case with efficient rationing is the most favorable to
minimum wage policy, and we will discuss how our results change
when this assumption is relaxed. Can the efficient rationing assumption
be justified based on empirical evidence? Evidence of unemployment
effects of the US minimum wage is stronger among teenagers and sec-
ondary earners (Neumark and Wascher, 2007) who are likely to be
more elastic – and hence have a lower surplus – suggesting that ration-
ing might be efficient. More directly, Luttmer (2007) used variation in
state minimum wages and showed that (proxies for) reservation
wages do not increase following an increase in the minimum wage,
suggesting that minimum wage induced rationing is efficient. 6 We
note, however, that even if rationing is found to be efficient empirically,
it is still possible that significant resources (such as queuing or search
costs) have been dissipated to reach this efficient outcome. 7

An important theoretical point is that if employers reduce em-
ployment by reducing hours of work across the board – instead of lay-
ing off workers – then efficient rationing will automatically hold and
we would obtain the same conclusions as in our discrete choice labor
supply model. We outline such a model with variable hours of work
in Section 5.

Proposition 1. With no taxes/transfers, if (1) Assumption 1 holds (effi-
cient rationing); (2) the government values redistribution from high-
skilled workers toward low-skilled workers (g1>g2); (3) the demand
elasticity η1 for low-skilled workers is finite; and (4) the supply elasticity
of low-skilled workers is positive, then introducing a minimum wage in-
creases social welfare.

The formal proof is in Appendix A.2 but a graphical and intuitive
proof is provided in Fig. 1. The small minimum wage creates changes
dw1,dw2,dh1,dh2 in our key variables of interest. By definition,
dw1 ¼ d �w. From Π=F(h1,h2)−w1h1−w2h2, we have dΠ=∑ i

[(∂F/∂hi)dhi−widhi−hidwi]=−h1dw1−h2dw2 using (1). The no
profit condition Π=0 then implies dΠ=0 and hence:

h1dw1 þ h2dw2 ¼ 0: ð6Þ

Eq. (6) is fundamental and shows that the earnings gain of low-
skilled workers h1dw1>0 (the shaded rectangle on Fig. 1) due to a
small minimum wage is entirely compensated by an earnings loss of
high-skilled workers h2dw2b0. If g2bg1, i.e., the government values
redistribution from high-skilled workers to low-skilled workers,
such a transfer creates a first order gain in social welfare equal to
[g1−g2]h1dw1. 8

Under efficient rationing, as can be seen in Fig. 1, as long as the
supply elasticity is positive (non-vertical supply curve) and the de-
mand elasticity is finite (non-horizontal demand curve), those who
lose their low-skilled job because of d �w have infinitesimal surplus.
Therefore, the welfare loss due to involuntary unemployment caused
by the minimumwage is second order and represented by the shaded
triangle, exactly as in the standard Harberger deadweight burden
analysis.□

It is useful to briefly analyze the desirability of the minimumwage
when any of the four conditions required in Proposition 1 does not
hold.

First andmost importantly, if the efficient rationing assumption con-
dition (1) is replaced by uniform rationing (i.e., unemployment strikes
6 This is in contrast to a situation with low turnover, such as in the housing market
with rent control, as in Glaeser and Luttmer (2003).

7 Therefore, in the presence of significant search frictions, we cannot directly apply
our theoretical results and a micro-founded search modeling approach along the lines
of Hungerbuhler and Lehmann (2009) is required.

8 Formally, with no taxes or transfers, the government multiplier λ is not defined.
However, we can always define λ such that Eq. (5) holds as λ does not affect the rela-
tive ranking of g1 and g2.
independently of surplus), then a small minimum wage creates a first
orderwelfare loss. In that case, aminimumwagemay ormay not be de-
sirable depending on the parameters of the model (see Lee and Saez,
2008 for a formal analysis of that case).

Condition (2) is necessary. It obviously fails if the government does
not care about redistribution at all (g1=g2). It also fails in the extreme
case where the government has Rawlsian preferences and only cares
about those out of work, meaning it values the marginal income of
low- and high-skilled workers equally (g1=g2=0). Therefore, a mini-
mum wage is desirable only for intermediate redistributive tastes. 9

Condition (3) is also necessary. If the demand elasticity is infinite,
which in our model is equivalent to assuming that low- and high-
skilled workers are perfect substitutes, (so that F=a1h1+a2h2 with
fixed parameters a1,a2), then any minimum wage set above the com-
petitive wage w1=a1 will completely shut down the low-skilled labor
market and therefore cannot be desirable. A large body of empirical
work suggests that the demand elasticity for low-skilled labor is not in-
finite (see Hamermesh, 1996 for a survey). In addition, evidence of a
spike in the wage density distribution at the minimum wage also im-
plies a finite demand elasticity (Card and Krueger, 1995).

When condition (4) breaks down and the supply elasticity is zero,
then there are no marginal workers with zero surplus from working.
Therefore, the unemployment welfare loss is no longer second order.
In that context, whether or not a minimumwage is desirable depends
on the parameters of the model (specifically, the reservation wages of
low-skilled workers and the size of demand elasticity). 10 Empirically,
however, a large body of work has shown that there are substantial
participation supply elasticities for low-skilled workers (see e.g.,
Blundell and MaCurdy, 1999 for a survey).

The logic of Proposition 1 easily extends to a more general model
with many labor inputs (including a continuum with a smooth wage
density), a capital input or pure profits, and many consumption
goods. In those contexts, g2 is the average social welfare weight across
each factor bearing the incidence of the minimum wage increase.

