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Appendix A. R2 estimator

In Section 3.1 and 3.2, we propose and study properties of the R2 estimator of forecast error
variance decompositions. Here we explain how one can estimate the asymptotic variance Vj, g2 in
Proposition 1 and 2. Furthermore, we provide details of an alternative method of bias-correction
briefly illustrated in footnote 5. Those methods would be useful for the researcher who wants to

do inference without relying on VAR-based bootstraps.

!

. : -1 -1
Estimation of Vyg,. We want to estimate V), z2 = Ah,RZ(Gh,RZ) Qh’Rz(G,'le) A 2. Let’s
begin with Ay, 2. A practically feasible estimator of 8, = (9{’0, 620, Hé’o)' that we use is § =

(6;,85,65)", where

! 1 - 1 £ ! Z’f ! f’f
91 = (thh) 1(thh)' 92 = ;hh’ 93 = };_hh: Th =T - (Lmax + h)

. _65(90) _ 1 ’ ’ s N — 6{'(@) _ 1 a0 Ar AR2
A natural estimator of Ap, p2 = Y a(ez’o, 01,0 —sh) isAp gz = 20" — 3. (92, 01, —S, )

The last element should be a bias-corrected estimate instead of & (é) because we find that this

specification performs better in simulations.’

We next turn to G g2 = E[Vegein(0p)] = —diag (E [Z?(Zf)’],lmz). It can be easily

estimated by Gy, g2 = —diag(Z,Zy /Ty, Intz) = —diag( {;Lhmaxﬂzf(zgl)' /Th,1h+2).

It remains to estimate Q, gz = X2, I'(1), where T'(0) is the autocovariance of g.(6,) in
equation (11) at lag [. Remember that

Z (fronie—s — (1) 6)
9e+n(0) = g(ft+h|t—1:Z£l:9) = Zglmet_l -6,
ft2+h|t—1 - 63

We pre-whiten the data following Andrews and Monahan (1992) to avoid underestimation
problems of the long-run variance of g.,,(6,). For a simple notation, we define a 2h + 3

dimensional vector 7, as follows:

! Results are available upon request.



20 (Frames — (20 )
Tern = tht+h|t 1— 0,

ft+h|t 1 — 0;

It is worth noting that the sample average of , is a zero vector, i.e. —Zt ZLa.+1 ¢ = 0 given the

definition of . To whiten the series, we use a VAR(1) model that m, = Am,_; + 1;. The estimated
autoregressive matrix and the residuals are denoted by A and 7j,. Then we estimate the long-run
variance of 7, by applying Newey and West (1987) estimator with the Bartlett kernel to the residuals

{ﬁ Linax+2? =1 ﬁT_h}. Specifically, the estimated long-run variance is given by

L’R\V(ﬁt) = fﬂro + LNVV;H (fn,l + f11,—1) + + L ( nivw T LNW)’

where fn’l is the estimated autocovariance matrix of 7}, at lag [. We use a simple rule suggested by
Stock and Watson (2011) to select the number of autocovariance matrices included. Following the
rule, Lyy, + 1 is the closest natural number to O.75Th1 3, Finally, 'ﬁh,RZ is obtained by

Qprz = (12h+3 - A) LRV(Ut)(12h+3 —A )

In sum, the asymptotic standard error of $X? is given by

1~

[s.e. (SRZ)] _hZh,RZ(Gh,RZ)_lﬁh,RZ(G;L,RZ)_ A’h,RZ’

—~ 1, -
where Ay g2 = é—(eg,el, —3k2),
3

Z,Z,
Gth = —dmg( Ih+2>,
Ty

Qprz = (Inss — A) LRV () (Ipas — A)

An alternative method for estimating biases based on the asymptotic distribution of 6. We conjecture
that most of the finite sample bias in §,’fz is due to the non-linear transformation & (), not estimation
of 6 itself. Note that 6 consists of projection coefficients of fi,p;—1 on Z k| covariance between
fe+n|t-1 and Z hand variance of fe+n|t-1. Estimation of all those quantities are rather standard, and
significant biases of the corresponding method of moments estimators have not been reported. Below

we suggest a method to capture biases originating from &(+) in small samples without relying on VAR-

based bootstrap.



~ d -
Because \/7(9 — 90) - N (O, G,;ll?z Qp g2 (G;l’Rz) 1), we can estimate the asymptotic

!

-1 , :
r22) - We simulate 8@ for B times

variance of the feasible estimator by Ti (@h Rz)_lﬁh R2 (5
L \h, :
from the following normal distribution:
~ 1,4 1~ R -
8O ~ (9, = (Gnse)” Qe (G ) 1).
A :
We discard cases where Hgb) < 0 because 65 = Var(ft+h|t_1) > 0. Finally, the bias due to the

non-linearity in £(-) is captured by 1ZB= E(6®) —&() and the bias-corrected estimator is
5 &b=1

given by
$52 = £(0) - (328-0.6(0®) ~ £(0)) = 26(8) — 35, £(6®)



Appendix B. Other local projections estimators

As briefly discussed at the end of Section 3.1, it is possible to estimate s, by plugging estimates

of,;’s, 07, Var(ft+h|t_1), or Var(vt+h|t_1) into the following representations of sy,:

_ (Z?=0 l/)g,i)azz
- Var(ft+h|t—1)
_ (Z?=0 l/)g,i)azz
(Z?=o l/)g,i)azz + Var(vt+h|t—1).

We call those estimators the LP-A and LP-B estimators, respectively. Below we derive their

h

asymptotic distributions, discuss methods for joint inferences, and show how to estimate the
asymptotic variances. For their performances in Monte Carlo simulations, see Appendices F and

G.

Asymptotics of the LP-A and LP-B estimators. Similar to Proposition 1, we begin with the case
where the population forecast errors are observable, not generated. Also, using the estimated

forecast errors does not change the asymptotic distributions of the LP-A and LP-B estimators.

Proposition 4. The local projections estimators when f; 5,1 is observable have the following
asymptotic distributions for some V}, ;p4 and Vp, ;pp:
o (pLLPY? A
\/T i=0(ﬁ(§ ) azz _
Var(fiinjt-1)
h ( B‘i,LP)Z 52
1=0\/~0 z

?:o(ﬁé'w)z 67 + V/Er(ft+h|t—1 -2, Aé'LP Zt+h—i)

d
sh>—>]\/”(0, Vh,LPA), and

\/T _Sh i N(O, Vh,LPB)

Proof.
(1) LP-A estimator

We first derive the joint distribution of l/JAZ,i(Z ﬁé’w)’s, 62, and 6f2,h = V’Er(thn_l). Then we
will use the delta method to find Vj, ;p4.
To begin, we describe the moment conditions for the local projections for l/JAZ,i’S. We run

the following OLS regression and take the coefficient on z,:



i, LP i,LP i,LP i,LP
Yeri = Vo1 = Bo ze+ A Bl Zemn, H VT DY+ Y

Ay, + i’ + Terije-
for alli = 0,1, ..., h. In the above representation, 5§ = Y, ;. For a simple notation, we rewrite the
above equation as

Pit = q:B; + Tetijt-1) where Pit = Ve+i — Ve-1»
!
Qt = (Zl" ey Zt—Lz' Ayl'—ll ey Ayt—Ly' 1) )

B = (B4 BT Y727, i)
Then the OLS estimator B; becomes the method of moments estimator of the following moment
conditions:
E[Qt(Pi,t - qui)] = 0.
Also, 1/32’1- is given by ¢;B; where ¢, isa L, + L, + 2 dimensional vector whose first element is one
and the others are zero.

To study all parameters required simultaneously, we let 8, = (B{), e, Bh, 02, afz’h)’, where
GfZ’h = Var(ft+h|t_1). We use the moment conditions that E[g;,,(8,)] = 0, where g;,,(0,) is
given as follows:

/Qt(Po,t - quO)\

Jern(0p) = | Qt(Ph,t - q{Bh) I.

z2 — o?
ft2+h|t—1 - Ufz,h
We define g;,,(0) similarly. It is clear that it is a just-identified system. Similar to the proof of

Proposition 1, we know that
~ d
VT(O - 6,) » N(0, G1Q(GH™D),
where G = E[Vgg:1n(6p)], @ = X72_ T(1), and T'(1) is the autocovariance of g,,,(6,) at lag L.

With some algebra, we can show that

_ Iny1 ® qeq; 0)
G= E< : L)

where @ is the Kronecker product.
A transformation ¢ is required to connect 8 with s,. We define

i=0(41B)? o7

§(6p) = sp =

2
Of h



and ¢(0) is also defined similarly.

Regarding the delta method, we need A = 62(99,0). We can show that
21/)z,oaz2 b ,
1 | 21/)z,h0-z L |
= O-T h
f.h
>l
i=0

Combining the above derivations and being explicit about the fact that the moment
conditions g;,,(-) are for the LP-A approach at the horizon h, we have the asymptotic

distribution.

M ()02 a4
\/T(M—Sh) > N(0, Viira),

var(fesnje-1)

-1 -1
— ! !
where Vi, 1pa = Ap Lpa (G h,LPA ) Qn,Lpa (G h,LPA) Ah,LPA .

(i) LP-B estimator
The joint distribution of tljz’i’s is obtained similarly. To study all parameters required
simultaneously, we let 6, = (B{), s B;l,azz,af’h)' where o7, = Var(ft+h|t_1 -
Y oW, Zesni). We use the moment conditions that E[g,,,(80)] = 0, where g,,,(8,) is given
as follows:

q:(Poc — qiBo)
q:(pnr — q{Bn)

9e+n(6o) = z2 — o2
2

h
(ft+h|t—1 - Z(liBi) Zt+h—i> - af’h
i=0

We define g;.,,(0) similarly. It is clear that it is a just-identified system. In such a case, the method

of moments estimator A can be understood as a two-step estimator. It first finds B;’s using the OLS
moment conditions and then plug these estimates into the remaining conditions. Then 62 and 63’ h
are derived given B;’s. It is worth noting that this is the same procedure we follow when we define

$4PP. The only difference is that we are using here f;,5,—, instead of its estimate.



Similar to the proof of Proposition 1, we know that

R d
VT(6 - 6,) » N0, G1Q(GH™)
where G = E[Vggi1n(60)], @ = X72_, T(1), and T'(1) is the autocovariance of g,,,(6,) at lag L.

With some algebra, we obtain that

/ Int1 ® qeq: o\

_ I
G=-F 0 0 I

! !
2Veinie-1Zernls 0 2Veqnt-1Zes1la| Ly

where @ is the Kronecker product. For the bottom left part, we use the fact that 1;B; =, ; and
Vegnjt—1 = frenje-1 — Y oWsiZesn-i . Because Vernjt—1 = Yeolrsn + o+ (lpe,o + -+
Yen)e; is orthogonal to {z,}, where {1}, ;} and {e} are defined as is the case in Section 4.1, the

bottom left block of G becomes a zero matrix.

A transformation ¢ is required to connect 8 with s,. We define

i=0(41B)? of
X o(iB)? 02 + a5y

§(6p) = s, =

and &(0) is also defined similarly.

9$(6o)

Regarding the delta method, we need A = =7

. For a simple notation, we write afz n=

var(fisnje-1) = 2o Y2 62 + 02,. With some algebra, we can show that

/ 21/)z,0(7z211 \’
b |
| .

o2
a thm )

—Sh/(1 — Sp)

Combining the above derivations and being explicit about the fact that the moment

conditions g;,,(+) are for the LP-B approach at the horizon h, we have the result:

. 2
h SLLP\ A~
Zi:o(ﬁo )O‘%
; 2 ;
h SLLP\ A2 — h piLLP
Zi:o(ﬁo ) JZ+Var(ft+h|t—1_Zi=0B0 Zt+h—i)

ﬁ( _Sh> i N((): Vh,LPB)a

where Vh Lpe = Ap LPB(Gh LPB) Qp LPB(Gh LPB) Ah LPB* o



Joint inference. Below we explain how one can estimate a joint distribution of the LP-B estimators
(85PB,8LPB ., §EPBY)' Results for the LP-A estimators can be obtained similarly.
We consider augmented moment conditions E[g/?"*(8,)] =0 , where 6, =

(By, ., Bly, 02,020, ..., 02y) isa (H+ 1) = (L, + L, + 3) + 1 dimensional vector, and
q:(Po,: — 4iBo)

q:(pur — {By)

2 2
Ziy — 0y

2

0
Joint
6,) = /
9t+H ( 0) (ft|t—1 - Z(tlBi) Zt—i) - 0-3,0
i=0

H . 2
(ft+H|t—1 - Z(liBi) Zt+H—i> - 03,11
=0

Then it is straightforward to extend the proof of Proposition 4 to the joint distribution of

(867,817, ..., 857)" . In practice, both L, and L, should be small not to make (H + 1) *

(LZ +L, + 3) + 1 too large relative to T

Estimating V,;pp . Next, we explain how one can estimate V,;pp =

-1 -1 . . . .
ApLpp (G hLP B) QpLrB (G h.LP B) A}, 1pp- Again, the asymptotic variance for the LP-A estimator
can be estimated similarly.

Let’s begin with Gy ;pp = —diag(In+1 & Elq.q¢], I,). It is natural to have

T-h
. ) 1 ,
Gprpe = —diag | I+, ®T_ Z q:q: 1>
T e

The feasible estimator of @ is denoted by = (By, ..., By, 62, 63’,1)’, where 62 = %Z{ﬂ z?

~ 1 o7 5 = 2
and 67, = T-h (Franjeer — 2o tiBi Zeppn—y) . > We define (H + 1) * (L, + L, +2) +

E t=Lmax+1

2 dimensional vector 7, as follows:

2 The denominator T, might be adjusted according to the degrees of freedom without affecting the asymptotics.



Qt(Po,t - qgﬁo)

=
Qt(Ph,t - QtBh)
Teyn = z2 — 62

2

h
(ft+h|t—1 - Z(liBi) Zt+h—i> - 63,}1
i=0

Then ﬁh’LPB is obtained by applying the Newey-West estimator to m;,, with pre-whitening

similar to the case of (0}, p2.

It remains to estimate Ay ; pp. It is straightforward to define

~ A2 !
21/)2,00-2 L1 \

P o A2
Ah.LPB = — 21/)z,h0-z b
ho 72
i=0 l/)z,i
ALPB ALPB
=8y 7 /(1= 8;"7)
,\ 1 or 5 : ALPB -
where 67, = - {2l oot finje—1- We plug the bias-corrected 8777 in the place of sj,.

Combining all the estimators, the standard error of $5FZ is given by

n —~ ~ -1~ ~ -1~
[s.e.($ rIZPB)] 2 = T_ Ah,LPB (G h,LPB) Qh,LPB (G IIL,LPB) ’h,LPB'
h

In practice, both L, and L,, should be small not to make the number of moment conditions

(H+1)* (L, + Ly, + 2) + 2 too large relative to the sample size Ty.

An alternative method for estimating biases based on the asymptotic distribution of . Similar to
the discussion in Appendix A, we conjecture that most of the finite sample bias is due to the non-

linear transformation &(-). Here, we focus on the LP-B estimator, because one can easily apply the

same procedure to the LP-A estimator.
We approximate the asymptotic variance of the feasible estimator 6 by

i(G\h’LPB)_lﬁh’LPB(G\,’l’LPB)_l. Then we simulate 8?) for B times from the following normal

distribution:

~ 1 -1~ A -
Q(b) ~ N(Q, T_h(Gh'LPB) 1Qh,LPB(G;l,LPB) 1)'

10



We drop cases where the simulated 67 and 672, are negative. Then the bias is estimated by

%Zlg’:l £(0®) — £(8) and the bias-corrected estimator is given by

. ~ 1 = ~ 1
70 = £(8) — (52820 6(6®) — £(6)) = 26(8) ~ 3 23- £(6®).
Note that calculating Gy, pp and Qy, ;pp does not require deriving the bias-corrected $-72.

Therefore, we can first estimate Gp,  pp and Qy, ;pp, derive the bias-corrected §£7% by using the

above method, and then calculating Ay, ; pp for the (asymptotic) standard error.

11



Appendix C. Finding a MA(o0) representation for a process driven by

multiple underlying shocks
Suppose the following data generating process as in Section 4.1. In this section, we explain how
an infinite-order MA representation driven by a single white noise process is obtained for the
residual process {Ap; + Aa;}.
ye =¥, (L)z, +uy,
U =prtay,
(Ap, — gy) = pp(Apt_1 — gy) + opey, el ~iid N(0,1),
a; = PaQe_1 + 0gef, ef ~iid N(0,1),
z ~ iid N(0,02),
{z:}, {e?}, and {e@} are mutually independent.