Finally, as a transition to the next section where we consider the
casewith optimal taxes and transfers, it is important to note that amin-
imum wage cannot be replicated with taxes or subsidies. Returning to
Fig. 1, it is tempting to think that a small tax on low-skilledworkers cre-
ates the same wedge between supply and demand as the minimum
wage. However, to replicate the welfare consequences of theminimum
wage, this small tax would have to be rebated lump-sum to low-skilled
workers only. But if the tax were rebated to low-skilled workers, those
who dropped out of low-skilled work because of the tax would want to
come back to work. Alternatively, increasing the disposable income of
low skilled workers could be achieved with a small subsidy for low
skilled workers, instead of a small minimum wage. However, a small
subsidy would increase low-skilled labor supply h1 which would then
drive down w1 and hence drive up w2 through general equilibrium ef-
fects as h1dw1+h2dw2=0. Therefore, part of the low-skilled subsidy
would be shifted to the high-skilled. Hence, a wage subsidy cannot rep-
licate theminimumwage either. Therefore, without a rationingmecha-
nism preventing labor supply responses, taxes or subsidies cannot
achieve the minimum wage allocation.
4. Minimum wage with taxes and transfers

In this section, we assume that the government can also use taxes
and transfers, i.e., set T0,T1,T2, or equivalently set c0,c1,c2, to maximize
9 Of course, one way in which condition (1) might fail in practice is if minimum
wage workers belong to well-off families (for example teenagers or secondary
earners). Kniesner (1981), Johnson and Browning (1983) and Burkhauser et al.
(1996) empirically analyze this issue in the United States.
10 The well known result that a minimum wage cannot be desirable if η1>0 is based
on such a model with fixed labor supply (see e.g. Freeman, 1996; Dolado et al., 2000).
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Fig. 2. Desirability of the minimum wage with optimal taxes and transfers. Panel a
shows that, in the absence of the minimum wage, an increase in the work subsidy by
dc1 triggers a supply response, and therefore leads to the usual demand side effect on
wages. As usual, the incidence is shared by other factors of production. Panel b
shows that when the minimum wage is binding at the initial optimum, an increase
in the work subsidy by dc1 is not accompanied by a supply response. The wage cannot
fall below the minimum wage, and firms will optimize by staying at h1. As long as
“marginal” workers are shut out, the increase in dc1 is an effective lump-sum transfer
to low-skilled workers, which is desirable whenever g1>1.
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social welfare. 11 As mentioned above, absent the minimum wage, this
is an optimal income tax model with discrete occupational choices as
in Saez (2002). In addition, themodel has endogenouswagesw1,w2 in-
stead of fixed wages as in Saez (2002) but, as is well known since
Diamond andMirrlees (1971), this does not affect optimal tax formulas.
Therefore, absent theminimumwage, the optimal tax formulas derived
in Saez (2002) continue to apply in our model.

4.1. Minimum wage desirability under efficient rationing

Proposition 2. Under Assumption 1 (efficient rationing), assuming
η1b∞, if g1>1 at the optimal tax allocation (with no minimum wage),
then introducing a minimum wage is desirable. Furthermore, at the
joint minimum wage and tax optimum, we have:

• g1=1 (Full redistribution to low-skilled workers)
• h0g0+h1g1+h2g2=1 (Social welfare weights average to one)

The formal proof is in Appendix A.3 (along with a standard (w,c)
diagram) but an intuitive illustration of the result is provided in
Fig. 2. In Panel a, without the minimum wage, an attempt to increase
c1 by dc1 while keeping c0 and c2 constant through an increased work
subsidy provides incentives for some of the non-workers to start
working in occupation 1 (extensive labor supply response) and for
some of workers in occupation 2 to switch to occupation 1 (intensive
labor supply response). This leads to the familiar result of a reduction
in w1 through demand side effects (as long as η1b∞).

But consider the same attempt to increase c1 when the minimum
wage was initially set at �w ¼ wT

1, where (wi
T,ciT) is the the optimal tax

and transfer system which maximizes social welfare absent the min-
imum wage. As illustrated in Panel b, in the presence of a minimum
wage �w set at w1

T, w1 cannot fall, implying that the labor supply re-
sponses are effectively blocked. The assumption of efficient rationing
is a key here as individuals willing to shift to occupation 1 are precise-
ly those with the lowest surplus from working in occupation 1 rela-
tive to their next best option.

Given that the labor supply channel is effectively shut down by the
minimum wage, the dc1 change is like a lump-sum tax reform and its
net welfare effect is simply [g1−1]h1dc1. This implies that if g1>1, in-
troducing a minimumwage improves upon the tax/transfer optimum
allocation which proves the first part of the proposition.

Because increasing c1 is a pure lumpsum transfer, it should be car-
ried out until g1=1 which proves the second part. The third part is
obtained as in the standard case by considering distributing an extra
dollar to every individual. As there are no income effects, this does
not generate any behavioral response even in the presence of the
minimum wage. This costs $1 to the government but generates social
welfare equal to h0g0+h1g1+h2g2 so that the equality holds at the
new optimum with minimum wage as well.

Note that Fig. 2 (and Fig. 3 below) are meant to illustrate the main
intuition behind the result, but do not adequately illustrate general
equilibrium effects. A rigorous proof, as well as a standard (w,c) dia-
gram are provided in Appendix A.3.□

The proof presented here shows that Proposition 2 remains true
even if the starting tax and transfer system is not initially optimized.
As long as g1>1, the reform described is desirable. The results also
11 Cahuc and Laroque (forthcoming) point out that a minimum wage can be replicat-
ed by a knife-edge nonlinear income tax function such that T(w)=w for 0bwb �w . Under
such a scheme, nobody would want to work in a job paying less than �w , employers
would be forced to pay at least �w to attract workers, and there would be over supply
of labor at wage �w . As Cahuc and Laroque do, we consider that such a knife-edge
nonlinear tax would effectively be a minimum wage. Our occupation specific tax for-
mulation rules out such knife-edge income taxes. Therefore, we think that the defini-
tion of the tax and minimum wage tools we use is the most illuminating to
understand the problem of joint minimum wage and tax optimization.
naturally carry over to a model with many occupations (instead of
two), capital input factors, or many consumption goods, as long as
the government can specifically adjust the net price of low-skilled
work c1.