We first show why having a representation g,, + . (L)e, of Ap, + Aa, is needed. When
all three shocks are in the information set, the corresponding forecast error with (0, =
{z;, Dy, el e, ..} is

feene=1 = Yern — Ye-1 — Plyesn = Ye-11Qec1] = Wao0Zean + -+ Yonze
+0pepiy + (1 +pp)opelin g + o+ (1 +pp + -+ pp)oyel
togefsn + PaOaefin_1 + -+ paogef.
Thus, the corresponding forecast error variance decomposition becomes

g (Z?=o 1/)51) azz

h = : > —
(Z?=o 1/’51) o7 + Z?=0(23'=0 pz])) o5 + Xl Pt 02

However, what we estimate in the simulations is s;, not §,. s, is based only on the

information set Q, = {Ay,, z, ...}, not the augmented one, (},. Because €, is coarser than (,,
sp < §,, as discussed in Section 3.6. To construct the true profile of s, we need Y, (L) and a,.
We use a stationary Kalman filter (Hamilton 1994, pp.391-394) to do so. We cast the above

process in a state-space representation.

12



State equation:
where St = (Ap; — gy, Aag, el)’,

Ky = (ef,ef)’~(0,1),

pp O 0
F= (O Pa _aa>’
0 O 0

Op 0
B = (O 0-a>'
0 1

Measurement equation: Au, = g, + H'S,, where H = (1,1,0)".

By defining Q = BIB' = BB' and R = 0, the stationary P and K are obtained from the
matrix equation (13.5.3) and (13.5.4) in Hamilton (1994).

P =F[P—PH(H'PH + R)"'H'P]F' + Q,
K = FPH(H'PH + R)™ L.
The first equation is a discrete time algebraic Riccati equation for P which can be solved
numerically. Then deriving K is straightforward from the second equation. Given K, it is known
that
Au; = g, + U+ H'(I — FL) *KL)e,, e.~WN(a?), and o, =+HPH+R.

To convert (I + H' (I — FL)"1KL) into 1, (L), we use the identity that (I — FL)™1 =1 +
FL + F?L? + ---. Note all three eigenvalues of F, p,,, p, and 0, are less than one in absolute values.

Given the MA representation of Au;, we can find s; accordingly.

In Section 4.2, the Smets and Wouters (2007) model is simulated. We find s, under the

assumed information set in a similar way.

13



Appendix D. Unobservable Shocks and Measurement Errors

In some cases, an identified structural shock is only a part of the true shock. For example,
unanticipated innovations in the federal funds rates in Romer and Romer (2004) may be a part of
the entire change in monetary policy such as verbal communication, forward guidance, members
of the board of governors, and regime shifts. Similarly, legislative tax changes in Romer and
Romer (2010) might be a part of the whole fiscal policy shocks affecting the U.S. economy. When
shocks are generated from narratives as Ramey (2011), measurement errors might be another
important issue. In this section, we show that our approach can still provide interesting and
meaningful quantities in such cases, because our estimates are conservative estimates of the ‘true’
value available only when all hidden confounding factors are observable.

We decompose the true shock into two parts as z; = z¢ + z{*. The superscripts 0 and u

mean observable and unobservable components, respectively. We assume that

Op

(i) = [ )
Z# Pou0u 1- pg,u Oy v

where 8, ~ wn(ly), o4 = Var(z?), of =Var(z}), and p,,, is the correlation between z{ and
z{. Also, &, and e, are uncorrelated at all leads and lags. For example, a measurement error m;
can be modelled as z{ = z, + m, and z;* = —m,, and so p,,, < 0. We denote the full information
set with Q,_; = {x?_;,xt* 1, Ay;_1, ... } in this section and the econometrician’s information set
with Qf_; = {x{_,Ay;_4, ..} . The econometrician’s forecast error f%,.—1 is given by
fte-l-h|t—1 = Ye4n = Ye-1 — Plyesn — ¥e-11Qf_1]. Note that we project y,.p, — ye—q on Qf_;,
while the full-information forecast error f;,p .- is based on Q;_,. Finally, the econometrician’s
regressor is denoted by Z;*¢ = (22, -..,2¢)".

We argue that our estimators have a negative asymptotic bias, regardless of the sign of

o2
YicoWsi0f

is a ratio between the amount explained by the innovations in
var(fe+ne-1)

o Note that s, =

{z.} and the forecast error variance. As pointed out in Proposition 3, there are (a) a positive

asymptotic bias in the denominator, and (b) a negative asymptotic bias in the numerator when we

? Because the R2, LP-A, and LP-B estimators share the same probability limit, we here focus on the R2 estimator.

14



apply our methods to {z7} and ignore the existence of {z{*}. Therefore, (c) the estimator is

downward-biased, which is conservative in favor of the null hypothesis of no effects (s;, = 0).

Proposition 3. Given the assumptions above, the followings hold for any | po’u| <1
(a) Var(fte-i-mt—l) = Var(ft+h|t—1)-
(b) Var(lpz,oZHh + et lpz,hzt)
= Cov(fEne—s 20 Var(z)] " Covzl® fiume-n) + Zieot2; (1= pdu)o?

Var(YaoZesnt +Pznzt) - Cov(ft‘i,h”_l,zthrE)[Var(zth,e)]_lcov(Zth,e,ftimrﬂ)
var(fesnje-1) - Var(fte*-hlt—l)

(c)sp =

Proof.

Let’s begin with (a). With the full information, we can back out the forecast error as
feanjt=1 = Yean — Vo1 — Plyeen — Ye-11Q-1],
where the last term is the projection of y,,, — y,_; on the closed subspace spanned by Q,_;.
However, an econometrician has only Qf_; = {z7_1, 4y;_1,2{_5, AY:_5, ... }. It is evident that Qf c
;. We define the closed subspaces spanned by each information set as
V; = closure(span(Q,) ),
V¢ = closure(span(Qf)).
Using this notation,
feenjt—1 = Ye+n — Ye-1 — PWesn — Yec1lVeci]l = Plyesn — Ye-1l(VeoD],
fénie-1 = Yean = Yee1 — Peen = Ve-1lVEEA] = franje-1 + monpe-n
where V' is the orthogonal subspace of V, and Tént-1 = Plyesn — ye-1lVecal —
Plyesn = ye-1lVE4l
Note that V¢ © V;, and therefore 7, —1 € Vi—1. Because fiynje—1 € (Ve—1)*, it follows
that fiipe—1 and 78—, are orthogonal. * Therefore, Var(ff_mlt_l) = Var(ft+h|t_1) +
Var(rf+ h|t_1) > Var( fe+ h|t_1). Also, the equality holds only when z{* and its lagged values have

no additional power in explaining Y.y, given V£, implying P[y;in — Ve_1lVici] =

* This result is in fact due to a decomposition of the entire vector space V into a direct sum of three mutually orthogonal
closed subspaces: V=VE, B V.., n VEDD) B (VN (Ve_y)t), where ‘@’ means a direct sum. From the
decomposition, it direCtly follows that y..4 = yi-1 = Pyeen = Ye-11V] = Pyesn = YeorlVEA] + Pyesn = YeorlVeea 0 (VED'] +
P[Yern = Yeo1 IV 0 (Vee )] = P[yesn — YecalViEa] + 1inje—1 + feene—1, and the last three terms are mutually orthogonal.

15



Pyesn — Y11V 1]. This is true only for (uninteresting) special cases such as ¥, (L) = 0, p,,, =
+1,and 0} =
We next turn to (b) and show that the econometrician’s numerator converges in probability

to a value less than Var(t/;z’oth + -+ 1/;Z’hzt) =Y, 1/)5’1- 02. As illustrated in Equation (4),
Var(poozeen ++ benze) = E(franems - 28)E(28 22) T E(ZE  franems)
= [E@r 2 B2 - foones)| [E@E 20 [E@R22) B2 - fromes)],
The term inside the last square brackets is a vector of population regression coefficients of fipj¢—1
on Z!, which is W" = (1,0, ..., tpz’h)' by construction.

Now we investigate the econometrician’s numerator  E ( feenje-1 -
Zf’e’)E (Z;l’e Z;l’e,)_1 E(Z{° - ffnio1), where Z1° = (201, ..., 22)". Note that elements of
Z{* lies in Vit y, while 78, ;_; € Ve—y. Thus,

E (20 20)E@ - fs)
= £ (20 20) B2 framer) + B (20 207) T B (2 i)
=k (Z;l'e Z?'e’)_l E(Z® + fernie-1)

_ (1 n COU(ZtO, Zg))lph _ (0'0 + Pou * au) lph_

Var(z?) o,
We used the fact that fiypjr—1 = Df=o Wz iZtrn—i + Xi=o ZS'-:O(l/)e’j) er+n—; for the last line.

Finally, the econometrician’s numerator becomes

[ (20 22) " B2 pmee)] [E (200 20| [E (20 207) " B fanees)]

h
= (O-O i Z—O’u . O-u) qjh’ . 0'021 ' (00 - Z‘O’u ' O-u) vt = Z l/);,i (0-0 + Pou - O-u)z'
0 0 i=0

Thus, any asymptotic bias in the numerator is from the differences between o and
2 2
(04 + Pon - 0,) - Because 62 — (0, + o - ) = (1 — p2,)02,

’ IN—1
E(firnje—1 - ZE)E(ZPZE) E(ZE - frne-1)

16



h
’ n—1
=E (fte-l-h|t—1 -z )E (Z;l'e zpe ) E(Zgl'e 'fte+h|t—1) + le;i (1—p2,)o2.
i=0

The econometrician’s numerator and denominator are asymptotically less and greater than
their full-information counterparts, respectively. Therefore, we have a negative asymptotic bias as
claimed in (c). Moreover, the biases become small when 1, ;’s are close to zero, the observed and
unobserved components are highly correlated, or the variance of the unobserved part is small. In

such cases, both biases in the denominator Var(rf+h|t_1) and the numerator Y- o2, (1-

p?,)oZ are small.
So far, we assumed that z and z{* have the same impulse response function 1, (L) for
simplicity. However, we may consider Y2 (L)z? + Y¥(L)z} instead of y,(L)z,. This does not

change our results and the above derivations admit a straight-forward extension to this general

. . 2
case. In this case, the difference between two numerators becomes Z?=0(1/ﬂz"i) (1-p2,)02. O
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Appendix E. Alternative specifications

This section discusses the performance of alternative specifications relative to that of our
benchmark in several respects. Specifically, we consider three cases: (1) block bootstraps are used
for bias-correction, (2) Lysgr = L, = L,, are selected by Akaike information criterion, and (3)

inference is based on asymptotic standard errors.

Appendix E1. A comparison between the block and the VAR-based bootstraps

For simulation studies in the main text, we rely on the VAR-based bootstraps to correct for biases
and to construct confidence intervals. Here we compare the performances of the VAR-based
bootstrap and the block bootstrap for local projections suggested by Kilian and Kim (2011).

We show results for three versions of R2 estimators: (1) R2 estimator without bias-
correction, (2) R2 estimator with VAR-based bias-correction, and (3) R2 estimator with bias-
correction based on block bootstraps. Similar to the main text, we experiment with DGP 1, 2, and
3, where the sample size is 160, and the replication size is 2,000. For each estimator, we calculate
mean, root mean-squared error, and coverage probability of 90% confidence intervals. The VAR
lag order is selected by the HQIC, and the size of each block is four following Kilian and Kim
(2011). For the DGP 3, we also check the results when the VAR lag order and the size of each
block are ten as in Table 4.

As illustrated in Table E1-E3, the VAR-based bootstrap performs better than the block
bootstrap. The R2 estimator with VAR-based bias-correction has smaller root mean-squared
errors. Furthermore, coverage rates for the estimator with VAR-bootstrap are closer to the nominal

rate than the estimator based on block bootstraps.
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Table E1. Simulation results for DGP 1.

Horizon h
0 4 8 12 16 20

Forecast Error Variance Decomposition (VAR(HQIC), Block Size(4))

True 0.00 0.04 0.19 0.21 0.18 0.14
Average estimate
R2, Without bias-correction 0.01 0.06 0.20 0.25 0.26 0.27
R2, VAR-based bootstrap 0.00 0.02 0.13 0.16 0.13 0.11
R2, Block bootstrap 0.00 0.03 0.16 0.21 0.19 0.18

Root mean squared error

R2, Without bias-correction 0.01 0.05 0.11 0.15 0.19 0.22
R2, VAR-based bootstrap 0.01 0.05 0.12 0.16 0.17 0.18
R2, Block bootstrap 0.01 0.05 0.12 0.17 0.19 0.21

Coverage (90 % level, asymptotic)

R2, Without bias-correction 0.99 0.81 0.69 0.65 0.63 0.61
R2, VAR-based bootstrap 0.99 0.95 0.64 0.64 0.72 0.81
R2, Block bootstrap 0.99 0.90 0.69 0.59 0.54 0.56

Notes: The results are for DGP1 in Section 4.1. The sample size is T = 160, and the number of simulations is 2,000.

We consider three estimators in the table. ‘R2, Without bias-correction’ stands for $52 without bias-correction. ‘R2,

VAR-based bootstrap’ denotes for $7% — (l B_ gRa) _ s,*l), where §7>® is based on a simulated sample using a
B

VAR. s;, is the true FEVD in this DGP used for bootstrapping §:f 2’(b), and (é B §:f 2(8) _ s,*l) is the estimated bias

in $f%. The order of the VAR is selected by HQIC. Finally, ‘R2, Block bootstrap’ is for §5 — (é B_ gRa) _ §,’fz),

where §:f 2 i obtained from the block bootstrap. Similarly, (é - §:§ 2 _ §,’fz) is the estimated bias in this case.

Following Kilian and Kim (2011), the size of each block is four. We rely on bootstrap estimates for constructing
confidence intervals similar to Table 2-4.
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Table E2. Simulation results for DGP 2.

Horizon h
0 4 8 12 16 20

Forecast Error Variance Decomposition (VAR(HQIC), Block Size(4))

True 0.80 0.25 0.10 0.05 0.03 0.02
Average estimate
R2, Without bias-correction 0.79 0.26 0.15 0.14 0.15 0.19
R2, VAR-based bootstrap 0.81 0.24 0.09 0.03 0.01 0.00
R2, Block bootstrap 0.80 0.25 0.10 0.07 0.06 0.07

Root mean squared error

R2, Without bias-correction 0.03 0.11 0.12 0.14 0.17 0.21
R2, VAR-based bootstrap 0.03 0.10 0.09 0.09 0.10 0.12
R2, Block bootstrap 0.03 0.11 0.12 0.13 0.15 0.17

Coverage (90 % level, asymptotic)

R2, Without bias-correction 0.90 0.89 0.89 0.82 0.73 0.67
R2, VAR-based bootstrap 0.92 0.90 0.97 0.97 0.95 0.94
R2, Block bootstrap 0.91 0.73 0.68 0.77 0.79 0.75

Notes: The results are for DGP2 in Section 4.1. The sample size is T = 160, and the number of simulations is 2,000.

We consider three estimators in the table. ‘R2, Without bias-correction’ stands for $52 without bias-correction. ‘R2,

VAR-based bootstrap’ denotes for $7% — (l B_ gRa) _ s,*l), where $5(® is based on a simulated sample using a
B

VAR. s}, is the true FEVD in this DGP used for bootstrapping §:f 2’(b), and (é B §:f 2(8) _ s,*l) is the estimated bias

in $f%. The order of the VAR is selected by HQIC. Finally, ‘R2, Block bootstrap’ is for §5 — (é B_ gRa) _ §,’fz),

where §:f 2 i obtained from the block bootstrap. Similarly, (é - §:§ 2 _ §,’fz) is the estimated bias in this case.

Following Kilian and Kim (2011), the size of each block is four. We rely on bootstrap estimates for constructing
confidence intervals similar to Table 2-4.
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Table E3. Simulation results for DGP 3.

Horizon h
0 4 8 12 16 20
Forecast Error Variance Decomposition (VAR(HQIC), Block Size(4))
True 0.06 0.29 0.47 0.58 0.65 0.70
Average estimate
R2, Without bias-correction 0.06 0.22 0.36 0.45 0.52 0.57
R2, VAR-based bootstrap 0.05 0.21 0.32 0.40 0.44 0.46
R2, Block bootstrap 0.05 0.21 0.34 0.43 0.49 0.54
Root mean squared error
R2, Without bias-correction 0.03 0.11 0.17 0.19 0.20 0.21
R2, VAR-based bootstrap 0.04 0.13 0.20 0.24 0.27 0.29
R2, Block bootstrap 0.04 0.13 0.19 0.22 0.24 0.25
Coverage (90 % level, asymptotic)
R2, Without bias-correction 0.85 0.76 0.75 0.78 0.81 0.84
R2, VAR-based bootstrap 0.83 0.72 0.68 0.68 0.70 0.71
R2, Block bootstrap 0.83 0.65 0.53 0.50 0.46 0.44
Forecast Error Variance Decomposition (VAR(10), Block Size(10))
True 0.06 0.29 0.47 0.58 0.65 0.70
Average estimate
R2, Without bias-correction 0.06 0.25 0.39 0.48 0.54 0.57
R2, VAR-based bootstrap 0.07 0.29 0.46 0.56 0.62 0.65
R2, Block bootstrap 0.06 0.27 0.43 0.53 0.59 0.62
Root mean squared error
R2, Without bias-correction 0.04 0.11 0.16 0.19 0.21 0.22
R2, VAR-based bootstrap 0.05 0.12 0.16 0.19 0.21 0.23
R2, Block bootstrap 0.04 0.13 0.18 0.21 0.23 0.26
Coverage (90 % level, asymptotic)
R2, Without bias-correction 0.81 0.83 0.81 0.83 0.83 0.83
R2, VAR-based bootstrap 0.74 0.78 0.79 0.80 0.82 0.82
R2, Block bootstrap 0.76 0.72 0.67 0.65 0.63 0.61

Notes: The results are for DGP3 in Section 4.1. The sample size is T = 160, and the number of simulations is 2,000.