In terms of practical policy recommendation, Proposition 2 im-
plies that additional transfers to low-skilled workers are more effec-
tive when low-skilled wages are downward rigid because of a
binding minimum wage. In the absence of a rigid wage, exactly as
stated in our proof, low-skilled wages would fall and high-skilled
wages would rise through wage incidence effects, partially offsetting
the initial transfer. Empirically, Rothstein (2010) shows that those in-
cidence effects are not small in the case of the earned income tax
credit (EITC) expansions of the 1990s in the United States. With his
preferred estimates, he finds that the EITC increases after-tax incomes
of low-skilled workers by only $0.73 per dollar spent. With a binding
minimum wage, and under the strong assumption of efficient ration-
ing, Proposition 2 implies that an EITC expansion would increase
after-tax incomes of low-skilled workers dollar for dollar.

Compared to the case with no taxes in Section 3, we note that when
g2b1, the condition g1>1 is stronger than the earlier condition g1>g2.
g2b1 is a natural assumption as higher skilled workers are better off
than the average. However, if the government desires more redistribu-
tion at the no-minimumwage equilibrium, then g1>1 is a weak condi-
tion as the low-skilled sector can be chosen to represent the very lowest
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income workers. 12 This also implies that, in the presence of many fac-
tors of production ormany output goods, the incidence of theminimum
wage on other factors (captured by the term g2 in the case with no
taxes) becomes irrelevant with taxes and transfers. In particular,
whether the minimum wage creates neo-classical spill-over effects on
slightly higher wages and whether theminimumwage increases prices
of goods disproportionately consumed by low income families is irrele-
vant when assessing the desirability of the minimumwage in the pres-
ence of optimal taxes. The only relevant factor is whether the
government values redistribution to minimum wage workers relative
to an across the board lump-sum redistribution (i.e., the condition
g1>1).

Finally, the desirability of the minimumwage hinges again crucially
on the “efficient rationing” assumption. Under “uniform rationing”,
where unemployment strikes independently of surplus, the minimum
wage cannot improve upon the optimal tax allocation, a point formally
proven in Lee and Saez (2008). Indeed, with efficient rationing, a mini-
mumwage effectively reveals themarginal workers to the government.
Since costs of work are unobservable, this is valuable because it allows
the government to sort workers into amore socially (albeit not private-
ly) efficient set of occupations, making theminimumwage desirable. In
contrast, with uniform rationing, as unemployment strikes randomly, a
minimum wage does not reveal anything about costs of work. As a re-
sult, it only creates (privately) inefficient sorting across occupations
without revealing anything of value to the government. It is not surpris-
ing that minimum wages would not be desirable in this context.

Finally, our previous result that the optimal minimum wage fol-
lows an inverted U-shape pattern with the strength of redistributive
tastes also carries over to the case with optimal taxes. Extreme redis-
tributive (Rawlsian) tastes imply that g1=0b1 and thus nominimum
wage is desirable to supplement optimal tax policy. Conversely, no re-
distributive tastes imply that g0=g1=g2=1, a situation where no
minimum wage (nor any tax or transfer) is desirable.

4.2. Pareto improving reform

Proposition 2 shows that in the presence of a minimum wage, re-
distribution to low-skilled workers can be made “lumpsum” in na-
ture, and hence is more desirable. This suggests that the minimum
wage and low-skilled work subsidies (such as the EITC in the United
States) might be complementary. As we shall see, this is indeed the
12 Our model includes only two skills for simplicity but all the results carry over with
no change if we assume a large number of skills so that the bottom skill represents very
low paid workers.
case when labor supply responses are solely along the extensive
margin.

Let us therefore consider a model with only extensive labor supply
responses where workers cannot switch from occupation 1 to occupa-
tion 2 (andvice-versa). For example, workers are of two types: educated
or uneducated. Educated workers can only work in the high-skilled sec-
tor and uneducated workers can only work in the low-skilled sector but
there remains heterogeneity in costs of work within education classes.
Empirical labor supply studies suggest that the extensive labor supply
margin is most important, particularly at the bottom of the distribution
(see e.g., Blundell andMaCurdy, 1999 for a recent survey), whichmakes
this particular case highly relevant in practice. In this model, we can de-
fine the participation tax rate on low-skilledwork τ1 as 1−τ1=(c1−c0)/
w1 or equivalently c1=c0+(1−τ1)w1, i.e., low-skilled individuals keep
only a fraction 1−τ1 of their earnings when they work and earn w1.
We can then prove the following result:

Proposition 3. In a model with extensive labor supply responses only, a
binding minimum wage associated with a positive tax rate on minimum
wage earnings (τ1>0) is second-best Pareto inefficient. This result re-
mains a-fortiori true when rationing is not efficient.

The formal proof is presented in Appendix A.4, along with a stan-
dard (w,c) diagram. The intuition behind Proposition 3 is illustrated
in Fig. 3 which depicts a situation with a binding minimum wage
and a positive tax rate on low-skilled work τ1>0. Suppose that the
government reduces the minimum wage (d �wb0) while keeping c0,
c1,c2 constant. Reducing the minimum wage leads to a positive em-
ployment effect dh1>0 as involuntary unemployment is reduced, im-
proving the welfare of the newly employed workers and increasing
tax revenue as τ1>0. The increase dh1>0 also leads to a change
dw2>0. However, because h1d �w þ h2dw2 ¼ 0 through the no-profit
condition (6), the mechanical fiscal effect of d �w and dw2, keeping c1
and c2 constant, is zero. Because c0,c1,c2 remain constant, nobody's
welfare is reduced. 13 The increase in welfare due to the reduction
in unemployment remains a-fortiori true if rationing is not efficient.14

Therefore, this reform is a second-best Pareto improvement. □
Note that if workers respond along the intensive margin, the mini-

mumwage generates not only involuntary unemployment, but also in-
voluntary over-work as high-skilled workers are also rationed out. In
that case, a minimum wage decrease would induce some high-skilled
workers to becomeminimumwageworkers, reducing government rev-
enue so that Proposition 3would not necessarily hold anymore. Howev-
er, the fact that the minimumwage can create over-work is hardly ever
discussed in empirical studies, suggesting that the intensive response
channel is unimportant empirically. Furthermore, even if intensive re-
sponses are allowed (for example, workers decide how much to invest
in education early in life) but we make the additional assumption that
the rationing generated by theminimumwage hits only low-skilled in-
dividuals (and never prevents higher skilled workers from taking min-
imum wage work), then Proposition 3 remains valid. 15

Proposition 3 implies that, when labor supply responses are concen-
trated along the extensive margin, a minimum wage should always be
associated with low-skilled work subsidies such as the US EITC or the
British Family Credit. Proposition 3may havewide applicability because
many OECD countries, especially in continental Europe, combine signif-
icant minimum wages (OECD 1998; Immervoll, 2007) with very high
increase.
15 Note that this assumption violates efficient rationing. However, it may be realistic
that employers could preferentially hire the most qualified workers even for minimum
wage jobs.
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tax rates on low-skilledwork (Immervoll et al., 2007). The high tax rates
are generated by substantial payroll tax rates (financing social security
benefits) and by the high phasing-out rates of traditional mean-tested
transfer programs.

In practice, the reform described in Proposition 3 could be achieved
by cutting the employer payroll taxes for low income workers which
lowers the (gross) minimumwage without affecting the net minimum
wage after taxes and transfers. 16 Such a policy should stimulate low-
skilled employment and increase high-skilled wages. Thus, the direct
loss in tax revenue due to the payroll tax cut on low-skilled workers
could be recouped by adjusting upward taxes on high earning workers
(without hurting high earning workers on net). 17 A number of OECD
countries have already implemented such policy reforms over the last
20 years. For example, France started reducing the employer payroll
tax on low income workers in the early 1990s (see Crépon and
Desplatz, 2002 for an empirical analysis).

The US policy in recent decades of letting inflation erode the min-
imum wage while expanding the earned income tax credit is closely
related. The EITC expansions compensate minimum wage workers
(at least those minimum wage workers eligible for the EITC, i.e. pri-
marily single mothers) for the erosion in the minimum wage and at-
tract previously unemployed workers into the labor force increasing
their welfare and increasing tax revenue (assuming τ1>0 because
of the phasing-out of welfare programs and payroll taxes). In princi-
ple, the direct fiscal cost of the EITC expansion (which maintains c1
constant) can be recouped by increasing τ2 as w2 increases (so that
c2 also stays constant).
4.3. Other sources of wage rigidity

Low-skilledwages can be rigid and above theirmarket clearing equi-
librium for other reasons than a minimum wage. For example, unions
and wage bargaining agreements may lead to low-skilled wages set
above their marginal product. Similarly, downward wage rigidity
might prevent low-skilled wages from falling after a downturn or a
technological shock favoring high-skilled workers. If we assume that
such wage rigidities do not respond to taxes and transfers18 and that
employers hire low-skilled labor to maximize profits so that the com-
petitive demand equations always hold, the model is identical to the
minimum wage model we have presented and therefore our results
carry over as follows.

Proposition 2 implies that the government would welcome down-
ward wage rigidity for low-skilled labor as a way to enhance the re-
distributive power of low-skilled work subsidies, under the strong
assumption that rationing due to the rigidity is efficient. As we dis-
cussed above, EITC expansions would generate a greater transfer to
low-skilled workers (per dollar spent) if, for example, unions were
protecting low-skilled wages from falling through standard incidence
effects.

Perhaps more importantly, Proposition 3 implies that, when low-
skilled work is taxed and has a rigid wage above its market clearing
level, the government could implement a Pareto improving policy if
it can bring down low-skilled wages while at the same time adjusting
the tax and transfer system. In the case of a union keeping w1 above
16 Politically, it is extremely difficult to directly cut the legal minimum wage.
17 In our formal model, we have only two factors of production, low- and high-skilled
work. In reality, there are many factors of production. The additional tax should be
spread to other factors that benefit from the minimum wage reduction. In the short-
run, employers and hence profits are the most likely to benefit from the minimum
wage cut. In the long-run, as employment adjusts, higher skilled wages will benefit
from the minimum wage cut as in our basic model.
18 This is undoubtedly a strong assumption, especially in the long-run, as for example
union contracts could be re-negotiated following a change in taxes or transfers. We
precisely argue below that the government might indeed want to push for such re-
negotiation (equivalent to changing the minimum wage in our basic model) in some
cases.
equilibrium for example, that would require the government to di-
rectly bargain with the union for an increase of in-work benefits
(paid for by higher taxes on high-skilled workers) in exchange for
lower wage demands from the union. A cut in employer payroll
taxes for low wage earners achieves this dual goal without requiring
formal union agreement (as long as unions do not correspondingly
ask for higher wages to absorb the payroll tax cut). In the case of a
negative technology shock (real business cycle driven recession),
wage rigidity may drive wages above their marginal product and cre-
ate unemployment. In that case, a temporary employer payroll tax cut
allows the government to reduce pre-tax wages, reduce unemploy-
ment, and can be financed by a tax increase on other factors.