We consider three estimators in the table. ‘R2, Without bias-correction’ stands for $52 without bias-correction. ‘R2,

VAR-based bootstrap’ denotes for $7% — (l B_ gRab) _ s,*l), where $5(® is based on a simulated sample using a
B

VAR. s}, is the true FEVD in this DGP used for bootstrapping §:f 2’(b), and (é B §:f 2(8) _ s,*l) is the estimated bias

in $f%. The order of the VAR is either selected by HQIC or ten. Finally, ‘R2, Block bootstrap’ is for $52 —
(é B gRab) _ §ffz), where §7%® is obtained from the block bootstrap. Similarly, (é B_ gRa) _ §,’fz) is the

estimated bias in this case. The size of each block is either four or ten. We rely on bootstrap estimates for constructing
confidence intervals similar to Table 2-4.
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Appendix E2. VAR with Akaike information criterion

This section considers the Akaike information criterion (AIC) when we select the lag order Ly 4z =
L, = L, instead of the HQIC. It is well known that the AIC suggests higher-order models than the
HQIC or the Bayesian information criterion. Thus, we can check how sensitive our new estimators
of FEVDs are to the lag order of VAR models that are used to correct for the biases. Also, we can
compare the performance of the higher-order VARs with our estimators when estimating FEVDs.

Tables E4-E6 illustrate results for DGP 1-3. The lag orders Ly4gr = L, = L,, are selected
by the AIC, while all the other details are similar to the simulations in Section 4.1. It is clear from
the tables that the FEVDs based on bivariate VARSs are strongly biased for DGP 1 and 3. Note that
DGP 2 admits a VAR(1) representation, and this is the only case in our simulations when VARs
perform better than our suggested estimators. Furthermore, the R2 estimator is slightly more
efficient when the VAR lag order is selected via HQIC than AIC. This can be seen from Table
2(3) and Table E4(ES5) for DGP 1(2).
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Table E4. Simulation results for DGP 1.

Horizon h
0 4 8 12 16 20
Impulse Response
True 0.00 1.39 3.00 2.06 0.88 0.29
Local projections 0.00 1.40 3.01 2.03 0.83 0.27
VAR(AIC) 0.00 0.81 1.41 1.40 1.37 1.38
Forecast Error Variance Decomposition
True 0.00 0.04 0.19 0.21 0.18 0.14
Average estimate
R2 0.01 0.06 0.21 0.26 0.26 0.27
LP A 0.01 0.05 0.19 0.24 0.23 0.24
LPB 0.01 0.05 0.19 0.23 0.22 0.22
VAR(AIC) 0.01 0.04 0.10 0.12 0.13 0.13
Root mean squared error
R2 0.01 0.06 0.12 0.16 0.19 0.22
LP A 0.01 0.05 0.13 0.16 0.19 0.21
LPB 0.01 0.05 0.12 0.15 0.16 0.16
VAR(AIC) 0.01 0.04 0.15 0.18 0.17 0.17
Coverage (90 % level) (asymptotic)
R2 0.98 0.85 0.80 0.78 0.75 0.72
LP A 0.99 0.90 0.66 0.70 0.80 0.79
LPB 0.99 0.89 0.64 0.67 0.78 0.77
VAR(AIC) 0.99 0.85 0.38 0.37 0.38 0.39
Forecast Error Variance Decomposition (bias-corrected, VAR(AIC))
True 0.00 0.04 0.19 0.21 0.18 0.14
Average estimate
R2 0.00 0.03 0.15 0.18 0.16 0.14
LP A 0.00 0.03 0.15 0.17 0.15 0.13
LPB 0.00 0.03 0.16 0.18 0.17 0.15
VAR(AIC) 0.00 0.02 0.09 0.11 0.12 0.13
Root mean squared error
R2 0.01 0.06 0.14 0.17 0.18 0.19
LP A 0.01 0.05 0.12 0.16 0.17 0.18
LPB 0.01 0.05 0.13 0.16 0.17 0.17
VAR(AIC) 0.01 0.05 0.16 0.19 0.18 0.18
Coverage (90 % level)
R2 0.98 0.94 0.68 0.72 0.79 0.86
LP A 1.00 0.90 0.62 0.66 0.77 0.89
LPB 1.00 0.90 0.58 0.60 0.72 0.84
VAR(AIC) 0.99 0.73 0.36 0.35 0.36 0.36

Notes: The table reports the performances of various estimators introduced in Section 3 for DGP1. The sample size is
T = 160, and the number of simulations is 2,000. R2 and VAR stand for $X2 and §}/4R estimators of forecast error
variance decompositions. The number of lags is selected by the Akaike information criterion (AIC). Confidence
intervals for the bias-corrected R2 estimator are given by [R2,, + $7°°¢, aFf%_,, + §577¢] as discussed in Section

3.5, where ¢ = 0.1. Confidence intervals for the other estimators are constructed similarly. The average lag order
Ly 45 is 3.05.
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Table ES5. Simulation results for DGP 2.

Horizon h
0 4 8 12 16 20
Impulse Response
True 3.00 1.97 1.29 0.85 0.56 0.36
Local projections 2.99 1.89 1.14 0.64 0.30 0.08
VAR(AIC) 2.95 1.95 1.36 1.00 0.77 0.62
Forecast Error Variance Decomposition
True 0.80 0.25 0.10 0.05 0.03 0.02
Average estimate
R2 0.78 0.27 0.15 0.14 0.16 0.18
LP A 0.80 0.27 0.13 0.09 0.09 0.10
LPB 0.79 0.26 0.13 0.09 0.09 0.09
VAR(AIC) 0.80 0.27 0.13 0.08 0.06 0.05
Root mean squared error
R2 0.04 0.10 0.11 0.14 0.17 0.21
LP A 0.03 0.09 0.08 0.08 0.10 0.12
LPB 0.03 0.08 0.07 0.08 0.09 0.11
VAR(AIC) 0.03 0.08 0.07 0.06 0.06 0.05
Coverage (90 % level) (asymptotic)
R2 0.88 0.88 0.90 0.82 0.73 0.67
LP A 0.93 0.90 0.92 0.87 0.82 0.77
LPB 0.87 0.89 0.91 0.86 0.80 0.75
VAR(AIC) 0.90 0.89 0.92 0.96 0.97 0.97
Forecast Error Variance Decomposition (bias-corrected, VAR(AIC))
True 0.80 0.25 0.10 0.05 0.03 0.02
Average estimate
R2 0.81 0.25 0.09 0.04 0.02 0.00
LP A 0.79 0.25 0.10 0.05 0.03 0.02
LPB 0.81 0.25 0.10 0.05 0.03 0.02
VAR(AIC) 0.80 0.25 0.10 0.05 0.03 0.02
Root mean squared error
R2 0.03 0.10 0.09 0.09 0.11 0.13
LP A 0.04 0.08 0.07 0.07 0.08 0.09
LPB 0.03 0.08 0.07 0.07 0.07 0.08
VAR(AIC) 0.03 0.08 0.06 0.05 0.05 0.04
Coverage (90 % level)
R2 0.93 0.91 0.96 0.96 0.94 0.93
LP A 0.93 0.90 0.92 0.95 0.93 0.91
LPB 0.90 0.86 0.89 0.93 0.90 0.90
VAR(AIC) 0.90 0.89 0.91 0.96 0.99 0.99

Notes: The table reports the performances of various estimators introduced in Section 3 for DGP2. The sample size is
T = 160, and the number of simulations is 2,000. R2 and VAR stand for $§X2 and §}/4R estimators of forecast error
variance decompositions. The number of lags is selected by the Akaike information criterion (AIC). Confidence
intervals for the bias-corrected R2 estimator are given by [4R2,, + $7°°¢, aFf%_,, + §577¢] as discussed in Section

3.5, where ¢ = 0.1. Confidence intervals for the other estimators are constructed similarly. The average lag order
Lyag is 1.25.
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Table E6. Simulation results for DGP 3.