5. Labor supply with variable hours of work

In this section, we consider the conventional hours-of-work model
of labor supply. This allows us to compare and contrast our results
with the previous literature which has used the variable-hours model
both on theoretical and empirical grounds. To illustrate the theoretical
point, we then show that our results extend to the variable-hours
model only if we make the strong and unrealistic assumption that the
government can use occupation-specific linear tax rates on earnings.

5.1. Model and preliminary remarks

We modify our model from the previous sections as follows. Sup-
pose that an individual of skill i can supply l hours ofwork in occupation
i (and solely in occupation i) with utility function ui(c, l)=c−vi(l)
where disutility of work vi(l) is increasing and convex in l. We assume
away fixed costs of work so that everybody works and we assume
that skills are exogenously set for simplicity. Two important prelimi-
nary remarks are worth noting.

First, the hours-of-work model naturally produces efficient ration-
ing when employers cut low-skilled work by reducing hours across all
low-skilled employees in the presence of a (small) minimum wage.
That is, if employees are choosing their optimal level of hours of work,
then they receive no surplus from their marginal hour of work and
hence a small reduction in hours of work has no first order effect on
welfare.19

Second, in the case with no taxes, our results in Proposition 1 carry
over unchanged in this model with variable hours of work. The anal-
ysis of Fig. 1 carries over by re-interpreting h1 as hours of work per
low-skilled worker (instead of number of low-skilled workers). A
small minimum wage produces a desirable first order transfer from
high-skilled workers to low-skilled workers (if g1>g2) and has only
a second order welfare effect, since low-skilled workers get no sur-
plus from their marginal hour of work.

5.2. Information consistency of taxation and minimum wage

In this model with elastic hours of work and no occupational choice,
the government can achieve complete redistribution at no efficiency
costs by conditioning taxes on wage rates (as opposed to income). In
that case, no minimum wage would be required. The traditional as-
sumption since Mirrlees (1971) is that the government cannot observe
wage rateswi and hence has to condition taxes on income. However, as
recognized by the previous literature (e.g., Guesnerie and Roberts,
1987), this traditional assumption is not immediately consistent with
19 In fact, it is possible that the failure to detect strong employment effects of the min-
imumwage in the United States is due in part to the fact that employers adjust hours of
work rather than number of employees. It is easy to show that, in a model with both
hours of work and participation labor supply responses, if employers ration hours
per job rather than number of jobs, a small minimum wage increase can actually in-
crease employment (as some individuals may decide to start working) while reducing
hours per job and total hours.
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the ability of implementing a minimum wage.20 In practice, govern-
ments simultaneously impose minimum wages based on wage rates
and income and payroll taxes based on earnings. A realistic explanation
could be the following.21 While the government cannot observe wage
rates, it can enforce a minimum wage by rewarding workers who de-
nounce employers paying sub-minimum wages. If we assume that (a)
wages are observable by the government after a careful and possibly
costly audit following a whistle blowing claim, (b) there is a sufficient
reward for truthful whistle blowers, (c) employees cannot credibly
commit to not whistle blowwhen they negotiate a wagewith their em-
ployer, then the minimum wage will be self-enforced at no cost.22 In
equilibrium, the government does not observe wages yet firms comply
with the minimum wage and hence enforcement is costless.
Fig. A1. Desirability of a minimum wage with optimal taxes and transfers. The figure
shows that, starting from the tax optimumwith no minimumwage, introducing a min-
imum wage (equal to w1) and increasing c1 by dc1 improve welfare when g1>1. The
initial tax and transfer system is depicted in dashed line while the system after the re-
form is depicted in solid line. Absent the minimumwage, labor supply responses would
increase the number of low skilled workers (curly arrows) and hence drive w1 down
through demand effects. Because the minimum wage is set at w1, such behavioral re-
sponses cannot happen, Therefore, as g1>1, the proposed reform increases welfare.

23 Marceau and Boadway (1994) do not explicitly model fixed costs of work. Howev-
er, the assumption of their main proposition (p. 78), namely that the low-skilled
workers' participation constraint is binding, requires fixed costs. This point was con-
firmed in an email exchange with the authors.
5.3. Comparison with earlier results in the Stiglitz (1982) model

The standard approach of analyzing the minimum wages with opti-
mal taxes is to consider the Stiglitz (1982) discretemodel of optimal tax-
ation. Recall that in the Stiglitz model, individual utilities are the same as
in the variable hours model described above but the income tax has to
depend solely on earnings wl. Hence, the high- and low-skilled workers
face the same nonlinear tax system T(.) on earnings. The incentive com-
patibility constraint states that high-skilled workers do not want to imi-
tate low-skilledworkers. Denoting by (ci, li)i=1,2 the optimal allocations,
the incentive compatibility constraint can bewritten as c2−v2(l2)≥c1−
v2(w1l1/w2) as a high-skilled worker only needs to work w1l1/w2 hours
to imitate the earnings w1l1 of a low-skilled worker. Therefore, in this
model, setting the minimumwage atw1 does not make it more difficult
for a high-skilled worker to imitate a low-skilled worker. Hence, in the
Stiglitz (1982) model, the minimum wage does nothing to prevent un-
desirable labor supply responses to an increase in the generosity of c1.
As a result, and as proven by Allen (1987) and Guesnerie and Roberts
(1987), the minimum wage is not useful in this model.

This is in contrast to the model we have presented in Section 4
where a minimum wage allows to increase c1 without triggering ad-
verse labor supply responses as low-skilled work becomes rationed
and high-skilled workers (and non-workers) cannot get the low-
skilled jobs (as shown in Fig. 2 and Appendix Fig. A1).

The key difference between the Stiglitz (1982) model and our oc-
cupational model of Section 4 is the nature of the behavioral re-
sponses to taxes. When low earners are subsidized, do we observe
high earners cutting down their hours–while staying in the highly
paid sector–to take advantage of the low earners subsidy as in the
Stiglitz model? Or do we observe instead more low-skilled work
due to participation responses and high-skilled people taking low-
skilled jobs as in our model of Section 4? In the short-run, it is con-
ceivable that responses of the Stiglitz (1982) type could take place
as skills are exogenous and individuals cannot move from occupation
to occupation. In the long-run, however, it seems more realistic to as-
sume that individuals choose their occupation based on the relative
after-tax rewards as in our model of Section 4.

The empirical literature has clearly shown evidence of responses
along the participation margin while less evidence of strong behav-
ioral responses have been obtained along the intensive hours-of-
work margin, consistent with the model of Section 4 rather than the
Stiglitz (1982) model. Interestingly and consistent with this discus-
sion, when implicitly introducing fixed costs of work–and hence a
participation margin–in the Stiglitz model, Marceau and Boadway
(1994) show that a minimum wage could be desirable even with
20 The occupational model developed earlier avoided this informational inconsisten-
cy as there was no choice of hours.
21 We thank an anonymous referee for suggesting to us this explanation.
22 This mechanism is similar to the employment income tax enforcement mechanism
proposed by Kleven et al. (2009).
optimal nonlinear taxes, hence overturning the results by Allen
(1987) and Guesnerie and Roberts (1987).23

5.4. The need for occupation-specific tax rates

The general theory of rationing of Guesnerie and Roberts (1984)
applies solely in a Diamond and Mirrlees (1971) model of optimal
taxation where the government can impose differentiated linear
taxes on each good or production factor. Our occupational model of
Section 4 is a Diamond and Mirrlees (1971) model as the government
can apply specific tax rates on each occupation. That is why the stan-
dard rationing theory applies and desirability of the minimum wage
is obtained. In contrast, the Stiglitz (1982) model does not have the
properties of a standard Diamond and Mirrlees (1971) model because
the government can no longer choose independently the tax rates on
high-skilled vs. low-skilled work. Those tax rates are linked by the in-
centive compatibility constraint. As a result, the standard rationing
theory breaks down and the minimum wage is no longer desirable.24

In the end, as we discussed above, as to which model is most suitable
for analyzing the problem is an empirical question. Here, we want to
flesh out the theoretical discussion by showing that our results from
Section 4 carry over to the model with variable hours only under
the strong and unrealistic assumption that the government can im-
pose specific linear taxes on each occupation. Technically, this as-
sumption is required so that the model retains the properties of the
Diamond and Mirrlees (1971) tax model.

Let us denote by τi the tax rate on earnings in occupation i and by
c0 the lump-sum grant redistributed to everybody so that ci=wi(1−
τi)l+c0. Proposition 2 remains valid in this model. The logic of the re-
sult can again be seen in Fig. 2 and Appendix Fig. A1. Suppose that the
government sets the minimum wage at the initial level w1 and then
decreases τ1 slightly. Labor supply in the low-skilled sector cannot in-
crease (as this would lead to a fall in w1). Hence, the tax decrease is
again a pure lumpsum transfer to low-skilled workers which is
24 This discussion parallels the debate between Naito (1999) and Saez (2004). Naito
(1999) shows that using the Stiglitz (1982) model overturns the Atkinson and Stiglitz
(1976) theorem on uselessness of commodity taxation and the Diamond and Mirrlees
(1971) production efficiency theorem. In contrast, Saez (2004) considers an occupa-
tional choice model as the one presented in Section 4 and shows that both theorems
carry over, again because the occupational model retains the properties of the
Diamond and Mirrlees (1971) model.
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desirable as long as g1>1. As a strong caveat, it is important to re-
emphasize that this extension is primarily made to illustrate the the-
oretical discussion because it is not realistic to assume that the gov-
ernment can impose occupation specific tax rates.

6. Conclusion

Our paper proposes a theoretical analysis of optimalminimumwage
policy for redistribution purposes in a perfectly competitive labor mar-
ket, considering both the casewith no taxes/transfers and the casewith
optimal taxes/transfers. In light of the previous literature on this topic,
we find that the standard competitive labor market model offers a sur-
prisingly strong case for using the minimum wage when we adopt the
efficient rationing assumption. The minimum wage is a useful tool if
the government values redistribution toward low wage workers, and
this remains true in the presence of optimal nonlinear taxes/transfers.
In that context, our model of occupational choice abstracting from
hours of work allows us to focus on the labor force participation deci-
sion and avoids the informational inconsistency that plagued previous
work analyzing minimum wage policy with optimal income taxation.

When low-skilled labor supply is driven by the extensive margin, as
empirical studies suggest, a minimumwage should always be associat-
ed with in-work subsidies whether rationing is efficient or not. In that
context, the co-existence of minimumwages and positive participation
tax rates for low-skilled workers is (second-best) Pareto inefficient. In
that situation (common inmost OECD countries) a cut in employer pay-
roll taxes decreasing the gross minimum wage while keeping the net
minimum wage constant, combined with an offsetting tax increase on
high-skilled workers is Pareto improving. Therefore, this result is per-
haps themost striking finding of the paper and themost policy relevant
one.