Horizon h
0 4 8 12 16 20
Impulse Response
True 1.00 4.10 6.13 7.46 8.33 8.91
Local projections 0.97 3.84 5.61 6.70 7.28 7.56
VAR(AIC) 0.95 3.09 3.55 3.66 3.69 3.71
Forecast Error Variance Decomposition
True 0.06 0.29 0.47 0.58 0.65 0.70
Average estimate
R2 0.06 0.24 0.37 0.47 0.53 0.58
LP A 0.06 0.25 0.40 0.51 0.60 0.67
LPB 0.06 0.24 0.37 0.46 0.52 0.56
VAR(AIC) 0.06 0.19 0.23 0.25 0.26 0.26
Root mean squared error
R2 0.04 0.11 0.17 0.19 0.20 0.21
LP A 0.04 0.11 0.17 0.20 0.23 0.26
LPB 0.04 0.11 0.16 0.18 0.20 0.20
VAR(AIC) 0.04 0.14 0.27 0.37 0.43 0.47
Coverage (90 % level) (asymptotic)
R2 0.85 0.77 0.77 0.80 0.83 0.86
LP A 0.88 0.81 0.77 0.79 0.81 0.82
LPB 0.87 0.78 0.75 0.76 0.79 0.81
VAR(AIC) 0.87 0.56 0.30 0.18 0.12 0.10
Forecast Error Variance Decomposition (bias-corrected, VAR(AIC))
True 0.06 0.29 0.47 0.58 0.65 0.70
Average estimate
R2 0.06 0.23 0.36 0.44 0.48 0.51
LP A 0.06 0.23 0.36 0.45 0.52 0.57
LPB 0.06 0.23 0.36 0.44 0.49 0.52
VAR(AIC) 0.06 0.18 0.23 0.24 0.25 0.26
Root mean squared error
R2 0.04 0.12 0.19 0.22 0.25 0.27
LP A 0.04 0.12 0.18 0.22 0.25 0.28
LPB 0.04 0.12 0.18 0.21 0.23 0.25
VAR(AIC) 0.04 0.15 0.28 0.37 0.43 0.47
Coverage (90 % level)
R2 0.82 0.75 0.72 0.73 0.74 0.74
LP A 0.86 0.77 0.73 0.75 0.78 0.79
LPB 0.85 0.74 0.69 0.70 0.72 0.73
VAR(AIC) 0.85 0.54 0.29 0.17 0.13 0.10

Notes: The table reports the performances of various estimators introduced in Section 3 for DGP3. The sample size is
T = 160, and the number of simulations is 2,000. R2 and VAR stand for $§X2 and §}/4R estimators of forecast error
variance decompositions. The number of lags is selected by the Akaike information criterion (AIC). Confidence
intervals for the bias-corrected R2 estimator are given by [4R2,, + $7°°¢, aFf%_,, + §577¢] as discussed in Section

3.5, where ¢ = 0.1. Confidence intervals for the other estimators are constructed similarly. The average lag order
Ly g 15 2.40.
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Appendix E3. Asymptotic vs. bootstrap standard error
As illustrated in Section 3.5, our benchmark method for inference is based on the bootstrap

«(b)

standard errors and the distribution of §7>*) across b < B. On the other hand, one may estimate
h Y

the asymptotic standard deviation of $8% in Proposition 1 and 2 directly to compute the standard
errors. This section compares the performance of those different approaches of inference in small
samples. We consider DGP 1-3 in Section 4.1 and the Smets and Wouters (2007) model in Section
4.2. For the Smets and Wouters model, we investigate how either economic output or price
inflation responds to monetary policy shocks where the information set includes output growth
rate, price inflation, monetary policy rate, and monetary policy shock. The results are shown in
Tables E7-E11.

In each table, coverage rates under the name of “R2, bootstrap [P5, P95]” means the
probability of s, being in the interval [R2 , + $x°°¢, GRA_q/2 + $n°"¢] as discussed in Section

3.5, where @ = 0.1. In this case, confidence intervals are obtained from the bootstrap distribution

of §§2’(b). Instead, “R2, bootstrap s.e.” implies that the confidence interval is constructed in a

symmetric way with the bootstrap standard error, which is the standard deviation of §5 2®) across

b. The critical values are obtained from a standard normal distribution. When ¢ = 0.1, it is 1.65.
Symmetric confidence bands based on the asymptotic s.e., not the bootstrap s.e., is denoted by
“R2, asymptotic s.e.” Finally, we also present the results for the VAR-based
FEVDs. Confidence bands are constructed using bootstrap samples as is the case in “R2, bootstrap
[PS5, P95].”

When we compare the coverage rates of confidence intervals around bias-corrected
estimators of FEVDs, it becomes clear that asymptotic standard errors do not perform strictly better
than our benchmark method. While the coverage rates of the symmetric confidence intervals based
on the asymptotic standard error are closer to the nominal rate of 90% for DGP1, the opposite is
true for DGP 3. Furthermore, the asymptotic standard error is rather “spiky” across horizons.
Combined with non-smooth §;,, erratic standard errors will produce figures with choppy

confidence bands.
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Table E7. Simulation results for DGP 1.

Horizon h
0 4 8 12 16 20
Impulse Response
True 0.00 1.39 3.00 2.06 0.88 0.29
Local projections 0.00 1.39 3.00 2.05 0.87 0.29
VAR(HQIC) 0.00 0.18 0.24 0.25 0.25 0.25
Forecast Error Variance Decomposition
True 0.00 0.04 0.19 0.21 0.18 0.14
Average estimate
R2 0.01 0.06 0.20 0.25 0.26 0.27
VAR(HQIC) 0.01 0.02 0.02 0.02 0.03 0.03
Root mean squared error
R2 0.01 0.05 0.11 0.15 0.19 0.22
VAR(HQIC) 0.01 0.03 0.17 0.20 0.16 0.13
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.99 0.81 0.69 0.65 0.63 0.61
R2, bootstrap s.e. 1.00 0.93 0.72 0.71 0.74 0.72
R2, asymptotic s.e. 1.00 0.91 0.80 0.79 0.78 0.77

VARHQIC), bootstrap [P5, P95]  0.99 0.75 0.06 0.06 0.07 0.10

Forecast Error Variance Decomposition (bias-corrected, VAR(HQIC))

True 0.00 0.04 0.19 0.21 0.18 0.14
Average estimate
R2 0.00 0.02 0.13 0.16 0.13 0.11
VAR(HQIC) 0.00 0.00 0.01 0.01 0.01 0.01
Root mean squared error
R2 0.01 0.05 0.12 0.16 0.17 0.18
VAR(HQIC) 0.01 0.04 0.19 0.21 0.17 0.14
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.99 0.95 0.64 0.64 0.72 0.81
R2, bootstrap s.e. 1.00 0.92 0.60 0.61 0.67 0.77
R2, asymptotic s.e. 0.78 0.72 0.72 0.72 0.71 0.69

VAR(HQIC), bootstrap [PS5, P95] 1.00 0.53 0.06 0.05 0.07 0.09

Notes: The table reports the performances of various estimators introduced in Section 3 for DGP1. The sample size is
T = 160, and the number of simulations is 2,000. R2 and VAR stand for $X2 and §}/4R estimators of forecast error
variance decompositions. The number of lags is selected by the Hannan-Quinn information criterion (HQIC). We
consider three different methods of constructing confidence intervals. First, we can use «/2 and 1 — a/2 quantiles of
the bootstrap estimates s“:: 2(®) 45 discussed in Section 3.5, where @ = 0.1. The two other methods build symmetric
confidence intervals with critical values from a standard normal distribution. We investigate both bootstrap standard
error and asymptotic standard error. Confidence intervals for the other estimators are constructed similarly. For the
asymptotic s.e., we use the asymptotic variance in Proposition 1 and follow the implementation details in Section A.
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Table ES. Simulation results for DGP 2.