There are a number of issues that we have abstracted from our very
stylized model that are worth pointing out as caveats and potential av-
enues for future research.

First, a minimum wage rationing mechanism operates very differ-
ently from a tax and transfer that alters prices, but lets markets freely
clear. The rationing induced by theminimumwage creates an allocation
problemwith no naturalmarket. It is conceivable that rationing and the
ensuing involuntary unemployment would create additional psycho-
logical costs (such as feelings of low self-worth) that are not captured
in standard models (including those with search frictions), which
would make minimum wage policies less attractive in practice.

Second and related, by the same logic, rationing out-of-work benefits
would be desirable if such rationing could bemade efficient (i.e., benefits
would go to those with the highest costs of working so that those with
low costs of workingwould remain in thework force). In that case, how-
ever, the government would have to set up a direct rationing scheme (as
opposed to indirectly letting private agents work out a rationing scheme
as under a minimum wage). Re-trading of out-of-work benefits can
make the allocation efficient but such re-trading couldworsen inequality
and hence social welfare. Tackling this issue could connect the theoreti-
cal literature on quotas following Neary and Roberts (1980), Guesnerie
(1981), and Guesnerie and Roberts (1984) to themore applied literature
on optimal ordeals or screening devices for welfare programs following
Nichols and Zeckhauser (1982) and Besley and Coate (1992).

Finally, economies generate involuntary unemployment through
other channels than minimum wage. Recent experience shows that
macro-economic downturns can generate substantial unemployment.
In such situations as in the case of minimum wage induced unemploy-
ment studied here, the labor supply margin becomes irrelevant as too
many workers are chasing too few jobs, which can significantly change
the calculus of optimal tax and transfers.25 As an important caveat, note
25 Landais et al. (2010) develop a general equilibriummodel with rigid wages and an-
alyze optimal unemployment insurance in that context.
that the policy making process might not be reactive enough to time
well changes in the tax and transfer structure at business cycle frequency
although automatic rules tying transfer parameters to the unemployment
rate are conceivable.26
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Appendix A. Formal proofs

A.1. Theoretical underpinnings of Fig. 1

Constant returns to scale and demand Eq. (1) imply that w2/
w1=F2(1,h2/h1)/F1(1,h2/h1). Constant returns to scale along with de-
creasing marginal productivity along each skill implies that the right-
hand-side is a decreasing function of h2/h1. Therefore, the function is
invertible and the ratio h2/h1 can be written as a function of
the wage ratio w2/w1: h2/h1=ρ(w2/w1) with ρ(.) a decreasing func-
tion. For example, in the case of a CES production function, F(h1,
h2)=[a1h1(σ−1)/σ+a2h2

(σ−1)/σ]σ/(σ−1), we have h2/h1=(a2/a1)σ ⋅
(w2/w1)−σ.

Constant returns to scale also imply that there are no profits in equi-
librium. Hence Π=F(h1,h2)−w1h1−w2h2=0 so that w1+w2⋅ρ(w2/
w1)=F(1,ρ(w2/w1)), which defines a decreasing mapping between
w1 and w2 so that we can express w2 as a decreasing function of w1:
w2(w1). For example, in the case of a CES production function, the equa-
tion defining w2(w1) is a1σw1

1−σ+a2
σw2

1−σ=1.
Differentiating w1+w2⋅ρ(w2/w1)=F(1,ρ(w2/w1)) implies that

dw1+rdw2+w2dr=F2dr so that, using w2=F2, we have dw1+
rdw2=0. Therefore, dw2/dw1=−1/ρ(w2/w1)=−h1/h2 which proves
Eq. (6).

In Fig. 1, the supply function S1(w1) is defined as follows. For a
givenw1, the demand side defines a uniquew2=w2(w1) as discussed
above. For given tax parameters T0,T1,T2, the supply side function is
defined as S1(w1)=h1(−T0,w1−T1,w2(w1)−T2).

The definition of the demand function D1(w1) depends on the ra-
tioning mechanism. Let us work out the case with efficient rationing.
27 For a given w1, the demand side defines a unique w2=w2(w1) and
pins down the ratio h2/h1=ρ(w2(w1)/w1). Under efficient rationing,
if the wage w1 is above (below) its competitive level, then there
exist δ>0 (b0) such that only those with surplus above δ work in oc-
cupation 1. In that case, the population will be distributed across the 3
occupations according to the functions hi(−T0,w1−T1−δ,w2−T2)
(instead of hi(−T0,w1−T1,w2−T2) with no rationing). Obviously,
h1 decreases with δ and h2 increases with δ (or is constant if there
are no intensive labor supply responses). Therefore, for a given w1,
as w2(w1) and h2/h1=ρ(w2(w1)/w1) are pinned down, there exists
a single δ such that h2(−T0,w1−T1−δ,w2(w1)−T2)/h1(−T0,w1−
T1−δ,w2(w1)−T2)=ρ(w2(w1)/w1). This δ is a function of w1, and
hence we can formally define D1(w1)=h1(−T0,w1−T1−δ(w1),w2

(w1)−T2).
For example, US states extend automatically the duration for unemployment ben-
efits when the state unemployment rate crosses a certain level.
27 A similar derivation can be made for any other form of rationing but the formulas
of course depend on the rationing form chosen. The reader can easily work out the case
with uniform rationing.