Horizon h
0 4 8 12 16 20
Impulse Response
True 3.00 1.97 1.29 0.85 0.56 0.36
Local projections 2.99 1.83 1.07 0.57 0.22 0.06
VAR(HQIC) 2.96 1.93 1.33 0.95 0.71 0.56
Forecast Error Variance Decomposition
True 0.80 0.25 0.10 0.05 0.03 0.02
Average estimate
R2 0.79 0.26 0.15 0.14 0.15 0.19
VAR(HQIC) 0.80 0.27 0.12 0.08 0.06 0.05
Root mean squared error
R2 0.03 0.11 0.12 0.14 0.17 0.21
VAR(HQIC) 0.03 0.08 0.06 0.06 0.05 0.05
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.90 0.89 0.89 0.82 0.73 0.67
R2, bootstrap s.e. 0.91 0.87 0.91 0.89 0.84 0.79
R2, asymptotic s.e. 0.85 0.83 0.82 0.90 0.86 0.80

VAR(HQIC), bootstrap [P5, P95]  0.88 0.90 0.92 0.96 0.97 0.98

Forecast Error Variance Decomposition (bias-corrected, VAR(HQIC))

True 0.80 0.25 0.10 0.05 0.03 0.02
Average estimate
R2 0.81 0.24 0.09 0.03 0.01 0.00
VAR(HQIC) 0.80 0.25 0.10 0.05 0.03 0.02
Root mean squared error
R2 0.03 0.10 0.09 0.09 0.10 0.12
VAR(HQIC) 0.03 0.07 0.06 0.05 0.04 0.04
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.92 0.90 0.97 0.97 0.95 0.94
R2, bootstrap s.e. 0.90 0.89 0.96 0.98 0.98 0.97
R2, asymptotic s.e. 0.83 0.86 0.83 0.85 0.86 0.85

VAR(HQIC), bootstrap [P5, P95]  0.88 0.89 0.91 0.96 0.99 0.99

Notes: The table reports the performances of various estimators introduced in Section 3 for DGP2. The sample size is
T = 160, and the number of simulations is 2,000. R2 and VAR stand for $X2 and §}/4R estimators of forecast error
variance decompositions. The number of lags is selected by the Hannan-Quinn information criterion (HQIC). We
consider three different methods of constructing confidence intervals. First, we can use @/2 and 1 — a/2 quantiles of
the bootstrap estimates s“:: 2(®) 45 discussed in Section 3.5, where @ = 0.1. The two other methods build symmetric
confidence intervals with critical values from a standard normal distribution. We investigate both bootstrap standard
error and asymptotic standard error. Confidence intervals for the other estimators are constructed similarly. For the
asymptotic s.e., we use the asymptotic variance in Proposition 1 and follow the implementation details in Section A.
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Table E9. Simulation results for DGP 3.

Horizon h
0 4 8 12 16 20
Impulse Response
True 1.00 4.10 6.13 7.46 8.33 8.91
Local projections 0.95 3.80 5.55 6.57 7.15 7.43
VAR(HQIC) 0.94 2.46 2.58 2.61 2.62 2.62
Forecast Error Variance Ddecomposition
True 0.06 0.29 0.47 0.58 0.65 0.70
Average estimate
R2 0.06 0.22 0.36 0.45 0.52 0.57
VAR(HQIC) 0.06 0.14 0.15 0.16 0.16 0.16
Root mean squared error
R2 0.03 0.11 0.17 0.19 0.20 0.21
VAR(HQIC) 0.04 0.17 0.33 0.43 0.50 0.54
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.85 0.76 0.75 0.78 0.81 0.84
R2, bootstrap s.e. 0.83 0.70 0.68 0.71 0.74 0.79
R2, asymptotic s.e. 0.82 0.74 0.71 0.70 0.72 0.71

VAR(HQIC), bootstrap [P5, P95]  0.86 0.31 0.08 0.03 0.02 0.01

Forecast Error Variance Decomposition (bias-corrected, VAR(HQIC))

True 0.06 0.29 0.47 0.58 0.65 0.70
Average estimate
R2 0.05 0.21 0.32 0.40 0.44 0.46
VAR(HQIC) 0.05 0.13 0.15 0.15 0.15 0.16
Root mean squared error
R2 0.04 0.13 0.20 0.24 0.27 0.29
VAR(HQIC) 0.04 0.18 0.34 0.44 0.51 0.55
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.83 0.72 0.68 0.68 0.70 0.71
R2, bootstrap s.e. 0.80 0.67 0.58 0.61 0.63 0.63
R2, asymptotic s.e. 0.79 0.69 0.62 0.57 0.53 0.46

VARHQIC), bootstrap [P5, P95]  0.84 0.29 0.08 0.03 0.02 0.01

Notes: The table reports the performances of various estimators introduced in Section 3 for DGP3. The sample size is
T = 160, and the number of simulations is 2,000. R2 and VAR stand for $X2 and §}/4R estimators of forecast error
variance decompositions. The number of lags is selected by the Hannan-Quinn information criterion (HQIC). We
consider three different methods of constructing confidence intervals. First, we can use @/2 and 1 — a/2 quantiles of
the bootstrap estimates s“:: 2(®) 45 discussed in Section 3.5, where @ = 0.1. The two other methods build symmetric
confidence intervals with critical values from a standard normal distribution. We investigate both bootstrap standard
error and asymptotic standard error. Confidence intervals for the other estimators are constructed similarly. For the
asymptotic s.e., we use the asymptotic variance in Proposition 1 and follow the implementation details in Section A.
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Table E10. Simulation results for the Smets and Wouters (2007) model, output.

Horizon h
0 4 8 12 16 20
Impulse Response
True -0.18 -0.31 -0.18 -0.07 -0.02 0.00
Local projections -0.18 -0.30 -0.16 -0.07 -0.02 0.00
VAR(HQIC) -0.18 -0.34 -0.34 -0.33 -0.33 -0.33
Forecast Error Variance Decomposition
True 0.05 0.08 0.06 0.05 0.04 0.03
Average estimate
R2 0.05 0.09 0.10 0.12 0.15 0.19
VAR(HQIC) 0.05 0.09 0.10 0.09 0.09 0.09
Root mean squared error
R2 0.03 0.07 0.10 0.13 0.16 0.20
VAR(HQIC) 0.03 0.06 0.08 0.09 0.09 0.09
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.88 0.91 0.90 0.81 0.73 0.67
R2, bootstrap s.e. 0.85 0.89 0.94 0.88 0.85 0.80
R2, asymptotic s.e. 0.84 0.80 0.88 0.90 0.86 0.81

VARHQIC), bootstrap [P5, P95]  0.90 0.86 0.86 0.89 0.87 0.87

Forecast Error Variance Decomposition (bias-corrected, VAR(HQIC))

True 0.05 0.08 0.06 0.05 0.04 0.03
Average estimate
R2 0.05 0.06 0.05 0.04 0.04 0.04
VAR(HQIC) 0.05 0.08 0.08 0.08 0.08 0.07
Root mean squared error
R2 0.03 0.07 0.09 0.10 0.12 0.14
VAR(HQIC) 0.03 0.06 0.08 0.09 0.09 0.09
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.85 0.87 0.95 0.93 0.91 0.90
R2, bootstrap s.e. 0.82 0.83 0.94 0.96 0.95 0.94
R2, asymptotic s.e. 0.82 0.72 0.70 0.74 0.77 0.78

VARHQIC), bootstrap [P5, P95]  0.87 0.83 0.83 0.84 0.87 0.88

Notes: The table reports the performance of various estimators introduced in Section 3 for the Smets and Wouters
(2007) model. The dependent variable is output, and we consider monetary policy shocks as inputs. The information
set further includes price inflation and the monetary policy rate. The sample size is T = 160, and the number of
simulations is 2,000. We consider three different methods of constructing confidence intervals. First, we can use a/2
and 1 — a/2 quantiles of the bootstrap estimates s“;f 2() 45 discussed in Section 3.5, where a = 0.1. The two other
methods build symmetric confidence intervals with critical values from a standard normal distribution. We investigate
both bootstrap standard error and asymptotic standard error. Confidence intervals for the other estimators are
constructed similarly. For the asymptotic s.e., we use the asymptotic variance in Proposition 1 and follow the
implementation details in Section A.
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Table E11. Simulation results for the Smets and Wouters (2007) model, price inflation.