Fig. A2. Pareto improving policy when τ1>0 and the minimum wage binds. The figure
starts from a situation with a positive tax rate on low skilled work (τ1>0) in dashed
line along with a binding minimum wage creating involuntary unemployment. From
that situation, consider lowering the minimum wage while keeping c0, c1, and c2 con-
stant as depicted by the solid line. Through demand effects, dw2 adjusts so that
h1dw1+h2dw2=0, which implies that the loss in tax revenue raised from low skilled
workers is exactly compensated by an increase in tax revenue from high skilled
workers. Furthermore, this reform reduces involuntary unemployment (curly arrow),
hence increasing welfare of the newly employed and increasing tax revenue as the
newly employed pay higher taxes. Therefore, this reform is a Pareto improvement.
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A.2. Proof of Proposition 1

At the competitive equilibrium (w1,w2) with no taxes and trans-
fers, social welfare is given by:

SW ¼ 1−h1−h2½ �G 0ð Þ þ ∫Θ1
G w1−θ1ð ÞdH θð Þ þ ∫Θ2

G w2−θ2ð ÞdH θð Þ;

where w2 is a function of w1 through the demand side as discussed in
Appendix A.1 above. Consider introducing a small minimumwage d �w
above w1. We have,

dSW
d �w

¼ −dh1

d �w
−dh2

d �w

� �
⋅G 0ð Þ þ dh1

d �w
G 0ð Þ þ dh2

d �w
G 0ð Þ

þ∫Θ1
G′ w1−θ1ð ÞdH θð Þ þ dw2

d �w
∫Θ2

G′ w2−θ2ð ÞdH θð Þ:

The second and third terms are obtained because of the efficient
rationing assumption whereby those losing their low-skilled job and
shifting to no-work are those with the least surplus, namely zero,
for having a low-skilled job. 28 Therefore, the first three terms cancel
out, and, using dw2=d �w ¼ −h1=h2 we obtain finally,

dSW
d �w

¼ h1λ g1−g2½ � > 0;

which proves the proposition. □

A.3. Proof of Proposition 2

Social welfare at the tax and transfer optimum with no minimum
wage is given by:

SW ¼ 1−h1 cð Þ−h2 cð Þ½ �G c0ð Þ þ ∫Θ1
G c0 þ Δc1−θ1ð ÞdH θð Þ

þ∫Θ2
G c0 þ Δc2−θ2ð ÞdH θð Þ;

where Δci=ci−c0 and with budget constraint h1 ⋅(w1−Δc1)+
h2 ⋅(w2−Δc2)≥c0 (multiplier λ). Forming the Lagrangian L=SW+
λ[h1 ⋅(w1−Δc1)+h2 ⋅(w2−Δc2)−c0], let us consider a variation
dc1 with a binding minimum wage �w set at the initial equilibrium
as depicted in Fig. A1 in a standard (w,c) diagram.We have no change
in w1 by definition, hence no change in w2 either as w2 and w1 are re-
lated byw2(w1) based on demand constraints (Appendix A.1). Hence,
there is no change in h2/h1=ρ(w2/w1). Because h1 and h2 cannot in-
crease (resp. decrease) simultaneously, this implies no change in both
h1 and h2. As depicted in Fig. A1., with the crossed-off curly arrows,
the labor supply response that would occur because of dc1 cannot
happen because of the minimum wage. Therefore, we obtain

dL
dc1

¼ ∫Θ1
G′ c0 þ Δc1−θ1ð ÞdH θð Þ−λh1 ¼ λ g1−1½ �h1:

This proves thefirst part of the proposition. At the full optimumwith
taxes and transfers and the minimum wage, the condition above must
be zerowhich implies that g1=1. The first order conditionwith respect
to c0, keeping Δc1, Δc2, and �w constant implies:

0 ¼ dL
dc0

¼ 1−h1 cð Þ−h2 cð Þ½ �G′ c0ð Þ þ ∫Θ1
G′ c0 þ Δc1−θ1ð ÞdH θð Þ

þ∫Θ2
G′ c0 þ Δc2−θ2ð ÞdH θð Þ−λ

¼ λ h0g0 þ h1g1 þ h2g2−1½ �;

which completes the proof. □
28 The small minimum wage also induces some low-skilled workers to shift to the
high-skilled sector but this has no first order welfare effect as those workers are indif-
ferent between the two occupations to start with.
A.4. Proof of Proposition 3

As depicted in Fig. A2. using a standard (w,c) diagram, the pro-
posed reform imposes dw1 ¼ d �wb0 while keeping c0,c1,c2 constant.
The utility of those who do not switch jobs is therefore not affected.
From the demand side (Appendix A.1), we have w2(w1) with dw2/
dw1=−h1/h2b0 and hence dw2>0. This implies that relative de-
mand for high-skilled work h2/h1=ρ(w2/w1) decreases as ρ(.) is de-
creasing (Appendix A.1). Because c2−c0 remains constant, and labor
supply is only along the extensive margin, the supply of high-skilled
workers is unchanged so that dh2=0, which then implies that
dh1>0 (depicted with the curly arrow on Fig. A2). Those dh1 individ-
uals shifting from no work to low-skilled work are better-off because
they were by definition rationed by the minimum wage. The govern-
ment budget is h1 ⋅(w1−Δc1)+h2 ⋅(w2−Δc2)−c0≥0. Therefore the
net effect of the reform on the budget is: dh1 ⋅(w1−Δc1)+h1dw1+
h2dw2=dh1τ1w1>0. Thus, with τ1>0, the reform creates a budget
surplus which can be used to increase c0 and improve everybody's
welfare (with no behavioral response effects), a Pareto improvement.
□
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