Horizon h
0 4 8 12 16 20
Impulse Response
True -0.04 -0.04 -0.02 -0.01 0.00 0.00
Local projections -0.04 -0.04 -0.02 0.00 0.00 0.00
VAR(HQIC) -0.04 -0.02 -0.01 0.00 0.00 0.00
Forecast Error Variance Decomposition
True 0.02 0.04 0.05 0.05 0.05 0.05
Average estimate
R2 0.02 0.07 0.10 0.13 0.16 0.19
VAR(HQIC) 0.02 0.04 0.05 0.05 0.05 0.05
Root mean squared error
R2 0.02 0.07 0.09 0.11 0.14 0.17
VAR(HQIC) 0.02 0.04 0.04 0.04 0.04 0.04
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.91 0.80 0.73 0.64 0.54 0.42
R2, bootstrap s.e. 0.88 0.89 0.82 0.74 0.65 0.53
R2, asymptotic s.e. 0.82 0.86 0.89 0.86 0.81 0.71

VARHQIC), bootstrap [P5, P95]  0.94 0.92 0.93 0.93 0.94 0.94

Forecast Error Variance Decomposition (bias-corrected, VAR(HQIC))

True 0.02 0.04 0.05 0.05 0.05 0.05
Average estimate
R2 0.02 0.05 0.05 0.05 0.05 0.06
VAR(HQIC) 0.02 0.03 0.03 0.03 0.03 0.03
Root mean squared error
R2 0.02 0.06 0.08 0.09 0.09 0.10
VAR(HQIC) 0.02 0.04 0.05 0.05 0.05 0.05
Coverage (90 % level, asymptotic)
R2, bootstrap [P5, P95] 0.85 0.80 0.83 0.85 0.85 0.85
R2, bootstrap s.e. 0.81 0.79 0.82 0.84 0.85 0.85
R2, asymptotic s.e. 0.77 0.74 0.76 0.80 0.83 0.84

VARHQIC), bootstrap [P5, P95]  0.87 0.82 0.80 0.81 0.81 0.82

Notes: The table reports the performances of various estimators introduced in Section 3 for the Smets and Wouters
(2007) model. The dependent variable is price inflation, and we consider monetary policy shocks as inputs. The
information set further includes price inflation and the monetary policy rate. The sample size is T = 160, and the
number of simulations is 2,000 We consider three different methods of constructing confidence intervals. First, we
can use /2 and 1 — a/2 quantiles of the bootstrap estimates s“;f 2(9) 45 discussed in Section 3.5, where a = 0.1. The
two other methods build symmetric confidence intervals with critical values from a standard normal distribution. We
investigate both bootstrap standard error and asymptotic standard error. Confidence intervals for the other estimators
are constructed similarly. For the asymptotic s.e., we use the asymptotic variance in Proposition 1 and follow the
implementation details in Section A.
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Appendix F. Supplementary Figures for Bivariate Simulations

This section provides additional results for bivariate DGPs in Section 4.1. We include results for

the LP-A and LP-B estimators. We further consider large-sample performances of the estimators.

For bias-correction, we apply our estimators to bootstrap samples and obtain §;§2,(b)

b

ALPA,(b) ALPB,(b
§LPA(D) 4LPB,(D)

Y ., S, , and §ZAR’(b) for b =1, ...,2000. The biases for each estimator are calculated by

1 B
~m,(b) %
55 s
b=1

for m = R2,LPA, LPB, and VAR, where s;, denotes the true contribution of z to the forecast error
variance of y at horizon h for the DGP used for bootstrap. For other details, see Section 3.4 and

Section 4.1.

How to read the figure legend in the following pages:
1. Impulse responses
- The 90% bands are based on the 5th and 95th percentiles of the estimates across 2,000

replications.

2. FEVD, Coverage probability, and Root MSE
- ‘R2-VAR’ means the bias-corrected R2 estimator with a VAR-bootstrap. For the coverage

. N AR2,BC A~R2,BC
rates, we construct the confidence intervals [q,’ffx/z + 8,777, q,‘f,zl_a/z + 8, ] as

discussed in Section 3.5, where a = 0.1.

- ‘R2-Sim’ uses the method in Appendix A, which does not rely on VAR-based bootstraps.
The coverage probability is based on the asymptotic standard error with pre-whitening as
discussed in Appendix A. That is, we consider a symmetric confidence interval.

- ‘R2’ denotes for the estimator without any finite-sample correction. Its coverage rate is
calculated in a way similar to ‘R2-VAR’: [GRZ , + $R2, GF%_,/, + SK?]. Note that the
interval is centered around the estimate without bias-correction.

- ‘LP A/B-VAR’, ‘LP A/B-Sim’, ‘LP A/B’, “‘VAR-VAR’, and ‘VAR’ are defined similarly.
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DGP1, T = 500.
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DGP2, T = 160.
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DGP2, T=500.
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DGP3, T = 160, VAR(HQIC).
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DGP3, T = 160, VAR(5).
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DGP3, T = 160, VAR(10).
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DGP3, T = 500, VAR(HQIC).
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Appendix G. Supplementary Figures for the Smets and Wouters model

We presents results for the LP-A and LP-B estimators in this section. We further consider large-

sample performances of the estimators. For details of the simulations, see Section 4.2.

How to read the figure legend in the following pages:
1. Impulse responses
- The 90% bands are based on the 5th and 95th percentiles of the estimates across 2,000

replications.

2. FEVD, Coverage probability, and Root MSE
- ‘R2-VAR’ means the bias-corrected R2 estimator with a VAR-bootstrap. For the coverage

. ~ AR2,BC A ~R2,BC
rates, we construct the confidence interval [gF% , + §77%C, GRA_,/n + 85 77C] as

discussed in Section 3.5, where a = 0.1.

- ‘R2-Sim’ uses the method in Appendix A, which does not rely on VAR-based bootstraps.
The coverage probability is based on the asymptotic standard error with pre-whitening as
discussed in Appendix A. That is, we consider a symmetric confidence interval.

- ‘R2’ denotes for the estimator without any finite-sample correction. Its coverage rate is
calculated in a way similar to ‘R2-VAR’: [GRZ , + $K2, GF%_,/, + SK?]. Note that the
interval is centered around the estimate without bias-correction.

- ‘LP A/B-VAR’, ‘LP A/B-Sim’, ‘LP A/B’, “‘VAR-VAR’, and ‘VAR’ are defined similarly.
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Real GDP and monetary policy shock, T =160
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Real GDP and monetary policy shock, T = 500.
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Price inflation and monetary policy shock, T = 160
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Price inflation and monetary policy shock, T = 500.
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Appendix H. Applications

This section covers additional results on applications. Appendix HI includes results for the total
factor productivity and monetary policy shocks when we employ either LP-A or LP-B estimator.
The figures in Appendix H2 depicts the contribution of the military news shock series constructed

by Ramey and Zubairy (2018) on output and price inflation.

Appendix H1. Supplementary figures to Figures 3 and 4

Below we show figures similar to Figures 3 and 4. While other things are the same, we add the
estimates and 90% confidence intervals for the LP-A and LP-B estimators discussed in Appendix
B. Biases are corrected with VAR-bootstraps, and confidence intervals are based on the P5 and

P95 of the bootstrap estimates as discussed in Section 3.5.
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1969:Q1-2008:Q4, Real GDP.
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1969:Q1-2008:Q4, Inflation.

Impulse Response, VAR Impulse Response, LP

-1.2 : : : -1.2 : : e
0 5 10 15 20 0 5 10 15 20
0.8 0.8 FEVD? VAR, bllas corrected
06 0.6
04 04
0.2 0.2
0 0
-0.2 -0.2 : : :
0 5 10 15 20
0.8 0.8 FEVD, R2, blas corrgcted
0.6 0.6
0.4 0.4
0.2 ' 0.2
0 0
-0.2 : : : -0.2 : :
0 5 10 15 20 0 5 10 15 20
FEVD, LPA FEVD, LPA, bias-corrected
0.8 e 0.8 - R
04 04
0.2 : —f 0.2
0 Sownwmmmm el 0
-0.2 : : : -0.2 : : :
0 5 10 15 20 0 5 10 15 20
0.8 0.8 FEVDI, LPB, bllas corljected
06 0.6
04 04
0.2 — 0.2 o
-0.2 : : : -0.2 : : :
0 5 10 15 20 0 5 10 15 20

—TFP TFP 90% CB ==== MP = MP 90% CB




Appendix H2. Military news shocks

We study the effects and contribution of military news shocks on real GDP and price inflation in
the U.S. economy. Similar to Section 5, our information set includes the military news shock
constructed by Ramey and Zubairy (2018), output growth rate, inflation, and 3-month Treasury
bill rate in a secondary market. This ordering is also used for the VAR analysis. The sample period
is from 1920Q1 to 2015Q4. During the sample period, one standard deviation military news shock
amounts to 6.4%. This implies that the sum of the present discounted values of future increases in
military expenditure corresponds to 6.4% of the current trend GDP.

Military news shocks have both statistically and economically significant effects on real
GDP. The estimated FEVD is slightly less than 20 percent at the 5-year horizon. However, its

contribution to inflation is negligible. The estimated FEVD is around 5 percent in the medium-run.
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1920:Q1-2015:Q4, Real GDP.
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1920:Q1-2015:Q4, Inflation.
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